A LOWER BOUND FOR THE VOLUME OF STRICTLY
CONVEX BODIES WITH MANY BOUNDARY LATTICE
POINTS

BY
GEORGE E. ANDREWS(!)

In a recent paper it was shown that if a strictly convex body C in n-dimen-
sional space contains N noncoplanar lattice points (i.e., points with integer
coordinates) on its boundary, then

S(C) > k(n)N ¢+ 1in

where S(C) denotes the surface area of C and k(n) > 0 is a constant depending
only on n [1]. If ¥(C) denotes the volume of C and

V(0 z ¢'(m [S(O)]""™V

where ¢’(n) > 0 is a constant depending only on n (which is true if C is an n-
dimensional sphere for example), then the above theorem implies that

V(C) > k'(n)N "+ /(=1

where k’(n) > 0 is a constant depending only on n. The object of this paper is to
show that the restriction to

V(C) z c(m[S(OT"""V
is unnecessary. The main result will be the following theorem.

THEOREM. If C is an n-dimensional strictly convex body with N noncoplanar
lattice points on its boundary, then

V(C) > k(n)N®+ /=1
where k(n) > 0 depends only on n.

This paper will be divided into two sections. In the first section we shall obtain
certain elementary but necessary results. In the second section we shall prove the
above theorem.
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CONVEX BODIES WITH MANY BOUNDARY LATTICE POINTS 271

I. In this section we shall be primarily concerned with certain elementary
results in n-dimensional Euclidean geometry. The following notations and con-
ventions will be used throughout this paper.

At all times the bodies we shall deal with will be considered closed and bounded;
however, the cones we shall deal with will of course be unbounded.

We shall call a linear (n — 1)-dimensional boundary element of an n-dimensional
polytope or cone a ‘“‘face.”

Given the point (a,, -+, a,) and the direction (4;:---:4,), the ‘“‘ray’’ emanat-
ing from (ay,---,a,) in the direction (A4,:---: 4,) is given by the set of points
(a, +Ayt,-,a,+A,)and t = 0.

If H is a supporting hyperplane of C, a convex body, then the ‘‘exterior normal
vector’’ of H is the one on the opposite side of H from C. We define an “‘exterior
normal ray’’ as a ray emanating from some given point of H in the direction of
the exterior normal vector.

The symbol O will always denote the origin.

At all times, o(n) = 2% I'(n/2 + 1); 7"*/T(n/2 + 1) is the volume of the n-
dimensional unit sphere [7, p. 136].

By (Po),, (Po) (Po)}, -+, we shall denote n-dimensional, convex polytopes
[7, p. 96].

By ©; we shall denote an n-dimensional solid angle(?). This symbol will be
used to denote both the angle and the measure of the angle, but this should
cause no confusion.

We let A(®;) be an n-dimensional pyramid [7, p. 111] with vertex a;, vertex
angle @®;, and an (n — 1)-dimensional convex polytope (Po)>., as base. We shall
call the collection of all faces of A(®;) other than (Po)2_, the “‘sides’’ of A(O).
To A(®;) we associate a similar pyramid §,(®;) which has vertex a;, vertex angle
©,, and has its base parallel to (Po)™., but is such that the total area of its sides
is equal to 1. Also associated with A,(®;) is a cone %; which is the collection of all
rays emanating from o; and intersecting (Po)-.,. We designate by "%i the set of
all points y for which the angle / yax is at least n/2 if x € %, and ©, will denote
the n-dimensional angle defined by ?i.

If © is an n-dimensional solid angle defined by n rays (i.e., these rays make up
the edges of ®), then

sin ® = 4. | det(c}) |
where c‘j is the jth direction cosine of the ith ray [7, p. 122].
LemMA 1. sin® £(n—1)!0.

Proof. If the point & is the vertex of ®, then (1/n!) sin @ is the volume of a
simplex with edges of unit length emanating from a. Hence the whole of this
simplex is contained in the body that the cone defined by ® cuts out of the unit

(2) The interiors of the solid angles we shall consider will always be contained in half-spaces.
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sphere with center at a. The measure of the volume common to this cone and the
unit sphere is ®/n. Therefore o
—sin®@ £ —,
n! n
or )
sin®@=(n-1"'0. q.e.d.
The following lemma is most likely due to Mahler [6] and is very similar to
Theorem V of Dr. Cassels’ book [3,p. 117]. Unfortunately the author was
not able to find this result in readily available literature, and it is thus included
for completeness.

LeEMMA 2. Let C be a closed convex body with volume V(C) > 0. Then there
exist points Xo,--+,X,€ C such that C contains the simplex 2, with X, -, X,
as vertices and C is contained in the simplex B, with vertices

X;+ X(X—Xx) j=0,-,n.
i=0;i#j

Proof. Pick the points X, ---, X, so that V(2,) is a maximum. Such a choice is
possible since C is closed and bounded. By convexity 2, is contained in C. We
note that 4, is a simplex bounded by n hyperplanes each passing through a vertex
of 9, parallel to the opposite face of 9,. If C were not contained in &,, then for
some face Sy(n—1) (containing x,) of %, there would be a point y of C which was
on the opposite side of Sy(n — 1) from 2,. Then xg, -+, X;_1, ¥, X; 41, ***, X, would
define a simplex contained in C with a larger volume than V(2,), a contradiction.
Therefore C = 4,. g.e.d.

It is easily verified that &, and &, are similar simplexes the ratio of similitude
being (n:1); both # and 2, have the same centroid, and V(2,) = n~"V(%,).

COROLLARY 1. V(2,) £ V(C) £ n"V(2,); V(#B,) = V(C) = n""V(Z,).
Proof. Clear from Lemma 2 and the fact that V(2,) = n” " V(%,). q.ed.
LEMMA 3. If €, =€, and both have o as vertex, then €,  €,.

Proof. If xe€ %2 and ye¥,, then ye%,, and hence / xay = n/2. Hence
xe¥,. qg.e.d.

LeMMA 4. If an n-dimensional cone ¥ is defined by n rays (i.e., € is the
convex cover of n linearly independent rays emanating from a point o), then €
is the convex cover of the n rays emanating from & each ray being an exterior
normal ray to a face of .

Proof. Let €* denote the convex cover of the above mentioned n exterior
normal rays of €. Without loss of generality we let & = O. Let the defining rays of
% have direction numbers (a}:---:af) i =1,---,n. Then the defining rays of #*
have direction numbersg(4}:---:4}) i =1,.--,n where 4; is the cofactor of
a' in det(a}) and ¢ = + 1 is chosen so that g(A]{,---,A}) is an exterior normal
vector to €. We let A’ = g(4}, -, 4)) and a' = (a{,---,a}).
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1963] CONVEX BODIES WITH MANY BOUNDARY LATTICE POINTS 273

if xe€*, then x = ).IAl + -+ A,A" where all 4; = 0. If ye %, then y-Aig 0;
hence y:x £ 0. Thus xe®.

If x ¢ €*then x = A/A' 4 .- + 1,A" where at least one of the 1} is negative,
say 4. Then a* -A*=0if i # k and a*A* = — |det(a})| < 0 since a*and A* must
lie on opposite sides of the face defining A*. Hence x- a*= 1;a*A* >0, and a*
is a point of € for which / xOa* < /2. Thus x ¢ .

Therefore €* = €. g.ed.
LEMMA 5. If ¥ is defined by nrays as in Lemma 4 and ® is the vertex angle
of €, then

n \YOTD e g
V[a(®)] = (nZn) sin 0.

Proof. In this case we see that §(®) is an n-dimensional simplex. For con-
venience we shall consider the origin O as the vertex of €. The edges of §(®)
emanating from O are given by the vectors (a},---,a’), i = 1, --- n. Now

V[6(©)] = ;17 |det(a})|,

and by Lemma 4 we know that ©is defined by the convex cover of the rays
emanating from O normal to the faces of €; thus

.o A i i2 2\ -1/2
sin® = I det ((A'2+ iAzz)I/Z)l {H (A1 +---+A,,') }'ldet(A})

i=1

where 4 ;is the cofactor of a in det(a ,) By the definition of 6(@)), the area of all
of its sides (i.e., excluding its base) equals 1. Now [1/(n — )!](A{* + - + 4iH1/?
gives the area of the ith side of 6(®). Hence

[—(-'T—]—._l—)_’—] H (Aiz+--.+Ani2)1/2 <n
—nr|

since X7'_,|&;| = 1 implies that max []7=, | &| = n™" Thus

n i2 .. i2 -1/2 n "
il-_-ll (A1+ +A,,) = [(”‘1)!].

|det(al) |- |det(4})| = | det(a))|"

Now

Hence

w62 () Tl = (g loaa]

1

(o) 0 omseD
n
nt

-(visen)”
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Therefore

PALC=1) .
V[§(®)] = (n”) sin!/"1 @,

n2? q.e.d.

LemMA 6. V[8(©)] £ &(n)- ©Y~ 1 where &(n) depends only on n.

Proof. In the manner of Lemma 2 we circumscribe the base polytope of §(®)
with an (n — 1)-dimensional simplex #,_,, and we inscribe an (n — 1)-dimen-
sional simplex 2,_;. Now #%,_, forms an n-dimensional pyramid A(®’) with &
the vertex of ©, and ©’ o O.

Let us for a moment restrict our attention to H, the hyperplane containing
D1, Bn-1, and the base of 6(0). As we noted after Lemma 2, #,_, and 2,_,
have a common centroid. We now inscribe a &%, _, inside 2,_, in exactly the
same manner that &,_, is inscribed in %,_,. Thus in this case %,_,, Z,_,, and
%, _, all have a common centroid say c. If we shrink each linear dimension of H
by a factor of (n — 1)™2 about the point ¢, then #,_, will be transformed into

n—1°

If we now shrink each linear dimension of n-dimensional space by a factor
of (n — 1)~ 2 about the point ¢, then as above %,_, will be transformed into

" _,,and a becomes ¢ + (n — 1) ?(2 — ¢) which was originally an interior
point of §(®). Thus the n-dimensional simplex S’(n) defined by %,_, and ¢
+ (n — 1) 2(a — ) is contained in §(®), and A(®’) is similar to S'(n) the ratio of
similitude being ((n — 1)*2:1). Since S’'(n) = 8(©), the area of the sides of S'(n)
must be £ 1. Thus

VIA©)] = (n = D*V[S'M] = (n — D*V[(©"].
By Lemma 35,

1/(n—1)
L CRIES ( n! ) sin /=Dy,

n2n

By Lemmas 1 and 3,
sin®' < (n— 11O’ < (n—1)!6.
Hence

V[5(©)] £ V[A©)]

(1! Y=ty 1/(n-1) G 1/(n—1
<@-D"(5)  (@-pyYemvérey
= &(n) eve-n g.e.d.

LEMMA 7. Given any bounded convex body C in n-dimensional space with
volume V(C) > 0, there exists an affine transformation T of determinant +1
such that T:C — C’ and
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1963] CONVEX BODIES WITH MANY BOUNDARY LATTICE POINTS 275
V(€)= V(C) zym[S(CH]""™ D
where y(n) depends only on n.

Proof. Asin Lemma 2, we inscribe a simplex 2, in C and circumscribe a sim-
plex &, with the properties listed in that lemma. We choose our transformation
T so that it sends 2, into a simplex 9, of the same volume but with equal edges.
Thus since

V(@,) = V(@) = |det T| V(2,),

we have |det T| =1 [4, p. 6]. Since parallelism and volume are preserved under
this transformation, we see that 4, is also transformed into a simplex with equal
edges say %,. If a is the length of an edge of Z,, then

L 1\
"2, = — (—2..—)

[7, p. 126], and thus
, an—l n 1/2
s@ =0+ (¢ (7))
Since 4’ is similar to 92,,

vy =0 (2EL)",

and

n—1 \1/2
s@)=0+0 (2 () )
Since S(%,) = S(C’) = S(2,) by [2, p. 47], and since

(n=1)!

n_ 1 1
V@) =~ (n+ D2 (m;

)"/0'-” (S@)"™D = cy(m) (S@B)™Y

we obtain
V(C)=V(C) 2 V(2,) = n"V(&) = n""c,(n) (S(B))" "™
2 n”"cy(m)(S(CYTY
= () (S(CH)"" P q.ed.

One might be tempted to believe that Lemma 7 and the result contained in [1]
together imply the theorem to be proved in § II; however, the transformation T
given above does not necessarily have integral coefficients which it would have
to have if the desired implication were to hold.

The following result is undoubtedly well known, but the author was unable
to find this result completely proved elsewhere.
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LemMAa 8(%).  Given a polytope (Po), with vertices &, -++,0,,, then

272

M
O, = = —
1§1 = no(n) I'n2

where O, is the n-dimensional exterior angle at a,.

Proof. Our problem is to show that the exterior angles (i.c. él, - ,0 M) of
(Po), completely fill the unit sphere. Let us think of the unit sphere as the
totality of line segments of length 2 with midpoint in the origin. First, we show
that by translating the exterior angles of (Po), to the origin we obtain all such
segments. This follows almost directly from Theorem IV of [3, p. 115] which
states (among other things) that if 2" is a bounded convex body then there are
precisely two supporting hyperplanes to ¢ parallel to any given hyperplane H.

We now pick a direction (4,:--- : 4,). There are two supporting hyperplanes
H, and H, to (Po), with exterior unit normals

;{1 = (Azl’ + o+ Ai)_llz(Al’ ""An) and ;;2 = (Af + -+ An)-llz(_ Al,"" - An)

respectively. Now each of these supporting hyperplanes contains at least one
vertex of (Po), say @; = H, and a; = H, (since a supporting hyperplane to a closed
bounded convex set contains at least one extreme point of the set [4, p. 24)).
If we consider n, to be emanating from a;, we have #; ® and similarly 1, = (~)
Thus after translating the exterior angles of (Po), so that their vertices comcxde
with O, we obtain at least one pair of vectors (42 + --- + 42)" 12 (4,, -+, A,) and
(A2 + - + A3~ Y? (= A,,---, — A,) which gives the required segment for the
direction (4,:---: 4,). Hence

On the other hand, if a certain ray p emanating from &; is completely in the
interior of éi, then / xa;y > 7/2 if ye ®; and x e p. Hence the hyperplane H
through o; which has this ray as an exterior normal ray is such that H N (Po),
=a;. By [3, p. 115], no other supporting hyperplane to (Po), has an exterior
normal ray in this direction. Thus after translating the exterior angles of (Po),
so that their vertices coincide with O, none of the interiors of the various angles
intersect. Hence

M )
A (TN
Therefore
M L)
1§1®' = Ty = no(n). q.ed.

(3) For n=2, this is simply Gauss’s theorem on the curvature integral for polygons.
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II. Having established the necessary properties of polytopes in § I, we now
proceed to the general theorem. We shall restate it here for convenience.

THEOREM. If C is an n-dimensional strictly convex body with N noncoplanar
lattice points on its boundary, then

V(C) > x(n)N®+ /=1
where k(n) > 0 depends only on n.

Proof. Call the set of N boundary lattice points B,(N). The members of B,(N)
are the vertices of a convex polytope entirely in the interior of C [1, Lemma 1,
p. 273]. Call this polytope (Po);. Let us now multiply each dimension of space by
3. This transforms (Po)into (Po)? with V[(P0)?] = 3™"V[(Po)}]. Call the set
of vertices of (Po)}, B,(N). Clearly if p=(py,-,p,) is in By(N), then p,=0
(mod 3) for i =1, ---,n. Suppose p, is a specific vertex of (Po)’. Note that the
convex cover of the set of lattice points {p,+ (p; — p)/3,i #j,i=1,-,N,
j=1,---,N} is a convex polytope (Po); contained in (Po);. To each vertex p; of
(Po)! there is a corresponding face (Po)._, of (Po): lying on a hyperplane H; such
that p, lies on the opposite side of H; from all other members of B,(N), and if
i # j, then (Po)i_, # (Po)]_, [1, Proof of Lemma 3, p. 274]. Thus H, truncates
(Po)} at the vertex p;. A pyramid A(®),) is thus formed at each vertex p; of (Po)}
where p; is the vertex and H N (Po)? is the base. These pyramids are all disjoint
by construction, and the sides of each pyramid are part of the surface (or boundary)
of (Po).. By construction, A(®,) contains in its base an (n — 1)-dimensional
convex polytope with lattice point vertices (g,y,-*»qsn) §=1,---m = n. Thus
A;(®,)) must at least contain an n-dimensional simplex S(n) with lattice point
vertices since p; = (p;;, -+, i) 1S @ lattice point, and thus

VIA(®)] 2 V(S() = | det (g — )| 2 7

We now apply Lemma 7 to (Po). and transform (Po). into (Po)? with

V[(PO):] = V[(PO):] = 'y(n)[S[(Po)""]] In=)

The pyramids dealt with above are also transformed into new pyramids AY(©;),
and still V[A(®))] = V[A(®,)] = 1/n!. Let &, denote the surface area of the
sides of Ay(®;). Then clearly

LMD V5] = V[A(O)]

since 0;(©;) is the pyramid similar to A{(®;) but such that the total area of its
sides is equal to 1.
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Hence
14 dy\ (n—1)/n
(FLERI) ™ 2 stror
2% 5
i=1
e [ CIC s N —
& |re G

= [ % {y:‘(V(‘S;(@;)))("_1)/”}”/("+1)](n+1)/,.
i=1

L 1 ] " Um
[El {(V(az-(@;)»h-w" } ]
(by Holder’s inequality [5, p. 24])

-1/n

N (n+1)/n N
- [): {V(A:(@:»}‘"‘“""“’] [ T (V@) ]
i=1 i=1

—1/n

N (n+1)/n N o
[ El(n !)“”“”‘"“’] [ T Emn) o) ] (by Lemma 6)
i= i=1

v

= n!)—(n-l)/nN(u+l)/n(é(n))—(n—1)/,. (% é: )_1/
i=1

—(n=1)/n py (n+ 1)/n ~n=pymf 20"\ TV
T ey (r_(n"_/z—)) (by Lemma 8)
= K(mNEHO,
We now combine these results.
V(C) 2 V[(Po)]
= 37"V[(Po);]
= 37"V[(Po),]
2 37 (k' ()T IN T DIemD
and letting x(n)= (3) 37" y(n) (x'(n))"""*, we obtain
V(C) > k(n)NO*DIe=1, q.ed.

We now have a new proof for the main result in [1, p. 272].

CoROLLARY. If C isan n-dimensional strictly convex body with N noncoplaner
lattice points on its boundary, then

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1963] CONVEX BODIES WITH MANY BOUNDARY LATTICE POINTS 279
S(C) > c(m)N®*1im,
Proof. By the isoperimetric inequality [4, p. 104],
S(C) 2 n(em)'"[V(C)]"" 1"
> n(a(m)!"(e(m) VN O

= ¢(n)N@*+Din g.e.d.
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