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A LOCAL PROOF OF PETRI'S CONJECTURE AT 
THE GENERAL CURVE 

HERB CLEMENS 

Abstract 
A proof of Petri 's general conjecture on the unobstructedness of linear sys
tems on a general curve is given, using only the local properties of the 
deformation space of the pair (curve, line bundle). 

1. Introduction 

Let I/o denote a holomorphic line bundle of degree d over a compact 
Riemann surface Co- The Petri conjecture stated that, if Co is a curve 
of general moduli, the mapping 

po : H° (L0) ® H° (UJCO ® Lv
0) -+ H° (UJCO) 

is injective. Later, this assertion was given a more modern interpretation 
making it a central question in the study of curves and their linear 
series—what is now called Brill-Noether theory. 

To recap the modern formulation we proceed as in [1]. Let C{
0

d) 

denote the d-th symmetric product of Co and let A Ç C0 x Co denote 
the tautological divisor. Let 

V = P (H° {Lo)) . 

For the projection 

p. : C ^ x Co - • C ^ 
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140 HERB CLEMENS 

and exact sequence 

0 " • °C^xC0 -+ °C^xC0 ( A ) "> °C^,C0 ( A ) - • 0 , 
A 

one has that 
Tc^=P*(oc{od)xCo(A)\J 

Applying the derived functor Rp* o Oprxc0 to the above exact sequence 
as in (2.6) of [1], one obtains an exact sequence 

0 -»• N¥r^d) - • 0 P , ® H1 (0Co) -»• 0 P , (1) ® H1 (L0) - • 0, 

where NA\B denotes the normal bundle of A in _B. So the dual of the 
kernel of ßo above is exactly 

H1 (N¥r\cw 

Via the standard short exact sequence of normal bundles, Petri 's 
conjecture becomes the assertion 

^ ( ^ C ( d , ) = 0 , 

that is, the deformation theory of linear series is unobstructed at a curve 
of general moduli. 

There are several proofs of Petri 's conjecture, proofs via degenera
tion by Gieseker [7] and Eisenbud-Harris [6] and a proof via specializa
tion to the locus of curves on a general if3-surface due to Lazarsfeld 
[11] (see also [12]). However the only proof based on properties of the 
infinitesimal deformation of the general curve, as opposed to some spe
cialization of it, is a proof for r < 2 by Arbarello and Cornalba in [1]. 
In conversations concerning his joint work with Cornalba, Arbarello ex
plained to the author the viewpoint of [2] that there should exist a 
generalization to higher order of the following result (which appears 
both in [2] and [1]): 

Let 

®n(L0) 

denote the sheaf of holomorphic differential operators of order < n on 
sections of the line bundle LQ. (If 

Lo = Oc0 
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we denote this sheaf simply as 2)n.) The first-order deformations the 
pair (I/o, Co) are in natural one-to-one correspondence with the elements 

i/> G H1 ( S i (L0)) 

in such a way that a section so of LQ deforms to first order with the 
deformation if) if and only if the element 

i/> (s0) G H1 (L0) 

is zero. 
Furthermore he pointed out that an appropriate higher-order gen

eralization of this fact and a simple Wronskian argument would imme
diately yield a "local" proof of Petri 's general conjecture at the general 
curve (see §4 below). The purpose of this paper is to carry out that 
generalization. 

The general idea of the proof is to use the Kuranishi theory of (curvi
linear) C°°-trivializations of deformations of complex manifolds as it 
applies to the total space the dual line bundle LQ. Roughly speaking, 
if we denote the i-disk as A and are given a C°°-trivialization 

Fa = (a,ir) : M ^ M0x A 

of a deformation M / A of a complex manifold Mo, Kuranishi associated 
to this situation a power series 

e = a* + &<2 + • • •, 

where each £j is a (0, l)-form with coefficients in (a subsheaf of) the tan
gent bundle of Mo. Fa is not allowed to be an arbitrary C°°-isomorphism 
over A. The relevant restriction is that trajectory of each point on MQ 
must be holomorphic, that is, 

a " 1 (xo) Ç M 

must be a holomorphic disk for each xo G Mo- This is of course just 
a restriction on the choice of trivialization; it implies no restriction 
on the deformation M / A . For such a trivialization, the holomorphic 
functions f on M have a very nice form; namely we can write power-
series expansions 

/ Æ F-1 =fo + fit + f2t
2 + ... 
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such that the holomorphicity condition 

3 M / = 0 

becomes just 

(ÔMo - 0 (/0 + fit + H2 + • • • )= 0. 

Although later on we will actually need to consider a slightly more 
general case in the body of this paper, it is perhaps helpful as an intro
duction to give the line of reasoning of the paper in the case in which 
MQ happens to be the total space of a holomorphic line bundle 

Qo '• L 0 —> Co 

over a compact Riemann surface Co- One easily sees that the defor
mation is a deformation of holomorphic line bundles if and only if the 
Kuranishi data £L are invariant under the action of the C*-action on 
LQ. In fact, if x denotes the (1,0) Euler vector field on LQ associated 
with the natural C*-action on the line bundle, this is just the condition 

for all j , that is, that the & can be written everywhere locally in the 
form 

(1) 90 (« ) • X + Q*0 W) • TL 

where a and ß are (0, l)-forms on Co and TL is a lifting of a (1, (^-vector-
field re on Co such that 

[X,TL] = 0. 

(The "associated" or "compatible" Kuranishi data for the deformation 
of Co is just given by $ = ß • TC-) Sections s of L are just functions / 
on LQ for which 

Lx (f) = /, 
where Lx denotes Lie differentiation with respect to the vector field x-

Suppose now we have a line-bundle deformation (L/A, C/A) of 
(Lo, Co) with compatible trivializations 

a : C ->• C0, 
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and a section s of L whose zeros are given by 

a~ (zeros (so)) • 

Rescaling A in the fiber direction we arrive at a trivialization of the 
is cons 

SQ O A. 

deformation Lv of LQ for which s is constant, that is 

We call such compatible trivializations of Co and LQ "adapted" to the 
section s. 

Of course we have twisted the almost complex structure on Co and 
LQ to achieve this trivialization. To keep track of this twisting, we 
consider only "Schiffer-type" deformations C of Co, for which the twist 
in almost complex structure is given almost everywhere by a gauge 
transformation, that is, by a power series 

ß = ßit + ß2t
2 + ... , 

where the ßj are C°°-vector-nelds of type (1,0) on Co — {p} and mero-
morphic in a small analytic neighborhood of p. Then we take 

see [5]) and get a compatible trivialization of L v / A by lifting the ßj to 

'j on £0
V vector fields ßj on LÏ with 

ßj>X 0 

with the same meromorphic property near q0 (p). Holomorphicity of a 
section s becomes the condition 

(oLv(e i-M/)))=0 

on the power series 

f = f0 + flt + f2t2 + ... 

representing s as a function on LQ X A. That is, the condition is simply 
that the pull-back of / via the gauge transformation is a power series 
whose coefficients are meromorphic sections of LQ. 
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If we have a holomorphic section s of L whose restriction to SQ has 
simple zeros Do, and if j3 is zero in a small analytic neighborhood of 

D = zero (s) C C 

then there is a C°°-automorphism 

$ : C0 x A ->• C0 x A 

defined over A such that: 

I. $ is holomorphic in a small analytic neighborhood of D U {p}. 

2. 
$({£0} x A) 

is a holomorphic disk for each xo £ Co. 

$oF f f (D) = D0 x A. 
3. 

The rough (imprecise) idea is that trivialization $ o F f f can also be 
considered to be of Schiffer type for some vector field 

7 = 7i* + 72*2 + 

7 lifts to a vector field 7 associated to a Schiffer-type trivialization of 
the deformation Lv/A of I/g which is adapted to the section s. Since 
by construction s corresponds to the "constant" power series 

we have the equation 

that is, 

(2) 

/o + 0 • t + 0 • t2 + . . . 

dLv(eL-Hf0)))=0, 

d r v , e L - ^ 
L0 1 

(Jo 0. 

It is in this way that we produce elements of H1 (2)n+i (Lo)) for all 
n > 0 which must annihilate sections so of Lo which extend to sections 
of L. (The difficulty is of course that the elements of H1 (2)n+i (LQ)) 
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depend on the choice of so- To remedy this we will eventually have to 
replace the deformation C/A of Co with the deformation 

¥/A = ¥(H°(L/A)) 

of P (H° (L0)) and replace L with O (1).) 
As one of the simplest concrete examples, let 

C 
z + zv^i 

with linear holomorphic coordinate z on C. For a C°°-function p sup
ported on {z : \z\ < 1/8} and identically 1 on {z : \z\ < 1/16}, let 

R - P d 

Pi — - • TT, 
Z OZ 

ßj = 0, j > 1. 

This is a non-trivial deformation since, to first order it is given by the 
generator 

^Hl{TCo). 

For I/o we can take the line bundle of degree 2 given by the divisor 

T. P d 

dc°-z'd-z 

l + V^T s + sv^ï 
Do = r + 

with corresponding section so- Let s be some extension of the section 
so- For a trivialization 

Fa : C - • C0 x A 

associated to the above Kuranishi data, the zero set D = D' + D" of 
the section s is given by two power series 

.. i + y^ î 
z = a(t) = h ait + . . . , 

z = b(t) = -^ + 6i* + . . . , 

since the deformation of (almost) complex structure is zero near Do- So 
near D' we recursively solve for 

$(z,t) = {a'(z,t),t) 
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such that 

a {a{t),t) = , 

and similarly near D" for 

$(z,t) = {b'(z,t),t) 

such that 

b'(b(t),t) = 3-±^. 

Near {0} x A we take 

$(z,t) = (z,t) 

and then extend $ to a family of diffeomorphism on all of Co by a C°° 
patching argument. For the new trivialization 

$ o Fa : C ->• C0 x A 

the divisor D giving the line bundle L is "constant" so that the pull-back 
of so via the product structure gives rise to a compatible trivialization 
of L. 

The Petri proof will follow from doing this process (for a line-bundle 
deformation of LQ for which all sections extend) for every Schiffer-type 
variation of a generic curve Co- We show that the set of equations (2) 
we obtain implies that the higher /i-maps 

/iB+i : ker („„) -+ H° ( w £ 2 ) = H1 (T£1 

are all zero. As Arbarello-Cornalba-Griffiths-Harris showed twenty years 
ago, this implies Petri 's conjecture. 

We shall use Dolbeault cohomology throughout this paper. In par
ticular, the sheaf S)n (I/o) has both a left and a right öc 0 -module struc
ture and we define 

A°>i(®n(L0)):=A°j)®Oc0®n(Lo) 

where A0,i is the sheaf of C°°-(0,i)-forms. Also the context will hope
fully eliminate any confusion between two standard notation used in this 
paper, namely the notation L and LQ for line bundles and the notation 

Lk
T = LTo ...oLT 

v ' 
k—times 
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where LT denotes Lie differentiation with respect to a vector field r . 
The author wishes to thank E. Arbarello, M. Cornalba, P. Griffiths, 

and J. Harris for the original concept and general framework of this 
paper, and E. Arbarello and M. Cornalba in particular for many helpful 
conversations without which this work could not have been completed. 
Also he wishes to thank the referee and R. Miranda for ferreting out 
an elusive mistake in a previous version of this paper, E. Casini and 
C. Hacon for help with the rewrite (especially for pointing me toward 
Lemma 2.6), and the Scuola Normale Superiore, Pisa, Italia, for its 
hospitality and support during part of the period of this research. 

2. De format ions of manifolds and differential operators 

2 .1 Review of formal Kuranishi theory 

We begin with a brief review of the Newlander-Nirenberg-Kuranishi 
theory of deformations of complex structures (see [10], [9], ILI of [8], or 
[4]). Let 

(3) M - ^ A = {t G C : \t\ < 1} 

be a deformation of a complex manifold MQ of dimension m. Since we 
are doing formal deformation theory, all calculations will actually take 
place over the formal neighborhood of 0 in A. However, convergence 
will not be an issue in anything that we do since we will always be 
working from a situation in which we are given a geometric deformation 
and deriving consequences in the category of formal deformations. 

Definit ion 2 .1 . A C°°-diffeomorphism 

Fa = (a,ir) : M ^ M0x A 

will be called a trivialization of the deformation M/A if 

a\M = identity 

and 
a'1 (x0) 

is an analytic disk for each xo G MQ. 

The next four lemmas are standard from formal Kuranishi theory: 
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Lemma 2.1. Let 
1M0 

denote the complexification of the real cotangent bundle of MQ. Given 
any trivialization Fa, the holomophic cotangent bundle of Mt under the 
C°° -isomorphisms 

Mt = M0 

induced by Fa corresponds to a subbundle 

Tt
lfiÇT*Mo. 

If 
„1,0 , 0,1 . T * v T ^ f f i T 0 ' 1 

7T + 7 T • J-M0 ^ J-Mo® ÂM0 

are the two projections, the retriction 

is an isomorphism for small t so that the composition 

^ 1 , 0 (7 r l ' ° ) ^ 1 , 0 TT^\ T o , i 
1M0 ^ 1t ^ J M 0 ' 

gives a C°° -mapping 

which determines the deformation of (almost) complex structure. 

Thus, at least formally, we can write 

^) = £&* i>0 

with each ^ G A^ (Ti;o), that is, each £j is a (0, l)-form with coeffi
cients in the holomorphic tangent bundle T\^ of MQ. 

Lemma 2.2. Every relative complex-valued C°° -differential form 
co on M/A of type (0, q) corresponds on a (formal) neighborhood of MQ 
to a form 

on 
MQ X A 

and so, working modulo t, gives a holomorphic family 

Mißt . 



P E T R I ' S C O N J E C T U R E AT T H E GENERAL CURVE 149 

of C°°-forms. This correspondence is a formal isomorphism 

A0« 
i 

M/A
 0,1 

m A $ ® C [[*]]. 

If we have two different trivializations a and a', we have a formal iso
morphism 

Gi,a = (t° (oir1. 

Lemma 2.3. For any C°°-function f on M write 

foF-l = Y°° fut¥ 

and define as above 

Further define 

DA!a):=(dMo-Y^=1t
3i3)(fa) 

E
OO ^—^00,00 

.=0 dMJi,at - 2_si=0>j=1 & W> f 

Then 
()lodM = Dao()l, 

and 

fifit • 

Also 

Da = Gta,oDa,oGl,a. 

f*°Fa 

is holomorphic on M if and only if 

D* (fa) = 0. 

We next ask which sequences Çj G A0'1 (Tifi) come from a trivial-
ization of a deformation (3). Before answering this question, we need 
to make precise the various actions of an element £ G A°>k (Tifi) on 
^ Ap,q (Mo). For any £ we write the action via contraction as 

( C I ) , 
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and "Lie differentiation" as 

Lr.= (C\)°d+(-l)kdo(C\). 

The sign is so chosen that, writing any element of A0,k (T^o) locally as 
a sum of terms 

for some closed (0, A;)-form fj and x G ^4°'° (^i,o)- Then 

(Warning: Since, as an operator on A0,q (Mo), Lfç = fLç, one has 

\d,Lc] = L-di : A0'" (M0) - • A°'«+fc+1 (M0) 

however the identity does not hold as an operator on Ap,q (Mo) for 
p > 0 . ) 

Also we compute 

= (fj® Lx) (ff ® Lx.) - (-i)******f (ff ® Lx.) (fj ® Lx) 

=frn'L[x,x'Y 

So, using this local presentation for 

Ç<zA0>i(Tlfi),Ç'eA°>k(Tlfi), 

we can define 

[e,e']=w'[x,x']G^0' j+fem,o). 
Lemma 2.4. T/ie almost complex structures given on a coordinate 

neighborhood Wo in MQ by the the (0,l)-tangent distributions 

i-L= - v°° v ti f-^-\ 

are integrable, that is, come from a deformation/trivialization of MQ as 
in Definition (2.1), if and only if, for 

we have 

9£ = ^ [ e , e ] -
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Proposition 2.5. Two trivializations Fa and Fai of the same de
formation (3) are related by a holomorphic automorphism tp of M/A, 
that is, there is a commutative diagram 

M -A M 

M0 = M0 

if and only if 

Da = Da'-

Proof. One implication is immediate from the definitions of Da and 
Dai. For the other, the equality 

ia = & 

implies that the differential of the C°°-automorphism 

ip := (a, 71-)"1 o (a, n) : M ->• M 

preserves the (1, 0)-subspace of the (complexified) tangent space and 
therefore <p is holomorphic. q.e.d. 

2 .2 Gauge t ransformat ions 

We begin now with a deformation 

M/A 

of Mo and let 

be a trivialization with associated Kuranishi data 

ta-

Suppose that we have a one-real-parameter group of diffeomorphisms 

$ s : M0 x A -> tf0 x A 

defined over A such that 

P : = $ i ? : M ( ^ 4 } M A 
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is a trivialization for each (sufficiently small) s and, for each xo G MQ, 

®s\{xo}xA 

is a real-analytic family of complex-analytic embeddings of A in MQ X A. 
Then, as for example in §2 of [4], there is then associated a vector field 

ß + ß 

where 

and each ßj is a C°°-vector field of type (1,0) on MQ, such that , for 

9 = 9o + 9it + • • •, 

on MQ x A we have 

(4) g°$s = eLsß+~ß {g) . 

We let 
Fß := Fi = $ i o i ^ : M ->• M 0 x A. 

Then by (4) we have for any C°°-function g on M that 

(5) ^ = eL" (ga). 

If ^s denotes the Kuranishi data for the trivialization Fs, then by 
direct computation 

^=\ä,ß]+\ß^]. 

(See for example Lemma 2.10 of [4].) On the other hand, if we define 

piß, ] - i 

(6) * := - j£ -p ( [Ä i0 ] ) 

and the action 

(7) Cß:=ß-(0 = e[ß>](0+Sßi 

one also has by direct computation that 

\ß,ß]+\ß,Zsß]. 
d^ß rä 
ds 
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(See for example §3 of [4]. Compare with §3 of [5].) The conclusion is 
that Csß is the Kuranishi data for the trivialization Fs for all s and so, 
in particular 

iß 
is the Kuranishi data for the trivialization F\ = Fß. 

So the group of vector fields ß acts on the Kuranishi data associated 
to the deformation M/A. This action corresponds to the change of the 
given trivialization by a C°°-automorphism 

(8) $ß : M0 x A ->• M0 x A 

defined over A. 

Lemma 2.6. i) 

{eL?)(d-i){e-Le)=^-iß. 

ii) Given a function 

•fß = E j -fa**' 
on MQ x A, the function 

fß°Fß 

is holomorphic on M if and only if 

(d-C)(e-L?(fß))=0. 

Proof, i) This assertion is implicit in (5) but, as a check, we will do 
it by direct comptation. 

(eL*) (8-0 (e-Lf>) =d+ [eLf>,d\ ( e " ^ ) - e^' ] (£) . 

If we can show the identity 

(9) \d,eLe] =cßoeL^ 

the lemma will follow from Lemma 2.3 since, by definition, 

iß = e[ß>](0 + Sß-

To see (9) we prove by induction that 
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Inductively 

\d,ßn+1]=\d,ß]-ßn + ß-\d,ßn] 

n \d,ß-ßn + ß ': \ß, ]n~l-{d,ß 
0 

+ ...+ n 
n 

l ) [ â , / ? ] - ^ " 1 

n 
n 

[d,ß]-ßn 

n 

+ 

([ß, ])n\ä,ß]+(\ß, ])n-l[d,ß]ß 

+ ...+ 
n 

n 1 ([ß, })[d,ßßn-1+{d,ßßn 

Now use the identity 

n - 1 n — 1 
r r — 1 

Thus 

«.E:^l-E:iE;:1:'([A]r'-P,^' j = 0 % 

E k=o,i=o (k + 1)! 
1 (lß,])k[d,ß]C 

fc° E Ê1 
î=0 i\ 

so that 

eL? 

0 = [3,e"poe 

= \d, eLe] o e-
L? + e1**3 o [d, e-Le] 

= qß + eL? o c_ß o e-
L?, 

o ( ç ^ - 0 o e~Le = - (cß + ( e ^ o e o e " ^ ) ) . 

q.e.d. 
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Suppose now that we have two trivializations 

Fa : M ->• M0 x A, 

Fa> : M ->• M0 x A 

of a given deformation 

Then 

M/A. 

i^ ' F a 

is a C°°-diffeomorphism of Mo x A and so can be realized as the value at 
s = 1 of a one-parameter group of diffeomorphisms which restrict to an 
analytic family of analytic embbeddings of {xo} x A for each xo G Mo-
Thus referring to the notation of Lemma 2.3 above we have that there 
is a C°°-vector field K of type (1,0) such that 

(!0) L 
9a = eL~K (sv) 
Dni = eLn o D o eL 

2 . 3 Schiffer-type deformations 

We now consider a special class of deformations of Mo, those for which 
the change of complex structure can be localized at a union A$ of 
codimension-one subvarieties on Mo- We let 

(H) ß£<°0(Tll)® tCllt}} 

be a vector field which is 
i) meromorphic in an analytic neighborhood (Uo x A) of the set 

(AQ x A) on (M0 x A), 
ii) C°° on (M0 - A)) x A. 

Using Lemma 2.6 for the case in which we first take 

(12) Fa : ((M0 - A)) x A ) 4 ((M0 - A)) x A) 

in 2.2 as the identity map, we define a deformation Mß/A of Mo by the 
integrable Kuranishi data 

(13) iß := Sß. 

Notice that <̂g = 0 in a neighborhood of AQ X A so <̂g corresponds to a 
trivialization 

Fß : Mß
 y^> Mo x A 
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with 
Fp : (aß)-1 (UQ) 4 [ / „ x A 

an analytic isomorphism. Denote 

(14) Dß:=Daß=d-<;ß. 

We call AQ the center of the Schiffer-type deformation. 
Let 

Aß := (aß)-1 (A0) Ç Mß. 

From 2.2, Lemma 2.6 and the above we conclude: 

L e m m a 2.7. 

fß°Fß 

is analytic on Mß if and only if 

dMo {e~Le (fß)) = 0. 

In fact, for any divisor BQ supported on AQ, BQ has a unique exten
sion to a divisor 

Bß 

on Mß which is supported on Aß. We denote by 

CBo 

the vector space of functions /o which are C°° on (Mo — AQ) and mero-
morphic on UQ and for which 

BQ + div (/o) 

is effective on UQ. Then: 

L e m m a 2.8. i) A meromorphic function f on Mß with 

Bß + div ( / ) 

effective is a formal sum 

Eoo 

such that each fß^ G CB0 and 

('- E" ^") (El /» / ) = «• 
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ii) The meromorphic functions on Mß with 

Bß + div (f) 

effective are given by the kernel of the mapping 

& : ff° (OMO (OC • Ac)) ® C[[t\] -> ff° ( ° f f ( ° ? ^ o ) ) 0 C[[t\] • 
UM0 (-DO) 

in) If 
i : A0 ->• M 0 

is £/ie inclusion map and R denote the image of the map 

{i~lOMo (Bo) 0 tC[[t]]) dÆ-U0 (H1 (OM0 (B0)) ® C[[t]]) , 

then /o G H° (OM0 (BO)) extends to a global section of ÖM0 (Bß) if and 
only if 

[d,e-L?](fo)eR. 

Proof, i) The assertion is immediate from Lemma 2.3. 
ii) Again by Lemma 2.6i) occurs exactly when fß lies in 

eLß 
CBo ® C[[t\] nimage # u (0Mo (oc • A0)) ® C[[i]] ^ C^.A, ® C[[i]] 

iii) follows from Lemma 2.7 and the cohomology exact sequence 
associated to the short exact sequence 

ÖM„ (OO • A0) o ->. ©Mo (ßo) -+ oMo (oo • A0) -+ ;;o , " -+ o. 
<^M0 (.-DO) 

2 .4 Gauge t ransformat ion on SchifFer-type trivializations 

Next suppose we wish to change our trivialization 

Fß : M/3 ^ - V M0 x A 

q.e.d. 

by an allowable C°°-automorphism 

k 

M̂  A h 

defined over A. That is 

Mß -% M0 x A 

Mß -^» M0 x A 
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1. such that $ preserves AQ X A as a set 

2. is holomorphic on !7o x A. 

3. $ restricts to an analytic embedding of each disk {a;o} x A. 

To calculate the Kuranishi data for (7, we proceed as in 2.2. We can 
assume that $ = 3>i for a family $ s as in 2.2. We can further assume 
that 3>s|j7 x A is a real analytic family of complex analytic maps. Let 
K = ^'jLi Kj^ denote the C°° -vector field of type (1,0) such that the 
family 3>s is associated to 

s (K + K) . 

Then by (10) for Fa = Fß and Fa, = G we have 

ö£ = eL~K (%0 
Dai = eLn o Dß oeL~K. 

Computing, using (7) and (9), 

eLn o T>ß o eL~K = eL* o (d - cß) o e
L~K 

= eLK o(^-\^ìe
Le]oeL-e)oeL-* 

= eLK o(eL? odoeL-e)oeL-K. 

Thus we conclude that gai is holomorphic if and only if 

O M 0 ( e L - ^ e L - ( v ) ) = 0 . 

Lemma 2.9. For a power series 

on MQ x A, g o G is holomorphic on Mß if and only if 

dMo {eL-P o e L - (g)) = 0. 
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3. Deformations of line bundles and differential operators 

3 .1 The //-maps 

Let XQ be a complex manifold and let LQ be a holomorphic line bundle 
on XQ. Let 

®{L0),®n(L0) 

denote the sheaf of (holomorphic) differential operators, respectively 
the sheaf of differential operators of order < n, on (sections of) the line 
bundle LQ. Whenever 

H2 (£„ (L0)) = 0 

we have a natural exact sequence 

Hl (£„ (L0)) -»• H1 CDn+1 (L0)) - • H1 {Sn+1TXo) - • 0, 

where the second last map is induced by the symbol map on differential 
operators. So there exists natural mappings 

(15) ßn : H1 (£„ (L0)) -»• Horn (H° (L0) , H
1 (L0)) 

and 

Hom(H°(L0),H
l(L0)) 

(16) / i n + 1 : H1 Sn+1TXo ->• 
image fin 

(In the next chapter we will establish Petri's conjecture on generic curve 
Co by establishing that the mappings (16) are zero for n > 0 and XQ = 
Co-) 

Suppose now that we are given a deformation 

(17) L^X^A 

of the pair (LQ,XQ). We consider C°°-sections of L as C°°-functions on 
the dual line bundle L v . These functions / are characterized by the 
properties 

/1Q\ X \J ) J Ì 
(18) x(/) = o, 
where x is the (holomorphic) Euler vector-field associated with the en
action on Lv . 
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Lv 

lq 

X 
-J, TT 

A 

F A = (A,7Tog) 

F<7 = ((T,7r) 

= 

i ^ x A 
4 (<7o,^/ 

X0 x A 

1 
A 

3.2 Trivializations of deformations of line bundles 

We next claim that , given a trivialization a of the deformation X/A 

and given a line bundle L/X we can make compatible trivializations 

(19) 

of the deformation Lv jX of LQ/XQ as in Lemma 2.1 but with the addi
tional property that each fiber of the trivialization respects the structure 
of holomorphic line bundles, that is, if we denote by r = Ta the lifting of 
Jj induced by the trivialization of X/A, then r = T\ for the deformation 
L v of Lg is obtained lifting of Ta such that 

(20) [ T A , X ] = 0 . 

To see that this is always possible, let {W} be a covering of X by 
coordinate disks and {Wo} the restriction of this covering to XQ. We 
construct a C°° partition-of-unity {/9iy0} subordinate to the induced 
covering of XQ. Recall that L is given with respect to the trivialization 
a by holomorphic local patching data 

gWW>(x) = J29TW'(X0)f 

gw°w°(x0)eW(j2j>oaYw' (x0)ti 

where XQ = o (x) and 

E arM^.^'M 
i>o 3 u gWoWâ(xo) 

Notice that , if V, W, and W are three open sets of the cover which have 
non-empty intersection, then, for all j > 0, 

avw + ayw> = ayw> _ 

Define the mapping 

L L 
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over Wo x A by 

(21) (x,v) H- (z0 ,exp (£w, Pw> (*o) (j2]>0
aJW' (*o) **')) " v) • 

This map is well defined since, over V CiW we have 

gvw (x) = gv°w° (x0) exp (j2j>Q ajw (x0) *>') , 

and so 

g™ (x) • exp (£w, Pw* (*o) Ç£J>0 *r' (**) t])) 

=gv°w° (x0) exp ( ^ > o a™ (x0) *>') 

= 9 ™ (xo) exp (J2W, PW, (xo) £ .>Q ( " I " + < " ' ) (^o) **') 

=9VoWo (̂ o) exp ( ^ ^ to) E J > 0 « r (̂ o) *0 • 
Referring to Lemma 2.3 our deformation/trivialization (19) is given 

by 

6 e ̂  K") 
for which 

(22) Lx^ = L%i, = 0. 

We call a trivialization satisfying (19)-(22) a trivialization of line 
bundles. We say that the trivializations A of L v / A and a of X/A 
are compatible if they make the diagram (19) commutative. By an 
elementary computation in local coordinates, sections 

Çi£A0j>l®TLv 

associated to a trivialization of line bundles lie in a subspace 

A Ç A°£l ® TLv 

comprising the the middle term of an exact sequence 

(23) 0 - • go"1 ( ^ g ) ® C C X ^ A ^ q^1 (A°£ ® TXo) - • 0, 
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that is, 

(24) A = A°£(Q1(L0)). 

Notice that the first form 

Ci G Ax\ (Sh (Lo)) 

must be enclosed by the integrability conditions in Lemma 2.4. Its 
cohomology class in 

H1 ( S i (L0)) 

is the first-order deformation of the pair (XQ, LQ) given by (17) (see [1]). 
Its symbol is just the element of H1 (Tx0) giving the Kodaira-Spencer 
class for the compatible first-order deformation of the manifold XQ. 

L e m m a 3 . 1 . i) If XQ is a Riemann surface CQ, the space of all (for
mal) deformation/trivializations of the pair (curve, line bundle) taken 
modulo holomorphic isomorphisms over A, is naturally the space of 
power series in t with coefficients £j G A^, (2)i (LQ)) . 

ii) In general, a (formal) holomorphic section of L is a power series 

z—*% 

with coefficients s, which are C°° -sections of LQ such that 

EOO , x • V — ^ O O . O O • , -

iii) Suppose 
f<=H°(L) 

has divisor D such that 
DQ = D-XQ 

is smooth and reduced. Then there is a trivialization 

Fa:X^X0xA 

such that 
a-1

 (DQ) = D, 

and a unique a-compatible trivialization 

Fx : L v ->• L% x A 
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such that 

f = / o Æ A 

where 

/o = f\x0-

We call the trivialization F\ adapted to the section f. 

Proof, i) By (23) and Lemma 2.4 all integrability conditions vanish 
automatically. 

ii) is immediate from Lemma 2.3. 
iii) Let N be a tubular neighborhood of Do in X. On N use a 

partition-of-unity argument as in §5 of [3] to construct a C°° -retraction 

v : N ->• N n D 0 

such that each fiber is an analytic polydisk. Cover N as above by 
coordinate disks {W}. For each Wo = WHXQ which meets Do construct 
a holomorphic projection 

v-1 (w0 n D0) ^w0, 

which takes 
( W n D ) 4 (W0 n D 0 ) . 

Again as in §5 of [3], use a C°°-partition-of-unity argument to "average" 
these local projections to obtain a projection 

n : N ->• N n X0 

such that 
v Æ n = v 

and such that , for each xo G Do, 

is holomorphic. n gives a projection a in some neighborhood D such 
that 

D = a~l ( D 0 ) . 

Extend by a partition of unity argument to obtain a : X —> Xo and the 
corresponding trivialization Fa = (CT, 7r). 

Now let 
Lo = Oxo (D0) , 
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and suppose D is given by local defining functions. Then, on each slice 

v~l (x0), 

XQ G DO, the invertible holomorphic functions 

zw 
zWo ocr 

fit together to give an invertible C°°-function on W C N so that 

._ zw o F-1 

hw •— 
Z\Yo 

is an invertible C°°-function on WQ x A. If W ^ N put 

h\y = 1-

So for patching data 

gww{x) = j29rw'(*o)f 
= gw°w° (x0) exp (J2j>0 ajw> (*o) t3') 

we have 

E i > 0
 aYw' (x°)tJ =log hw' -log hw-

The cr-compatible trivialization i<\ constructed in (21) is given in this 
case by 

(x,v) !->• ^o ,exp ^2W, Pw'0 (^o) (Loghw> - loghw)J • v 

So, under this trivialization, zw corresponds to the section of Ig x A 
given over (xo,t) G Wo x A by (v,t) where 

ZWo 

v zw°F-L w 
I e x P w L , PK (x°) (lo&hw) • zw ° Fa

 l) 

exp w2 , Pw^ {xo) (log hw>) • zWo-

Now replace A with 

A 
e x P Ew PWa (xo) (loghw>) • A 

q.e.d. 
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3 .3 Schiffer-type deformations of line bundles 

We next wish to consider a very special type of line bundle deformation. 
Our aim is to be able to apply Lemmas 2.7-2.8 to a case in which MQ = 
LQ is the total space of a line bundle and the holomorphic functions 
under consideration are the holomorphic sections of Lo- Let Xß/A be 
a Schiffer-type deformation as in 2.2. That is, referring to (5), suppose 
that Xß/A is given by Kuranishi data 

&0 = ^zlmLß]) 

for some divisor 

Let 

A C X . 

A P 

denote the extension of AQ to a divisor on Xß. 

Let L/Xß be a deformation of LQ/XQ. By Lemma 2.9 and (21) there 
are compatible trivializations 

Fß : I ^ I o x A , 

Fx : L v ->• Ll x A. 

We need that F\ = F s for some lifting ß of ß to a vector field on LQ x A 
for which 

ß,X 0. 

L e m m a 3.2 . i) Suppose that LQ is trivial over a neighborhood of 
AQ and that the mapping 

induced by the exact sequence 

0 - • Oxo -+ Oxo (oo • AQ) 

is surjective. Then there is a lifting 

Oxo (oo • A)) 

x0 

ß 
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of ß to a vector field on LQ X A which is meromorphic above 

and otherwise C°° such that ft is a trivialization of Ly. 
ii) Referring to i), suppose that 

L = 0Xß (D) 

and 
$ o ft (D) = D0 x A, 

where DQ is the zero-scheme associated to a holomorphic section 

fo:L^ C. 

Suppose further that $ is holomorphic in a neighborhood of AQ X A. 
Then there is a lifting <fr of Q so that the section 

fooOoFß 

is a holomorphic section of L. 

Proof, i) Since L is trivial near AQ, we can lift ß to a vector field ß 
commuting with \ a n ( i meromorphic near AQ by a patching argument 
as in 3.2. Any two liftings differ by a vector field 

a* = J2j>0
aixtJ> 

where the a,j are fuctions on XQ which are meromorphic near AQ and 
C°° elsewhere. Given that modulo tn 

(25) L v = L,y 

we use the surjectivity hypothesis in the statement of the lemma to 
choose an+i and achieve (25) modulo tn+1. 

ii) The deformation Xß is trivial in a neighborhood of AQ X A, so 
we can choose a lifting <t>' of $ which is holomorphic near AQ X A and 
extend by a partition-of-unity argument. Referring to Lemma 3.liii), 
# ' o ft = (a', 7r) and the adapted trivialization (a, n) are related by 

a = e V 

for some C°°-function b on XQ X A. Now set 

q.e.d. 

$ = e&$'. 
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3 . 4 Di f fe ren t i a l o p e r a t o r s a n d b a s e p o i n t - f r e e s y s t e m s 

Suppose now that 
H° (L0) 

is basepoint-free. Let F0 = F (H° (L0)) and let 

v : P 0 x I o ^ Po, 

p : F o x J o ^ ^ o 

be the two projections. Let 

L0(l) = v*0Po(l)®p*L0. 

Then by the Leray spectral sequence there are natural isomorphisms 

p*L0(l)=L0®H°(L0)\ 
( 2 6 ) Hk(L0(l))=Hk(L0)®H°(L0)

v. 

There is a tautological section 

(27) /o G H° (Z0 (1)) = H° (L0) ® H° (L0)v = End (H° (L0)) 

given by the identity map on H° (Lo). Furthermore 

(28) p* (/o 

is given by the tautological homomorphism 

H° (L0) ® öXo ^ L0. 

Also one easily shows by induction using the Euler sequence that 

Hi(®n(öFo(l))) = 0 

for ali i > 0, so also 

Rp^n L0 (1) = 0 

and 
H1 (jDn (L0 (1))) = H1 [p^n (L0 (1) 

There is a natural map 

h : p*£„ (LQ (1)) -)• T>n (p,L0 (!) 
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and 

= Qn(L0)®End{H°(L0)). 

Now via the trace map we have a canonical splitting 

End (H° {L0)) = C • 1 © End0 (H° (L0)) , 

where End0 denotes trace-zero endomorphisms. Notice that 

&n := h (pJÛn (L0 (1))) = 3 „ (Lo) ® 1 © 2)„_i (L0) ® End0 [H° (L0)) 

so we have that 

and we have the exact sequence 

syrr^ol ( f i B + 1 ( T ^ o ) 0 1 } 0 ( f i n ( T ^ o ) ^ ^ 0 ( f l 0 ( L o ) ) ) ^ 0 

is exact. 

3 . 5 E x t e n d a b l e l inear s y s t e m s 

Suppose now that the assumptions of 3.4 and Lemma 3.2 continue to 
hold and that, for some line bundle extension 

L/Xp 

of L0 /X0 , 
•ÏÏ* (L) 

is locally free over A. Let 

P > = P A ( T T * ( L ) ) . 

Let 

Do C P0 x X0, 
D Ç FAxAXß 
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be the incidence divisors for the respective linear systems. The sec
tion /o of I/o (1) defined in (27) has divisor Do- For each holomorphic 
trivialization 

T :PA - > P 0 x A , 
(30) 

T : O P A ( - 1 ) - > O P 0 ( - 1 ) X A , 

let 

FT : P ( ì v ( - l ) ) ^ P ( ì 0
v ( - l ) ) x A , 

FT : L v ( - l ) ^ ì 0
v ( - l ) x A 

be the trivializations induced by T and the trivializations 

Fß : I ^ I o x A , 

Fß : L v ^ L 0
v x A 

defined in Lemma 3.2. We denote the infinitesimal automorphism of 

Ll (-1) x A = (p*Ll ® u*OP0 (-1)) x A 

induced by ß on P*LQ and the identity on u*Op0 (—I) as 

ßr-

If we change T in (30) to T', then 

(31) e " L V = e~HT (f Æ f-

Next, since 
FT (D) • (P0 x {x0}) 

is a hyperplane for each xo G Xo by basepoint-freeness, we can build a 
C^-diffeomorphism 

$ T : (Fo x X0) x A ->• (F0 x X0) x A 

such that 
$ T (FT (D)) =D0XA, 

and such that the diagram 

F A X A X / 3 *Æ? T ( P O X X O ) X A 

Xß ^ 4 X0 x A 
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is commutative, where the vertical maps are the standard projections 
and such that the restriction of <&T Æ FT to each fiber of the left-hand 
projection is a linear automorphism of projective spaces. Further we 
can suppose that <&x is holomorphic over F7 {UQ X A) . Let 

(jrp = (£>rp Æ Fj1. 

Then, by Lemma 3.liii), there is a ÖT-compatible trivialization 

GT = &TÆFT: ly ( -1 ) ->• Ll ( -1 ) x A 

such that 

f = foÆG 

is a holomorphic section of L(\) with divisor D. Since the restriction 
of &T to fibers of p are assumed to be a holomorphic automorphism of 
Ö { — 1) on the corresponding projective spaces, the infinitesimal auto
morphism of LQ (—1) x A is given by 

7 T G p - 1 ^ 0 ( S l ( ( ^ ) e ( r + 1 ) 

Thus, by Lemma 2.9, 

[[*]] • 

(32) d,e PT Æ e L'IT 0. 

Notice that , if 

eA:Oi 1) x A ^ O P o ( - l ) x A 

is any holomorphic automorphism, we also have 

(34) d,eA e ßr e LÎT 0. 

Next, using (29) and (34), we need to analyze the elements 

d, eÄ Æ e~Lèr Æ e - L r r l E ^ Q H1 (&n) tn 

= J2 H1{^n(La))®End{H\L0))t
n. 

z—'n>0 

Applying this element to p*/o, by (34) we obtain that 

(35) 
d, eA e ßr e L w P*Jo 
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T h e o r e m 3 .3 . Suppose that all assumptions of 3.3-3.5, in particu
lar, the hypotheses of Lemma 3.2, hold. Suppose further that, by varying 
of ß in 3.3 in such a way that all these assumptions continue to hold, 
the coefficients to tn+1 in all expressions 

\d,e~Lß] 

generate H1 (Sn+l (Tx0)) for each n > 0. (For example we allow the 
divisor AQ to move.) Then the maps 

ßn+l : H1(Sn+1TXo) 

are zero for all n > 0. 

Proof. Let 

Hom{H*(LQ),Hl{Lü)) 

image //'• 

d, eA o e ßr o e L w 

L denote the coefficient of tn. Notice that the operators in eA and e 
are 0-th order operators so that , referring to (29), there is an element 

al G Sn (TXo) ® End0 (H° (L0)) 

such that 

symbol I (p* 

is given by a formula 

(36) (5/3? ® 1) © a G Sn+1 (TXo) © {Sn (TXo) ® £ n d ° (ff° (L0))) , 

where 

d,e 0T o e L'IT 

n+l 

Let 

be such that 

Then 
(37) 

symbol p* d, À 
e o e 

j >0 

Ai G £nd° (#° (L0)) 

eA = 1 + Att + . . . . 

froe IT - p * 
n+1 

d,e 0T o e L'IT 

= 0 + (o/9f <8 

n+l 

^ l ) . 
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Using (36) and (37) and the hypothesis that the elements 

dß^+1 

generate 
H1 {Sn+1TXo) , 

by varying ß and A\ we have that the elements 

symbol p* 

generate 

d, e Æ e PT Æ e L ' < T 
n+l 

Sn+1 (TXo) © Sn (TXo) ® End0 H° (L0) 

for each n > 0. 
Thus, by (29) and (34), the map vn+1 given by 

/ f x x H L ( l 
if1 2)„+1 Lo(l) -»• 

image {vn) 

D ß ^ 

is zero for all n > 0. Moreover, in particular the image of 

H1 ( s „ + i ( £ o ( l ) ) ) ^ E „ > 0 ^ ( Z o ( l ) ) i n 

lies inside the image of the map 

(38) £ ^ ( Ö P o x X o ) * " "• J ? „If1 ( M l ) ) *n 

« !->• « (To J • 

But, under the identifications in 3.4, 

P* (/o) 

is the tautological map 

H° (L0) ® Oxo - • £o-

So applying p* (38) becomes 

^—'n>0 z—'n>0 
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Since 
d,e ßT d,e~Lß 

we conclude that the map 

H°(L0)^J2 Hom{H»(L,),Hl{L0))f d, e~Lß 

takes values in the image of (38). So finally the hypothesis that the 
elements 

dß^1 

generate H1 (S"""1"1 (Tx0)) gives the theorem. q.e.d. 

4. Br i l l -Noe ther theory 

In this last section we give a simple application of Theorem 3.3 to 
Brill-Noether theory. From now on we assume that XQ is a generic 
compact Riemann surface Co- We choose 

AQ = {xo} 

in §2-3 where xo is a general point of Co, and let 

Cß/A 

denote the family of Schiffer-type deformation associated to some vector 
field 

where each ßj is meromorphic with poles in some neighborhood UQ of 
XQ. Since CQ is generic, there exists a line-bundle deformation 

such that 

L/Cß 

H° (L) -+ H° (LG 

is surjective. We wish to apply Theorem 3.3 to conclude that the maps 
/ i n + 1 are all zero for n > 0. 

L e m m a 4 .1 . Let ß\ range over all vector fields such that the Kodaira-
Spencer class 

dßi 



174 HERB CLEMENS 

generates the kernel of the map 

Hl{TCo)^Hl{TCo{x,)). 

Then the elements 

d ßk+1 

generate the kernel of the map 

Hl (Sk+1TC0) -+ H1 (Sk+1TC0 ((k + 1) x0 

Proof. Let z be a local analytic coordinate for Co centered on XQ. 
We trivialize our Schiffer-type variation of Co so that 

a -P d 

z oz 

where p is a C°°-function on Co such that 
i) p is supported on an arbitrarily small neighborhood of xo, 
ii) in a smaller neighborhood Uo of xo, 

a,—i u 
p = \-a0 + ... + atz . 

z 

So 
fe+i 

»{TB 
dz 

k+r represents the symbol of d, Lo . By varying the choice of the Oj in 

the definition of p we can therefore obtain symbols which generate the 

image of 

Sk+1TCo((k+ l)x0) 

Sk+1TCo 

in H1 (Sk+1TCo) . q.e.d. 

Now if XQ varies over a dense subset of Co, the elements of kernel of 

H1 Sk+1TCo -+ H1 Sk+1TCo (XQ) 

generate H1 (Sk+1Tc0). So we conclude by Theorem 3.3: 
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Theorem 4.2. If Co is a curve of general moduli and H° (LQ) is 
basepoint-free, the mapping 

Mi TU ek+i Hom(H*(L0),HHL0)) 
/ / + i : Hl SK+lTCo 

Y.k><kirna9e i^' 

given in 3.1 must be the zero map for k > 0. 

To see that Petri's conjecture follows from Theorem 4.2, we reason 
as in §9 of [2]. Namely we consider the dual mappings 

A*A :ker//fc_! ->• H° ( w ^ 

(inductively defined beginning with the zero map 

/ i _ ! : H° (L0) ® H° (LOCO ® L%) -»• {0}). 

Petri's conjecture asserts that, for our Co of general moduli, the mapping 

A»o : H° (LQ) ® if0 (o;Co ® £0
V) ^ # ° (wCo), 

which is of course simply the multiplication map, is injective. To see 
that this follows from Theorem 4.2, let {s-i} denote a basis for H° (Lo). 
Suppose now that 

Then the element 
£>*)** G H° (w2

Co) 

is well-defined, giving the mapping /zi, etc. Since, by Theorem 4.2, 
successive maps //& are the zero map we have, for any local trivialization 
of I/o and local coordinate z near a general point a;o on Co, the local 
system of (pointwise) equations 

Z ^ ^ o ) ^ (xo) = 0 

i 

for all k, which is clearly impossible unless all the ti (xo) are zero. 
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