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Abstract. It is well known that the classical skew Schur module is isomorphic to
a direct sum of (non-skew) Schur modules, the multiplicities being given by the
Littlewood-Richardson rule. We define a multiparameter quantum deformation of
the classical skew Schur module, and show that up to a filtration, it still has a

Littlewood-Richardson decomposition. The ground ring can be any commutative ring,
and q is allowed to be a root of 1.

In [H-H] a quantum deformation of the classical skew Schur module is defined
in the “Jimbo case”, over every commutative ring R, and for every choice of a unit ¢
in R. Let P be a multiplicatively antisymmetric matrix with entries which are integer
powers of g. Denote by R[GL(g, P)] the multiparameter quantum matrix bialgebra
associated to ¢ and P. Slightly generalizing [H-H], we define a multiparameter quantum
deformation, L,,,Vp, of the same classical module.

In case R is a field and ¢q is not a root of 1, arguments like those given in [H-H,
Sections 7 and 8] can be used to show that LV, is completely reducible, and its
decomposition into irreducibles is Y y(A4/u; v)L,Vp, where the coefficients y(A/u; v) are
the usual Littlewood-Richardson coefficients. The goal of this paper is to construct
a filtration of L,,Vp as an R[GL(q, P)]-comodule, valid when R is any ring and ¢
is allowed to be a root of 1, such that the associated graded object is precisely
2 745 V)L Vp.

The construction of the filtration closely follows the strategy employed by the first
author in some previous work (cf., e.g., [B]), and is based on an easy multiparameter
‘quantum deformation of some results contained in [A-B-W].

The paper is divided into two parts. The first one provides the necessary back-
ground, the main definitions, and some fundamental properties. The second part con-
tains the actual construction of the desired filtration.
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ideas during the preparation of this work.
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1. The ingredients.
1.1. Let N>1 be a positive integer. Choose a unit g in a commutative ring R; fix

a matrix P=(pij)£’j= 1 Where the p;/’s are non-zero elements of R with the property

piip;i=pi=1, Vi,j=1,...,N.

Consider the free R-module V; with basis {u,, ..., uy} and define an automorphism
By, on Vo ®V, by the following rule:
ui ® ui if i=j
Bvo(u;@u;)=1 qp;;u;@u; if i<j

qpjiu; @ ui+(1—q*)u; @ u; if i>j.
Then (Vp, By,) is a YB pair in the sense of [H-H]. Moreover it satisfies Iwahori’s
quadratic equation

(idvpé@vp - ﬁvp) ° (ide®Vp +q 2BVP) =0,

as one can easily verify.
1.2. The multiparameter quantum matrix bialgebra SE(q, P) (cf. [S]) is the algebra
generated by the N? elements x;; (i, j=1,..., N) with relations (for i<j and k <m):

XikXim = qPmkXimXik XixXjk =4qPij X jxXik » PmkXimX jk = PijX jkXim
P =(a—a7")
PrmXikXjm —PijXjmXik =4 —4q ) XimXji -

The coalgebra structure is given by the following comultiplication and counity:
N
A(xij)= Z X & Xy E(Xij)=5ij-
k=1
1.3. Forl<ij<-: - <i<N,1<j,< - <j,<N, define

detyp(iss v vs s J1s oo nJi) = Z < l_[ (—‘IPi.,(,,J;,(,,)>xi‘,(l,jl T Xy o -

ge Sk \r<ta(r)>a(t)

The group-like elementdet, p(1, ..., N; 1, ..., N) of SE(q, P)is called the multiparameter
quantum determinant of SE(q, P), and is denoted by det, . The multiparameter quantum
coordinate algebra of the general linear group is the Hopf algebra R[GL(q, P)]=
SE(q, P)[det, ] (see [H]). The antipode of x;; is given by
S(xij)=(—4)i_jpi+1i1’i+zi *t PNiPjj+1Pjj+2" " PiN
xdet,p(l, ...\ /s s N3 1oy dy oo, N)detgp .

There is a natural R[GL(q, P)]-comodule structure on V, given by

ujHZui®x,-j.
13
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Consider the Hopf ideal 25 of R[GL(q, P)] generated by all x;; with ;> and put
R[B*(q, P)]=R[GL(q, P))/%¢ .

The relations between the generators in R[B*(q, P)] are those given in (1.2) when we
put x;;=0 for i>j. In particular x; commutes with x;; for all i, j and det, p=]], x;-

1.4.  Henceforth the p;;’s will be integer powers of g. More precisely (cf. [R]) we
shall take

= g2 U i - T U - 1)
pij=4q >

where U= (u;)};_}; is an appropriate alternating integer matrix. In this way we shall

be in the situation of [C-V], where in fact an integer form of the multiparameter
quantum function algebra is constructed.

Notice that every R[GL(q, P)]-comodule will become in a natural way a module
over an integer form of a suitable multiparameter deformation of the Drinfeld-Jimbo
quantum group (see [C-V], [H]).

From now on, we shall also skip all indices g, P in our notation as long as no
ambiguity is likely.

1.5. Let us begin reviewing some results of [H-H], freely adopting the notation
in there. Starting from the YB pair (V, By), we can construct some graded YB bialge-
bras. First of all the tensor algebra TV=@,,,V®=®,,,T;V with YB operator
T(Bv)= D ;50 Bv(xij), where y;; is the following element of &, ;:

_< 1 2 ... i i+l i+2 ... i+j>
X j+1 j+2 g+t 2 G )
We recall that if 6=0;, ... 0; is a reduced expression for an element o€ ¥, then it

is well defined on T,V the operator By(0)=pBy(d;)° - °By(0;), Bv(c;) being the
map idY ' ® By ®idP* /71, In order to describe the coproduct of TV, for every
sequence a=(ay, ..., ®) of nonnegative integers such that )  a;=k, define 4%, to be
the composite map TV—T,V—T,V of the s-th iteration of 4,y and the projection onto
TV=V®®: . - ®V®: Put

V“:{aeyk|0(1)< <o), ol + )< <o(ag +ay), ...,

a(s.il o+ 1>< s <a<'i oz,-)} .
Then A§y=Y . Bv(c™").

1.6. A key role in what follows is played by the symmetric and the exterior
algebras SV and AV of the YB pair (V, By). The algebra SV is generated by u, ..., uy
with relations

Uiu; =P qu;u; i<,
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while AV is the algebra on the same generators with relations
u; Au;=0, Pijqui Auj+uAu=0  (i<j).
So for every sequence i=(iy, ..., i) of elements in [1, N] we have

U N A,

0 if there are repetitions in i

= -1 . if ii<---<i
< l_[ (—q) pia(r)id(2)>uia(1) A I if < < and ae&f’k .

r<t,a(r)>a(t)
The R-modules S,V and A,V are free with bases, respectively,
{u;, - u;, |1<jy < - <j, <N}, {ujn Au | 1<jy <+ <j,<N}.

1.7. Put yy= —g 2By. Then the two YB operators fy and yy satisfy conditions
(4.9) and (4.10) in [H-H], that is, (V, By, yv) is @ YB triple. It follows that SV and AV
are graded YB bialgebras (Theorem 4.10 in [H-H]). Moreover there exist YB opera-
tors ¢gy and Ygy on SV, and ¢,y and ¥,y on AV, for which (SV, gy, Ysv) and
(AV, ¢ 4v, ¥ 4v) are YB algebra triples. In particular, the operator ¢ 4y is defined by the
relation ¢ ,yvo(p ®p)=(p ®p)o T(— By) where p denotes the projection from 7'V onto
AV. The multiplicative structure on AV is given by the fusion procedure, namely, by

% (o) <1 2 i i+l i+3 .. 2i>
Mg, avy =My o ®), = .
Tav) =Mave Pav 13 ... 2-1 2 4 .. 2

Finally note that TV, SV and AV are R[GL]-equivariant as YB bialgebras with YB
algebra triples, that is, all the structure morphisms (including the YB operators) are
homomorphisms of R[GL]-comodules.

1.8. A translation into our setting of Lemma 5.3 in [H-H] gives the following
very useful equality.

LEMMA. For any k>0 and any sequence (iy,...,5) with 1<i; <+ <, <N we
have:

A ”(“i. A AU )= Z ( H (_Q)Pi,(,)i,(,)>“i,“,® QU -
ceSx \r<t,a(r)>a(t)

1.9. We are now ready to introduce our multiparameter quantum deformations
of the classical skew Schur modules. In fact all definitions are results in Section 6
of [H-H], stated for the “Jimbo case”, still hold in our situation. For all but Lemma
6.12 can be deduced from formal properties of graded YB bialgebras which are also
equipped with a structure of YB algebra triple. The proof of Lemma 6.12, which
depends on the definition of the particular YB operator, can be easily modified for
our purposes.
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Given a skew partition 4/p with /(2/u)=s and 1, =1, denote by d,,(V) the Schur
map, that is, the composite map

Ay V=4, ,V® - ®4;,_,V

A([ﬁl\;‘x‘“n)@ e ®A5'1‘;t_“!) (—q_zﬁv)(h/u)
_

Ty V=T;-,,V® ®T,-,V

P ®p

TI/I'ZVZ Tzl_ﬁlv® T ® Tzs'ﬁsv Sx/ﬁv=S11—l71V® T ®S1s—ﬁsv ’

where, as usual, 1 denotes the dual partition of 4, and ¥ 18 the permutation defined
in Section 6 of [H-H]. We illustrate such a permutation by the following example:

123456738
1=(5,4,2) u=(2,1) Xi/u=<4 6 82571 3)

8

23 oo
6 M, e 2

—— e
13

o 1 4 6
4 5 57
8

N J

The image of the Schur map is the Schur module of V with respect to the skew partition
Alu, denoted by L;, V. Itis an R[GL]-comodule, with coaction induced by the following
coaction of SE on T,V:

.....

1.10.  The principal properties of L;,,V are summarized in the following theorem,
which one proves along the lines of Theorem 6.19 and Corollary 6.20 in [H-H].

THEOREM. Let A/u be a skew partition with I(A/u)=s. Then:
(i) L,V is a free R-module, and for any a€ %y, a free basis is the set

Ly, Y(0)={d;,(V)(&s) | SeSt;, Y (o)} -
Here St,,,Y(0) denotes the set of all standard tableaux in the alphabet Y (0) = {1, <"
< Uy}, and
Cs=S(L, py+ DA AS(LA)® - ®S(s, ps+ 1) A -+ AS(s, 4) €A,V .
(ii) Let R’ be a commutative ring and let f: R—R' be a homomorphism of com-
mutative rings. Then we have an isomorphism of R'[ GL]-comodules
Ly (R®rV)~R'®rL;,V.

As a consequence of (ii), it will not be restrictive for us to take R=Z[2, 27 ],

where 2 stands for an indeterminate.
1.11. We recall that an element of Tab,, Y (o), the set of all tableaux of shape
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A/p with elements in Y(o), is said to be row-standard if its rows are strictly increasing,
and column-standard if its columns are non-decreasing. A tableau is said to be standard
if it is both row- and column-standard. Let Row,,, Y (o) denote the set of row-standard
tableaux of shape 1/u and with elements in Y(o). For every Se Row,,,Y(0), the element
d;,,(&s) can be expressed as a linear combination of basis elements. The algorithm, call
it Z,, which does this is based on a descending induction with respect to a pseudo-order
defined in Tab,,Y(c). Let S and S’ be elements in Tab,,Y(c). We say that S<,S" if
for any p, q

ﬂ{(i’j)eAl/ﬂl ISP’ S(l’.])e {ua(1)9 ] ua(q)}}
Z#{(i’j)EAl/u I lSp’ S,(i,j)E {ua(l)’ tteo ua’(ll)}} .

The key steps of £, are the following:

1. Choose two adjacent lines in S where there is a violation of column-standard-
ness; we are in the situation of Proposition (1.12) below, and we can use Corollary
(1.13). We get certain S;’s such that S;<_S for every i.

2. Apply induction to each S;.

A, is also called the “‘straightening law with respect to the ordering u,,,< - <u,w,”.

1.12.  PROPOSITION. Let A=(44, 4,) and p=(u,, u,) be partitions with 2> u. Define
y=A—u and take a, b nonnegative integers with a+b<2,—u,. Then the image of the
composite map

I®4®1

Oapy: AVO® A, _aiy, sV A,V ANVN®A, _V®A, VA,V

m@m

—4,,V®4,,V=4,,V

is contained in ITm((1,,,), where DUM=Z:}Z=_O‘“_ '0,, and O, is given by

1®m

41
Ayiy-VOANV 5 A, VA, VAV — A, VAV .

Y2~V

PrROOF. Mimic the proof of Lemma 6.15 in [H-H]. O

1.13. COROLLARY. Let Aju be a skew partition with [(A)=s, ¢ be an element of
Sy and S be an element of Row,,Y(0)\St;,Y(0). Then there exist Si,...,S, e
Row,,, Y(o) with S;<,S for any i, such that

Es— Z ciés, €Im(d,,,) =Ker(d,,(V)),

Sfor some c;e Z[q, q~']. Here:
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s—1
DA/;;:_Z,I 1, ®- "®1i—1®|:|/1i/ui®1i+z®"‘®ls,

)vi=('1i, Aiv1) s wh=(u;, Bit1) 1j=idA;_j_ujV .
PROOF. Mimic the proof of Lemma 6.18 in [H-H]. O

1.14. We want to stress a consequence of Theorem (1.10) and of all the machinery
which allows to prove it. First of all note that the subcategory of #%, (cf. [H-H])

given by the YB pairs as in (1.1) is a preadditive one. Let P'=(p})?;_; and P?=
(p2)7;=1 be two multiplicatively antisymmetric matrices, and put Ve =<{ul, ..., ul),
Vp2=<uf,...,u2>. Then define a YB operator on Vp=<ul,...,ul,u?, ..., u2) by

means of the matrix P=(p;;)Y;=;, N=n+m, defined as follows:

Pl for i je[l,n]
pii=1 P} for i,je[n+1,N]
1 for ie[l,n], je[n+1,N] or ie[n+1,N], je[l,n].

Note that Vp~V, @ Vp: becomes in a natural way an R[GL(q, P!)]® R[GL(q, P?)]-
comodule. Write for short V;=Vy:, f;=fy,i, for i=1, 2, and let ucycA be partitions.
Following [A-B-W], define two R-modules

My(/lx/u(vx DV,)= Im( Zl AgV1®A;,V, > 4,,(V, @ Vz)) s
nSoS o=y

<

MC(AA/;;(V1 @dV,)= Im( An/uvl ® Az/avz i Al/u(Vl ® Vz)) s

nEaSAo>y
where the indicated maps are obtained by tensoring the obvious maps
Aai—uiVI ®A}.,-—o'iv2 - Ali—u.-(vl C'BVZ) .

Let M (L;,(V,®V,)) and MY(L,W(V1 @YV,)) be the images of the previous modules
under the Schur map d;,(V,; ®V,). The following result holds as in the classical case:

THEOREM. The R-modules
Ly/uvl ® L/l/yVZ ’ My(Ll/u(Vl @ VZ))/My(L)./u(Vl @ Vz))

are isomorphic. Hence the R-modules M.(L,;,,(V,®V,)), pnSy<A4, give a filtration of
L, (V,®V,), whose associated graded module is isomorphic to

Y LuVi®Ly,V,.

HUEY<SEA
Proor. Follow verbatim the proof of Theorem II. 4.11 in [A-B-W]. O

Note that the isomorphism of the theorem is in fact an isomorphism of
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R[GL(q, P")]® R[GL(q, P?)]-comodules.

2. The recipe.
2.1. In this section we let R be the ring R=Z[2, 2~ '], 2 an indeterminate, and
take a multiplicatively antisymmetric matrix P=(p;;)};-, and the YB pair (Vp, fy,),

where Vp={u,, ..., uyy and
u;®u; if i=j
ey va(ui®uj)= ijiuj®ui if i<j
-@Pjiuj®ui+(1'—=@2)u,-®uj if i>j.

We are going to construct a filtration of L;, Vp as an R[GL(2, P)]-comodule, such that
the associated graded object is isomorphic to Y. y(4/u;v)L,Vp. As in the classical
Littlewood-Richardson rule, here y(4/u; v) stands for the number of standard tableaux
of shape A/u filled with j; copies of 1, fi, copies of 2, ji; copies of 3 etc., such that the
associated word (formed by listing all entries from bottom to top in each column,
starting from the leftmost column) is a lattice permutation. The construction is a suitable
“deformation” of the one used in the first author’s doctoral thesis, Brandeis University
1984, as illustrated for instance in [B]. We again remark that owing to Theorem (1.10)
(ii), the construction holds in fact for every commutative ring R and every choice of a
unit ge R.

2.2. In order to embed L,V into a (non-skew) Schur module, let M=y, and
consider another multiplicatively antisymmetric matrix P’ =(p;;)™._ ,, together with the
YB pair (Vp,, By,.), where Vp.=(ui, ..., uy) and By, is defined similarly to (1) above.
For convenience of notation, we shall denote Vy, u;, Vp, and u; by V, i, V', and i,
respectively.

It follows from Theorem (1.14) that the R[GL(2, P')]® R[GL(2, P)]-comodule
L,(V'@YV) is isomorphic to ., L,V'®L,,V, up to a filtration.

Let (L,(V'®@V)), denote the sub-R-module of L,(V'@ V) spanned by the tableaux
in which A4 V'-indices occur. (In this section we identify a tableaux T with &1 and the
corresponding element of a Schur module, according to the case.) Then up to a filtration,

LV Y LV®L,V,

aSAlal=h

as R[GL(2, P')]® R[GL(2, P)]-comodules.
If (L,(V'® V)); denotes the sub-R-module of L,(V'@ V) spanned by the tableaux
in which every i’ occurs exactly f; times, also:

() LAV @ V)~ ; (L V') ® L,V ,

as R[GL(2, P)]-comodules, up to a filtration.
Since the bottom piece of the filtration relative to (2) corresponds to the (lexico-
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graphically) largest partition o, namely p, it follows:

, RIGL(2, P)]
LiVR®L,YY = (L(VOV).

And rk(L,V');=1 implies that

RIGL(2, P)] /
L;,V S (L(Ve V),

as wished.
Explicitly, the embedding sends the tableau d;,(V)(a, ® - - - ®a), s=1(4), to

GV OVIG*" ra)® - ®b" ra)®a,.1® - ®a], r=Il),

where we write 5® for I'A2'A - - - Ak’e A, V'. Notice that b® is a relative R[B* (2, P")]-
invariant.

23. Lett=(t,1,...,t115t2s---st125---3 b ..., 1;5) be a family of nonnegative
integers such that

Z ti=y;,  Vj=1,...,r.

Let f denote the R[GL(Z, P’)]-equivariant composite map :
A”rV'® e ®AM.V'
® -, Aiy)
4, V® - ®4,V)® @A,V ®  ®A,V)
| Pavien)
(A4, V®4, VO  ®4,V)® UV ®A,_ , VR  QA,V)
(mQ)®

<
/ e ’
Atr1+tr—1,1+"'+tnv ® ®A!rs+tr—1,s+“'+nsv

where #;=(tj;,..., 1), m{ 1 AV'® -+ ®AV'>AV" is obtained by iterating the
multiplication, and

_<1 2 30 ... s s+1 s+2 ... 2s+1 ...rs)
"\l or+1 2r4+1 o (s—Dr+l1 2 r42 ... 3 .rs

(cf. (1.5) and (1.7)).

As b ® - - - @ b™ is a relative R[B* (2, P’)]-invariant, also f(b*'® - -+ @ b*V)
is so. We denote the latter by b(¢).

2.4. Forevery vEAsuch that|v|=|41|—|ul, let B(4/v) denote the set of all possible
b(t) which satisfy the further equalities:
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r
Z tji=/1i_vi, Vi=1,...,s.
j=1

For every be B(4/v), we call ¢(v, b) the restriction to 4,V® {b} of the following com-
posite map

a(vV'ev)
—_—

AV A,V 2D 4 (v V) A,V ®V),

where ¢,(1) is obtained by tensoring the morphisms
AVR®A4;,_ V' -4,V @V), X@yxay, i=1,...,s.
PROPOSITION.  The image of @(v, b) lies in L;,,V < L,(V'@®V).

PrROOF. As ¢(v, b) is R[GL(2, P')]® R[GL(2, P)]-equivariant, and b is a relative
R[B*(2, P)]-invariant of V’-content ji (i.e., it contains fi; copies of i’), each element
of Im(¢(v, b)) is a relative R[B*(2, P’)]-invariant of V’-content ji. But then we are
through, thanks to Lemma (2.5) below and to the fact that d,(V')(0*’® - - - @ b*) is
the only canonical tableau of content f. |

2.5. LEMMA. For every partition a, take in L,V' ®@ g O(2) the element
C,=d(VYUA"  A@UA " A® - ®UA-" Aaf), I=1(ar)

(C, is sometimes called the canonical tableau of L,N’). Then the relative R[B* (2, P")]-
invariant elements of L,V'® g Q(2) are spanned (over Q(2)) by C,.

ProorF. Combine (L,V');= R - C, with a multiparameter version of Theorem 6.5.2
in [P-W]. O

2.6. For each v< A such that y(4/u; v) #0, we wish to describe a subset of B(4/v),
say B'(4/v), such that #B’(4/v)=y(4/u; v). Let Te L, V' be a standard tableau, of content
A, and such that its associated word, as(T)=(a, ..., q),), is a lattice permutation.
Then u is the content of the transpose lattice permutation (as(T))™. (Explicitly,
(as(T))” =(a;, ..., a,)), where g; is the number of times a; occurs in as(T) in the range
(@y,...,a;).) Let T be the tableau obtained from T by replacing every entry a; of T by
;. For each ie{l,...,s} and each je{l,...,r}, we set 7; to be the number of j’s
occuring in the i-th row of T. We denote by b(T) the element b(¢) € B(4/v), corresponding
to this choice of ¢;;’s.

2.7. Given any row-standard tableau T, we can consider the word w(T) formed
by writing one after the other all the rows of T, starting from the top. As all such words
can be ordered lexicographically, we can say that T <, T' if and only if w(T) <., w(T").
It is then easy to see that the following holds.

ProPOSITION.  If we write b(T)e A,;,,V' as a linear combination of row-standard
tableaux, then
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bM=+2T+) 6T, «eZ[2,27'],
k

where 2* stands for a power of 2, and each T, is a row-standard tableau <, T.

Since there are exactly y(4/u; v) tableaux Te L,;,,V’ which are standard, of content
i, and such that as(T) is a lattice permutation, the above Proposition implies that the
elements b(T) form a subset of B(4/v) of cardinality y(4/u; v). It is precisely this subset
which we call B'(1/v).

2.8. Consider the family of elements of L,V < L,(V'®V):

F ={o(, b)(x) | 9(Alu; v)#0, be B'(4/v), and d,(V)(x) is a standard tableau} .
We claim that & is an R-basis of L;,V.
PRrOPOSITION. The elements of & are linearly independent over R.

PrOOF. Suppose that there exist nonzero coefficients r,,,e€R such that

Y # M@V, b)(x)=0, i.e., such that Zv‘b‘x Fopx;(V @ V) (@, (A)(x®b))=0in L,(V'®
V). This is the same as

A3) Zb (V' @ V)@ (D1, ®b)=0,

where y, , =) _r,,.x. Let v, be the (lexicographically) smallest v occuring in (3). Order
the set B'(A/vo)={b(T,), ..., b(T,)} as follows:

b(T;)<b(T;) if and only if w(T;)<;,,w(T;).

Let by =5b(T,) be the highest 5(T;) € B'(4/v,) occuring in Zv,b d,(V' & V)@, (A)(y,,®Db)).
Clearly, d;(V' ®V)(@,,(D)(¥y,5, ®bo)) is not in general a linear combination of stan-
dard tableaux of L,(V'@®YV), with respect to the order 1<---<N<l'<---<M’,
since violations of column-standardness may occur in b, Apply therefore to
d;(V' @ VY@, (A (Yyo0,®bo)) the straightening law of L (V'@ V) with respect to
l<---<N<l'<- - <M’ One gets (recall Proposition (2.7)):

T 2*,(V' D VY@uo(A)(Vr0,5,® To))
+(a linear combination of standard tableaux with V-shape > v,)
+(a linear combination of standard tableaux with V-shape=v, and V'-part <, T,).

Because of our choice of v, and b, (3) then implies that d,(V' @ V)(@,,(A)(Vye.0,® To))
=0, i.e.,

2 voboxdi(V' @ V)@, (A(x ® T;)) =0 .

But this is a linear combination of standard tableaux in L,(V'@® V), with respect to the
order I<---<N<I'<--- <M’ so that r, , .=0 for each x, which contradicts our
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assumption on the coefficients r, , .. Od
2.9. COROLLARY. Z is a basis for L;;,V® g Q(2).

PROOF. By definition of #, ## =rk(L,,,V). By Theorem (1.10) (ii), the latter rank
is constant on all rings. So Proposition (2.8) says that & is a basis for the vector space
L;,.V ®rQ(2). O

2.10. CoOROLLARY. Z is a basis for L;,V.

Proor. It suffices to show that & is a system of generators for L,, V. Let
yeL,(V'®YV) be any tableau of type

1’...“1000

I Hy, o o o
N
o o N
o o
o o o
o o

where the little circles stand for basis elements of V.
Since ye L, V, Corollary (2.9) says that in the quotient field of R, there exist
(unique) coefficients ¢, , ,, such that

(4) y =;qv,b,xq)(v, b)(x) .

To both sides of (4), apply the straightening law with respect to 1<---<N<l'<
-+ <M’ In the left-hand side, only coefficients in R occur. In the right-hand side, if
vo denotes the smallest V-shape coupled with a nonzero ). g, , X, and b, =b(T,) denotes
the highest element of B’(4/v,) (cf. ordering in the proof of Proposition (2.8)) occurring
with a nonzero Y _gq,,,.X, we find that the term +2*d,(V' @ V)(@,,(A(Y. , 4vo.p0.X ®
T,)) must cancel with something in the left-hand side; since each d, (V)(x)e L,V is
standard, it follows that ¢, ,, .€ R for every x.
Write next (4) as:

(41) y— Z qvo,bo,x¢(v05 bO)(x) = Z (P(V, b)<z qv,b,xx> .
X (v,b) # (vo,bo) x

Reasoning for (4') as done for (4), it follows that g, ,, .€ R, where (v,, b,) is the pair
(v, b) coming immediately before (vq, b,) in the total ordering:

(v, b)<(v', b")<>either v>v’, or v=v" and b<b’
in the ordering of B’(4/v) given in the proof of (2.8).
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Repeating the argument as many times as necessary, the proofs is completed. O

2.11. THEOReM. Up to a filtration, Ll,”V:Zvy(l/u;v)LvV as R[GL(2,P)]-
comodules.

Proof. Forevery vsuch thaty(4/u; v)#0, let M, denote the R-span (in L, (V' @ V))
of all elements ¢(t, b)(x) of & such that t>v. Also let M, denote the R-span of all
o(z, b)(x) such that t>v. Clearly, we have the isomorphism of free R-modules:

MM, L LV® ---®L\V (y(4/u; v) summands) .

{M,} will be the required filtration, if we show that each ¥, is an R[GL(2, P)]-
isomorphism. In order to do so, it suffices to prove that for every fixed b, € B'(4/v), and
for every basis element ye A,V, (v, bo)(») — @(v, bo)(Y. rix;) € M,, where Y rd,(V)(x;)
is obtained by application to the tableau d,(V)(y) of the straightening law of L,V. Notice
however that (v, bo)(y)e L,;,,V=L,(V'®@V) can be written in two ways:

® @@, bo)(y)= ; Fepx®(T, D))

by Corollary (2.10), and
(6) (v, bo)(y) =Y. riop(v, bo)(x;)+ L.C.,

where L.C. denotes a linear combination of tableaux, standard with respect to
l<:---<N<l'<:--<M’, and with V-part >v. This last equality is obtained by
eliminating in the V-part of ¢(v, by)(y) all violations of standardness, with respect to

< <N<lI'<-- <M.
Comparing (5) and (6), it follows that
@, bo)(y)— (v, bo)(z riXx;)= Z rep,x®(T, b)(x)
4
with r,, , =0 whenever t<v. Hence ¢(v, bo)(y)— @(v, bo)(} rix;) € M, as wished. [
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