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Accelerated optimization methods, such as Nesterov’s accelerated gradient method, play a
significant role in optimization. Several accelerated methods are provably optimal under
standard oracle models. Such optimality results are obtained using a technique known as
estimate sequences which yields upper bounds on convergence properties. The technique
of estimate sequences has long been considered difficult to understand and deploy, leading
many researchers to generate alternative, more intuitive methods and analyses. We show
there is an equivalence between the technique of estimate sequences and a family of Lya-
punov functions in both continuous and discrete time. This connection allows us to develop
a unified analysis of many existing accelerated algorithms, introduce new algorithms, and
strengthen the connection between accelerated algorithms and continuous-time dynamical
systems.

Keywords: gradient descent, Nesterov acceleration, dynamical systems, Lyapunov func-
tions, estimate sequences

Introduction

Momentum is a powerful heuristic for accelerating the convergence of optimization methods.
One can intuitively “add momentum” to a method by adding to the current step a weighted
version of the previous step, encouraging the method to move along search directions that
have been previously seen to be fruitful. Such methods were first studied formally by Polyak
(1964), and have been employed in many practical optimization solvers. As an example,
beginning in the 1980s, momentum methods have been used in neural network research
as a way to accelerate the backpropagation algorithm. The conventional intuition is that
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momentum allows local search to avoid “long ravines” and “sharp curvatures” in the sublevel
sets of cost functions (Rumelhart et al., 1986).

Polyak motivated momentum methods by an analogy to a “heavy ball” moving in a po-
tential well defined by the cost function. However, Polyak’s physical intuition was difficult
to make rigorous mathematically. For quadratic costs, Polyak was able to provide an eigen-
value argument that showed that his Heavy Ball Method required no more iterations than
the method of conjugate gradients (Polyak, 1964).! Despite its intuitive elegance, however,
Polyak’s eigenvalue analysis does not apply globally for general convex cost functions. In
fact, Lessard et al. derived a simple one-dimensional counterexample where the standard
Heavy Ball Method does not converge (Lessard et al., 2016).

In order to make momentum methods rigorous, a different approach was required. In cel-
ebrated work, Nesterov relied on algebraic arguments (Nesterov, 1983), and later devised a
general scheme to accelerate convex optimization methods, achieving optimal running times
under oracle models in convex programming (Nesterov, 2004).? To achieve such general
applicability, Nesterov’s proof techniques abandoned the physical intuition of Polyak (Nes-
terov, 2004); indeed, in lieu of differential equations and Lyapunov functions, Nesterov de-
vised the method of estimate sequences to verify the correctness of these momentum-based
accelerated methods and used it extensively to offer a library of accelerated methods (e.g.,
Nesterov, 2005, 2008, 2013). Researchers have struggled to understand the foundations and
scope of the estimate-sequence methodology since Nesterov’s early papers.

To overcome the lack of fundamental understanding of the estimate-sequence tech-
nique, several authors have proposed schemes that achieve acceleration without appealing
to it (Drusvyatskiy et al., 2016; Bubeck et al., 2015; Lessard et al., 2016; Drori and Teboulle,
2014; Beck and Teboulle, 2009; Tseng, 2008). One promising general approach to the analy-
sis of acceleration has been to analyze the continuous-time limit of accelerated methods (Su
et al., 2016; Krichene et al., 2015), or to derive these limiting ODEs directly via an un-
derlying Lagrangian (Wibisono et al., 2016), and to prove that the ODEs are stable via a
Lyapunov function argument. Another recent line of attack on the discretization problem
is via the use of a time-varying Hamiltonian and symplectic integrators (Betancourt et al.,
2018; Muehlebach and Jordan, 2021). However, these methods stop short of providing
principles for deriving a discrete-time optimization algorithm from a continuous-time ODE.
There are many ways to discretize ODEs, but not all of them give rise to convergent meth-
ods or to acceleration. Indeed, for unconstrained optimization in Euclidean spaces in the
setting where the objective is strongly convex, Polyak’s Heavy Ball method and Nesterov’s
accelerated gradient descent have the same continuous-time limit.

In this paper, we present a different approach, one based on a fuller development of
Lyapunov theory. In particular, we present Lyapunov functions for both the continuous-
and discrete-time settings, and we show how to move between these Lyapunov functions.
Our Lyapunov functions are time-varying and they thus allow us to establish rates of con-
vergence. Most importantly, they allow us to dispense with estimate sequences altogether,
in favor of a dynamical-systems perspective that encompasses both continuous time and
discrete time.

1. Indeed, when applied to positive-definite quadratic cost functions, Polyak’s Heavy Ball Method is equiv-
alent to Chebyshev’s Iterative Method (Chebyshev, 1854).
2. Notably, it is easier to extract a Lyapunov argument from Nesterov’s original 1983 paper.
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A Dynamical View of Accelerated Methods

We begin by presenting families of dynamical systems for optimization. To do so, we review
the Lagrangian framework introduced by Wibisono et al. (2016) and introduce a second
Bregman Lagrangian for the strongly convex setting.

Problem setting. We are concerned with the following class of constrained optimization
problems:

mingey f(x), (1)

where X C R? is a closed convex set and f: X — R is a continuously differentiable convex
function. We use the standard Euclidean norm ||z|| = (x,z)'/2. We consider the setting in
which the space X is endowed with a distance-generating function h: X — R that is convex
and Gateaux differentiable on the interior of its domain. The function h can be used to
define a measure of distance in X via its Bregman divergence:

Di(y,x) = h(y) = h(z) = (Vh(z),y — 2),
which is nonnegative since h is convex. The FEuclidean setting is obtained when h(x) =
3l
We denote a discrete-time sequence in lower case, e. g 2 with k& > 0 an integer. An over-
dot means derivative with respect to time, i.e., X; = tht We denote z* € arg min f(x).

The Bregman Lagrangian

Wibisono, Wilson and Jordan introduced the following function on curves:
L(z,v,t) = et (Dh (r+e v, x)— eﬂtf(x)) , (2)

where z € X, v € R%, and t € R represent position, velocity and time, respectively (Wibisono
et al., 2016). They called (2) the Bregman Lagrangian. The functions a, 5,7 : R — R are
arbitrary smooth increasing functions of time that determine the overall damping of the La-
grangian functional, as well as the weighting on the velocity and potential function. They
also introduced the following “ideal scaling conditions:” which are needed to obtain optimal
rates of convergence:

o= e (3a)
By < e (3b)

IN

Given L(z,v,t), we can define a functional on curves {X; : t € R} called the action
via integration of the Lagrangian: A(X fR (X¢, X;,t)dt. Calculation of the Euler-
Lagrange equation, %(Xt,Xt, t) = gt gf (Xt, X, t), allows us to obtain a stationary point
for the problem of finding the curve which minimizes the action. Wibisono et al. (2016)
showed that under the first scaling condition (3a), the Euler-Lagrange equation for the

Bregman Lagrangian reduces to the following ODE:

LIVhX, + e X;) = —e TV f(Xy). (4)
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Second Bregman Lagrangian. We introduce a second function on curves,
L(x,0,t) = e W0 (uDy (x + e~ v, 2) — f(x)), (5)

using the same definitions and scaling conditions. The Lagrangian (5) places a different
damping on the kinetic energy than in the original Bregman Lagrangian (2); this change
of scaling is important for obtaining dynamics with convergence rate guarantees when the
objective function is strongly convex. We summarize in the following proposition.

Proposition 1 Under the same scaling condition (3a), the Euler-Lagrange equation for the
second Bregman Lagrangian (5) reduces to:

SVA(X; + e X;) = B Vh(X;) = B VA(X; + e X;) — SEVF(Xy). (6)

The proof of Proposition 1 can be found in Appendix A.1. As discussed by Wibisono,
Wilson and Jordan, when h(z) = %|/z||?, the Bregman Lagrangians (2) and (5) resemble
the standard Lagrangian used in physics for dissipative dynamical systems, where the kinetic
energy is given by k(v) = %||v||2 and the potential energy is the objective function, both
scaled by damping parameters. More generally, our Bregman Lagrangian uses the Bregman
divergence Dy, (x, z+e~“v), which is closely related the Hessian metric ||v||2 = (v, V2h(z)v),
to measure kinetic energy. We refer the reader to Wibisono et al. (2016) for in-depth
discussion on the structure of the Bregman Lagrangian and its relation to the Hessian
Lagrangian and Hessian Riemannian gradient flows (Alvarez et al., 2004, 2002).

In what follows, we pay close attention to the special case of the dynamics in (6) where
h(z) = %HZEHQ, the ideal scaling (3b) holds with equality, and the damping 3; = \/ut is
linear:

X + 2\/ﬁXt + Vf(X;) =0. (7)

In this setting, we can discretize the dynamics in (7) to obtain accelerated gradient descent
in the setting where f is p-strongly convex.

Related work The connection between dynamical systems, particularly gradient flows,
and optimization methods has a long history (Polyak, 1964; Attouch, 1996). The main
motivation of our work comes from Su et al. (2016) and Wibisono et al. (2016); both works
introduce families of dynamical systems modeling accelerated methods for weakly convex
functions (the latter from a variational perspective) and suggest that Lyapunov functions
can be used to analyze accelerated mirror descent, but stop short of describing how the
Lyapunov perspective is useful for the analysis of accelerated algorithms more broadly (e.g.
for analyzing higher order methods or for in obtaining linear rates for strongly convex
functions). Our work is similar to other bodies of work (Krichene et al., 2015; Attouch
and Peypouquet, 2015) that utilize Lyapunov functions to deduce convergence rates for
accelerated methods; however, our framework is more general, encompassing the analysis of
several additional methods, including accelerated gradient descent for strongly convex func-
tions and composite optimization methods. It also makes the connection between estimate
sequences and Lyapunov functions explicit. Note, moreover, that in subsequent work our
Lyapunov framework has been used to generate novel methods (Tu et al., 2017; Betancourt
et al., 2018) and analyses, including methods (18), (30) and (33) in the current paper.
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Lyapunov function for the Euler-Lagrange equation

To establish a convergence rate associated with solutions to the Euler-Lagrange equation for
both families of dynamics, (4) and (6), under the ideal scaling conditions (3), we use Lya-
punov’s method (Lyapunov, 1992). Lyapunov’s method is based on the idea of constructing
a positive definite quantity £ : X — R which does not increase along the trajectories of the
dynamical system %Xt =v(Xy):

48(X0) = (VE(X), £X0) = (VE(X0), v(X0)) < 0. ®)

The existence of a Lyapunov function often provides the dynamical system with a qualitative
description. For example, if £(X;) = d(z, X;) where d : R? x R? — RT is a differentiable
function and £(X;) = 0 iff x = X}, then the implication of (8), which we write as £(X;) <
E(Xp), is that the dynamical system does not leave a bounded region defined by d(z, Xj).
Since we are interested in quantifying the rate at which X; = v(X;) finds a solution to (1), we

will use time-dependent Lyapunov functions of the form & = ePrd(x*, Xy), & = P (f(Xy) —
f(z*)), or combinations thereof, where ;, 8; : Rt — R™ are increasing functions of time.
For example, if & = er(f(Xt) — f(z*)) satisfies (8), integrating both sides results in the
upper bound f(X;) — f(z*) < e‘fét&). Next, we demonstrate how this works for the Euler-
Lagrange equation when the second ideal scaling (3b) holds.

Remark 2 Assuming f is convex, h is strictly convex, and the second ideal scaling condi-
tion (3b) holds, Wibisono et al. (2016) show that the Euler-Lagrange equation (4) satisfies

e, X+ e X)) <~ {eP (X0 - 1))}, (9)

when © = x*. If the ideal scaling holds with equality, B = e®, the solutions satisfy (9) for
Vo € X. Thus,

& = Dl X¢ + e Xy) + ™ (f(Xy) = f(2) (10)
is a Lyapunov function for dynamics (4).

A result similar to Remark 2 holds for the second family of dynamics (5) under the additional
assumption that f is py-uniformly convex with respect to h:

Dy(z,y) > pDp(z,y). (11)
When h(z) = 1||z||?, (11) is equivalent to the standard assumption that f is p-strongly
convex. Another special family is obtained when h(z) = %Hpr, which, as pointed out in

Lemma 4 of Nesterov (2008), yields a Bregman divergence that is o-uniformly convex with
respect to the p-th power of the norm (p > 2):

g
Dp(z,y) = EIIJJ —yl", (12)

where o = 27P*2, Therefore, if f is uniformly convex with respect to the Bregman diver-
gence generated by the p-th power of the norm, it is also uniformly convex with respect to
the p-th power of the norm itself for p > 2. We are now ready to state our main proposition
for the continuous-time dynamics.
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Proposition 3 Assume f is p-uniformly convex with respect to h (11), h is strictly convez,
and the second ideal scaling condition (3b) holds. Using dynamics (6), we have the following
nequality:

4{ePuDla, Xe+ X))} < g {7 (£ - f(@)}.

for x = x*. If the ideal scaling holds with equality, By = e, the inequality holds for Vo € X.
In sum, we can conclude that

gt = G/Bt (MDh(l‘,Xt + e_O‘tXt) + f(Xt) — f(:l?)) (13)

is a Lyapunov function for dynamics (6).

The proof of this result can be found in Appendix A.2. Taking x = z* and writing the
Lyapunov property & < & explicitly,

f(Xt) o f(ac*) < Dh($*7X0+€_a0X(;)B:r€’BU(f(Xo)*f(x*))’ (14)
for (10), and
(X)) — fa) < 660(MDh(&?*,Xo-S-e‘:‘B(lXo)-irf(Xo)—f(ﬂﬂ*))7 (15)

for (13), allows us to infer a O(e~?t) convergence rate for the function value for both families
of dynamics (4) and (6).

Remark 4 (Ideal Scaling Conditions) While the first ideal scaling condition simplified
the Euler-Lagrange equation, the second ideal scaling established the validity of our Lyapunov
functions. In particular, for a given oy, the optimal convergence rate is achieved by setting
Bi = e, resulting in convergence rate O(e™Pt) = O(e~ I asds)

So far, we have discussed two families of dynamics (4) and (6) and shown how to derive
Lyapunov functions for these dynamics which certify a convergence rate to the minimum
of an objective function f under suitable smoothness conditions on f and h. Next, we will
discuss how various discretizations of x dynamics (4) and (6) produce algorithms which are
useful for convex optimization. A similar discretization of the Lyapunov functions (10) and
(13) will provide us with a tool we can use to analyze these algorithms.

Discretization Analysis

We now show how accelerated methods can be viewed as mapping these continuous-time
dynamics to discrete-time algorithms.

Explicit and implicit methods. Consider a vector field X; = v(X;), where v : R* — R"
is smooth. The explicit Euler method evaluates the vector field at the current point to
determine a discrete time step:

_ X, —-X
st X=X (%) = (),
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The implicit Euler method, on the other hand, evaluates the vector field at the future point:

— Xiis—X
s = Xt = p(Xpg) = (k)

An advantage of the explicit Euler method is that it is generally easy to implement in
practice. The implicit Euler method, on the other hand, has greater stability and favorable
convergence properties but requires the expensive solution of an implicit equation (Rapp,
2017). We evaluate what happens when we apply these discretization techniques to both
families of dynamics (4) and (6). To do so, we write these dynamics as a system of two
first-order differential equations. The implicit and explicit Euler method can be combined
in four separate ways to obtain algorithms we can analyze; for both families, we provide
results on several of these combinations, focusing on the family that gives rise to accelerated
methods. For the remainder of the paper we make the following assumption, which restricts
our analysis to dynamical systems that are simpler and converge the fastest (see Remark 4).

Assumption 1 The second ideal scaling (3b) holds with equality.
Proposition 5 (Three-point identity) For all x € dom h and y, z € int(dom h)
Dh(xa y) - Dh(x,Z) = _<Vh(y> - Vh(Z),(L’ - y> - Dh(yv Z)' (16)

The Bregman three-point identity plays a key role in the analysis of all accelerated methods.
For a fixed x € X, (16) can be viewed as an approximation of the identity

LD (2, Xy) = —(LVh(Xy),z — Xy).

Methods arising from the first Euler-Lagrange equation

We begin by writing the dynamics (4) as the following system of first-order equations:

Zy = Xy + ﬁXt, (17a)
t
ATNZ) = — (LeP) VF(Xy). (17h)

As in Wibisono et al. (2016), we focus on the family of dynamical systems with the scaling
B¢ = plogt + log C, where p > 1 is an integer. Using the identification ¢ = dk, we approxi-
mate et = CtP with the discrete sequence Ay, = C6Pk®), where instead of kP we use the ris-
ing factorial k() = k(k+1)--- (k+p—1) = O(kP). We also approximate the time derivative
%eﬁt = COptP~! with the difference sequence ay, := w = CpoP~'k®P=1D Finally, we
make the approximations Z; = 2z, X; = a3, %Vh(Zt) = w, %Xt = w,
and denote 73, 1= G5 = 5(k+v—1) = O(£) which approximates %e /e = 2. With these
identifications, we explore various combinations of the explicit and implicit discretization
methods.

Implicit-Euler. Written as an algorithm, the implicit Euler method applied to (17b)
and (17a) has the following update equations:

. 1
Zk41 = arg min {Akf(fﬁ) + 55 Dn (2, Zk:)} ; (18a)
zEX
__ 0T 1
Thtl1 = ﬁzkﬂ + TFor, Tk (18Db)
_ 0Tk 1 :
where z = {7 5 2 T Toem, Tk We now state a convergence rate for these dynamics.
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Proposition 6 Using the discrete-time Lyapunov function,
Ey = Dp(2*, z) + Ak (f (zx) — f(27)), (19)
the bound M < 0 holds for algorithm (18) when f is convex and h is strictly conver.

In particular, this allows us to conclude a general O(1/Ay) convergence rate for the implicit
method (18). While this illustrates our methodology, we note that the update (18a) is
typically as hard to solve as the original optimization problem.

Proof The proof for the implicit scheme, with the aforementioned discrete-time approxi-
mations, satisfies the variational equality,

Vh —Vh App1—A
(ZkH()S (z) _ _ AR f (24 11) (20a)
Mzkﬂ = kaﬂ + A= (20b)

Using these identities, we have the following derivation:
Ek+ngk (16) <Vh(zk+1();Vh(zk)7x* _ Zk+1> _ %Dh(zkﬂ, %)
+ L (f(@r) = f@) = G (fan) = f(@))
= wa(l’kﬂ)a x* — Zp41) — 3Dn 241, 21)
+ () = f(@*) = B (f(an) = f(@)
g A2 (7 f(g11), 0% — 1) + A <Vf(1‘k+1)a xk%?k“>

— 1Dy (zppn, 21) + A LT 00) | Ak (1) — f(a%)) < 0.

The inequality on the last line follows from the convexity of f and the strict convexity of /.

FAMILY OF ACCELERATED ALGORITHMS

Given algorithm (18) is expensive to implement, it is natural to consider whether fast
and computationally efficient algorithms can be obtain using an explicit-Euler discretiza-
tion of one of the sequences. In this section, we illustrate that such techniques yield fast
quasi-monotone methods, and that with an additional trick, we obtain the famed family of
accelerated gradient methods. In particular, we study families of algorithms which can be
thought of variations of the explicit Euler scheme applied to (17a) and the implicit Euler
scheme applied to (17b).> The first family of methods can be written as the updates,

Tpt1 = 02k + (1 — 071 )y (21a)
Vh(zp41) = Vh(zk) — 00V f(2g41), (21b)
and the second family can be written as the updates,
Tpy1 = 0Tz + (1 — 6Ty (22a)
Vh(zp41) = Vh(zk) = 0V f (yk+1)- (22b)
3. Here we make the identification 7, = “L—20 1= Sk — b,
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In both algorithms, we have replaced x; with a sequences y; whose update we leave un-
specified for now. Without this replacement, the sequences (21) and (22) are equivalent,
and both algorithms are optimal for non-smooth optimization. However, the addition of
the sequence y results in optimal convergence for smooth optimization. The update (21b)
is the variational condition for the mirror descent update

21 = argminzex {an({Vf(@rr1),2) + 5Dn(2,21) } -
The same is true of update (22b) where the gradient of the function is evaluated at yxy1.
We show that accelerated gradient descent (Nesterov, 2004, 2005), accelerated higher-order
methods (Nesterov, 2008; Baes, 2009) and accelerated universal gradient methods (Nesterov,
2014) all entail choosing yx+1 so thatthe following discrete-time Lyapunov function,

Ey = Dp(z”, 2k) + Ae(f(yx) — f(27)), (23)
is decreasing for each iteration k. To show this, we begin with the following proposition.

Proposition 7 Assume that the distance-generating function h is o-uniformly convex with
respect to the p-th power of the norm (p > 2) (12) and the objective function f is convexz.
Using only the updates (21a) and (21b), and using the Lyapunov function (23), we have
the following bound:

BB < o)y, (24)
where the error term scales as
_ B 2 A
err1 = 52 (0/0) 7T IV (@) 17T 4+ HE(f(ykar) — f@n11))- (25a)
If we use the updates (22a) and (22b) instead, the error term scales as
_ B B p_
erp = E2(0/8) Lo |V fyrg) |77 + B (T F (Y1) Yhtt — Thr1)- (25b)

The error bounds in (25) are obtained using the o-uniform convexity with respect to the
p-th power of the norm (11), and no smoothness assumption on f; they also hold when
full gradients of f are replaced with an element in the subgradient of f. The proof of this
proposition can be found in Appendix B.1.

With the choices 4 = C6PkP) and 0 < C < 1/opP, it is possible to ensure g1 < 0
simply by choosing an update y;+1 which satisfies

Flyps) = F(@rpr) < =877V f (@) |77, (26a)

or

(VI (Yhi1), Yhsr — Tpr1) < =671 |V f (i) |77, (26b)

An algorithm with these choices satisfies the convergence rate guarantee f(yx) — f(z*) <

1/A; = O(1/(8k)P).

Remark 8 (Quasi-monotone method (Nesterov and Shikhman, 2015)) The quasi-

monotone subgradient method (QMS), introduced by Nesterov in 2015, is algorithm (21)

where Yyp+1 = Ti4+1, P = 2, and when subgradients of f are used instead of full gradients.
2

This results in error (25) given by exp1 = 65|V f(zks1)||? where Vf(z) € 0f(z). Com-

bined with the assumptions sup,cx [|[Vf(2)|la < G and sup, yex Di(7,y) < R, choosing

o, = R/SGVE + 1 results in the upper bound f(x1) — f(z*) = O(1/Vk).
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ACCELERATION OF DESCENT METHODS

In convex optimization, the term “acceleration” in the phrase “accelerated methods” stems
from the observation that any sequence satisfying (26a) and (26b), already yields a con-
vergence rate f(yx) — f(z*) = O(1/6PkP~1), provided f has bounded level sets (i.e., R :=
SUDy.: f(z)< f(zo) |7 — 2¥[] < 00). Adding the additional updates contained in (21) and (22)
requires at most one additional gradient step, no additional assumptions on f, and results
in a superior convergence rate bound of f(yx)— f(z*) = O(1/(dk)P). Thus, we can interpret
algorithms that satisfy the descent conditions (26a) and (26b) (which refer to as “descent
methods”) as being “accelerated.”

A simple demonstration of this claim follows from introducing the following function
Ey, = 6°kW)(f(y) — f(x*)) where k) is the rising factorial k) = k(k+1)---(k+p—1) =
©(kP) and showing that the difference M is upper bounded by a constant. Summing
gives the result. Details of this argument is in Appendix B.2.

Acceleration of gradient descent (Nesterov, 2004, 2005) Accelerating gradient
decent entails chooses yi11 as the gradient update:

, 1
Yk+1 = argmin {f($k+1) + (Vf(@hg1), Y — Tpgr) + %Hy — xk+1\2} : (27)

When Vf is L-Lipschitz, and 0 < n < 1/L, the gradient update satisfies conditions (26a)
and (26b) with p = 2 and 6 = y/1/2L. Indeed, plugging in the update (27) into the
smoothness condition f(yx11) < f(zpe1) +H(Vf(Tri1), yk+1—xk+1>+%Hyk+1—xk+1H2 results
in the first bound (26a). Substituting (27) into the smoothness condition ||V f(yk+1) —
Vf(xg+1)l < Lllygk+1 — zk+1||, squaring both sides, and expanding the square on the left-
hand side, yields the desired second bound (26b).

Acceleration of tensor methods (Nesterov, 2008; Baes, 2009) Higher-order gra-
dient methods choose yi41 as the tensor update

1
_ - ( Ll — P 28
Yrsr1 arggél)r;{fp 1($,y)+pn\lw yll } (28)

where fp_1(x;y) = Zf;ol EVif(z)(y — )", p > 1 is the (p — 1)-st order Taylor expansion
of f centered at x € X. When the p-th order gradient VPf is L-Lipschitz, the gradient
update (28) with step size 0 < n < % satisfies (26b) with 57T = 77#/225%13. Details
are presented in Appendix B.3.

Remark 9 (Holder-continuous gradients Nesterov (2014)) Suppose f has (L,v)-
Hélder-continuous gradients, where v € (0,1) and p = 2. For 1/L > (1/25)}%(1/[/)%,
Nesterov showed that the gradient update (27) with n = L satisfies f(yg+1) — f(zpa1) <

- . > I
fﬁ||vlf(xk+1)\|2+%. The resulting error bound, €41 = 6;—(’;||Vf(xk+1)\|2fﬁ||Vf(xk+1)|]2

—|—Ak+1%, allows us to conclude a O(1/k?) convergence rate of the function to within & using
the parameter choices Ay, = 62k?) /4 where § = \/o /L.
Remark 10 (Acceleration of proximal algorithms) Prozimal algorithms, such as FISTA

(Beck and Teboulle, 2009), also fit readily within our Lyapunov framework. We refer the
reader to Appendix B.4 for details.

10
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Methods arising from the second Euler-Lagrange equation
We write the dynamics (6) as the following system of equations:

Zy = Xt+ eﬁt Xy, (29a)

FVNZ) =

6%@» Vh(Z) - LVF(X). (29b)

We focus on the family obtained when 3; = ,/ut. Using the identification ¢ = dk, we ap-
proximate e?* = eV# with the discrete sequence Ak =1+ \f 5) We also approximate

the time derivatives —eﬁi VeVt jch( t)s tht and —eﬁt/eﬁt = /I, with the dis-

crete sequences 7’4“3 A V(L + Jad)F, Vh(z’““zs Vhzr) T and 7, = &= Vi,
respectively. We begin with the following proposition.

Proposition 11 Assume h is strictly conver. Written as an algorithm, the implicit Fuler
scheme applied to (29a) and (29b) results in the following updates:

21 = arg min {f(2) + uDp(z,2) + D (2,2) } (30a)
zEX

Tp41 = 15_%2/%1 + ﬁxka (30Db)
where x = ligﬁkz + 1+5T x. Using the following discrete-time Lyapunov function:

By = Ap(uDn(2”, 26) + f(zx) — f(27)), (31)
we obtain the bound M < 0 for algorithm (30) under assumption (11). This allows
us to conclude a general O(1/Ay) convergence rate for the implicit scheme (30).

Proof The algorithm that is obtained from the implicit discretization of the dynamics (30)
satisfies the variational equalities

Tkt V) — 1 (Vh(gn) = Vh(3ke1) = 2V f(ar11)) (32a)

TRELTh — (1 — 1) (32b)

Using these variational equalities, we have the following argument:

Eyy1—E;, (16) "
==k =" Dy (2%, 2p41) — Agp

+ AL (f(wrg) — F(2%) — 3 (f (@) — f(2¥)
Y D%, 2hs1) + ARTi(V F(2hs1), 7 — Tpp1) + A <Vf($k+1) %>
+ Apmep (VR(wp11) — VA(2k41), 25 — 2341) — MTth(Zk—i-laZk)

+ AL (f () — f@*) — 2 (f(ar) — f(2))

) D (", 2i1) + g (V (@), 2t — 1) — 15Dy (2041, 21))
+ Ay, <v F(@ns), M> + app(VA(zer1) — Vh(Zet1), 25 — 25s1)
+ 2 (f(wre) — f(ar) + an(f(@rer) — f(27))

< — oDy (Tpi1, 2511) — 7% Diy (2141, 21,) < 0.

Vh —Vh *
<M,w — Zk+1> — 1 Du(z1, 28)

(
);

11
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The inequality uses the Bregman three-point identity (16) and p-uniform convexity of f
with respect to h (11). |

Remark 12 (Quasi-monotone method) A wvariation of the implicit Euler scheme ap-
plied to (29b) and (29b),

_ 01 1
Thtl = Trom, 2k + TFor, Tk (33a)

VAN, — g (Th(a4) = Vh(zr41) = 2V for) ) (33b)

results in what can be regarded as the quasi-monotone method for strongly convex functions.
When h(z) = ||z||?, we can write (33b) as a mirror-descent update:

. . 2
Zp+1 = argminey {(vf($k+l)v 2) + 2b 112 = Zp| } )
% More generally, the update (33b) involves optimizing a linear
approzimation to the function reqularized by a weighted combination of Bregman divergences.
Assuming f is differentiable and u-strongly convex with respect to h and that h is o-strongly
convexr we obtain the error bound

where Zpy1 =

Eyi1—E ApT?
St < 0 IV (s, (34)
for algorithm (33) wusing Lyapunov function (31). The choice Ay = 52];(2) so that 13, :=

A’“%;Ak =3 = 2 results in the upper bound f(xx) — f(z*) = O(1/k). This bound
matches the subgradient oracle lower bound for strongly convex Lipschitz functions. Details
of this result are in Appendiz C.35.

ACCELERATED GRADIENT DESCENT (NESTEROV, 2004)

We study a family of algorithms which can be thought of as variations of the implicit Euler
scheme applied to (29a) and the explicit Euler scheme applied to (29b):

_ 0Tk 1
LTk = T4, 7k + T+or, Ik (353‘)

VHeksr) ) g (Vhay) — Vh(z) — LV (i) (35b)

where y11 satisfies (26a) with p = 2. We make the identification Ay = (1 — \//](5)*}C which
is a first-order Taylor approximation of €% = evV# using the identification ¢ = §k. Denote
Q= w = \/ﬁ(l—\/ﬁd)*(kﬂ) and 7 := Ai’jrl = /i which approximates %eﬁt/eﬁf =
VIt exactly. To analyze the general algorithm (35), we use the following Lyapunov function:

Ey, = Ap(pDp(2*, 2z1) + f(yr) — f(z¥)). (36)

We begin with the following proposition, which provides an error bound for algorithm (35).

12
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Proposition 13 Assume the objective function f is p-uniformly conver with respect to
h (11) and h is o-strongly convex. In addition, assume f is L-smooth. Using the se-

quences (35a) and (35b), we obtain the bound M < €kt1, where the error term has
the following form:

A A A
rnn = B (F () = flan)) + 2 (OBE - Y oy — P — Ay — g2

+ 9 (Y f (), g — 2k) + TS0 (Vh(a) — Vh(z) — 1V F(zp)|2. (37a)

When h(z) = L||z||2, the error simplifies to the following form

ke = 20 (Flypn) — Flon) + BNV A @) 2+ (52 — o) llow — ell2)

Given the original update (26a) has a O(e™"*) convergence rate, we consider (35) an “ac-
celerated” algorithm. We present a proof of Proposition 13 in Appendix C.1. The result
for accelerated gradient descent, which satisfies (26a) with p = 2, can be summed up in the
following corollary:

Corollary 14 Using the gradient step (27) for the sequence yr11 results in an error which
scales as

A & A 07 L
st = A5 (G — L) [V F@)l? + 25 (25 - ) o — will
when h(z) = 1||z|2.

Given 7, = /l, the parameter choice § < \/1/L so that 67, < 1/y/k, where K = pu/L is
the condition number, ensures the error is nonpositive. With this choice, we obtain a linear
O(eVEY = O(e~#/VF) upper bound. In particular, when h(z) = H|z|* and 67, = 1/V/k,
the algorithm (35) can be reduced to the familiar two-sequence accelerated gradient descent
algorithm of Nesterov, where we set vo = p (Nesterov, 2004, (p. 78-79)). The upper bound
for (35) matches the oracle lower-bound for gradient-based methods designed for smooth
strongly convex functions.

Remark 15 (Holder-continuous gradients) Assume f is p-strongly convex and has
~ ~ 1—v 2

(L,v)-Hdélder-continuous gradients, where v € (0,1]. For 1/L > (1/28)1% (1/L)T+v, the

gradient update yp+1 = T — %Vf(a:k) results in an error for algorithm (35) that scales as

A [ A ) A <
e = 251 (L = L) |0 (@))? + 25 (S5E — o) fla — well® + (% + 1) 6.

With the parameter choices Ay = (1 — /ud)™%, ap = Ju(l — pé)~* Y 7 = /i and
6 = (1/L)Y2, we obtain the upper bound f(y) — f(z*) < Epy1 = A'Ey + o1, where

61 = g((u/[~/)1/2 + 1) determines the threshold of convergence. In particular, choosing a

sufficiently small 61 requires L < L which negatively affects the linear convergence rate.

Equivalence to Estimate Sequences of f

In this section, we connect our Lyapunov framework directly to estimate sequences. We
derive continuous-time estimate sequences directly from our Lyapunov function arguments
and show that these two techniques are equivalent.

13
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Estimate sequences of a function f(x)

We provide a brief review of the technique of estimate sequences (Nesterov, 2004). We
begin with the following definition.

Definition 16 (Nesterov, 2004, 2.2.1) A pair of sequences, {¢r ()}, and {A}32,, for
A > 1, is called an estimate sequence of a function f(x) if

At =0,
and, for any x € R™ and for all k > 0, we have
or(@) < (1= A7) (@) + AL 6o (@). (38)
The following lemma, due to Nesterov, explains why estimate sequences are useful.

Lemma 17 (Nesterov, 2004, 2.2.1) If for some sequence {xj}r>0 we have
f(z) < ¢f = mingex dp(), (39)

then f(x) — f(z*) < A;1[¢0(1’*) — f(z")].

Proof Observe that

O () . o I\ o AL (e
J) < mingr(a) < min ((1- A7) F@) + 47 00(@)) < (1= AL F@) + AL o).
Rearranging gives the desired inequality. |

Notice that this definition is not constructive. Finding sequences which satisfy these condi-
tions is a non-trivial task. The next proposition, formalized by Baes (2009) as an extension
of Nesterov’s Lemma 2.2.2 (Nesterov, 2004), provides guidance for constructing estimate
sequences. This construction is used in Nesterov (2004, 2005, 2008); Baes (2009); Nesterov
and Shikhman (2015); Nesterov (2015), and is, to the best of our knowledge, the only ex-
isting formal way to construct an estimate sequence. We will see below that this particular
class of estimate sequences can be transformed into our Lyapunov arguments with a few
algebraic manipulations (and vice versa).

Proposition 18 (Baes, 2009, 2.2) Let ¢o : X — R be a convex function such that
mingey ¢o(z) > f*. Suppose also that we have a sequence {fi}r>0 of functions from X to
R that underestimates f:

fe(x) < f(x) forallz e X and all k > 0. (40)
: _ _ A=Ak oy
Define recursively Ag =1, 7, = A T Ana and

Pri1(x) = (1 — 674) () + 67 fu() = A4 (Aoqﬁo(iﬂ) +30, 5a¢f¢(m)) . (4D

for all k> 0. Then ({¢k}r>0,{Ak}r>0) is an estimate sequence.

14
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From (39) and (41), we observe that the following invariant:

Api1 f (1) < ming Ajydppr (2) = ming 35 o 0 fi(z) + Agdo(), (42)

is maintained. In Nesterov and Shikhman (2015) and Nesterov (2015), this technique was
extended to incorporate an error term {&;}7°,

Gra1(x) — Ap G = (1— 57}:)(%(@ - A,;lék) + 071 fr ()

= Al (Ao(</50(1’) —&0) + i 5aifz‘($))7
where e, > 0,Vk. Rearranging, we have the following bound:

A1 fzps) < ming Apy@pe (2) = ming S8 dey fi(z) + Ao (¢0(l‘) - Aaléo) + g1
An argument analogous to that of Lemma 17 holds:

A1 f(zp1) < S8 o 8 fi(z*) + Ao(do(2*) — &) + Erpr

(40)
< Zfzo dai f(z*) + Aopo(z*) + k1 = Aps1 f(2*) + Aogo(x™) + €41

Rearranging, we obtain the desired bound,

f(@p1) — f(z¥) < %ﬁékﬂ_

Thus, we simply need to choose our sequences { Ay, ¢x, ;172 to ensure Epyq1/Apy1 — 0.
The following table illustrates the choices of ¢ (x) and & for the four methods discussed
earlier.

Algorithm fi(z) o () Ekt1
) —\2
Quasi-Monotone Subgradient Method linear ALth (LL', zk’) + f(xk) % Z?i—ll %GQ

Accelerated Gradient Method B 1

(Weakly Convex) linear Tth (l’, Zk) + f(xk) 0
Accelerated Gradient Method . o 2

(Strongly Convex) quadratic f(xk) + 2 ”33 - ZkH 0

Table 1: Choices of estimate sequences for various algorithms

In Table 1 “linear” is defined as fi(x) = f(z;) + (Vf(zi),z — x;), and “quadratic” is
defined as f;(z) = f(z;) + (Vf(2i),z — 2;) + §|lz — 2;||*. The estimate-sequence argument
is inductive; one must know the three sequences {ex, Ak, ¢x(x)} in order to check a priori
that the invariants hold. This aspect of the estimate-sequence technique has made it hard
to discern its structure and scope.
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Equivalence to Lyapunov arguments

We now demonstrate an equivalence between these two frameworks. The continuous-time
view shows that the errors in both the Lyapunov function and estimate sequences are due
to discretization errors. We demonstrate how this works for accelerated methods, and defer
the proofs for the other algorithms discussed earlier in the paper to Appendix D. The
discrete-time estimate sequence (41) for accelerated gradient descent can be written:

rr1(w) = f(Trg1) + A;:ith(xa Zht1)
@ (1 = 7k) P () + o731 fr()
Table 1 <1 — A,:iléak> (f(xk) + A,;th(x, zk)> + A,;il&akfk(w).

Multiplying through by Axi1, we have the following argument, which follows directly from
our definitions:

Apg1f(2r41) + Di(2, 2p41) = (Akg1 — dag) (f(xk) + A ' Dy (a, Zk)) + day fr.(x)
= Ak (F(@r) + AL Dale, 21)) + (Agsa — A )
< Akf(mk) + Dh(a;, Zk) + (AkJrl — Ak>f($)

The last inequality follows from definition (40). Rearranging, we obtain the inequality
Ey11 < Ej for our Lyapunov function (23) with z = z*. Going the other direction, from
our Lyapunov analysis we can derive the following bound:

E, < Ey
Ay (f(zk) — f(2)) + Da(z, 2) < Ao(f(20) — f(2)) + Dn(z, 20)
Ay (f(er) = AT Du(,21) ) < (Ax = Ao) f(w) + Ao f(w0) + A7 Di(a", 20) )
Agor(z) < (Ar — Ao) f(x) + Aodo(z). (43)

Rearranging, with x = 2* we obtain the estimate sequence (38), with Ay = 1:
or() < (1= A7 Ao) F(@) + A7 Aogo(@) = (1 A7) f(@) + A7 o).
Writing & < &, one can simply rearrange terms to extract an estimate sequence:
f(Xy) +ePDy (x,Z;) < (1 - e_ﬁieﬁo)f(a:*) + e Preho (f(XO) +e P Dy, (x, Zo) )

Comparing this to (43), matching terms allows us to extract the continuous-time estimate
sequence {¢;(x), e}, where ¢y(x) = f(X3) + e P Dy(x, Z;).
Discussion

The main contributions in this paper are twofold: We have presented a unified analysis of
a wide variety of algorithms using Lyapunov functions—equations (23) and (36)—and we
have demonstrated the equivalence between Lyapunov arguments and estimate sequences
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of f, under the formalization of the latter due to Baes (2009). More generally, we have
provided a dynamical-systems perspective that builds on Polyak’s early intuitions, and
elucidates connections between discrete-time algorithms and continuous-time, dissipative
second-order dynamics. We believe that the dynamical perspective renders the design and
analysis of accelerated algorithms for optimization particularly transparent, and we also
note in passing that Lyapunov analyses for non-accelerated gradient-based methods, such
as mirror descent and natural gradient descent, can be readily derived from analyses of
gradient-flow dynamics.

We close with a brief discussion of some possible directions for future work. First, we
remark that requiring a continuous-time Lyapunov function to remain a Lyapunov function
in discrete time places significant constraints on which ODE solvers can be used. In this
paper, we show that we can derive new algorithms using a restricted set of ODE techniques
(several of which are nonstandard) but it remains to be seen if other methods can be ap-
plied in this setting. Techniques such as the midpoint method and Runge Kutta provide
more accurate solutions of ODEs than Euler methods (Butcher, 2000). Is it possible to
analyze such techniques as optimization methods? We expect that these methods do not
achieve better asymptotic convergence rates, but may inherit additional favorable proper-
ties. Determining the advantages of such schemes could provide more robust optimization
techniques in certain scenarios. In a similar vein, it would be of interest to analyze the
symplectic integrators studied by Betancourt et al. (2018) within our Lyapunov framework.

Several restart schemes have been suggested for the strongly convex setting based on
the momentum dynamics (4). In many settings, while the Lipschitz parameter can be
estimated using backtracking line-search, the strong convexity parameter is often hard—
if not impossible—to estimate (Su et al., 2016). Therefore, many authors (O’Donoghue
and Candes, 2015; Su et al., 2016; Krichene et al., 2015) have developed heuristics to
empirically speed up the convergence rate of the ODE (or discrete-time algorithm), based
on model misspecification. In particular, both Su et al. (2016) and Krichene et al. (2015)
develop restart schemes designed for the strongly convex setting based on the momentum
dynamics (4). Our analysis suggests that restart schemes based on the dynamics (6) might
lead to better results.

Earlier work by Drori and Teboulle (2014), Kim and Fessler (2016), Taylor et al. (2016),
and Lessard et al. (2016) have shown that optimization algorithms can be analyzed by
solving convex programming problems. In particular, Lessard et al show that Lyapunov-like
potential functions called integral quadratic constraints can be found by solving a constant-
sized semidefinite programming problem. It would be interesting to see if these results
can be adapted to directly search for Lyapunov functions like those studied in this paper.
This would provide a method to automate the analysis of new techniques, possibly moving
beyond momentum methods to novel families of optimization techniques.
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Appendix A. Dynamics
A.1 Proof of Proposition 1: Computing the Euler-Lagrange equation

We compute the Euler-Lagrange equation for the second Bregman Lagrangian (5). Denote
z =x + e~ “x. The partial derivatives of the Bregman Lagrangian can be written:

9L (Xy, Xy, t) = pePtre (Vh(Zy) — Vh(Xy))
%(Xt, Xt,t) = ,ueo‘f%(Xt,Xt,t) — M65t+7t%Vh(Xt) — €at+’8t+7tVf(Xt).

We also compute the time derivative of the momentum p = %(Xt, X, t):
G (Xe, Xo,t) = (B + 30 G5 (KXo, Xey ) + pe T G VI(Zy) — pel 0 GVh(X).

The terms involving %Vh(X ) cancel and the terms involving the momentum will simplify

under the scaling condition (3a) when computing the Euler-Lagrange equation g—f (X, Xy, t) =

%%(Xt, X,,t). Compactly, the Euler-Lagrange equation can be written:
LUNh(Z) = — B (Vh(Zy) — VA(Xy)) — eV f(z).

Remark. It is interesting to compare with the partial derivatives of the first Bregman
Lagrangian (2),

9L(Xy, Xy, t) = € (VA(Zy) — VI(XY))

%(Xt, Xt, t) = eat%(Xt, Xt, t) — e”%Vh(Xt) — 6at+6t+’ytVf(Xt),
as well as the derivative of the momentum,

LOL(Xy, X, 1) = 0 0E( Xy, X, 1) + € SVR(Zy) — € SVR(X,).

For Lagrangian (2), not only do the terms involving %Vh(X ) cancel when computing

the Euler-Lagrange equation, but the ideal scaling will also force the terms involving the
momentum to cancel as well.

A.2 Proof of Proposition 3: Deriving the Lyapunov function

We compute the time derivative of the Lyapunov function (13):

L& = e (Bt(f(Xt) — (@) + (VF(X2), Xo) = p(Vh(Z) 2% — Z4) + pBe Dy (2%, Zt))

R e (BP0 = F@) + (V) Xe) + funs (VR(Z,) = VR(X0), 2 = Z4)

BV (X0, 2" = Z2) + pbiDy (%, ) )

e (B (F(X0) = fla®) + (VF(X0) @ = X} + uD(a”, Xe)) = ubiDn (Ze, X1) ) <0

The second equality uses (29b) and third equality uses the Bregman three-point identity

with x =z, y = Xy and z = Z; as well as (29a). We conclude the desired result from the
p-uniform convexity of f with respect to h and the nonnegativity of the Bregman divergence.
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Appendix B. Algorithms derived from dynamics (4)

We show the initial error bound has an appealing form.

B.1 Proof of Proposition 7: Initial bounds (25a) and (25b)

We begin with algorithm (21) using Lyapunov function (23):

— 16 z - z * *
B (0 (VMG NhCs) g ) = EDn (s, 20) + 252 (F(gen) — (@)
= (o) = f(a)

D (Y f (wr1)s 2% — 2h1) — 2Dp(zhg, 2) + ok (F(ansr) — F(2))

1A, f(xkﬂc)S_f(yk) + Ak+1 f(yk+1)gf(:ck+1)
< (Vi (Thi1), 2% = 20) + (Vf (@r41), 26 = 2ks1) = Fllzren — 2P
_ * A fere) k) 4, FWkeD)—F(@h41)
+ o (f(Tre1) — f(2¥)) + Ay 5 + Akt 3
< ap(V f(@p41), 7 — zi) + A I o (F(ay0) — f(2¥))

a0 B P _ —f(x
+ B (0/0) Al |V (@ )| + Ay Ll l ),

The first inequality follows from the o-uniform convexity of h with respect to the p-th
power of the norm and the last inequality follows from the Fenchel-Young inequality. If we
continue with our argument and plug in the identity (25a), it simply remains to use our
second update (21a):

BBl < ap(V f(apsn), 2% — ) + A LETT0) 4o (F () - f(2%))
2L 0/5) T Taf VS )| T+ Ay L) )
WV F (@), 2% — i) + TV F(@h1), Yo — Thpr) + Akw
k(f(@pr1) — f(27)) + ekt
f(@rg1) = f(@") +(Vf(@ps1), 27 — Tpt1))
e (flaer) = Flue) + (VF@rt1), Y — Thg1)) + gt

<

Q

B
—~~

From here, we can conclude M < €41 using the convexity of f. Using update (26a),
_p
we have 2=k < ((5/0)711(0;9527—1(1@ F 1)) ogmar(k + 1)<p>) IV f ()| 27"

Given ((k + 1)(1’_1))17%1/(14: +1)®) < 1, it suffices that C < 1/op? to ensure M <0.
Summing the Lyapunov function gives the convergence rate f(yx) — f(z*) = O(1/Ax) =
O(1/(5k)P).
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We now show the bound (25b) for algorithm (22) using a similar argument:

Epy1—Ey (16) Vh —Vh " A ¥
BB (0 (T 2V0) e )~ 2D (s, 20) + 2552 (f (k) — £(2))

— A (F(yp) — f(2¥))

(21b " _
= (Vf (yrsr)y & —2zk1) — YD (zig1, 20) + an(f (yi1) — f (@) + Ay L))

< (Vi (Y1), @ = 25) + ar(Vf Wis1), 2k — 2011) — F5ll201 — 2617

+ o (fypgr) — fa*)) + A L) f )

< (Y f(ypr), 7* — 2) + A L8 TW)  o ((y,00) — F(a¥))
A
k+1<

V(WYk+1), Ykt1 — Tht1) + Et1-

The first inequality follows from the uniform convexity of A and the second uses the Fenchel-
Young inequality and definition (25b). Using the second update (22a), we obtain our initial
error bound:

Bl < 0 (V f (i), 2% — yi) + A L8020 o () — f(2))

+ LT (1), U — Trrt) — 25V F W) Yt — Thgt) + Eppt
= ak:(f(yk+1) f@) +(Vf(Yrs1), 2" — Yrt1)
( (k1) = Q) + (VFWrt1) Uk — Y1) + €kt

E
From here, we can conclude %

B €k+1 using the convexity of f. Using (26b), we have
_ 1
Ben=lhe < 55 10(k+ DOV F G )ITT -+ (3/0)7T (Cplk + D)E=D) 75TV ) |77
For Zkxi—B < 0 it suffices that C' < 1/opP. Summing the Lyapunov function gives the
0
convergence rate f(yx) — f(z*) = O(1/Ax) = O(1/(0k)P).
B.2 Descent Methods: Convergence of algorithms satisfying (26a) and (26b)

We show that any algorithm that satisfies (26b) obtains a O(1/6PkP~!) convergence upper
bound using the function Ej, = 0?k®) (f(z) — f(z*)). To do so, we compute,

Ek+3_Ek :pfsp_lk(p_l)(f(l’k) — F(z*)) + 0P (k + 1)(p)f($k+125_f(93k)
< psPLk@=D(V f(2p), xp — ) + 0P (k + 1)(@M

< psP kPO (V (), wp — %) — 62 (k + 1))V f () || 71
< (p—DPllzg — 2P < (p— 1)PRP.

The first inequality follows from convexity and the second from (26a). The last inequality
_p_
follows from Young’s inequality, (s,u) + %Hqu > —pp%l||s||f_1, with s = 0P~ IV f (z)[(k +

1)(3’)]1]1'%1 and u = (p — D{EPV/[(k + 1)(p)]171'%1}(xk — x*). The descent condition implies
|lzx — 2*|| < R. Summing over k shows f(xy) — f(x*) = O(1/6°kP~1). For (26b), we
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similarly compute
BeiBe — =100 (1) = f(a)) + oPplp) Lrsai -t o)
< p5p—1k(p—1)<vf(ﬂfk+1)v Tpy1 — @) + Pk ) 4f(xk+1)_f(mk)
< PO UKD (Y F ), @it — ) — PR |V ()77
<2(p — DP|lzpgr — 2*|P < 2(p — 1)PRP.
The first inequality follows from convexity and the second from (26a). The last inequality
follows from Young’s inequality, (s,u) + %HUHP > —%Hs”é, with s = 8P~V f(x1)[(k +

1)(7’)]% and u = (p — D{EPV/[(k + 1)(1”)]101'%1}(331C — 2*). The descent condition implies
|z — 2*|| < R. Summing over k gives the bound. An analogous argument holds for (26b).

B.3 Higher-order Tensor Method (28) satisfies (26b)
Let p = p — 1+ v. The optimality condition for (28) is
St e V() (@ — 2)" ™+ Sz — 2l (2 — 2p) = 0, (46)

Since VP~1f is L-Lipschitz, we have the following error bound on the (p —2)th order Taylor
expansion of V f:

HVf(fEkH) -y = 1)vv 'flan) (Tepr — 1)’ IH* < ﬁul‘kﬂ — x| [P2HY (47)

Substituting (46) into (47) and writing r; = ||xx+1 — Tk||, we obtain
)

Vi (@re1) + 2 (@r41 — 21)

< i (48)

*
Squaring both sides, expanding, and rearranging the terms, we get the inequality
2

P
(VF@r) = ze) = oAV )2+ % (7 - 5l (49)

If p = 2, then the first term in (49) already implies the desired bound. Now assume p > 3.
The right-hand side of (49) is of the form A/rP~2+ Br?, which is a convex function of r > 0

(5—2) A
7 B

. o e e 2p—2 . . -
and is minimized by r* = { } P77, yielding a minimum value of
p—2

. B .
(T*)%—i—B(r*)ﬁ = AT%B;T:QQ [(&)252 T (5;52)52} > AﬁszTfé'

Substituting the values A = Z||V f(zj41)||? and B = %(n— - ) from (49), we obtain

L2
(r—2)!2

p—2 P

(VS @rs)soe —ainr) = 3 (5= 5m) 7 IVF@e)lT.

Finally, using the inequality f(zx) — f(zk+1) > (Vf(Zg+1), 2k — Tx+1) by the convexity of
f yields the progress bound

1 P p 1 P

—1 2 = =7
f(ens) = fla) < =25 (1- 95 )“HW(WH? < s |V f (i) 177

2 p-1

: : V3(p—2)!
where the least inequality uses the fact that n < ~—7—.
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B.4 Details of Remark 10: Lyapunov analysis of FISTA (convex case)

In 2009, Beck and Teboulle introduced FISTA, which is a method for minimizing the com-
posite of two convex functions

f(@) = p(x) + (), (50)

where ¢ is L-smooth and ¢ is simple. The canonical example of this is ¢(x) = ||z||1, which
defines the ¢1-ball. The following proposition provides dynamical intuition for momentum
algorithms derived for this setting.

Proposition 19 Define f = ¢+ and assume ¢ and 1 are convex. Under the ideal scaling
condition (3b), Lyapunov function (10) can be used to show that solutions to the system

Zt = Xt + e_o‘tXt (51&)
HVI(Zy) = et (Vp(Xy) + Vi (Zh)) (51b)

satisfy f(X) — f(z%) = O(e ™).

Proof We begin by plugging in the dynamics (51a) and (51b) into Lyapunov function (10).

4Dy, (2, Z;) = exrtbr <V<p(Xt), r— X; — e’atXt> + e B (NY(Zy), x — Zy)

< —&{eP (X)) — ple)) | + et (V(Z), 3 - Z0)

< &L eB (o) — o)) } + Bue () — 0(20)

< —aLeP (p(X0) — F(@)) } — BueP (X0 + (V9(X0), Z — i)
= — L (o(X) - £(@)) } - BrePap(X0) — M (VX)) X))

=4 {en (1) - ) }

The second line plugs in the dynamics (51a) and (51b). The third line follows from choosing
e* = By. The fourth and fifth lines follow from convexity. The sixth line plugs in the
dynamics (51b) and the last line follows from application of the chain rule. |

Algorithm. We now discretize the dynamics (51) when the ideal scaling (3b) holds with

equality. We use the same identifications X; = etk dTN(Zy) = w and

identify e® = (1/4)t*> with the discrete sequence Ay = 52]2(2). We also approximate %eﬂf =

Api1—Ag _ S(k+1)
s = T2

t/2 and %eﬁt JePt = % with the discrete sequences ay := , and 73, =
Agt1—Ag
0 Ak 41

explicit-Euler scheme for (51a). Doing so, we obtain a proximal mirror descent update,

= 6(k2+2), respectively. We apply the implicit-Euler scheme to (51b) and the

st = argminzex {$(2) + (Vo(@irn), 2) + 4 Dalz, 20) |
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and the sequence (21a), respectively. We write the variational equality as

Try1 = 0Tkz + (1 — 67k Yk (52a)
Vh(zp41) — Vh(z) = =00 Vp(rpy1) — 6V (2x41), (52b)

where yi11 is chosen to simplify the error bound. We summarize how the initial bound
scales for algorithm (52) in the following proposition.

Proposition 20 Assume h is strongly convezr, ¢ is L-smooth and 1 is simple but not
necessarily smooth. Using the Lyapunov function (23), the following initial bound:

Ei1—Eg
—t5— < €ky1,

can be shown for algorithm (52), where the error scales as

A
€1 =55 (1=07k) Y — Yt I — 55 | 2hg1 — 28] |2

(k1) — 35 (yg) —rt (2 41)-

A
+ (Volzpi), 2y — SEyp — agzigr)

The update
Ykt1 = OTpzrq1 + (1 — 073)yn (52c)

provides the upper bound ’““ U (Yg+1) — Ak (yx) — ax(zk+1) < 0 using the convexity of

1, and eliminates the inner product Furthermore, combined with update (52a), the norm
2.2
in the error is simplified, so that the error scales as ¢, = (% - %) llzk+1 — zkH2

Using the same choice Ay, = 62k®) /4, § = \/o /L results in an O(1/(6k)?) convergence rate.
Proof The proof of Proposition 20 begins with our Lyapunov bound

Epy1—E; (16) Vh(zi41)—Vh(z 1
% = - %,x* — Zk+1 *gDh(Zk-i-lek)

— A (Fyp) — f(2¥))

(52b) N N
= (Veo(ar41)s 2 — 2zp11) — 2D (2t 2) + 252 (fypr) — (%))

— A (flyr) — f(a*) + an (VY (2k41), 2 — 2s1) -

Using the convexity of ¢ we obtain the upper bound

(Y1) — f(2"))

Bt =B < g (Vip(@par), &* — 241) —%Dh<zk+l,zw+ At (o (yyr) — (%))
— Ak (i) —p(a*)) + (1) — A ()~ (2ps1).

It remains to use the smoothness and convexity of ¢ as well as the o-strong convexity of h:

Epp1—E * ¥
S < ap(Vp(epr1), 2% = 2pp1) — g5l 2k01 — 2klP+an(p(2r1) —p(2))

A At
+ (Vo(xrr1), 2 ypi1 — Byp — arzir1) + 2557 [ 2pn — Yk ]|

Using the convexity of ¢ and update (52a) we obtain the desired bound on the error.
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Appendix C. Algorithms derived from dynamics (6)

C.1 Proof of Proposition 13: Initial bound (37)
We begin by expanding the Lyapunov bound, followed by using the strong convexity of h:

Bei B — Bl (f(ypin) — F(@) — 5 (f(ur) — F(@)

5
Vh —Vh A «
— pAk1 <M,$* — Zk+1> — LDy (241, 21) + Dy (x*, 21)

< AL () — f (k) + 2552 (F (k) — F (k) + ok (F (yi) — F(27) +pDn (2%, 21)
<wx _ Zk> + ABL U TR (2 0) — V(2|2

- MAIH'I 200

Using the po-strong convexity of f w.r.t the norm on the bolded term, we obtain:

Erp1—Ex - Akt 24 2

= < (f W) = f (@) +(V f (), o —yi) = 5 1ok —yell*+ 35 [ VR(2r41) = VR(20) [ )
o (f(ye) — F (@) + pDn(e", 21)) = P (Vh(zpe) - vrz(zk),x* — 2)

Frr) = f (@) H(V f(2r), 2 —yr) — B lew =yl *+ 35 VR (zrr1) = VR(20) 1)
+ak ) — f(@)+pDp (2%, 21) +(V f(21), " —21) — <Vh(xk)_Vh(Zk>7$*—Zk>)

A (f () — ()~ ek — el P o VA (1) — V)P + o (f () — £ (7))
+a(Vf(xr), c* — ) — (Vh(xk)—Vh(zk),x — 21y +puDp (2%, 21)).

(
Ak+1 (
(

Using the p-strong convexity of f with respect to h (11) on the bolded term in the last line,

we have:

Brt =B < Akt (f (g ) — f(an)) Fan(f(yr) — f () —pDp(a*, @g)) — 258 |2y — |2
—po((Vh(xk)—Vh(zg), x* —zk) +Dp(x*, z;) )+ A'SL%“ [Vh(zk41)— Vh(zi)|?

) At () — ) + an (S (o) — F@r)) — 57— ]

+ AL TR (2 1) — VA() | — it D, 21) (53)
< 2L (Flyrsr) — Flon) + oV f (k) e — 2r) — 257 ok — ye)?
i A;;éun(sm(Vh(xk) — Vh(z) — Vf(xk))H2 Ak“ (2%% ML) = yil?.

The second line applies the Bregman three-point identity to the bolded terms in the line
before. The last line, our final error bound, is obtained from applying the u-strong convexity
of f on term in bold on the previous line.

C.2 Details of Remark 15: Hélder-continuous gradients bound

To analyze the setting where f has Holder continuous gradients and h(z) = 3|z|* we
proceed from (53) using the following bound:

fly) = f(@) < (Vf(x),y — o) + Lo -y + 3, (54)
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for z,yy € X where 1/L > (1/26) T (1/L)1+% (Nesterov, 2014, Lemma 1). We have

Bea=Be < D (F(yeyn) — F(ax)) + ol VF(2r) -k — o) — 25522 |2k — g

A, A
A 3y — 2 — 2V S ()2 — 5 (gl — 5 s — o

= B (Fe) = Fa) -GNV @) =5 (e — 5T ) s vl ound.

The last line follows from expanding the square and plugging in update (35a).

C.3 Details of Remark 12: Quasi-monotone gradient method

We show the convergence bound for the quasi-monotone method (33). We have:

Braa=Be _ g @)= 0 @0 4 o) (F(ag00) — F(@)) + apuDp(a, 2541)

Vh Vh .
— App <Max - Zk+1> — 1Dy (2s1, 21)

VB 4 LT g (f(apgn) — f(@7) + pDa (e, ) + (V@) 2* = )
+k({V (2 1) = Vh(@k41), 2% = 2541) (V@ 11), 20— 2041) — 555 Di (2611, 21)
< A OO o (f (1) = F@®) + pDn(@, 2i1) + (VS (@), 2 = 21)
(V1) = V(i) 2" —21))+ g |V ()P
A P IO 4 (F () — £ (@) (Y f (@), 25 = 2pt) FpDp (27, 2441))
+ A <Vf<:ck+1> B b a(Vh(241) = V(i) o = 2141)
HUAk IV £ (zrs1)I
< @kﬂ(<Vh(2k+1) — Vh(zpq1), 2° = 2pq1) + Dp(a*, 2p41) — Dp(a*, x41))
;wAk IV f (1)

The first inequality comes from the strong convexity of A and Holder’s inequality. The
second inequality follows from the uniform convexity of f with respect to h and convexity
of f. The final error bound follows from using the Bregman three-point identity (16) and
nonnegativity of the Bregman divergence on the last line.

(33a

C.4 Details of Remark 10: Lyapunov analysis of FISTA (strongly convex case)

We study the problem of minimizing the composite objective f = ¢+ in the setting where
@ is L-smooth and p-strongly convex and v is simple but not smooth:

Proposition 21 Define f = o+ and assume @ is p-strongly convex with respect to h and
¥ is convex. Under the ideal scaling condition (3b), Lyapunov function (13) can be used to
show that solutions to the system

Zy = Xi + e X, (55a)
at

GVNZ) = AR = BVH(Z) — CL(Ve(X) +VU(Z). (53b)
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satisfy f(X¢) — f(x) = O(e™™).

Proof Let e = f3,. Using (13) we compute

4g = et (Bt(f(Xt) — f(@%) + (Vf(Xe), Xo) + uBe D (a*, Z4) — p(EVh(Zy), 2" — Zt>)
D) e (BulF(X0) = F@) + BUV F(X0), Ze = X+ ube Dl Z0))
+ Bre ((Vgo(Xt),:U* — 7)) — u{Vh(Z) — Vh(Xy), 2" — Z;) + (Vp(Zy), 2 — Zt>)
< Breft ((w(Zt) — (7)) + (o(Xe) —p(@")) + (Vo(Xy), Z — Xy) + pDp(a*, Zy)
— 1w (Vh(Zy) — VR(Xy), 7" — Z4) + (Vo(Xy), 2 — Z4) + (Vo (Zy), a* — Zt>)
< Bret (@(Xt)—w(w*)HVSO(Xt),x*—XtHM(Dh(ﬂ?*a Zy)—(VI(Zy) =V h(Xy), x*—Zt>)>
< —uBie® Dy (Zy, Xy).

The second line comes from plugging in the dynamics (55b) and (55a). The third and
fourth lines use the convexity of ¥ and the fifth line uses the strong convexity of ¢ and the
Bregman three-point identity with x =z, y = Xy and 2z = Z;. |

Algorithm Assume h(z) = | z||* and the ideal scaling (3b) holds with equality B = e,
To discretize the dynamics (55b), we split the vector field into two components, vy (z, z,t) =
Bi(Xy — Zy — (1/uw)Vp(Xy)), and wva(z, 2,t) = —B;/uVep(Z;) and apply the explicit Euler
scheme to va(x, 2,t) and the implicit Euler scheme to vy (z, z,t). We also approximate e’ =
e~ M with a first-order Taylor approximation Ay = (1—./f8) " so that 7, := A’gjﬁ;?‘“ =/
yields %eﬂt Jebt = V/it- This results in the proximal update

2k41 = argmin, {w(z) + (Vo(zr), z) + ﬁ”z — (1 =67z — 5Tkl’k”2} . (56)

In full, we can write the algorithm as

Tk = 1%12,6 Zk + 1+1§Tk Yk (57a)
2kl — 2k = 0T (mk — 2 — ngo(xk) — ivw(zk_ﬂ)) , (57b)

where yi41 is chosen to simplify the error bound. We summarize how the initial bound
changes with this modified update in the following proposition.

Proposition 22 Assume h(z) = i||z||?, ¢ is strongly convez, ¢ is L-smooth, and 1 is

convex and simple. Using the Lyapunov function (36), we have following bound M <
€k+1, for algorithm (57), where the error scales as

AppiL A
er1 = 55 Ny — okl P = 55 | 2kg1 — 21 — 0Tk (an, — Zk)HQJr(% - 2(%"5%)) lye — z?

k41

A A
+(Vo(zr), 5 yri — By — arzert) + 2520 (Ye1) — F0(u) — ot (2r1)-
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The same update,

Yk1 = 0Tk 2et1 + (1 — 07 )Yk, (57¢c)

. A . .
provides the upper bound “5=4(yp41) — %w(yk) — ax(zg+1) < 0 using the convexity of

57
1, and eliminates the inner product. Furthermore, the identity z; — yx41 (57c) Tp — Yp —

(572) (57a)
0Tk (2641 — Yk) 0mk(2k — 2p+1 + Yk — k) = 07Tk (0Tk(xk — 2k) — (28 — 2k+1))- allows us
to simplify the norm in the error so that we conclude a new error that scales as

LA A
st = (B35 — 5 ) llow — a2 +

L
(L5 - 5255 ) e — el

Given 7, = /H, choosing § = /1/L results in an results in a O(e”VHF) = O(e F/Vr)
convergence rate which matches the lower bound for the class of L-smooth and p-strongly
convex functions.

Proof We begin with the Bregman three point identity:

Epi1—E (16 A
7"*3 b= —Ak+1u< B o — Zk+1> — 55 zr — zl? + 2l — 2

b Apyy LW o (f () — F(27)

(57b) i
= —opp (T — 2, T° — Zpy1) —

4 Ay SO 4 o (o), & — k) + a(Vip(an), o — 2kr1)

+ar(p(yr) — f(z*)) + A1 (yk+1) k (k) + ak(V'l.b(Zk-H), z* — Zk+1>

S5l | 2rgr — zl|2 4 SBR[ a* — 2|2

B
< —app (TK — 25, 37— Zk41) — 241 — 25 + 5 {la* — 2]
o Apg )W) o (o(a ) o(x*) — Blla* — xp|® + (Veo(zx), 2 — 2k41))

+an((yr) — o)) + L (1) — B (yp) — aptp(zrg)-

The inequality follows from strong convexity of ¢ and the convexity of 1) which was used
to upper bound the bolded inner products on the second line. Using the L-smoothness and
u-strong convexity of y, we obtain the upper bound:

Fpos—E A
S < o (p (@ — 2k T — zg1) T &l — 2ul|% + S llyk — 2il®) — 5 21— 21

A A
Al — a2 — Ay — 2|2 4 (Ve(ay), Ly — Ay — gz )

A
- %“"3 — xp||? + %w(ykﬂ) — FY(yr) — ar(2x41)

(16) A
= (Sl —arlP—p (@r = 2, zn=201) )+ 252 (Bllys — 2l = §llzn =)

A A
S Ny —mrel|® + (Vo (ar), S5 yrrn— Gy — anzrer) — 58 e — 2|

+ '3+1¢(yk+1) — 25h(yk) — apt(2hr1)-

The second line follows from applying the Bregman three point identity to the terms on the
first line in bold. Next, we apply the coupling identity (57a) to the terms on the last line
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in bold:

57
Ek+1_Ek( <a)
4

Ak
< app (2K — Tk 2k~ Zk41) — Atk

S | 21 — 2|2 + lyks1 — x|

A A
A [ k+1”||57'k(wk 26) 12+ (Vo(xr), 252 ypin — B yp—onzii1)

Ay
%ka — ykll? + 2L (i) — A () — artd(zre1)

(16) A
= Akl a2 k+1usz-‘rl_zk_éﬂf(xk_zk)‘?_’—(%_2(%7‘%))”yk_kaQ

(Y1) — S0 (yx) — art(2g41)-

The final line follows from applying the Bregman three point identity (16) to the terms on
the first line in bold.

A
+ (Vo(zr), 5y — SEyr — apzipir)

Appendix D. Estimate Sequences

D.1 Lyapunov and estimate sequence frameworks for quasi-monotone method

The discrete-time estimate sequence (41) for the quasi-monotone subgradient method can
be written:

Gki1(x) — Apl1Ehg1 = f(@rp1) + A Di(@, 2pg1) — A8k
2 (1-6m) (on(2) — Ay er) + 07 fru(2)
= (1 _ O ) <f(xk) + i{Dh(w,Zk) - AZ) da Jr(z).

Agt1 A1

Multiplying through by Agi1, we have
A1 f(@h1) + Da(, 2041) — Erpr = (Apgr — Son) (f (mr) + Ay " Di(, 21) — A ')
— (Aps1 — Sop) A '8 + S fu(2)
= Ak (f(zk) + A; ' Dy(2, 21,) — Ay 'éx) + dau fr(x)
< At @) + Due, ) — 2+ donf ().
Rearranging, we obtain our Lyapunov argument Fjy 1 < Ej + g1 for (23):
Ap1(f(@rg1) — f(2)) + Di(x, 2e41) < Ar(f(xr) — () + Du(, 21) + €ppa-

Going the other direction, from our Lyapunov analysis we can derive the following bound:
Ep < Ey + & (58)
Ar(f(zk) — f(2)) + Du(z, 26) < Ao(f(20) — f(2)) + Di(w, 20) + &

Ay, (f(ﬂﬁk) - ;Dh(fﬂa Zk)) < (Ax — Ao) f() + Ao (f(JUO) + jODh(ﬂf*7 ZO)> + &k
Apdr(z) < (A — Ao) f(x) + Aogo(x) + & (59)

Rearranging, we obtain our estimate sequence (38) (Ao = 1) with an additional error term:

on(@) < (1= 52)7@) + Loon(0) + 5 = (1= 1) 7@ + on() + 5 (60a)
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D.2 Lyapunov and estimate sequence frameworks for accelerated gradient
descent

The discrete-time estimate sequence (41) for accelerated gradient descent can be written:

a1) (40)

Orr1(x) = f(aper) + ng — 21 |)? ( (1= om)pr(x) + 0 fru(x) < (1 —07p)pr(x) + 07 f ().

Therefore, we obtain the inequality Ek+1 — E), < —é1:E), for our Lyapunov function by
simply writing ¢p11(x) — f(2) + f(2) — dk(2) < =07k (dr(x) — f(2)):

f@ir) = (@) + Slla = 22 = (Fn) = £@) + Slla =z |P)

P2 o (Fw) — £+ Bl = 2 7).

Going the other direction, we have,

By — By < =01 Ey

(z)k—i-l S (1 — 57—k)¢k(m) + (5ka(.75)
Ap1Pk41 < Ardp + (Aggr — Ax) f(2).

Summing over the right-hand side, we obtain the estimate sequence (38):

A
Ak

A
Agq1

1
Ayt

1
Apy1

frm < (1= ) fl@) + 5 do(a) = (1 )F(@) + 5 —eoa)

Since the Lyapunov function property allows us to write
(X0 + Elle = 247 < (% = ) fla) + e (f(Xo) + Sl = Zol?) .

we can extract {f(X;) + 4|z — Z||?,e’} as the continuous-time estimate sequence for
accelerated gradient descent in the strongly convex setting.

Appendix E. Additional Methods
E.1 Frank-Wolfe algorithms

In this section we describe how Frank-Wolfe algorithms can, in a sense, be considered as
discrete-time mappings of dynamics which satisfy the conditions

Zi = X+ B Xy, (61a)

These dynamics are not guaranteed to exist; however, they are remarkably similar to the
dynamics (4), where instead of using the Bregman divergence to ensure nonnegativity of
the variational inequality 0 < B¢ (Vf(X;),z — Z;), we simply assume (61b) holds on the
domain X. We summarize the usefulness of dynamics (61) in the following proposition.
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Proposition 23 Assume f is convex and the ideal scaling (3b) holds. The following func-
tion:

& = M (f(Xp) = flaY), (62)

is a Lyapunov function for the dynamics which satisfies (61). We can therefore conclude
an O(e=P*) convergence rate of dynamics (61) to the minimizer of the function.

Before proving Proposition 23, we first analyze Frank-Wolfe algorithms, which are discretiza-
tions of the dynamics (61). Applying the backward-Euler scheme to (61a) and (61b)
use the same approximation %Xt = ”’%{x’“, and identify e’ = Ct? where C = 5 L with the

discrete sequence Ay = 6213(2) so that ay, := M =ik + 1) and 7, = AS*A;?’C = 5(,{:12)

roughly approximates %eﬁt t and —65’5 /eﬁt = Bt = , respectively. We obtain the
following algorithm:

2 = arg minZGX <vf($k)7 Z>7 (633‘)

Tht1 = 0Tz + (1 — (5Tk)xk (63b)

Update (63a) requires the assumptions that X be convex and compact; under this assump-
tion, (63a) satisfies 0 < (V f(xk),x — 2x),Vx € X, consistent with (61b). The following
proposition describes how a discretization of (62) can be used to analyze the behavior of
algorithm (63).

Proposition 24 Assume f is convex and X is convexr and compact, and f has (L,v)-
Holder-continuous gradients v € (0,1]. Using the Lyapunov function

Ep = Aip(f(zr) — f(27)), (64)

we obtain the error bound, M < €k+1, where the error for algorithm (63) scales as
§v Ak+17k _ 1+V 65
Skl =0 a1y ||Zl<: o | (65)

27.(2)
2

The choice A, = 2 results in a convergence rate bound of O(1/k").

Proof of Proposition 23 We show that (62) is a Lyapunov function for dynamics (61).
48 =P LLF(X)}+ Bre® (f(Xe) — f(2%))
< PV (X)), Xo) — BieP (VF(Xy), 2" — Xp) = =B (Vf(Xy), 2% — Z) < 0.
Proof of Proposition 24 To show bound (65) we have
_ A "
PPl = B (i) — f(aw) + ok (fax) = f(2)

< BV f(wn), whir — 2a) + S5 lnen — 2l + an(VF (@), 2 — )

(63b) O Apyrmi T

=" ap(Vf(zn), 2k — ) +'H+|]zk—a:k||1+”+ak<Vf(xk) ), — o)
(63a) v 4

< %H%—xk\\u”-

The first inequality follows from the Holder continuity and convexity of f. The rest simply
follows from plugging in our identities.
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E.1.1 LYAPUNOV AND ESTIMATE SEQUENCE FRAMEWORKS FOR FRANK-WOLFE

The discrete-time estimate sequence (41) for conditional gradient method can be written:

1 (41) (1 — o73) <¢k($) — f%) + 67k fr(z)

dren(@) = 55 = flone) = 35
Table 1 ) 3 [
(1= g ) (fl) - 5) + A (o).

Multiplying through by A1, we have
) = (A = (s = 40) (Fa) = ) + anful@)

= Ar, (flazr) — AL ex) + (Apgr — Ap) fi(2)

A (flanrn) — 22

)
" Anf (@) — &+ (Apes — AR f ().

40

<

Rearranging, we obtain our Lyapunov argument Fy 1 — Ei < g4 for (64):
A1 (f(mpgr) — f(2) < Ap(f(zk) — f(2)) + €pr1-

Going the other direction, from our Lyapunov analysis we can derive the following bound:

E, < Ey+ &g
Apf(or) < (Ax — Ao) f(z) + Aof(w0) + &k
Apdr(z) < (Ax — Ao) f(z) + Aodo() + &k

Rearranging, we obtain our estimate sequence (38) (Ap = 1) with an additional error term

dr(w) < (1= 40) flw) + 4200 (x) + 3 =
Given that the Lyapunov function property allows us to write

P f(Xy) < (P — ) f(a) + e f(Xo),

(1- ) @) + Eoo(@) + E.

we can extract {f(X;), e’} as the continuous-time estimate sequence for Frank-Wolfe
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