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A linear approach for the evolution of coherent structures in shallow
mixing layers
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The development of large coherent structures in a shallow mixing layer is analyzed. The results are
validated with experimental data obtained from particle tracking velocimetry. The mean flow field
is modeled using the self-similarity of the velocity profiles. The characteristic features of the
down-stream development of a shallow mixing layer flow, like the decrease of the velocity
difference over the mixing layer, the decreasing growth of the mixing layer width, and the transverse
shift of the center of the mixing layer layer are fairly well represented. It turned out that the
entrainment coefficient could be taken constant, equal to a value obtained for unbounded mixing
layers:a50.085. Linearization of the shallow water equations leads to a modified Orr–Sommerfeld
equation, with turbulence viscosity and bottom friction as dissipative terms. Growth rates are
obtained for each position downstream, using the model for the mean flow field. For a given energy
density spectrum at the inflow boundary, integration of the growth rates along the downstream
direction yields the spectra at various downstream positions. These spectra provide a measure for the
intensity and the length scale of the coherent structures~the dominant mode!. The length scales
found are in good agreement with the measured ones. The length scale of the most unstable mode
appears much larger than the length scale of the dominant mode. Obviously, the longevity of the
coherent structures plays a significant role. Three growth regimes can be distinguished: in the first
regime the dominant mode is growing, in the second regime the dominant mode is dissipating, but
other modes are still growing, and in the third regime all modes are dissipating. It is concluded that
the development of the coherent structures in a shallow mixing layer can fairly well be described
and interpreted by the proposed linear analysis. ©2002 American Institute of Physics.
@DOI: 10.1063/1.1514660#
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I. INTRODUCTION

Rivers, in particular low-land rivers, belong to the cla
of wide open channel flows. The aspect ratio~depth/width! is
on the order of 5% or less. At several places in rivers, sh
low mixing layers can arise, i.e., transverse shear layers
tween contiguous flows of different velocity. Examples a
found at the confluence of two rivers,1 in a compound chan
nel at the interface between the main channel and a fl
plain, or between the main channel and a groyne field.2 Char-
acteristic of these shallow shear flows is the anisotropy of
turbulent motion. The no-slip boundary at the bottom giv
rise to a turbulent wall flow, with a characteristic length sc
of the order of the water depth. The transverse shear la
can, however, contain length scales much larger than the
ter depth, resulting in a large scale motion restricted to
horizontal plane. This large scale motion has a signific
influence on the transverse exchange of mass and mom
tum, which is important for example for the dispersion
pollutants and for sediment transport.

The typical length scales can be visualized in an exp
4101070-6631/2002/14(12)/4105/10/$19.00
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ment by the injection of dye in the center of a shallow m
ing layer. Figure 1 shows large scale coherent structures
be interpreted as Kelvin–Helmholtz instabilities. The d
band rolls up by the action of large scale motion, whereas
dispersion of dye on smaller scales results in a widening
the dye band.

Due to the difficulties it causes for turbulence modelin
the anisotropy in shallow shear flows has been the subjec
many studies,1,3–7 with emphasis on the interaction betwee
the large scale motion and the small scale motion. The in
ence of the no-slip wall on the large scale motion is oft
represented by a bottom friction parameterS, according to
Alavian and Chu:3

S5
cf

2

d

H

Uc

DU
, ~1!

with cf5tb /r 1
2U

2 the bottom friction coefficient,d the mix-
ing layer width,H the water depth,Uc the velocity in the
center of the mixing layer, andDU the velocity difference
over the mixing layer. This bottom friction parameter is i
5 © 2002 American Institute of Physics
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terpreted as a measure of the ratio of dissipation to prod
tion of kinetic energy contained in the large eddies. A critic
value Sc denotes equilibrium of production and dissipati
and lies in the range of 0.06–0.12, confirmed
experiments1,7 and stability analyses.4,5 The critical bottom
friction number is used to determine the development of
mixing layer width and for the prediction of the presence
large scale motion. However, the critical bottom frictio
number just indicates the equilibrium of the production a
dissipation of kinetic energy, and is not a measure for
amount of kinetic energy. As the advection of kinetic ene
plays a role, the growth rate itself is not sufficient for t
determination of turbulence characteristics, like the ene
density and typical length scale. In this study we aim
determine the development of the coherent structures in
downstream direction, taking into account the effect of a
vected kinetic energy. For simplicity we consider a mixi
layer in a straight horizontal flume without variations
bathymetry or bottom roughness.

The development of the mean flow field is described
a quasi-one-dimensional model, based on self-similarity
the velocity profiles. The development of the properties
the large scale motion is subsequently determined by lin
stability analysis, using the calculated mean flow field
base flow. We make use of simplified analyses in orde
understand the main mechanisms. The results are valid
by experimental data, obtained with particle tracking velo
metry.

FIG. 1. Large coherent structures are visualized by dye injection in
center of the mixing layer just downstream of the splitter plate. The arr
indicate the velocities in the two undisturbed streams. The width of the fl
domain is 3 m and the water depth is 67 mm.
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II. EXPERIMENTS

A. The flume and flow conditions

Experiments were conducted in a shallow flow facili
with a length of 20 m and a width of 3 m, Fig. 2. The inl
section of the flume consists of two parts, each with a se
rate water supply, in order to establish a velocity differen
The inlet section has a vertical contraction that connects
the horizontal part of the flume. Screens are placed betw
the contraction and the entrance of the horizontal part
obtain a homogeneous inflow. Floating foam boards
placed just downstream from the screens to suppress su
waves. In order to have a fully developed turbulent bound
layer at the confluence, the flows are initially separated b
3-m-long thin splitter plate. The horizontal bottom and t
sidewalls of the flume consist of glass plates, assurin
smooth surface. A sharp crested weir regulates the outflo

Two shallow mixing layers are examined~Table I!,
which are similar to the cases studied by Uijttewaal a
Booij,7 who used laser Doppler anemometry. Here we u
particle tracking velocimetry~PTV! as a measurement tech
nique since it yields a dense grid of velocity points. This
advantageous for the determination of high velocity gra
ents in transverse direction and for a proper determinatio
the development of the mixing layer width in the dow
stream direction. The data of this study compare well w
the results of Uijttewaal and Booij.7 The two configurations
demonstrate the effect of the water depth on the evolution
the coherent structures. The Reynolds number, based on
mean velocity and the water depth, is sufficiently high (
.4000) to ensure the flow is fully turbulent and the Frou
number sufficiently low (Fr,0.5) to minimize the effects of
surface disturbances.

B. Particle tracking velocimetry „PTV…

Particle tracking velocimetry~PTV! is applied to obtain
sequences of velocity maps of the surface velocity. Float
polypropylene beads~more than 90% submerged! with a di-

e
s

w

FIG. 2. Schematic top and side view of the shallow flow facility. The mixi
layer region is indicated by dotted lines. The measurement areas are
cated by the dashed squares.

TABLE I. Flow conditions at the end of the splitter plate.

H ~mm! U1(x0) @m/s# U2(x0) @m/s# cf @-#

I 42 0.25 0.11 0.0064
II 67 0.32 0.13 0.0054
se or copyright; see http://pof.aip.org/about/rights_and_permissions
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ameter of 2 mm are used as tracers. A distributor is use
spread the beads homogeneously on the water surfac
digital camera mounted on a bridge over the flume recor
the positions of the particles. The camera~Kodak ES1! has a
resolution of 100831018 pixels with 256 gray levels and
frame rate of 30 Hz. Time series of images are stored dire
on the hard disk of a PC to a maximum of 10 000 frames
a single continuous sequence. Measurements are perfo
for nine connected areas, covering the mixing layer ove
length of 11 m, as indicated in Fig. 2. Since the upstream
of the mixing layer contains small details the first three m
surement planes have a dimension of 0.82 m30.82 m to ob-
tain a resolution sufficiently high to resolve the relative
small coherent structures. The last six areas have dimens
of 1.65 m31.65 m to capture the full mixing layer width
Typically 2500 particles were detected per image. The la
scale motion can therefore be captured, but the small s
turbulence is not fully resolved. A PTV-algorithm8 is used to
determine the velocity of the individual particles. Th
method tracks the paths of individual particles and calcula
the velocity, resulting in an unstructured velocity map. Int
polation of the velocity vectors yields a sequence of veloc
maps on a structured grid.

III. MODELING

The modeling of the development of the coherent str
tures in a shallow mixing layer is done in two steps. First
mean flow field is determined using a quasi-one-dimensio
model, based on self-similarity. Second, a linear stabi
analysis is performed to predict the development of the
herent structures for the given base flow. This procedure
sumes that the influence of the coherent structures on
mean flow is already accounted for in the quasi-o
dimensional model. Both models are based on the sha
water equations, which are described first.

A. Shallow water equations

The shallow water equations form the basis of the m
eling of the mean flow field and the linear stability analys
As the horizontal length scales are significantly larger th
the water depth the flow is described by the two-dimensio
shallow water equations~the De Saint Venant equations!.
The continuity equation and the momentum equations in
horizontal plane are integrated over the water depth and
eraged over a period larger than the time scale of the th
dimensional bottom turbulence, but smaller than the ti
scale of the large scale motion, resulting in: continuity,

]h̃

]t
1

]h̃ũ

]x
1

]h̃ṽ
]y

50; ~2!

x momentum,

]ũ

]t
1ũ

]ũ

]x
1 ṽ

]ũ

]y
52g

]h̃

]x
2

cf

2h̃
ũAũ21 ṽ21n t¹

2ũ;

~3!

y momentum:
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] ṽ

]t
1ũ

] ṽ

]x
1 ṽ

] ṽ

]y
52g

]h̃

]y
2

cf

2h̃
ṽAũ21 ṽ21n t¹

2ṽ,

~4!

whereu is the velocity in streamwise directionx, andv the
velocity in lateral directiony of the horizontal plane. The
depth-and-short-time-average operator is denoted by a
~;!. The bed friction coefficientcf for turbulent flow is de-
termined over a smooth bottom by

1

A 1
2cf

5
1

k
F lnS ReA1

2
cf D 11G , ~5!

where Re(5UH/n) denotes the depth-based Reynolds nu
ber. Since we aim to ‘‘resolve’’ the large scale coherent m
tion the turbulence to be modeled as an effective eddy
cosityn t is restricted to the small-scale turbulence, produc
in the bottom boundary layer~see also Chen and Jirka4!. The
small scale bottom turbulence is estimated here by usin
simple expression for the turbulence eddy viscosity, see,
example, Fisheret al.:9

n t50.15Hu* . ~6!

This definition differs from the approach of Alavian an
Chu,3 who used an eddy viscosity based on the large sc
motion, using the mixing layer width and the velocity diffe
ence over the mixing layer, which resulted in a higher ed
viscosity.

B. Mean flow field

In order to determine the base flow for the stabil
analysis, an analytical model is formulated to predict t
mean streamwise velocity field. For the determination of
mean velocity, the influence of the small scale bottom tur
lence is neglected, i.e., the eddy viscosityn t is set to zero. A
characteristic property of an unbounded plane mixing la
is the self-similarity of the transverse profile of the strea
wise velocity.10 This self-similarity is also found for shallow
mixing layers, according to the current and previo
experiments.1,7 Characteristic properties of the shallow mi
ing layer are: the downstream decrease of the velocity dif
ence, the decreasing growth rate of the mixing layer wid
and the shift of the center of the mixing layer to the lo
velocity side. A model for the mean flow field should captu
all these properties.

The flow outside the mixing layer defines the mean v
locity difference over the mixing layer (DU5U12U2) and
the mean velocity in the center of the mixing layer (Uc

5(U11U2)/2). The width of the mixing layer~d! is defined
here by the ratio of the velocity differenceDU and the lateral
gradient of the velocity in the center (]U/]yc):

d5
DU

]U

]yc

. ~7!

Self-similarity implies that the transverse profiles of t
streamwise velocity can be described by a profile function
se or copyright; see http://pof.aip.org/about/rights_and_permissions
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variety of functions can be considered, e.g., the error fu
tion or the hyperbolic tangent. We use the hyperbolic tang
~tanh!, because it fits the data well. The exact shape tur
out to affect the results of this analysis only weakly. T
mean flow field is then approximated by~see the sketch in
Fig. 3!

U~x,y!5Uc~x!1
DU~x!

2
tanhS y2yc~x!

1
2d~x!

D . ~8!

By using a profile function the two-dimensional formulatio
is reduced to a formulation depending on the downstre
position~x! only. The development of the velocity differenc
DU, the velocity in the center of the mixing layerUc , the
transverse position of the center of the mixing layeryc , and
the mixing layer widthd will be specified in the following.

The velocity in the center of the mixing layer is approx
mated by a constant,Uc . This assumption is justified by
using the incompressibility condition. The discharge at
inlet section should be equal to the discharge far dow
stream:

U1~x0!
HW

2
1U2~x0!

HW

2
5U~x`!HW, ~9!

with W denoting the width of the flow domain,H the con-
stant water depth,U1(x0) andU2(x0) the initial streamwise
velocities outside the mixing layer, andU` the uniform ve-
locity far downstream. This leads toU(x`)5(U1(x0)
1U2(x0))/25Uc . In the experiments,Uc shows a slight
increase~,3%! in downstream distance due to the fre
surface slope and the horizontal bottom.

The velocities outside the mixing layer are not infl
enced by the mixing layer. These flows can be considere
be one-dimensional. The development of the velocity diff
enceDU(x) is then determined by the momentum equat
in streamwise direction1 @Eq. ~3!# for the high velocity side,
denoted by the index 1, and the low velocity side, denoted
the index 2:

1

2

dU1
2

dx
1

cf 1

2H1
U1

21g
dH1

dx
50, ~10!

FIG. 3. Sketch of the lateral profile of the stream wise velocity, accordin
Eq. ~8!.
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dU2
2

dx
1

cf 2

2H2
U2

21g
dH2

dx
50. ~11!

The streamwise gradient of the water level is the same
both sides as demonstrated in previous experiments.7 After
subtraction of Eq.~11! from Eq. ~10!, using cf[cf c

.(cf 1

1cf 2
)/2, and using a constantUc , the velocity difference

DU(x) is expressed by

DU~x!5DU0 expS 2
cf

h
xD , ~12!

whereDU0 denotes the velocity difference at the inflow. Th
predicted exponential decrease of the velocity difference i
good agreement with the measurements as shown in Fig

In an unbounded self-preserving mixing layer t
spreading rate, i.e., the growth of the mixing layer wid
d(x), is proportional to the relative velocity difference:

dd

dx
5a

DU~x!

Uc
. ~13!

The entrainment coefficienta has an empirically determine
value ofa.0.085 for undisturbed unbounded mixing laye
based on numerous independent experiments.11 Substitution
of the velocity differenceDU from Eq. ~12! and integration
over x leads to

d~x!5a
DU0

Uc

h

cf
S 12expS 2

cf

h
xD D1d0 . ~14!

The initial width d0 is imposed by the thickness of th
boundary layers that have developed on both sides of
splitter plate and is approximatelyd0.h. The virtual origin
of the mixing layer is located upstream of the splitter pla
apex. The development of the mixing layer width as p
dicted by Eq.~14! is in fair agreement with the measure
ments, Fig. 5. Note that no fitted function with an empiric
value of Sc is needed, as proposed by Chu and Babarut1

According to Eq.~14!, the mixing layer width will reach its
maximum value atx→`.

Due to the deceleration of the high velocity side and
acceleration of the low velocity side, the center of the mixi

o
FIG. 4. Development of the velocity differenceDU(x) in streamwise direc-
tion for the 42 and 67 mm cases according to the measurements an
model, Eq.~12!.
se or copyright; see http://pof.aip.org/about/rights_and_permissions
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layer is displaced in the lateral direction to the low veloc
side. To estimate this lateral shift, the center of the mix
layer is assumed to be a streamline of the mean flow fi
An integral mass balance can then be derived for as an
ample, the high velocity side:

E
0

yc~x!

HU~x,y!dy5H
W

2
U1~x0! ~15!

from which yc is solved. The predicted shift of the center
the mixing layer is compared with the measurements in F
6. Again, the agreement is satisfactory.

The mean flow field is now completely determined
Eqs. ~8!, ~9!, ~12!, ~14!, and ~15! and the boundary condi
tions, i.e., the two inflow velocities and the water depth. T
only empirical parameter used is the entrainment coeffic
a, for which the empirical value determined from unbound
mixing layers is used. The value ofcf is well defined for
fully developed flows over smooth surfaces. Figure 7 sho
an overview of the measured and modeled mean stream
velocity for the 67 mm case. The model predicts the m
sured flow field rather well and the results are conside
suitable as input for the stability analysis.

FIG. 5. The measured and modeled@Eq. ~14!# development of the mixing
layer width for the 42 and 67 mm cases.

FIG. 6. Development of the measured and modeled transverse positio
the center of the mixing layer for the 42 and 67 mm cases.
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C. Stability analysis

1. Model description

A straightforward linear stability analysis for shallo
water flows has been carried out by various authors.3–5 Com-
parison of linear stability analyses with measurements
however scarce, although a first successful comparison o
typical wave number in a compound channel flow was ma
by Tamaiet al.12 The equations for the stability analysis a
equal to the ones of Alavian and Chu,3 but differ slightly
from the analyses of Chuet al.5 and Chen and Jirka.4,13 A
short description of the model is therefore given in the f
lowing.

The shallow water equations~2!–~4! are used as starting
point. In contrast with the analysis by Chuet al.,5 the viscos-
ity term is maintained here. Chen and Jirka4 have demon-
strated the importance of the turbulence viscosity since
affects the stability of the flow.

Following the common approach of linear stabili
analysis, small perturbations are superposed on the mea
locity and water level:

ũ5U~x,y!1u~x,y,t !, ṽ5v~x,y,t !,
~16!

h̃5H1h~x,y,t !.

Reynolds decomposition of the shallow water equations~2!–
~4! results in equations for the perturbations. The low Frou
numbers ~,0.5! allow for the use of the rigid lid
assumption,14 through which the fluctuations in water levelh
are now expressed as pressure fluctuationsp. Dropping the
higher order terms, this leads to

]u

]x
1

]v
]y

50, ~17!

]u

]t
1U

]u

]x
1v

]U

]y
52

]p

]x
2

cfU

H
u1n tS ]2u

]x2 1
]2u

]y2D ,

~18!

]v
]t

1U
]v
]x

1v
]v
]y

52
]p

]y
2

cfU

2H
v1n tS ]2v

]x2 1
]2v
]y2D .

~19!

The second term on the right-hand side of Eqs.~18! and~19!
is obtained from a first-order Taylor expansion of the botto
friction contribution. It should be noted here that the botto
friction term obtained by Chen and Jirka4,13 is a factor 2
larger than the one in Eq.~19!.
of

FIG. 7. Velocity vectors~measurements! and profiles~model! of the mean
velocity field of the 67 mm case. The dashed line indicates the positio
the center of the mixing layer.
se or copyright; see http://pof.aip.org/about/rights_and_permissions
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A normal mode solution of the form@u,v,p#
5@ û(y),v̂(y),p̂(y)#exp@i(kx2vt)# has been applied, in
which k andv are the respective complex wave number a
frequency. Substitution of the normal mode solution in
~17!–~19! results in

ikû1 v̂850, ~20!

2 ivû1 ikUû1 v̂U852 ik p̂2
cfU

H
û1n t~ û92k2û!,

~21!

2 iv v̂1 ikU v̂52 p̂82
cfU

2H
v̂1n t~ v̂92k2v̂ !. ~22!

The prime denotes the differentiation with respect to the
eral coordinatey. The set of equations~20!–~22! can be re-
duced by elimination ofû and p̂ to

S U2
v

k D ~ v̂92k2v̂ !2 v̂U95Dbf1Dvis ~23!

with

Dbf5 i
cfU

kh S 2
1

2
k2v̂1

U8

U
v̂81 v̂9D ,

Dvis5 i
n t

k
~ v̂-822k2v̂91k4v̂ !.

The form of this equation is similar to the Orr
Sommerfeld equation.15 The terms on the right-hand side
however, are different. The first term denotes the stabiliz
influence of the bottom shear stress and the second term
stabilizing influence of the turbulence viscosity. The visco
ity term differs from the viscosity term in the Orr–
Sommerfeld equation by the use of an eddy viscosity t
represents the small scale turbulence instead of the mole
viscosity. The bottom friction term is a consequence of
depth-and-short-time averaged vertical shear, and is alw
stabilizing as follows directly from Eqs.~21! and ~22!. The
eigenvalue problem@Eq. ~23!# can be solved by following a
spatial approach or a temporal approach. The spatial
proach assumes an exponential growth of the perturbat
in downstream directionx. The frequency of the disturbanc
v is therefore real, andk is complex, withkr representing the
wave number andki the spatial growth rate. The tempor
approach assumes the disturbances to grow exponentia
time. In that casek is real andv complex, withv i represent-
ing the temporal growth rate:

@u,v,p#5@ û~y!,v̂~y!,p̂~y!#exp@ i ~kx2~v r1 iv i !t !#.

As shown by Michalke16 the spatial approach covers th
physical phenomenon of a spatial mixing layer slightly mo
precisely than the temporal approach. However, the eig
value problem of the spatial approach is more complicate
solve than the eigenvalue problem of the temporal appro
due to the nonlinearity ink. For this study we have chosen
solve the temporal eigenvalue problem instead of the sp
one. The wave number is therefore real and will be deno
without a subscriptk5kr , unless defined differently. Th
temporal approach is allowed since the length scale o
oaded 27 Aug 2010 to 131.180.130.114. Redistribution subject to AIP licen
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which the growth takes place is much larger than the len
scale of the perturbations. A comparison of the tempo
method with a spatial method4 will be made in the following.
According to Gaster,17 the spatial growth rateki

S can easily
be determined from the temporal growth ratev i

T by ki
S

5v i
T/cT with cT5v r

T/kT as the propagation velocity.
The eigenvalue problem of Eq.~23! is solved for given

wave numbers yielding the growth ratev i and frequency
v r , by using a finite difference technique. The stability
the flow follows from the stability curves (k,v i(k)). Pertur-
bations with wave numberk are growing if v i(k).0. In
order to validate the proposed temporal method for the lin
stability analysis, a comparison is made with the invisc
calculations of Chen and Jirka,4 who solved the eigenvalue
problem with the spatial method. Stability curves are the
fore calculated for a range of profiles, determined by a b
friction number S @Eq. ~1!#. The zero crossings of thes
curves determine the neutral stability curve, which is cho
as the criterion for comparison. The neutral stability curv
determine the critical wave numbers wherev i(k)50. Figure
8 shows three different neutral stability curves. The fi
curve is the neutral stability curve according to the abo
described model, and the second is obtained from Chen
Jirka.4 The large difference between these curves can be
cribed to the incorrect derivation of the bottom friction ter
in the eigenvalue problem of Chen and Jirka.4 Implementa-
tion of the erroneous bottom friction term into the curre
model results in the third curve, which coincides with t
original curve of Chen and Jirka.4 With this comparison the
use of the temporal approach instead of the spatial appro
is justified. In subsequent sections the above-described li
stability analysis model is used. For sensitivity analyses
garding bottom friction and eddy viscosity we refer to Ch
and Jirka.4

2. Experimental validation

The above-described stability analysis is applied to
experiments of Sec. II. The validated velocity profiles, co

FIG. 8. Neutral stability curves of an inviscid flow obtained with Eq.~23!
with the correct~3! and erroneous~1! bottom friction term and the resul
by Chen and Jirka—Ref. 4~2!.
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puted with the one-dimensional-model of Eq.~8!, are used as
base flow. Stability curves are determined for a number
positions downstream of the splitter plate up to a length of
m. In Fig. 9 the determined frequenciesv r are shown versus
k. The frequencies are linearly proportional to the wave nu
bers with a proportionality constant equal to the velocity
the center of the mixing layer, justifying the use of the te
poral method again.

Figure 10 shows the growth rates at several positi
downstream of the splitter plate for both mixing layers.
positive value of the growth rate indicates growth of t
perturbation of the particular wave number and a nega
value indicates decay of that mode. For each position do
stream, a maximum growth rate is found, determining
locally most unstable mode. The wave number of this
stable mode is close tok.0.445/(0.5d) as found by
Michalke.18 The most unstable mode is therefore prop
tional to the mixing layer width. The wave number of th
most unstable mode decreases in downstream direction

FIG. 9. Dispersion relation for the 42 mm case~1! and the 67 mm case~s!.
The solid lines representkUc .

FIG. 10. Stability curves for the 42 mm case~solid! and the 67 mm case
~dashed! for different positions downstream (x52, 4.5, and 10 m!.
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consequence of the broadening of the mixing layer wid
The wave number of the most unstable mode is decrea
more rapidly for the 67 mm case than for the 42 mm case
the mixing layer width is growing faster for the 67 mm cas
The magnitude of the growth rate also decreases in do
stream direction. This decrease in magnitude is stronger
the 42 mm case than for the 67 mm case. The dissipa
influence of the bottom friction is the same for each wa
number, as directly follows from Eqs.~21! and ~22!. Note
that the influence of the bottom friction is also implicitl
present in the decrease of the mean velocity difference.
dissipation due to the turbulence viscosity is proportiona
k2, thus affecting the modes with large wave numbers str
ger than the modes with small wave numbers. Comparing
two cases shows that the growth rates of the modes w
small wave numbers are larger for the 67 mm case than
the 42 mm case, because the influence of the bottom fric
is smaller for the deeper 67 mm case. The growth rates of
modes for the large wave numbers are more strongly in
enced by the eddy viscosity, resulting in smaller growth ra
for the 67 mm case than for the 42 mm case in the high w
number range. In the case with bottom friction and/or visc
ity, the dissipative terms can become larger than the prod
tion terms, resulting in a negative growth rate. For the
cases existing disturbances are being dissipated, the s
situation is reached, as for example for the 42 mm cas
x510 m.

The stability curves of Fig. 10 represent the growth ra
for the various wave numbers at a given downstream p
tion, but they do not predict the energy density of the wa
numbers at that particular position. In order to find this e
ergy density, the history of the development of the structu
has to be taken into account. Integrating the growth ra
over the streamwise coordinate yields an amplification fac
for the initial perturbation. The energy density spectrum,
the lateral velocity component, for a certain position dow
streamx1 is then determined by

E~k,x1!5E~k,x0!E
x0

x1
expS v i~k!

v r~k!
kxDdx. ~24!

The initial spectrum denoted byE(k,x0) is assumed to be
that of an undisturbed open channel flow. Such a spectru
flat for small wave numbers. The initial energy density lev
is taken such that it equals the measured energy density
position just downstream of the splitter plate, Fig. 11. T
resulting spectra at several positions, which are obtained
discretization of Eq.~24!, are plotted in Figs. 11~a! and 11~b!
for the 42 mm case and the 67 mm case, respectively.
measured energy density spectra of the lateral velocity
tained in the center of the mixing layer are also plotted
Fig. 11, showing a remarkably good agreement. Since
measured spectra are obtained from time series, the
quency axes are converted to wave numbers by using
propagation velocity.

The presence of large coherent structures is reflected
significant peak in the spectra. Moving in downstream dir
tion, the wave number of the peak shifts to the low wa
number side, corresponding to an enlargement of the st
se or copyright; see http://pof.aip.org/about/rights_and_permissions
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FIG. 11. Measured~dots! and modeled~solid line! en-
ergy density spectra of the lateral velocity componenv
for the 42 mm case~a! and the 67 mm case~b! in the
center of the mixing layer at the downstream positio
x50, 4.5, and 10 m.
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tures. The energy density of the peak is growing for the
mm case over the full stretch, yielding intenser vortices. T
peak in the spectrum of the 42 mm case atx510 m is, how-
ever, lower than the one atx54.5 m, indicating a decrease i
strength for the large coherent structures.

Although the linear stability analysis is used here beyo
its limits of small perturbations, and the growth rates a
integrated over a stretch several times the length scale o
perturbations, the analysis gives a good prediction of
energy density and the typical wave number of the cohe
structures. The high wave number range of the spectr
which is influenced by the dissipative small scale motion
underestimated. Obviously Eq.~6! does not fully apply to
this range of the spectrum, because the small scale th
dimensional motion in this range is not resolved in th
analysis. The successful prediction using a linear anal
suggests that the coherent structures are hardly influen
each other and that the energy density spectrum at a ce
position downstream is governed by the spectral distribu
of the turbulent kinetic energy at the inflow boundary.

In order to track the development of the large coher
structures, the dominant mode is followed. The domin
mode is defined as the wave number associated with
maximum energy density and is therefore representing
large coherent structures. As mentioned earlier, the most
stable mode is the wave number for which the energy
growing fastest. A more sophisticated way to identify t
coherent structures and their evolution from the meas
ments is by conditional averaging, see, for example, Scar
et al.19 In this study however, we restrict ourselves to t
development of the dominant mode, since this property
oaded 27 Aug 2010 to 131.180.130.114. Redistribution subject to AIP licen
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obtained from the stability analysis as well as from the e
periments.

The growth in intensity of the coherent structures is d
termined in downstream direction by following the grow
rate of the dominant mode. The growth ratesv i of the domi-
nant modes are plotted as function of the downstream p
tion x in Fig. 12. At a certain position downstream, th
growth rate of the dominant mode becomes zero indica
that from that position on the coherent structures are los
energy. The coherent structures are still present, but are
caying. An unstable mode with positive growth rate ca

FIG. 12. Development of the growth rates of the most unstable modes
the dominant modes for the 42 and 67 mm cases. The three different gr
regimes are indicated for the 67 mm case.
se or copyright; see http://pof.aip.org/about/rights_and_permissions



er
e
n

as

e

ll
b
ll
. A
xis
e
r-
e
ed

ac
es
n
T

fre
e
a

ur
i

ab
e
re

ab
a

ed
le

-
f

w-
as

he
rge

re-
o-

uc-
has

cal
ost

h-
the

c-
he
ean

oc-
m
al
he

at
ori-
e as
oef-

an
ast
file
are
ere
he

de-
ws

n

, t
m ses.

4113Phys. Fluids, Vol. 14, No. 12, December 2002 Linear approach for the evolution

Downl
however, still be found up to the downstream position wh
the most unstable mode has a growth rate equal to z
From that position on the flow is stable and all perturbatio
will decay. At this position the bottom friction parameter h
reached its critical value,3 S5Sc .

Three different regimes can now be distinguished~see
Fig. 12!. The first regime~I! is characterized by the positiv
growth rate of the dominant mode. In the second regime~II !
the growth rate of the dominant mode is negative~the coher-
ent structures are decaying!, while some other modes sti
have positive growth rates. The flow is therefore not sta
yet. The third regime~III ! is the stable regime, where a
modes are dissipating and the growth rates are negative
though the flow is stable, coherent structures still might e
in this stable regime. As these large perturbations hav
small wave numberk, they are hardly influenced by the tu
bulence viscosity. Therefore, an exponential decay of the
ergy content due to effects of bottom friction is expect
beyond this point.

The development in downstream direction of the char
teristic length scale associated with the coherent structur
related to the wave number of the dominant mode and ca
determined from the modeled and measured spectra.
time scale of the dominant mode is determined by the
quency of the peak in the spectrum. Multiplying this tim
scale by the propagation velocity results in the length sc
of the dominant mode. The development of these meas
and modeled length scales is plotted in Fig. 13 together w
the development of the length scales of the most unst
modes. As demonstrated in Fig. 11, the modeled and m
sured length scales of the dominant modes are in good ag
ment. As Fig. 13 shows, the length scale of the most unst
mode is much larger than the length scale of the domin
mode. The coherent structures generated upstream have
the opportunity to grow in strength while being advect
downstream. The effect of the advection is made more c
in Fig. 14 by the dimensionless wave numberk* 5kd/2 as
also used by Michalke.18 The wave number of the most un
stable mode is almost constant and close to the value ok*

FIG. 13. Development of the length scale of the most unstable mode
dominant mode, and the measured dominant mode for the 42 and 67
cases.
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.0.445.5,18The wave number of the dominant mode is, ho
ever, not constant, but changes in downstream direction
the advection of the coherent structures play a role. T
wave number found far downstream is about twice as la
as the wave number of the most unstable mode.

The determination of the most unstable mode is the
fore not suitable for characterization of the large scale m
tion. It highly overestimates the size of the coherent str
tures. The accumulated energy of the coherent structures
to be taken into account for the determination of the typi
length scale using the dominant mode instead of the m
unstable mode.

IV. CONCLUSIONS

This study demonstrates that with relatively simple tec
niques and means, a detailed view can be obtained on
shallow mixing layer and its large scale structures.

The quasi-1-D model predicts a mean flow field in a
cordance with the measured flow field. The validity of t
model suggests that the effects of shallowness on the m
flow field are mainly governed by the decrease of the vel
ity difference over the mixing layer as a result of botto
friction. The contribution of small scale three-dimension
turbulence to the growth rate of the mixing layer and t
associated entrainment appears to be negligible. Only
downstream locations where Reynolds stresses in the h
zontal plane have become of the same order of magnitud
those in the vertical plane, a change in the entrainment c
ficient a could be expected.

The use of a mean flow field as a base flow gives
extension to the use of linear stability analysis. In contr
with the classical analysis based on a single velocity pro
for which the growth rates and the most unstable mode
determined at a single location, the use of a flow field h
allows for the determination of the spatial evolution of t
energy densities and the characteristic length scales. The
velopment of the growth rate of the dominant mode sho
that the flow ‘‘stabilizes’’~i.e., the dominant mode decays!
well before the critical bottom friction number is reachedS
5Sc , where all modes decay. The critical bottom frictio

he
m
FIG. 14. Development of the dimensionless wave numberk* 5kd/2 of the
most unstable mode and the dominant mode for the 42 and 67 mm ca
se or copyright; see http://pof.aip.org/about/rights_and_permissions
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number is therefore not a useful number to characterize
large scale motion as proposed in Chu and Babarutsi.1 Al-
though the linear stability analysis is used beyond its lim
the characteristics of the large scale motion are well p
dicted. This implies that the different modes hardly influen
each other. A nonlinear analysis is expected to yield a m
strict criterion as to the extent to which the linear approac
justified.

A consequence of the linear behavior is that the spec
distribution of perturbations at the inflow boundary is det
mining the intensity of the coherent motion further dow
stream. Numerical simulations resolving the coherent mo
and modeling the small scale motion are therefore expe
to be very sensitive to the perturbations prescribed at
inflow boundary.

This study has provided good insight into the dynami
processes in a shallow mixing layer, which are important
the transverse exchange of mass and momentum. The
bined model can be used as a quick tool to predict the c
acteristics of coherent structures that are to be found in la
ratory experiments and in the field. Further extensions
variations in depth and bottom roughness should be mad
provide wider applications in environmental fluid mechani
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