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A Mass-Based Definition of Flame
” Stretch for Flames with Finite Thickness
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Engineering (WH 3.143), P.O. Box 5 13, 5600 MB Eindhoven,
The Netherlands;
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(Received 21 March 1996: In final form 14 October 1996)

The flame stretch concept is extended for the case of 3D instationary flames with finite flame
front thickness. It is shown that additional contributions to the stretch rate appear apart from
the terms which are usually used in flame studies. These extra terms are associated with
variations in the mass density along the flame iso-contours and with variations in flame front
thickness in time and space. Itis finally shown that the following definition for the stretch rate is

applicable: K = 1/m (dm/d), denoting the fractional change of mass in an infinitesimally small
flame volume.

Keywords: Flame stretch; 3D instationary flames

INTRODUCTION

The stretch rate is an important quantity in the understanding of flame
phenomena such as extinction and the local structure of turbulent flames.
These stretch effects were first studied by Karlovitz (Karlovitz, 1963) to
~describe flame extinction. Subsequently, Lewis and von Elbe (Lewis and von
Elbe, 1961) used flame stretch to study flame stabilization. Markstein(Mark-
stein, 1964) investigated the influence of stretch on flame front instability. Since
_ these early publications, significant progress has been made in the understand-
(ing of flame stretch and in particular the structure and propagation of
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stretched flames has been studied in numerous papers €.g., (Buckmaster, 1979),
(Chung, 1984), (Law, 1988).
The generally accepted definition of the flame stretch rate, first given by

Williams (Williams, 1974), reads:

Ky=— — e

ie., K, is the fractional area change of a small area 4 in the flame surface,
which moves in this surface with a tangential velocity equal to the local
tangential fluid velocity. This surface has also a velocity component normal to
the local flame surface. In general, this definition is used for the flame surface,
which is an infinitely thin sheet that characterizes the location of the flame.
Practical expressions for K ,, derived from equation (1), can be found in for
instance (Chung, 1984), (Chung, 1988), (Law, 1988) and (Matalon, 1983).

As an improvement to the flame sheet model, we consider a laminar flame to
be defined in a small volume between the burnt and unburnt gases, Compr ising
the reaction zone and the upstream preheat and reactant diffusion zones. This
region will be referred to as the flame region. The purpose of this paper is to
formulate an extended definition of flame stretch, which is appropriate in this

situation for a flame of finite thickness.

THE EXTENDED STRETCH DEFINTION

Consider the flame region in a premixed gas mixture, defined in terms of a
scalar variable Y. Y might be the temperature or the fuel mass fraction; the only
restriction on Y being VY#0. We assume that this region is defined by
Y, < Y(x,0)< Y, with X, and Y; the values of Yin the unburnt and burnt gas,
respectively. In the general three-dimensional case, we can identify surfaces
Yx,t)=nwith Y, <n<Y, in the flame region (see Fig. 1). Suppose that each
of these flame surfaces moves with local velocity v, Consequently, the
evolution of these surfaces is governed by the kinematic condition (Matalon,

1983):

ay

oY
= =5 TV Y=0, )

stating that a point on a flame surface stays on this surface for all .
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FIGURE 1 Flame surfaces Y(x,t) =1 and Y{(x,t)=1, defined in terms of the scaler quantity

Yand the n-coordinate system.

Each flame surface can be parametrized by curvilinear, orthogonal coordi-
nates (£,{). In this way, we can define the coordinate transformation
x = (x,y,2) >N = (&Ln) in the flame region (see Fig. 1). The transformation is
time dependent for instationary flames. Associated with the coordinate trans-

formation we can deﬁne the scale factors

0 0 0
551, he=12, =1 3)

he=| 3

and the corresponding unit vectors

1 ox 1 0x 1 0x
== @

=5 68 TR A0 " hyon

All variables can alternatively be expressed in the n-coordinate system.
By definition of the rn-coordinate system it is obvious that

1
= VY.
en iVY| (5)

Let v, =0 €+ 7 €t Upay be the velocity of the flame surfaces in the
n-coordinate system. Combining the kinematic condition (2) and equation (5),

it is easy to see that

-10Y
5 (6)

U TIVY|
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The normal velocity component v, , =0 for stationary flames, i.e., the flame
surfaces are fixed in space. We further assume that the tangential velocity of
the flames surfaces is equal to the tangential component of the fluid velocity v,.
Letv=ru.e; + ve,+v,e, be the fluid velocity in the n-coordinate system, then
V=g + v+ 08, =V 08, with v, given by equation (6)_‘

Consider an arbitrary control volume V/(¢) in the flame region moving with
velocity v, and let m(7) denote the mass contained in V(f), i.e.

m (1) = J payv, (M
V@)

with p the local density of the gas mixture. In the new definition, we want to
relate the stretch rate to the rate of change dm/dt of m as V() moves with
velocity v, in the flame region. Applying Reynolds’ transport theorem (Chad-
wick, 1976), it is easy to see that

am [ (o o S
== f m( otV (pvf)> dv. ®)

The new stretch rate K is now defined by

dm
—_— KdvV. 9
I me )]

Thus K can be interpreted as the specific rate of change of mass, due to
movement of the flame region with velocity v,. From (8) and (9) it is
immediately clear that

% +V-(pv)). (10)

pK:at

Using the relation v — v, = (v, — v, )€, and taking into account the continu-
ity equation, equation (10) can also be written as

pK = —V-(p(v,— ;.)€ (1)

from which we see that the stretch rate is related to variations of the (normal)
mass flux through the flame surfaces.
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To obtain more insight in the physical interpretation of this new flame
stretch definition, rewrite equation (10) as follows:

ldp

i1/dp
K=V-v; +;<5t_ + vf-Vp> =V-v,+u,, Ve + e, Vo, +;:i? 12)

The first and second term in the last part of this equation are also found by
(Law, 1988) and denote the contributions due to stationary flow straining and
instationary flame curvature, respectively. These two terms can be expressed

in the n-coordinate system as follows:

10v, 10v 1 ([ 0 . 0
V-V,=———é+~———c+ Kvéa—é—(h;hn)—i-vg—éz(k{h,,}) (13)

and

%a 9 (4, b (14)

Vo= h, o

Usa

From equation (13) it is clear that velocity variations along flame surfaces
and flame thickness variations play a rolein the flow straining term, as found
by de Goey et al. (1996). The third term in the right-hand side of equation (12)
is new and arises from instationary flame thickness variations due to differen-
ces in flame velocities v, , among different flame contours. This term can also

be written as:

10
en‘VUf’n‘:'h—E;l(Ufm). (15)
]

The last term 1/p (dp/dt) in the right-hand side of equation (12) is also new
and denotes the contribution to K due to density variations along the flame
iso-contours. It is important to note that it follows from the above that K—~K
when the p iso-contours are parallel with the Y flame contours (due to
equation (2)) and when the flame thickness goes to zero. Note also that

equation (12) reduces to

K =1v-(ov) (16)
P
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for the case of stationary flames in which v, , = 0. This result has been found
recently by de Goey et al. (1996) for the case of two-dimensional stationary
flames.

Let us now study the implications of this extended flame-stretch formalism
on the definition in equation (1). To that end divide equation (9) by (7) and let
the volume V(f)—0. We then find the following flame stretch definition:

1dm
= a7
This definition is an extension of the usual definition (1) and confirms the view
of Buckmaster (1979), who first indicated that the finite flame thickness should
have an influence on the flame stretch rate. It should be noted that the volume
V(t) in the definition of K should be infinitesimally small, as is the case for the
area A given in equation (1) for K ,. This means that K = 1/m (dm/dt) defines a
stretch field inside the flame volume, instead of the quantity K, which is
defined on the flame sheet.

That K = 1/m (dm/dt)is indeed an important extension of K , to flames with
a finite thickness can be seen as follows. When the general 3D instationary
conservation equation for the scalar variable Y:

opY
%—+V'(va)—V-(pDYVY)—SY=O, (18)

is written in the coordinate system of Figure 1 we find the following quasi-1D
stationary equation

V-(ov,Ye,) — V-(pDy|VY le,) — Sy = pKY, (19)

with all distortions from local 1D behavior gathered in the right-hand-side
soiirce term — pK Y. Thus, Eq. (19) shows that it is just the stretchrate K which
induces variations in the local 1D flame behavior.

L
e

o

GONCLUSIONS

An extension of the flame stretch formalism to the case of 3D instationary
ﬂggnes with finite flame front thickness has been presented. The contributions
to K, also found by Law (1988), are recovered. However, also some new terms




SHORT COMMUNICATION 405

have appeared, arising from variations in the mass density along the flame
iso-contours and from variations in flame front thickness in time as well as in
space. Further more, it has been shown that the usual definition for the stretch
rate K = 1/A (dA/d) should be extended to the definition K =1 Jm (dm/dt),
denoting the fractional change of mass in an infinitesimal small flame volume.
It is finally shown that precisely those terms are included in the extended
definition, which describe local distortions form pure 1D flames. This exten-
ded definition seems to be more suited for studying the effects of flame stretch
on the flame behavior in numerical flame studies with a finite flame thickness.
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