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ABSTRACT. Let ¢(t) be a T-periodic potential such that fOT q(t)dt < 0. The
classical Lyapunov criterion to stability of Hill’s equation —% + ¢(t)z = 0 is
llg—11 = fOT lq—(t)|dt < 4/T, where q_ is the negative part of q. In this paper,
we will use a relation between the (anti-)periodic and the Dirichlet eigenvalues
to establish some lower bounds for the first anti-periodic eigenvalue. As a
result, we will find the best Lyapunov-type stability criterion using L norms
of g—, 1 < a < co. The numerical simulation to Mathieu’s equation shows
that the new criterion approximates the first stability region very well.

1. INTRODUCTION AND MAIN RESULT

Let q(t) be a periodic function of period T > 0 such that ¢ € L*(0,7T). Recall
that Hill’s equation

(1) —Z+qt)x=0
is stable (in the sense of Lyapunov) if any solution z(t) to () satisfies

sup(|z(8)] + [2(2)]) < oo.
teR

The stability of Hill’s equation is a basic and an important problem in the theory
of ordinary differential equations. Research on it goes back to the time of Lyapunov
(see, e.g., [3]). Many theoretical results concerning this problem can be found
in textbooks such as [3l, [§]. Theoretically, the stability of () can be completely
described using the periodic and the anti-periodic eigenvalues; see [8] Theorem
2.1].

A classical stability criterion given by Lyapunov, Krein and Borg (see [8, p. 46])
is as follows. Suppose that ¢(t) < 0 for a.e. t € R and ¢(t) < 0 on a subset of
positive measure. If

T
&) lalh = [ lalde < 7.
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then () is stable. This can be shown using a Poincaré inequality. Condition (2)) is
the simplest criterion for the first stability interval. It is also best possible in the
sense that for any € > 0, there is some g such that

4
lalh < 7+

while () is instable. Condition (@) has been generalized in several ways; see [g].
There are also many recent works on this problem and related ones such as deter-
mining the length of the stability intervals. See [4 [6] [7], [10].

In this paper, we will use certain Sobolev constants given by Talenti [9] and a
relation between the (anti-)periodic and the Dirichlet eigenvalues to establish some
lower bounds for the first anti-periodic values. Then we will give a stability criterion
to (@) using the L* (1 < o < o0) norms of the potential ¢(t). The main result of
this paper follows:

Theorem 1. Let q be a T-periodic function such that fOT q(t)dt < 0. Assume that
q € L*(0,T) for some 1 < a < oco. Then () is stable when

3) lg-lla < K(27), if 1<a<oo,
or
(4) lg-lla < K(o0) =4/T,  if a=1

Here of = af(a — 1) and K(-) are certain Sobolev constants which will be given
explicitly in &), and q_(t) = max{—q(t),0} is the negative part of q(t), | - ||«
denotes the L* norm on the interval [0,T]. Furthermore, the upper bounds K (2a*)
for |lg=|la in B) are best possible.

When the first stability region of the parametrized Mathieu equation
4+ A1+ecost)r =0 (A>0, e €[-1,1])

is considered, a suitable choice of « in (3) depending on e shows that the stability
condition (B]) strongly approximates the stability region for all e € [—1,1].

2. PROOFS

Let ¢(t) be a periodic function of period T' > 0 such that ¢ € L'(0,T). Consider
the eigenvalue problems of

(5) Ly =—-i+q(t)r =\
subject to the periodic boundary condition

(P) 2(0) = x(T) = (0) — &(T) = 0,
or, to the anti-periodic boundary condition

(A) 2(0) + z(T) = £(0) + ©(T) = 0.

The following is a well-known result concerning eigenvalues and stability of ().
Theorem 2 ([8, Theorem 2.1]). There exist
No(g) < A1(0) < Aul) < Aa(q) < Aa(q) <+ < X(g) < Alg) < -+
such that

(i) A is an eigenvalue of (F)+(P) if and only if X\ = \.(q) or M\i(q) for k =
0) 27 4) T
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(ii) X is an eigenvalue of @)+(A) if and only if X = N\,(q) or M\i(q) for k =

]-a 37 5; H
(iii) Equation (@) is stable if \ is in the intervals
Mo(@), A()s (Mala)s Aa(0)s -0 (@) A (@), -+ 5
(iv) Equation (B) is unstable if A is in the intervals
(—OO, XO(Q)); (Al (Q)v Xl(Q))a R (Ak(Q)v Xk(q))a

Our main theorem is proved using this theorem by showing that 0 is in the first
stability interval (A\o(q), A;(¢q)). To this end, we will establish a lower bound for
the first anti-periodic eigenvalue A;(q) of [&)+(A).

Let us introduce some notation. For 1 < o < oo, we use || - |4 to denote the L*
norm in the Lebesque space L¥(0,T).

Consider also the eigenvalues of (@) subject to the Dirichlet boundary condition

(D) z(0) =z(T) =0.
Then (B)+(D) has a sequence of eigenvalues
M) <A (g) < <A@ <.

It is well-known that the periodic and anti-periodic eigenvalues can be realized
using the Dirichlet eigenvalues in the following way: For any k € N,

(6) Ae(q) = min{A7(gs) : s € R, Ailg) = max{A\7(gs) : s € R},

where ¢;(+) are translations of ¢(-): ¢s(t) = q(t + s). Such a relation has also been
generalized to the one-dimensional p-Laplacian; see [12, Theorem 4.3].

We need also certain Sobolev constants. For any 1 < a < oo, let K(«) be the
best Sobolev constant in the inequality

Cllul? < |43 for all u € H := Hy(0,T),
ie.,

(7)

[l

= n .
ueH\{0} [|ull2

Proposition 3. (i) The constants K(a) are given by

2 2\ o)
(8) K(a)={ aoritee (2+—a> (m) , if 1< a<oo,
%, if a=oo.

(ii) Let 1 < «a < 0o. Then the infimum in (@) can only be attained by functions
u = cuu(t), where ¢ #0 and uq(t) is

F1(2F,(1)t)T), if tel0,7/2],
(9) tat) :{ Fa_122FaEl§({—)t/T)), if taT/z,/Jl],

where F,, : [0,1] — R is given by
“ du
FO’(U'):/O (1_u(y)1/2'

Proof. These results are given in [d]. See also [T1] for some generalizations. O

Now we establish the following lower bound for the first Dirichlet eigenvalue

AP (g) of (@)
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Theorem 4. Let q be as before. Suppose that ¢ € LY(0,T) for some 1 < a < oo
and 8 =1 — |lg—||o/K(2a*) > 0. Then

(10) A (q) = 6(n/T)*.
Proof. Let us introduce the quadratic form in H:
T
Qu) = / (W2 +q(d)dt,  ueM.
0
The following is a standard result.

1) W)= e 20

n —_— .
uer\{0} ||ul|3

Moreover, equality is attained if and only if  is an eigenfunction for AP (q).
Now let v € H and w # 0. Then

T
Qu) = / (a2 + q(tyu?)dt

T T
> / w?dt — / q_(t)u’dt
0 0

> il = llg-llalu®|lo-

(12)

= llall3 = llg-llallull3a-

. q— . .
> il - el = o1l
where the Holder inequality and (@) are used in the proof. From these estimates,
one has
_p
lullz = llully
Thus () follows the characterization ([[T) on AP (q). O

Remark. By the relation (), the first anti-periodic eigenvalue A (q) can be realized
by AL (gs,) for some sg. Note that ||(¢sy)—|la = [|¢—|la. Thus, under the assumption
of Theorem [ one has

(13) o) > 0x/7) = (T) (1— Iﬂgﬂi))

Proof of Theorem [1l First, it is well-known that the zeroth periodic eigenvalue
Xo(q) < T71 fOT q(t)dt; see [8] Theorem 4.4]. By the assumption of Theorem [I
Xo(g) < 0 in this case. On the other hand, if (3) holds, then § > 0. By (I3) the
first anti-periodic eigenvalue \;(¢) > 6(w/T)* > 0. Thus 0 is inside the interval
(Mo(q), A;(q)). Now Theorem B]shows that equation (), which corresponds to (3]
with A = 0, is stable. If @) holds, we know from (I3) that )\,(q) > 6(w/T)? > 0.
We assert that \;(q) is always positive even when 6 = 0. Let us simply prove that
AP(g) > 0 in this case. Suppose that ug is an eigenfunction of )+ (D) associated
with AP (q). Proceeding as in the proof of (I2), we have

(14) A (@)luoll3 > Ilioll3 — llg-llxlluoll3e > (4/T — llg—1)lluoll3
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Note that the last inequality must be strict since ug € H cannot be the extremal
of the inequality

4/T)llyll% < 193
which (up to multiplication by constants) is the linear spline
e tefoT/2)
Y= ueolt) = { /Ty +2. te[T/2.T),
It then follows from (@) and from (I4)) that AP (g) > 0. Similarly, A;(¢) > 0 in this

case.
Finally, we prove the last statement in Theorem [I1l Suppose that 1 < a < co.
Let
u(t) = uge~(t) € H
and

q(t) = ¢"(t) =~/ (8),

where ug(t) is given by () and 7 is a positive parameter. By Proposition B one

has
1
2 L2
Il = Forpgey Il
It is easy to check that
20" /o
lg—la = nllull3e"’
and
T *
Aquwzﬂmﬁﬁ=—mwmm@h
Thus
T
(15) mw=£<w+«mﬁw=u—mde@mmwa
Let 7 = no be such that 6 =1 — ||g_||o/K(20*) =0, i.e.,
% 20"/«
o = K (207)/|uza- [ 50.".

For this ¢ = ¢, ([[3) implies that A;(¢) > 0. On the other hand, it follows from
() that

n M < 0.
yer\{o} [|yll3
Thus, A;(¢) = 0 in this case. Consequently, if one takes > 0 a little bit bigger than
1o, then g = ¢" does not satisfy B), i.e., |lg—[la > K(2a*). It follows again from
([5) that A;(g¢) < 0. This means that 0 is out of the stable interval (Ag(q), A;(q))
and () will be unstable. O

M(g) <AP(g) =

Assume that ¢(t) = —w(t) in (), where w(t) is T-periodic and satisfies w(t) > 0
for a.e. ¢, w(t) > 0 on a subset of positive measure. (We write this as w > 0.)
Instead of making use of eigenvalues of (@), one may consider the weighted (anti-)
periodic eigenvalues of

(16) — &= w(t)x
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subject to (P) or (A). Let us use {fi,,(w) : n € Z*} and {p, (w) : n € N} to denote
the complete sequence of all weighted periodic and anti-periodic eigenvalues of ([[6]).
Then T (w) = 0. Like the estimate (I3)), we have the following lower bound on the
first weighted anti-periodic eigenvalue.

Theorem 5. Assume that w = 0. If we L*(0,T) for some 1 < a < 0o, then

(17) py (w) > ﬁ(jﬁa) if1<a<oo,
(18) B, (w) > % ifa=1

Since equation () is stable if 1 € (0, p (w)), one can use (IT) and (I8) to obtain
the same stability conditions (@) and (@) when ¢ = —w, w > 0.

3. AN EXAMPLE

In this section we give an example to illustrate our stability criterion.
Consider the first stability region of Mathieu’s equation

(19) Z 4+ M1 +ecost)r =0,

where € € [-1,1] and A > 0. Let w®(t) = 1+ ecost, T = 2m. The first stability
region of ([I9) is

Sy = {(/\,5) 0< A< Hl(we)}.

Let us approximate S; by several stability criteria. The classical stability result
(@) yields the stability of (I9) only when

4 1
— ~0.10132

. T P

for all e € [—1,1]. Such a result is not satisfactory because when € = 0, for example,
the first stability interval is 0 < A < 1/4.
Now we use the criterion (@) by choosing « depending upon €. Then equation
(M) is stable when A satisfies
K(2a%)

0< A< =: Hi(e, )
K1

for some « € [1,+00]. Thus (19) is stable when

(21) 0 <A< Hi(e):= sup Hi(e, ).
1<a<0

A numerical evaluation shows that is a very good approximation to S for all
€ [-1,1]. See Figure 1.
Let us recall a lower bound result in [11] on the first weighted Dirichlet eigenvalue
pP(w) of [ E)+(D). This is based essentially on the L? norm of the primitive

W(t) = ft w(t)dt and is proved using Opial’s inequality in [11 [2].
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Theorem 6 ([I1, Theorem 4.4]). Let w > 0 and W (t) be a primitive of w(t). De-

fine
/2 1/2
k() = (2 /O LW () — ) dt) ,

- 1/2
Ka(v) = <2/ (T—t)(W(t)—y)2dt> .

T/2
Then the first weighted Dirichlet eigenvalue has the following lower bound:
1
min,eg max{xi(v), ka(v)}

Now we apply Theorem [B] to derive another stability result of (I9). Note that
wé(t) = 1 +ecos(t+ ). Take a primitive of w®(t) as WE(t) = ¢t +esin(¢+s). Then

py (w) >

Ki(v) = _% —4e(4 — 1) cos s — 8mesins — @}
+ ——%ﬂg —47rscoss+865ins_ v+ w2,

ry(v) = _M —4e(4 + %) cos s — 8mesin s + @]
+ __STW?) +47T€COSS+8asins_ v+ w2,

Let

473 — 247e cos s + 32 sin 2s
vy = .
0 472 — 24 cos s

By Theorem [@, we have the following lower bound on u?’ (w?):
1 1
Dy, e
w;) > — =
p(wy) 2 min,cg max{x1(v), ke(v)}  k1(vo)

4V/3 (1% — 6ecos s)/ [(8778 + 247%%) — 9671 (8 4 w2 + 3¢?) cos s

+2887%6%(32 + % + 3¢?) cos? s — 27648¢” cos® s
1/2
+2887%¢3 sin s sin 25 — 27¢%(32 — 7?) sin® 28} =: Hy(e, s).

Hence the first weighted anti-periodic has the following lower bound:

p, (w°) = min p (ws) > min Hy(e, s)

6 1/2
= = H .
(7r4+96|6| +37r262) 2(€)

By Theorem [5], equation (IJ) is stable if
(22) 0 < X< Hy(e), e €[-1,1].

This estimate also strongly approximates S;. For example, if ¢ = 0, then Hs(0) =
0.2481 ~ 1/4.

Using the Sobolev constants in (g]), one can numerically evaluate the function
Hi (). In Figure 1, we have plotted, from the left to right, the curves A = Hy(e) =
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1/72, X = Ha(e), A = Hi(g), and \ = g, (w®). It can be seen that the estimates
given in (ZI]) and (22) are almost the same as the first stability region 5.

1 T T T \ T
08 A\ ]

06 AN i
04 N\ |
0.2 AN

-0.8 /

-1 1 1 Il
0 0.05 0.1 0.15 0.2 0.25

lambda

FIGURE 1. The first stability region of (I9)).
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