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on the 1+1D world sheet of a chiral gapless edge of a 2d topological order, and show that
these observables form an enriched unitary fusion category, the Drinfeld center of which is
precisely the unitary modular tensor category associated to the bulk. This mathematical
description of a chiral gapless edge automatically includes that of a gapped edge (i.e. a
unitary fusion category) as a special case. Therefore, we obtain a unified mathematical
description and a classification of both gapped and chiral gapless edges of a given 2d topo-
logical order. In the process of our analysis, we encounter an interesting and reoccurring
phenomenon: spatial fusion anomaly, which leads us to propose the Principle of Univer-
sality at RG fixed points for all quantum field theories. Our theory also implies that all
chiral gapless edges can be obtained from a so-called topological Wick rotations. This fact
leads us to propose, at the end of this work, a surprising correspondence between gapped
and gapless phases in all dimensions.
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Introduction

Topological phases of matter have attracted a lot of attentions in recent years among

physicists because they go beyond Landau’s paradigm of phases and phase transitions (see

a recent review [109] and references therein). In this work and part II [80], we develop

a unified mathematical theory of the gapped and gapless edges of 2d topological orders.



Some results of this two-part work were announced in [79] without providing the details.
In Part I, we focus on chiral gapless edges.

Throughout this work, we use “nd” to mean the spatial dimension and “n+1D” to
mean the spacetime dimension, and by a “2d topological order”, we mean an anomaly-free
2d topological order without symmetry. We use “Theorem” to represent a mathematical
(rigorous) result and “TheoremP"” to summarize important physical (unrigorous) results.

Topological orders are the universal classes of gapped local Hamiltonian lattice models
at zero temperature. Since the system is gapped, correlation functions decay exponentially.
In the long wave length limit, the only local observables are topological excitations. It was
known that a 2d topological order is determined by its (particle-like) topological excitations
uniquely up to Eg states. Mathematically, the fusion-braiding properties of the topolog-
ical excitations in a 2d topological order can be described by a unitary modular tensor
category (UMTC) (see for example [27, 28] and a review [62], appendix E). Therefore, a
2d topological order is described mathematically by a pair (C,c), where € is the UMTC
of topological excitations and ¢ is the chiral central charge. If a topological order (C,0)
admits a gapped edge, it is called a non-chiral topological order. The mathematical theory
of gapped edges is known. More precisely, a gapped edge can be mathematically described
by a unitary fusion category (UFC) M such that its Drinfeld center 3(M) coincides with
C [37, 64, 69]. The fact that the bulk phase is determined by an edge as its Drinfeld center
is called the boundary-bulk relation.

When a 2d topological order is chiral, it has topologically protected gapless
edges [45, 89, 105, 106] (see reviews [93, 106, 107] and references therein). Observables
on a gapless edge is significantly richer than those on a gapped edge because gapless edge
modes are described by a 1+1D conformal field theory (CFT) [7, 90], the mathematical
structures of which are much richer than that of a UFC [47, 88, 90, 100]. It seems that a
categorical description of a gapless edge as simple as that of a gapped edge is impossible.

Nevertheless, in the last 30 years, the mathematical theory of boundary-bulk (or open-
closed) CFT’s has been successfully developed at least in three different approaches:

1. the conformal-net approach (see [59, 88, 97, 98] and references therein),
2. the 24+1D-TQFT approach (see [23, 25, 33, 35] and references therein),
3. the vertex-operator-algebra approach (see [49, 54, 55, 67| and references therein).

These mathematical developments have revealed a universal phenomenon: the mathemat-
ical structures of a boundary-bulk CFT can be split into two parts.

1. One part consists of a chiral algebra V' (or a conformal net), also called a vertex
operator algebra (VOA) in mathematics (see for example [86]), such that the category
Mody of V-modules is a modular tensor category [51].

2. The other parts are purely categorical structures, including certain algebras in Mody
and an algebra in the Drinfeld center 3(Mody ) of Mody (see Theorem 4.7 and 4.21).



This suggests that it might be possible to describe a chiral gapless edge of a 2d topological
order (€, ¢) by a pair (V, X*?), where V is a VOA and X* is a purely categorical structure that
can be constructed from Mody , C and perhaps some additional categorical data. The main
goal of this paper is to show that this is indeed possible. More precisely, the main result of
this work, summarized in TheoremP" 6.7, says that X? is an Mody-enriched unitary fusion
category (Definition 6.4) satisfying some additional properties.

We explain the layout of this paper. In section 2, we briefly review the mathematical
theory of 2d topological orders and that of gapped edges. We emphasize previously over-
looked details, such as the so-called spatial fusion anomalies, so that it makes our study of
chiral gapless edge looks like a natural continuation. In section 3, we carefully describe all
possible observables (at a RG fixed point) on the 141D world sheet of a chiral gapless edge
of a 2d topological order (€, c). In particular, we show that the observables on the 141D
world sheet of a chiral gapless edge include a family of topological edge excitations, 0+1D
boundary CFT’s [12-14], 0D domain walls between boundary CFT’s [31] and two kinds
of fusions among domain walls. These boundary CFT’s and domain walls are required to
preserve a chiral symmetry given by a VOA V such that Mody is assumed to be a UMTC.
This symmetry condition allows us to describe all boundary CFT’s, domain walls and their
fusions as objects or morphisms in Mody . As a consequence, all observables organize them-
selves into a single categorical structure X* called an Mody-enriched monoidal category.
Therefore, a chiral gapless edge can be described by a pair (V, f)Cﬁ).

In order to further explore the additional hidden structures in X (in section 6), we need
nearly all important mathematical results of rational CFT’s in last 30 years. These results
are unknown to most working physicists especially to those in the field of condensed matter
physics. A briefly review of these results is necessary. In section 4, we review the mathemat-
ical theory of boundary-bulk rational CF'T’s in the VOA approach [49, 51, 57, 67, 86, 112].
This mathematical theory is not only a rigorous version of the physical theory but also a
reformulation in terms of new and efficient categorical language, which, together with a
classification result, play a crucial role in this work. In particular, in section 4.1, we recall
a Segal-type mathematical definition of a boundary-bulk CFT. In section 4.2, we recall the
classification theory of boundary-bulk rational CFT’s [25, 33, 67, 71, 88, 97, 98]. In sec-
tion 4.3, we explain the notion of an internal hom. In section 4.4, we discuss issues related
to unitary CFT’s and show that boundary CFT’s and domain walls among them can all
be constructed from internal homs, and summarize all useful results in TheoremP" 4.21.

After the preparation in section 4, we are able to give a natural and explicit con-
struction of chiral gapless edges in section 5.1. It turns out that the enriched monoidal
categories appearing there are only special cases of the so-called canonical construction (see
Theorem 5.3) [91]. In section 5.2, we will construct more general gapless edges by fusing
the gapless edges constructed in section 5.1 with gapped domain walls, or equivalently,
by the so-called topological Wick rotations. We will leave a loophole of our reasoning in
section 5.2 and fix it in section 6.3. Interestingly, these mathematical constructions au-
tomatically include all the gapped edges as special cases. Therefore, we obtain a unified
mathematical theory of both gapped and chiral gapless edges.



In section 6, we continue our exploration of the additional hidden structures in X. In
particular, in section 6.1, using the classification theory of boundary-bulk rational CFT’s
summarized in TheoremP" 4.21, we reveal the hidden relations between Mody and the
underlying category X of X¥, and show that X is an Mody-enriched unitary fusion category
(see Definition 6.4). In section 6.2, using the boundary-bulk relation [75] and the results
in [78], we obtain a precise and complete mathematical description and a classification
theory of chiral gapless edges of 2d topological orders. This is the main result of this
paper, and is summarized in TheoremP" 6.7. In the process of deriving the classification
result, we will also discuss and propose a definition of a phase transition between two
gapless phases via topological Wick rotations. In section 6.3, motivated by a recurring
phenomenon in this work, we propose a very general principle:

Principle of Universality at RG fixed points. A physical theory at a RG
fixed point always satisfies a proper universal property in the mathematical
sense.

We use it to fix the last loophole of our reasoning introduced in section 5.2. This principle
also provides a mathematical formulation of the spatial fusion anomaly.

In section 7, we provide some outlooks for the study of gapless boundaries of higher
dimensional topological orders. In particular, we will propose a surprising correspondence
between gapped phases and gapless phases in all dimensions. In appendix, we provide the
mathematical definitions of some categorical notions in the enriched settings.

It is worthwhile to point out what is new in this paper. The main result TheoremP" 6.7
was first announced in [79] without providing any proofs. This paper contain many missing
details and a complete proof. All physical (mathematically unrigorous) arguments used
in the proof are explicitly spelled out. They are the No-Go Theorem (see section 3.3),
Naturality Principle in physics (see section 6.1), the generalization of the mathematically
rigorous Theorem 4.10 to unitary cases (see TheoremP® 4.21), our definition of a purely
edge phase transition (see section 6.2) and Principle of Universality at RG fixed points
(see section 6.3). All the rest steps in the proof are mathematically rigorous. In this
work, we also introduce a few brand new physical concepts for the first time, including
spatial fusion anomaly, topological Wick rotation, a model-independent definition of a
phase transition between gapless edges (see section 6.2), Principle of Universality and
Gapped-Gapless Correspondence (see section 7).

In Part II [80], we will develop a mathematical theory of non-chiral gapless edges and
0d defects on a gapless edge. We will also give explicit calculations of various dimensional
reduction processes and a complete mathematical description of boundary-bulk relation
including both gapped and gapless edges. It is also worthwhile to mention that our theory
of gapless edge provides a mathematical description of the critical points of topological
phase transitions on the edges of 2d topological orders. An example was explained in [16].



2 Gapped defects of 2d topological orders

In this section, we review some of the basic facts of 2d topological orders, including the
categorical description of its particle-like topological excitations, that of gapped edges and
the boundary-bulk relation.

2.1 Particle-like topological excitations

An nd topological order is called anomaly free if it can be realized by an nd local Hamil-
tonian lattice model, and is called anomalous if otherwise [73].

Before the discovery of fractional quantum Hall effect, a 2d gapped local Hamilto-
nian lattice model at zero temperature was viewed as “trivial” because all the correlation
functions decay exponentially. It seems that there is no “local observables” in the long
wave length limit. It was realized latter, however, the ground state degeneracy (GSD) of
such 2d systems on surfaces with non-trivial topology, such as spheres with holes, torus,
higher genus surfaces (with edges), etc., are non-trivial and different for different sys-
tems [94, 95, 101]. It means that there are different kinds of “trivialness” of such “trivial”
systems, which are, therefore, non-trivial.

Note that the GSD is a global observable [3]. But the notion of a phase or a topological
order is a local concept that is defined on an open disk (in the infinite system size limit). It
was realized later that the local observables that are responsible for the non-trivial global
observable GSD are the particle-like topological excitations (or anyons).

It is well known that all particle-like topological excitations form a mathematical struc-
ture called a unitary modular tensor category (UMTC) (see a review [62], appendix E). The
physical meanings of some (not all) ingredients of a UMTC € are precisely the observables
in the long wave length limit, and are explained below.

1. An object in € represents a particle-like topological excitation (or an anyon). The
tensor unit 1¢ represents the trivial topological excitation. A simple object represents
a simple anyon, and a non-simple object, i.e. a direct sum of simple objects (e.g. @;z;
for simple x;), represents a composite anyon.

2. For any two anyons z and y, a morphism from z to y is an instanton, which is a
localized defect on time axis (e.g. at t = tp), with two boundary conditions z (for
t < tp) and y (for t > ty). If x and y are simple, then the space of instantons from
the boundary condition x to y is given by home(z,y) = d,,C. For two composite
anyons @®,x, and ®,,Ym, where x,, y,, are simple, we have

home (@nxna G_)mym) = ®”7m(smnvymc'

3. The fusion of instantons along the time axis, called a temporal fusion, defines a
composition of morphisms

hom@(ya Z) X hom@(:l:, y) - home(x, Z)

(f,9)—> fog (2.1)



Our convention is that the time coordinate of f is later than that of g. There
is a distinguished morphism 1, € home(x, ), which is called the identity morphism,
represents the trivial instanton. It is trivial in the sense that fol, = fand 1yof = f
for f € home(z,y).

4. The tensor product functor ® : € x € — € defined by (z,y) — = ® y describes the
fusion between two anyons in spatial dimensions, called a spatial fusion. The trivial
anyon is denoted by 1¢. We have e @ x ~ 2 ~ z ® le.

5. The spatial fusion ® of anyons also induces a spatial fusion of instantons. The naive
guess of the space of instantons after the fusion is home(z,y) ®¢ home(z’,y’). But
this naive guess is wrong because an anyon, viewed as a 0d topological order, is
anomalous. The correct one is home(r ® y,2’ ® y'). In general, there is a map
(induced from the universal property of home(z ® y, 2’ ® v'))

home (2, y) ®c home (2, y') & home(z @ y, 2’ ® y') (2.2)

for x,2’,y,y’ € C. Its failure of being an isomorphism is called spatial fusion anoma-
ltes. This is a recurring phenomenon in this work, and will be discussed in section 6.3.
It is also worthwhile to point out that the spatial fusion anomaly vanishes when
x =1y =2’ =1y = 1e. This result has a non-trivial analogue for chiral gapless edges
(see Remark 6.3).

6. The creation and annihilation of a particle-antiparticle pair are described by the
duality morphisms

Ug : le > 2@ 2%, vt ¥ @x — g, (2.3)

where x* is the anti-particle of x, satisfying some natural properties. Mathematically,
this amounts to the rigidity of a UMTC.

7. Since the associated Hamiltonian model is gapped, one can adiabatically move one
anyon around another one. This adiabatic movement defines a braiding isomorphism
Coy @Y — Yy for x,y € €. The composed morphism z®y SN yRx LN TRy
is called a double braiding, which amounts to adiabatically moving anyon z around
y (say clockwise) in a full circle.

The coherence conditions satisfied by the above data are all physically obvious. The non-
degeneracy condition of the double braiding of a UMTC is stated as follows:

(x) For a given simple anyon z, if its double braiding with all anyons y (including z itself)

is trivial, i.e. (2Qy —5 y@z 25 1z Qy) = idygy, then z is the trivial anyon, i.e.
T =~ 1@.

The condition (%) is an anomaly-free condition, which says that all anyons in a topological
order should be able to detect themselves via double braidings. If a system of anyons does
not satisfy the condition (*), it must represent an anomalous 2d topological order, which
must be a gapped boundary of a non-trivial 341D topological order [73].



UMTC’s: € = 3(L) = 3(M) = 3(N)

s ————

UFC’s: L M N

Figure 1. This picture depicts a 2d topological order (€, 0), where € is a UMTC, with three gapped
edges given by UFC’s £, M,N. The 2d bulk is oriented as the usual R? with the normal direction
pointing out of the paper in readers’ direction. The arrows indicate the induced orientation on
the edge.

Remark 2.1. The space of instantons home(x, y) has another physical meaning. It is also
the space of ground states of the topological order defined on a 2-sphere together with
two anyons x*,y. Two physical meanings of the same hom-space is a manifestation of the
state-field correspondence of a TQFT or a topological order.

For each UMTC €, one can define a topological central charge cg)p, which is defined
modulo 8. We use € to denote the same monoidal category as C but equipped with the
braidings given by the anti-braidings in €. € is also a UMTC. It was known that the
Drinfeld center 3(€) of € is given by €[] € [92], where [X] is the Deligne tensor product.
The simplest UMTC is the category of finite dimensional Hilbert spaces, denoted by H.

In the long wave length limit, are there any other physical observables in a 2d topologi-
cal order? It turns out that there is a special state called the Eg-state (see for example [63]),
which is a non-trivial topological order but has no non-trivial anyon. It was known that
its 1d edge is gapless and is given by the Eg chiral conformal field theory of central charge
c = 8. It was generally accepted that a 2d topological order is completely determined by its
anyons up to the Eg-states (i.e. E5) (see a review [108]). We summarize this well-known
result below.

A 2d (anomaly-free) topological order can be described mathematically by a
pair (C,c), where € is a UMTC and c is the chiral central charge such that
P = ¢ (mod 8).

The pair (H,0) describes the trivial 2d topological order.

2.2 1d gapped edges

A 2d topological order (C,0) admitting a gapped edge is called a non-chiral 2d topological
order. As depicted in figure 1, the bulk phase (€,0) might have several different gapped
edges, each of which represents a 1d anomalous topological order. Such an anomalous 1d
topological order can be described mathematically by a unitary fusion category (UFC) L,
in which

1. an object represents a particle-like topological edge excitation;



2. for topological edge excitations z,y € £, the space of morphisms homg(x,y) is the
space of instantons (or localized defects on time axis) with boundary conditions x
and y;

3. the composition of two morphisms describes the fusion of two instantons along the
time axis;

4. the fusion product ® in £ represents the fusion of two such edge excitations in the
spatial dimension according to the orientation of the edge. 1, denote the trivial
topological edge excitation, i.e. 1,z ~z ~zx® 1.

5. This fusion also induces a fusion of two instantons in the spatial dimension. Again,
the naive guess homg (x, y) ®c homg (2',y') for the space of instantons after the fusion
is wrong. The correct one is homg(z ® 2/, y ® ¢'). In general, there is a map

hOHlL (:1:7 y) ®c hOHlL (.’13‘/, y/) Q) homl] (.’L’ ® xla Y & y/)a (24)

for z,2’,y,y’ € £. This map is not an isomorphism in general. Its failure of being
an isomorphism is an indication of spatial fusion anomaly. This phenomenon is a
recurring theme of this work. We will further explore this phenomenon as a special
case of a more general principle in section 6.3.

Note that there is no braiding because these topological excitations are restricted on the
edge, thus cannot be braided.

The relation between the boundary phase and the bulk phase, or simply boundary-bulk
relation, was known [64, 69].

Boundary-bulk relation. The 2d bulk phase is uniquely determined by the
anomalous 1d topological order on its boundary (or edge), and the UMTC €
describing the 2d bulk phase is given by the Drinfeld center of the UFC £ (or
M, N) describing a 1d edge (as depicted in figure 1), i.e. € ~ 3(L) ~ 3(M) ~
30N,

Mathematically, different gapped edges £, M, N that share the same bulk or Drinfeld center
if and only if they are Morita equivalent as UFC’s [22, 92].

Importantly, although a UFC £ determines an anomalous 1d topological order, it does
not fix a gapped edge of a 2d topological order completely. The same UFC might be
realized as different edges of the same bulk. For example, the Zs 2d topological order has
two different gapped edges [5], both of which realize the same 1d anomalous topological
order defined by the UFC Rep(Zs).

The additional physical data that is needed to uniquely determine the edge is the
information of how anyons in the bulk can be fused onto the edge. This information
is given by a monoidal functor L : € — £ which factors through the forgetful functor
f:3(L) > L, ie. there exists a braided monoidal functor L' : € — 3(£) such that the



following diagram
e— 300 (2.5)

N

is commutative. Such a functor L is called a central functor [19].

Remark 2.2. The mathematical theory of 0d domain walls between different gapped edges
is also known [3, 64, 69].

2.3 What happens to gapless edges?

We have seen that we have a beautiful mathematical theory of gapped edges of 2d topo-
logical orders. Ironically, experimentally discovered 2d topological orders, such as those
discovered in quantum Hall effects, all have topologically protected gapless edges. The
natural question is whether there is a similar mathematical theory for gapless edges. As
depicted in figure 2, this question contains at least the following three parts:

1. What is the mathematical description of a gapless edge of (C,¢)?
2. Does the boundary-bulk relation, i.e. bulk = the center of the edge, still hold?

3. What is the mathematical description of a 0d gapless domain wall between two gapless
1d edges?

In [75], using a very formal argument, we have shown that the bulk topological order (in
any dimensions) should be given by the center of its boundary, i.e.

C~ 3([;) ~ 3(3\/[) ~ S(N)

regardless whether the boundary is gapped or gapless ([75], Remark 5.7), and regardless
what the mathematical description of a gapless boundary is.

Remark 2.3. A reader might be puzzled by the above statement. How could one know the
notion of the center of certain algebraic object before we have a complete mathematical
definition of the algebraic object. This is because the notion of center is defined by its
universal property, which only depends on the notion of a morphism between two such
algebraic objects. In [75], the notion of a morphism between two anomalous nd topological
orders was introduced without knowing how to define an nd topological order.

This result ([75], Remark 5.7) convinced us that there should be a unified mathematical
theory of gapped and gapless edges of 2d topological orders. We will answer the first
question for chiral gapless edges in this work, and answers the second and third questions
in [80].

Remark 2.4. The result of ([75], Remark 5.7) and the success of this work have non-trivial
and exciting predictions for the study of higher dimensional gapped and gapless phases.
We will briefly discuss them in section 7.



€ =3(£) =3(M) = 3(N)?

gapless edges: L =7 M =7 N =7

Figure 2. Obvious questions about gapless edges of a 2d chiral topological order.

3 Chiral gapless edge 1

In this section, we will try to find all observables living on the 1+1D world sheet of a chiral
gapless edge of a 241D topological order, which is fixed to be (€, ¢).

3.1 Vertex operator algebras

Suppose that the 2d bulk phase (€, ¢) is realized on an open 2-disk as depicted in figure 3.
We choose a complex coordinate z on the 141D world sheet of the chiral gapless edge (i.e.
the 2D boundary of the solid cylinder) such that the time axis is the real axis.

We assume that gapless edge modes are completely chiral. It is known that the chi-
ral edge modes are states in a chiral conformal field theory with the central charge ¢
(see [45, 89, 105, 106], reviews in [93, 106, 107] and references therein). This chiral CFT
is defined on the 141D world sheet of the edge. We denote this chiral CF'T by U. By the
state-field correspondence in a 2D CFT, there is a bijective map Y from U to the space of
chiral fields, still denoted by U:

Y i 6o Y(6,2) = 6(2).

The notation ¢(z) is commonly used in physics literature and Y (¢, z) is commonly used in
mathematics literature. We prefer to use the mathematical notation Y (¢, z) sometimes in
this work because the first notion can be quite ambiguous whenever we discuss intertwining
operators. We should view these chiral fields as “local observables” on the world sheet.
Since these chiral fields can live on the entire 141D world sheet, they cannot be multi-
valued. Therefore, these chiral fields, say ¢(z), contains only integer powers of the complex
variable z, i.e.

$(z) = Y dnz ",

neZ

where ¢, € End(U). Any two chiral fields in U can have the so-called operator product
expansion (OPE) as shown below:

(Vr@)(22) (Yr—10)(22)
P(21)Y(22) ~ (21 — 29)k+1 + (21 — 22)F

+e for some k € N.
This OPE is commutative, i.e. ¢(21)1(z2) ~ 1¥(22)¢(21). It provides U with an algebraic

structure, which is called a chiral algebra in physics, and is rigorously defined in math-
ematics under a different name: a vertex operator algebra (VOA) (see for example [86]

~10 -



Figure 3. This picture depicts a 2d topological order (€, ¢) on a 2-disk, together with a 1d gapless
edge, propagating in time. A chiral field ¢(z) € U is depicted on the 14+1D world sheet.

for a review). In this work, we use the following working definition of a VOA, which is

sometimes called a CFT-type VOA. We avoid to use formal variables that are commonly

used in mathematics literature.

Definition 3.1. A vertez operator algebra (VOA) U consists of the following data:

e a C-linear vector space U graded by non-negative integers (called conformal weights),

ie. U = @neINU(n)y

e a distinguished element 1 € U called vacuum state,

eamap Y : (U®cU) x C* - U :=]]

nen Un) called vertex operator

(u®c v,2) — Y(u,z)v = Z wpv 2z~ "L

neZ

e a distinguished element wy € U(y) called Virasoro element,

satisfying the following axioms:

1

2.

dim U,y < o and Ug) = C1;
if u € Uy, then u,, maps Uy, into Uy k—n—1);
Y(1,2) =idy and u_11 = u for u € U;
for u,v,we U and w’' e U’ := @nU(*n), the following three expressions
', Y(u,21)Y (v, 20)w), W', Y(v,22)Y (u, 21)w), (W', Y (Y (u,21 — 22)v, 22)w)

converge absolutely in three different domains |z1| > |22 > 0, |22| > |z1] > O,
|z2| > |z1 — 22| > 0, respectively, to the same rational function f(z1,22) (with poles
only at z1,29 = 0,00 and z] = z3);

we have Y (wy,z) = 7 L(n)z~""2 such that L(n), n € Z generate the famous
Virasoro algebra, i.e.
c
[L(m), L(n)] = (m = n)L(m + n) + 75 (m* = m)dmino

where the number c is called the central charge;

- 11 -



Az = a boundary CFT

)

Figure 4. This picture depicts a 2d topological order (€, ¢) on a 2-disk, together with a 1d gapless
edge, propagating in time. At ¢t = 0, we move a bulk particle a to the edge. The blue world line is
supported on .

6. for u € U, we have L(0)u = nu;
7. for ue U, we have Y (L(—1)u, z) = d%Y(u, z).

Remark 3.2. Y(wy, 2) is called the energy momentum tensor in physics. It generates a
sub-VOA (wy ), which is the smallest sub-VOA of U. The number c is the same central
charge as the one in the 2d bulk phase (C,¢).

3.2 Open-string vertex operator algebras

Is this VOA U the only observables on the 141D world sheet of the edge? Consider the
situation depicted in figure 4. At ¢ = 0, a topological excitation a in the bulk is moved
to the edge. It becomes a topological edge excitation x. As a typical quantum quenching
scenario, this movement suddenly changes the microscopic physics at the location of x. As
a consequence, the RG flow will drive the world line supported on x to a fixed point theory,
which is denoted by A,. In particular, A, should contain all the physical observables on the
world line at the RG fixed point. It is clear that when a = 1¢, x is the trivial topological
edge excitations, denoted by 1. Therefore, we must have Ay = U. More general topological
edge excitations can be created by inserting impurities from outside. In other words, there
are potentially more topological edge excitations than those obtained from moving bulk
excitations to the edge.

At the RG fixed point, the conformal symmetry is restored. The observables in A, are
again chiral fields that can have OPE along the world line. But the chiral fields in A, are
potentially different from those in U. By our choice of complex coordinate, the world line
(or the time axis) is the real axis. There is no multi-value issue here because the chiral
fields are restricted on the real axis. As a consequence, the chiral fields on the world line
can have non-integer powers, i.e.

¢(T) = Z ¢nr_n_17

Moreover, two chiral fields on the world line can also have OPE as follows:

(Vr@)(r2) (Yp—10)(r2)

~ f keR.
¥(r1)o(r2) (?”1—7'2)k+1+ (11 — o) + ) or some kK €
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This OPE is potentially non-commutative, i.e.

P(r1)d(ra) # d(ra)(r).

More precisely, OPE among all these chiral fields defines an algebraic structure on A,
called an open-string vertex operator algebra (OSVOA) [54]. We recall this notion below.

Definition 3.3. An open-string vertex operator algebra (OSVOA) A of central charge ¢
consisting of the following data:

e an R-graded vector space A = @nerA(n),
e amap Yy : (AQc A) x Ry — A:=[], g An) defined by (u®v,7) — Ya(u,r)v,
e two distinguished elements 1 € 4y and wa € A(y),
satisfying the following conditions:
1. dim A(,) < oo and A(,) =0 for n < 0;
2. Y(1,r) =idy and u_11 = u for u € A;
3. foruy, - ,up,we Aand w' e A’ = (—BnAE"n), the series:
W', Ya(ur,m) -+ Ya(tn, ro)w) = Z W' Ya(ur,m1) Py - Py YA (U, mo)w)
M

where P, : A — Ay is the projection operator, converges absolutely when ry > -+ >
rn > 0 and can be extended to a potentially multi-valued complex analytic function
in (C*)™ with only possible singularities at z; = z; for 4,5 = 1,--- ,n and i # j;

4. the following two expressions
(W', Ya(ur,m)Ya(ug,ro)w), (W', Ya(Ya(u,r1 —ra2)v, ra)w)

converge absolutely in two different domains ;1 > ro > 0 and ro > ry — r9 > 0,
respectively, and equal on the intersection of the above two domains;

5. we have Y(wa,r) = Y7 L(n)r™™""2 such that {L(n)},ez generate the Virasoro
algebra of central charge c;

6. for u € A, we have L(0)u = nu;
7. for u e A, we have Ya(L(—1)u,r) = LY (u,r).

An OSVOA is a non-commutative generalization of the notion of a VOA. In particular,
a VOA is automatically an OSVOA. An OSVOA contains a smallest subalgebra (wa) c A
generated by wy. Actually, (ws) is a VOA. More generally, the following subspace of an
OSVOA A:

Co(A) = {u € ®nezAn)|Yalu,r) = Z Unr " Ya(v,r)u = HEDY (u, —r)v, Yo € A},
nez

(3.1)
defines a subalgebra of A called the meromorphic center of A. Moreover, it is a VOA. The
defining property of Cy(A) is equivalent to the following condition:
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(o) For u e Cy(A),v,w e A and w’ € A’, there exists a (possibly multi-valued) analytic
function on

{(z1,29) € 62\z1 # 0,29 # 0,21 # 22}

such that it is single valued in z; and equals to
<w,7 YA(U, ZI)YA(Ua 7“2)10>, <’UJ/, YA(U7 T2)YA(,U7 zl)w>, <w,7 YA(YA(’LL, 21 — TQ)Ua 7"2)w>
in the domains |z1| > ro > 0, 79 > |z1| > 0, 72 > |21 — r2| > 0, respectively;

It is clear that A is a Cp(A)-module. For v € A, it can be shown that there exist v,, such

that Ya(v,r) =Y. pvnr "1 ([54], Prop. 1.4). We introduce a formal vertex operator:

neR

Yj;(v,m) = Z v

neR

where z is a formal variable.

Theorem 3.4 ([54]). The condition (e) is equivalent to the statement that the formal
vertex operator Yj; (—,z)— is an intertwining operator of Cp(A).

3.3 Boundary CFT’s and domain walls

More general situations can occur on the same world line as depicted in figure 5 (a). More
precisely, one can insert an impurity at ¢t = ¢t; > 0 on the world line so that the topological
edge excitation is changed from x to y. As a consequence, the OSVOA living on the
{t > t1}-part of the world line is given by A,. The domain wall between A, and A, also
contains chiral fields (sometimes called defect fields in CF'T’s). This domain wall is similar
to the instantons on a gapped edge (recall section 2.2). We denote the space of such defect
fields by M, ,. Then it is clear that the space of defect fields localized around x is My ;.
Moreover, we should have M, , = A, and My = Ay = U. This space M, , should also
be an R-graded vector space, i.e. My, = @ner(Mz,y)(n), such that dim(M, ) ) < 0.

Similar to the fusion of instantons along the time axis in the gapped edge case, defect
fields in different domain walls can also have OPE along the world line. This type of OPE
defines a vertex operator:

Yieya) + (My: ®c May) x Ry — Ma, (u®c v,7) = Y5y (u,m)0. (3.2)
This OPE should also be associative. More precisely, it satisfies the following condition.

e Associativity of OPE: for uw € M, ,,v € M ,,w € M, 5 and w’' € M, , the following

w,2?

two expressions

<w/7 Yv(z,y,w) <u7 rl)Yv(y,x,w) (Uv 7“2)@U>, <wl7 Yv(z,x,w) (Yv(z,y,:c) (u7 ™ = T2>’U7 7“2)’U)>

converge absolutely in the domains: r; > ro > 0 and ro > r; — ro > 0, respectively,
and coincide in the domain r{ > ro > r; —r9 > 0.
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Figure 5. The picture (a) depicts a 2d topological order (C,c) on a 2-disk, together with a 1d
gapless edge, propagating in time. At ¢t = 0, a topological edge excitation x is created. Att = t; > 0,
the edge excitation is changed to y. This change creates a domain wall M, , between OSVOA’s A,
and A,. The picture (b) depicts the 1+1D world sheet obtained by squeezing the picture (a).

It is important to note that we have not yet discussed the issue if these M, , or A, are
really different from U. At least, it is clear that there should be some relations among U,
A, and M, ,. For example, A, acts on M, , from one side and A, acts from the other side,
and U acts on M, , from above (or below) the time axis, and U can be mapped into A,
etc. In order to formulate them precisely, we need first to show that these A, are more than
just OSVOA’s. They are actually boundary CFT’s [12-14] that share the same bulk 1+1D
CFT. Indeed, consider a dimensional reduction process, which starts from figure 5 (a),
and gradually squeeze the solid cylinder, and ends up in the 141D world line depicted in
figure 5 (b). The 0+1D boundary of this 141D world sheet is precisely given by the world
line supported on . Observables on this world line remain the same during this process. It
is clear that both chiral and anti-chiral fields live on the resulting 1+1D world sheet. It was
shown in ([11], section 2.1) that they form a modular invariant bulk CFT Ap,. This fact
was emphasized in [84, 99] as a consequence of the following “no-go theorem”: Any 1+1D
CFT’s realized by 1d lattice Hamiltonian models should be modular invariant. Therefore,
the OSVOA’s A, and A, must be the boundary CFT’s sharing the same modular invariant
bulk CFT Apu, and M, 4 is a domain wall between them and is also compatible with the
same bulk. Mathematically, however, it is not a clear statement because there are different
mathematical definitions of a boundary-bulk CFT. Here we prefer to make this statement
mathematically precise. We propose a stronger “no-go theorem”.

No-go Theorem. A 1+1D boundary-bulk CFT realized by a 1d lattice Hamil-
tonian model with boundaries should satisfy all the axioms in the mathematical

definition of a boundary-bulk CFT given in Definition 4.1 or 4.4.

In particular, the boundary-bulk CFT should satisfy all the consistence conditions, includ-
ing the famous modular invariant condition [7, 90] and Cardy condition [13, 14].
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Remark 3.5. Using boundary CFT’s to study 0d defects or impurities in other condensed
matter systems has a long history [1, 2]. But we are not aware of any earlier works
mentioning the appearance of the boundary CFT’s on the gapless edges of 2d topological
orders. That a chiral vertex operator living in M;j , was known in 90’s (see [110, 111]).

Remark 3.6. Once we established the precise mathematical description of a chiral gapless
edge, we can compute this dimensional reduction process and identify precisely which
modular invariant bulk CFT is obtained at the end of this process [79] (see more details
in [80]).

In summary, observables on the 1+1D world sheet of the edge of a 2d topological order
form a “not-yet-categorical” structure:

1. objects are topological edge excitations: x,y, - -;
2. the space of morphisms are M, , (boundary CFT’s and domain walls);
3. there is a map given by the associative OPE Y, , .y : (M, . ®c Myy) x Ry — M, .

We can not yet claim it is a categorical structure not only because the OPE is not yet a
composition map but also because the “identity morphisms” are missing. We will discuss
this important missing data in the next subsection.

3.4 Chiral symmetries

The no-go theorem demands A, to be a boundary CFT, which requires many additional
structures beyond that of an OSVOA. One of them is called the boundary condition of a
boundary CFT. It says that, as a boundary CFT, A, should satisfy a conformal invariant
boundary condition (as the minimal requirement) or a V-invariant boundary condition in
general, where V is called the chiral symmetry. We explain this in detail in this subsection.

Consider moving chiral fields in U into those in A, along a path v (e.g. v1, ¥2 in figure 6).
This process defines a linear map ¢, : U — A, which is clearly independent of the homotopy
type of the path. Therefore, as shown in figure 6, there are essentially two independent
ways of mapping U into A, along the paths 71,72, respectively, i.e. 1y, ty, : U — Ay, It
is clear that the vacuum state and the OPE of the chiral fields must be preserved in these
processes. Therefore, ¢y, ,t,, are two OSVOA homomorphisms. The minimal requirement
for A, to give a consistent boundary CFT is that ¢, should satisfy the following condition:

e Conformal-invariant boundary condition [12, 66]:

L. LW1|<wU> = L“/z|<wU>§

2. by |yt {wu) — {wa,) defines an isomorphism of VOA.

Let V be a sub-VOA of U, i.e. {(wyy € V < U. In most general situation, we expect the
following condition to be true.

o V-invariant boundary condition ([66], Definition 1.25):

~16 —



M etTT oy
. 71: .......
’ ‘e
i Mig v: A
------------------- - - =O0—

Figure 6. This picture depicts how the chiral fields in U can be mapped to A,.

L. L‘/1|V = L'YQ|V;

2. 1y |v : V — A, is injective.
We denote that path independent map by ¢, : V — A,

In other words, chiral fields in V' can move transparently on the entirely 1+1D world (except
those 0D walls M, , for x # y). If the V-invariant boundary condition holds for all A,
then, for a sub-VOA V'’ of V, the V'-invariant boundary condition holds automatically. If
we require the set of topological edge excitations to be fixed, then there will be the maximal
sub-VOA V in U that A, is V-invariant for all x. This VOA V will be called the chiral
symmetry of the edge. From now on, we take V' to be the chiral symmetry of the edge.

Remark 3.7. If we demands V' < V to be the chiral symmetry, then the set of topological
edge excitations can be enlarged accordingly. We will discuss this issue in section 6.2.

Remark 3.8. It can happen that the chiral symmetry is maximal, i.e V = U, as we will
show in section 5.1. We will also show in section 5.2 that (wy) & V < U in general.

By the V-invariant boundary condition, M, , are all V-modules in the usual sense [29].
We denote the category of V-modules by Mody. We obtain the following property of Y4, :

e for p €V, v,we A, and w' € A the operator products
W', ¢(2)Ya, (v, )w), W', Ya, (v, t)p(2)w), W', Ya, (o(2)v, t — 2)v, 2)w)

converge absolutely in the domains [z] >t > 0, ¢t > |z] > 0, |z| > |t — 2| > 0,
respectively, and are analytic continuation of each other along any path in the z-
plane (for example 3 o «; for i = 1,2 as depicted in figure 6).

By the results in section 3.2, this implies that V lies in the meromorphic center of A,. By
Theorem 3.4, Y4, is an intertwining operator of V.

This analysis can be generalized to more general vertex operators introduced in (3.2),
where Y, , .y defines the OPE between defect fields in My, . and those in M, ;. Similarly,
by the V-invariant boundary condition, we obtain the following property of Y(; , ,):
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o forpeV,veM,,, we M, and w' € M, _, the operator products

T,z

<U},, QS(Z))/(z,y,x) (Uv t)w>7 <w,7 }/(z,y,z) (Uv t)¢(z)w>’ <w,7 Yv(z,y,m) (¢(Z)U, t— Z)Uv Z)w>

converge absolutely in the domains ¢ > |z| > 0, |z| >t > 0, |2|] > |t — 2| > 0,
respectively, and are analytic continuation of each other along any paths in the z-
plane.

By Theorem 3.4 again, Y(,,,) is an intertwining operator of V' [29]. Note that
}/(x,r,m) = YAI-

Until the end of this section, we make the following assumption as a natural require-
ment in physics: the chiral symmetry V is a unitary rational VOA such that the category
of unitary V-modules, still denoted by Mody, is a UMTC.

Remark 3.9. There is a list of conditions on the VOA V that guarantees Mody to be a
modular tensor category by Huang’s theorem [51, 52]. In general, it is not clear if Mody is

a UMTC when V is unitary. See [42-44] for discussion of the relation between the unitarity
of a VOA V and that of Mody .

According to the tensor category theory of rational VOA developed by Huang and
Lepowsky [48, 57, 58], the intertwining operator Y. y,e) of V is equivalent to a morphism

©: My,z Ry Mx,y - M:):,z

in Mody, where ®y is the tensor product in Mody . Note that we have chosen the conven-
tion that the left factor of the relative tensor product —®y — has a higher time coordinate.
This convention is compatible with our OPE (recall (3.2)) and our convention in eq. (2.1).

The associativity of OPE of intertwining operators of V' (recall the paragraph below

eq. (3.2))
1®ve

My,z ®V Mm,y ®V Mw,m My,z ®V Mw,y (33)
@®V1\L i@
Ma:,z Qv Mw,r © Mw,z

is commutative [51]. When w = z = y = z, this commutative diagram together with
the unit property V ®y A, ~ A, imply that the triple (A;,®,t,) defines an algebra in
Mody (see Definition 4.5) [54], Theorem 4.3. Similarly, one can see that M, , is an Ay,-A,-
bimodule, which also induces the same V-action on M, , because the V-action on M, , is
path independent. This leads to the following commutative diagrams:

Mx,y Qv Mx,z My7y Qv M:p,y (34)
11»1,% Y‘\ Ly@%/’ Y‘\
My @y V = Mz y V Qv Mg,y = Mz, -

In summary, all the observables on the 141D world sheet of a chiral gapless edge of
a 2d topological order (€, ¢) can be described by a pair (V,X*), where X* is a categorical
structure:
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e objects in X* are topological edge excitations: z,v,z, - - -

e for each pair (z,y) of objects in X*, there is a space of morphisms: homq(z,y) :=
M ,, which is an object in Mody;

e there is a map id; : V' = 1mod, — My = As given by the canonical embedding
Ly : V — A,, which is a morphism in Mody;

e there is a map @ : M, . ®y M,y — M, ., which is also a morphism in Mody,

satisfying the commutative diagrams in (3.3) and (3.4). By Definition A.1, the categorical
structure X* is nothing but a category enriched in Mody, or an Mody-enriched cate-
gory [60].

There is a canonical C-linear category X associated to X* defined as follows:

e the objects are the objects in X* (i.e. topological edge excitations);
e the space of morphisms homy (z,y) := homyed, (IMody s Ma,y);
e the identity morphism is given by id, = t5 : V — M, 4;

e the composition morphism o : homy(y, z) ® homy(z,y) — homy(z, z) is defined by
the following composed morphism:

homModV (lModVa My,z) ®c homMOdv(lMOdva Mw,y) - homModV (lModV7My,z ®v Mm,y)
@: homModV (1Modv7 Mx,z)- (35)
Note that id, is indeed the identity morphism in the usual sense, i.e. idyof = f = f oid,
for f € homy/(x,y), because of the commutative diagrams in (3.4).
Mathematically, this category X is called the underlying category of X*. Physically, X
is nothing but the category of topological edge excitations. We will call the UMTC Mody
the background category of Xt

3.5 X! is an enriched monoidal category

Two topological edge excitations 2’ and x can be fused along the edge (in the spatial
dimension) to give a new edge excitation 2’ ® x as depicted in figure 7. This spatial
fusion automatically induces the spatial fusion of all observables on two world lines. If
My v and M, can both be viewed as defects in the spatial dimension, we should expect
this spatial fusion to be given by M., ®u My, where My , and M, , are viewed as
U-U-bimodules and the relative tensor product ®y is well-defined in Mody. However,
it turns out to be wrong in general. The spatial fusion of observables (or instantons) in
temporal dimension are very different from those in spatial dimensions. Recall that this
is the recurring phenomena also happening on the gapped edges and when we move a
bulk particle to the edge. The spatial fusion of A, and A, is again a typical quantum
quenching scenario. When we move z’ closer to z at ¢ = 0, the Hamiltonian around
x changes suddenly. Renormalization flow will drive the world line theory A, Qu A,
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Figure 7. This picture depicts how to fuse spatially or horizontally two topological edge excitations
x and 2/, together with boundary CFT’s A,, Ay, Ay, Ay and walls My, My .

supported on 2’ ® x to a new fixed point theory, which is given by A,g,. If the flow is
non-trivial, then A, ®u Az # Apg,. But we expect that the RG flow gives a natural
morphism from A,y @y Ay to Ayg, because Ay g, is not only physically universal but also
universal in a mathematical sense, which automatically demands such a morphism (see
Remark 3.10 below). By generalizing the above argument to Mg, and M, ,, we expect
that there is a natural morphism, for z,y, 2,y € X,

My y Qu Mzy — Mygey ey (3.6)

which is not an isomorphism in general. Its failure of being an isomorphism is an indication

of spatial fusion anomaly.

Remark 3.10. The universal property of A, and M, , will be explained in details in
section 4.3 and section 6.3. This is a recurring theme that will be summarized as a principle
in section 6.3 for theories at RG fixed points. It is worthwhile to pointing out that, in some
important situations, spatial fusion anomalies vanish (see section 5.1 and Remark 6.3).

Composing the morphism (3.6) with the canonical morphism M, , Qv M., —
My ®u M, defined by the universal property of the tensor product ®y, we obtain
a morphism

® : My Qv Myy = Mygeyey-

The morphism & should satisfy some natural properties:

1. The chiral symmetry condition should be preserved under the spatial fusion. In other
words, V' should be mapped into Mgy 2@y canonically (as tygy 1 V — Magy.ecy)
and independent of the paths we choose. In particular, this implies that the following
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diagram

Vey V=V (3.7)
®
Mr,w v My,y Mw@ym@z;

is commutative.

2. Consider the situation depicted in figure 7. If we fuse M, My ., My v, My . hori-
zontally and vertically and let it flows to the fixed point theory M/, ./,. For conve-
nience, we abbreviated 2’ ® x to 2’x. This process should be independent of which
fusion (horizontal or vertical) we do first. This implies that the following commutative
diagram (called the braided interchange property [91]):

1®VCMx,,y/,]Wy7Z®V1

My’,z/ v Mz’,y’ v My,z v Mz,y My’,z/ v My,z v Mx/,y/ v Mx,y

l(@)@v(@)
O®v© Myry 212 Qv Myrz yry
l@
®
Mx/,z/ v M:c,z Mx’x,z/z )

(3.8)
where CMy  My,- Moc’,y’ Rv My7z = My7z Ry Mx/,y/ is the braiding in Mody. Our
braiding convention is explained in Remark 3.11 below.

Mathematically, these two properties simply says that the spatial fusion ® defines an
enriched functor X* x X — X,

This spatial fusion is clearly associative and unital with respect to the tensor unit given
by the trivial edge excitation 1. As a consequence, this spatial fusion upgrades X* to an
Mody -enriched monoidal category (see Definition A.8) [78, 91].

Remark 3.11. Our convention of the braidings in Mody is that when M,/ is moving
around M, . along a path sitting on the left side of the world line supported on z, i.e.
along the world line supported on ' in figure 7, then M, , will stay on the top during
the braiding. More precisely, in this case, the initial (resp. final) time coordinate of
M,y is higher (resp. lower) than that of M, ., the adiabatic move gives the braiding
CMy 1, My.: My Qv My, — My . Qy M, . We will use this convention throughout
this work.

Remark 3.12. Note that the braiding ¢ used in the top horizontal arrow in eq. (3.8) is
replaced by the anti-braiding in ([91], Definition 2.1). Therefore, our definition of braided
interchange property given in eq. (3.8) actually makes X* an Mody-enriched monoidal
category in the sense of Morrison and Penneys in ([91] Definition 2.1).

We summarize the main result of this section as a physical theorem.
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Theorem 3.13. The complete set of observables on a chiral gapless edge of a 2d topological
order forms a pair (V, .')Cﬁ), where

e V is the chiral symmetry, which is a unitary rational VOA such that Mody is a
UMTC;

e X! is an Mody-enriched monoidal category, whose objects are topological edge ex-
citations x,y, z, - - -, and whose morphisms M, , are boundary CFT’s (if z ~ y) or
domain walls consisting of boundary condition changing operators (if x # y).

As a consequence, the underlying category X, i.e. the category of topological edge excita-
tions, is a C-linear monoidal category.

4 Boundary-bulk CFT’s

Further study of Xf needs the classification theory of rational CFT’s (see TheoremP" 4.21
and Remark 4.26). In this section, we review the mathematical theory of rational CFT’s
based on the representation theory of VOA’s.

4.1 Definitions of boundary-bulk CFT’s

The theory of conformal field theory (CFT) was developed by physicists at the end of 80’s
(see [7, 90] and [26] for a lengthy review). It took, however, about 20 years for mathe-
maticians to develop a successful mathematical foundation of CFT’s. This foundation is
not merely a rigorization of the existing physical theory in its old formalism, but a new
mathematical theory written in a beautiful new language with powerful new tools, and it
leads to many new results far beyond those in [26]. These new results play a crucial role
in this work, and are quite unfamiliar to most condensed matter physicists. Therefore, we
briefly outline here where these results come from. See [68] for a more detailed review.

When physicists Belavin, Polyakov and Zamolodchikov published the first systematic
study of 2D CFT’s in 1984 [7], mathematicians Frenkel, Lepowsky and Meurman published
their independent discovery of similar mathematical structures also in 1984 [32]. In 1987,
the preprint of Segal’s mathematical definition of a 2D CFT [100] came out and have made
a big impact to mathematics community since then. We will give a sketchy presentation
of an open-closed (or boundary-bulk) generalization of Segal’s definition [46, 49, 68].

We define Bordgg’: . to be the category, in which (1) the objects are finite ordered set
with two colors: “c” (for closed strings) and “o” (for open strings), e.g. {01, c2, 03, ¢4, ¢5}; (2)
the spaces of morphisms are those of the conformal equivalence classes of open-closed com-
plex bordisms, i.e. the moduli spaces of Riemann surfaces with boundary components being
either completely parametrized or not parametrized but having none or some parametrized

line segments, e.g.
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o —outy ¢ — outs

physical boundary

e—ing 0—iny 0—ing

where the label “in/out” is associated to domain/codomain of the morphism and is deter-
mined by the relation between the orientation of the boundary component induced from

that of the surface and that induced from the parametrization.

cpx
dop—cl

tensor product defined by the disjoint union. Moreover, it has a #-structure defined by

The category Bor has the structure of a symmetric monoidal category with the
flipping the orientation of the Riemann surfaces. This flipping exchanges the domains
with the codomains. Let H® be the category of Hilbert spaces. It also has a #-structure

homyge (x, y) %» homp« (y, z) defined by taking adjoint.

Definition 4.1 ([46, 49, 100]). A boundary-bulk (or open-closed) CF'T is a real-analytic
projective symmetric monoidal functor from Bordgf)x_ o to H*. Tt is called unitary if it is
also a s-functor.

Remark 4.2. Since the spaces of morphisms in Bordggx_ . are moduli spaces naturally
equipped with complex structures, “real-analytic” means that the functor, restricting on
the spaces of morphisms, gives real-analytic functions. If the functor is complex analytic,

then such CFT’s are called holomorphic CFT’s.

Remark 4.3. A CFT functor F maps {c1}, i.e. the set containing a single “c”-colored
element, to Hpylk, and maps {01} to Hyqy. The monoidalness of F' means that

F({o1,¢2,03,c4,c5}) ~ Hypgy ®c Hpuik ®c Hydy @c Huuk @c Hpulk.

This definition of CFT includes all consistence conditions, such as the modular invari-
ant condition and the famous Cardy condition, etc. Unfortunately, this definition is not
directly workable because chiral fields ¢(z) in a CFT are associated to insertion at a point
instead of a boundary component (or a line segment). It suggests to consider Riemann
surfaces with parametrized punctures in the interior (closed strings stretched to infinity)
or on the boundaries (open strings stretched to infinity) [47, 68, 104]. We will denote this
surface-with-puncture variation of Bordggx_ o by Bordgf;izf. Actually, Bordgg)fff is not a
category because the composition of morphisms are only partially defined, thus is called a
partial category. Similarly, we replace H* by a partial category of graded vector spaces
(with a subtle definition of morphisms and their compositions), denoted by GV [47]. It
is also possible to endow each of Bordgf:iz? and GV with a s-structures [42]. Then we
obtain a working definition of a CFT.

Definition 4.4 ([68]). A boundary-bulk (or an open-closed) CFT is a real-analytic pro-

X, 00

jective symmetric monoidal functor F' : Bordf};_d — GV. It is unitary if it is also a

s-functor.
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To distinguish it from the first definition, we denote F'({c1}) by Vhux and F({o1})
by Vhdy-

4.2 Classification theory of boundary-bulk CFT’s

If we restrict a CFT functor F' to the partial subcategory consisting of only bordisms of
genus zero (Riemann spheres) from {cy,- - ,cp}n to {c1} and assume F' is complex ana-
lytic, it was proved by Huang that this restricted F' endows Vi with the structure of a
vertex operator algebra (VOA) [47]. Therefore, a VOA is a substructure of a CFT. In gen-
eral, a VOA is not modular invariant except for holomorphic VOA’s (such as the Monster
Moonshine VOA [32]). The idea to find a modular invariant bulk (or closed) CFT Vi is
to realize it as certain extension of V ®¢ V, where V is a VOA and V is the same as the
VOA V in the formal variable but contains only the anti-chiral fields ¢(z) = Y, ¢,z "1
Therefore, we need study the representation theory of VOA. Building on many earlier
works by Huang and Lepowsky on tensor category theory for VOA’s [48, 57, 58], Zhu’s
influential work on modular invariance [112] and Huang’s proof of Verlinde formula [51],
Huang proved that the category Mody of V-modules for V satisfying certain rationality
conditions is a modular tensor category [52]. As a consequence, a bulk CFT Vi is a
commutative algebra in the category of V ®¢ V-modules [65], or equivalently, in the cat-
egory Mody XIMody,, which is also the Drinfeld center 3(Mody ) of Mody . Similarly, the
boundary CEFT V,qy is a chiral extension of a VOA.

Before we state the classification result, we need recall some basic notions in tensor
categories.

Definition 4.5. An algebra in a monoidal category A is a triple A = (A, m,n) where A
is an object of A, m (the multiplication) is a morphism A ® A — A and 7 (the unit) is a
morphism 14 — A such that

mo(m®1la)=mo(la®m), mo(la®n)=1a=mo(n®1a).

An algebra A in a braided monoidal category is called commutative if maoca 4 =ma.
Similarly, one can define a coalgebra A = (A,A,€), where A : A - A® A and
€ : A — 1,4 obey the following coassociativity and counit conditions:

(A®14)0A=(14®A)0A, (e®ly)oA=14=(14®¢€)0A.

Definition 4.6. A Frobenius algebra A = (A, m,n, A, €) is both an algebra and a coalgebra
such that the coproduct A is an A-A-bimodules map, i.e.

(1a®@m)o(A®1y) =ARm=m®1Lg)o(laRA).

We will use the following graphical representation:

A A A

ey epa Yy

A A A
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Let B be a modular tensor category with the tensor product ® and a tensor unit 1.
The duality maps are expressed graphically (read from bottom to top) as follows:

mzvx:x*®x—>13, mzulzx®x*—>13,
¥

T T

(4.1)

r ¥ ¥
Q:uleg—wv@:c*, g):vl:lgam*@)x.

A Frobenius algebra A in a modular tensor category B is called special if moA = \114
and eon = Ao dim A for some A\ Ao = 1. It is called symmetric if it satisfies the following

A* A*
(Ld ) L/jﬁ | "
A A

Let B = Mody for a rational VOA V such that it is a modular tensor category [51].
We have 3(B) = Bx B [92]. We denote the right adjoint functor to the tensor product
functor ® : BX]B — B by ®*, which maps Frobenius algebras in B to Frobenius algebras

identity:

in BX B [71]. We denote the finite set of isomorphism classes of simple objects in B by
Irr(B). For A e 3(B), we also choose a basis {bg;a)} of home(A,i[X1j) and its dual basis

{bé.ﬁ)} of home(i X j, A) for i,j € Irr(B), i.e. bg;a) o bé,ﬁ) = 0ap lixj, and use the
following graphical notations
iXj A
X173 A
ng @) _ +a , b(i;a) - +a
A i

For an algebra A in B, its full center Z(A) in 3(B) will be defined in Definition 4.20. If A
is Frobenius algebra, Z(A) can be defined by the subalgebra of ®*(A) given by the image
of the morphism in eq. (4.4) for Apqy = A [25, 71].

Now we are ready to state a classification result for boundary-bulk CFT’s.

Theorem 4.7 ([67, 71]). A boundary-bulk CFT containing a single boundary condition,
which preserves a rational chiral symmetry V', is necessary to be a triple (Abdy\Abulk, L),
where

1. Apgy is a symmetric Frobenius algebra in B = Mody;
2. Apyk is a commutative symmetric Frobenius algebra in 3(B);

3.1 : Apuk — ®R(Abdy) is an algebra homomorphism factoring through Z(Aypqy) —
®"(Apay)
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satisfying the modular invariant condition, for all 7, j € Irr(Mody ),

1X] g X g
o
dim i dim j Abulk
dimB Apune = g Apuik (4'3)
(e}
Abuik 1Xj Abulk i[x17
and the Cardy condition
®F(Apay)
®F(Apay)

tol* = (4.4)

®F(Apay)

where ¢* is the right dual of :. The conjecture is that this triple is sufficient to give a
boundary-bulk CFT defined in Definition 4.4 [87].

Remark 4.8. The complete structure of a boundary-bulk CFT, including spectrums, cor-
relation functions, OPE, partition functions, etc., is rather complicated. The drastic sim-
plification achieved in Theorem 4.7 might looks surprising to physicists. This miracle
happens because Mody has not only the structure of a modular tensor category but also a
much richer structure called “vertex tensor category” [52, 57|, which makes the reduction
possible.

Definition 4.9. An algebra A in a fusion category is called separable if the multiplication
morphism m splits as an A-A-bimodule map. A separable algebra A is called simple if A is
a simple A-A-bimodule. A commutative separable algebra A in a braided fusion category A
is called connected if dimhomy (14, A) = 1. A connected commutative separable algebra is
also called a condensable algebra [69]. A condensable algebra in a modular tensor category
A is called a Lagrangian algebra if (dim A)? = dim A.

Using the results in [33], it is easy to show that a condensable algebra in a modular
tensor category can be automatically upgraded to a commutative simple special symmetric
Frobenius algebra (CSSSFA), which is unique up to a scalar factor in the definition of the
counit (or equivalently, the comultiplication).

Theorem 4.10. For a given boundary-bulk CFT, if all its the boundary conditions preserve
the same rational chiral symmetry V', and the bulk CFT has a unique vacuum, then

e the bulk CFT Ay, is a Lagrangian algebra in 3(B), which can be upgraded to a
CSSSFA (unique up to a scalar factor for the counit) [71];

e boundary CFT’s that share the same bulk Ay are simple special symmetric Frobe-
nius algebras (SSSFA) Apqy in B such that Apux >~ Z(Apay) as algebras, where
Z(Apay) is the full center of Apqy [25, 33, 71];
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Apuie = Z(A1) = Z(A2) = Z(A3) € 3(B)

M N

s ————

Morita equivalent SSSFA’s in B: A As Ao

Figure 8. This picture depicts a 1+1D world sheet, on which lives boundary CFT’s Ay, Ay, A3 € B
and a bulk CFT Ap,x € 3(B) given by the full center of the boundary CFT’s. The domain wall M
is an invertible A;-As-bimodule and N is an invertible As-Asz-bimodule.

e a domain wall between two different boundary CFT’s A; and Ay is given by a canon-

ical invertible A;-Ag-bimodule in Mody [18, 31].

Two boundary CFT’s are Morita equivalent if and only if their full centers are isomorphic

as algebras [70]. These results are illustrated in figure 8.

Example 4.11. In the so-called Cardy case [23, 33, 67]

4.3

e the boundary CFT’s are given by the SSSFA’s in B that are Morita equivalent to the

trivial SSSFA 15 = V. More precisely, these SSSFA’s are precisely = ® x* for z € B
equipped with the structure of a Frobenius algebra defined by

A= 1vl1 €= ul
= @z, 1 =
m = lu,1 N = Uy

1R Qrx* r® (4.5)

the bulk CFT is given by the full center Z(r ® %) = Z(1) = @jerrr(s)i* X4 in the
category 3(B) with the multiplication map defined by

k* k
D Z a . (4.6)
i,j,k€lrr(B) o
R i g

and the unit map defined by the canonical embedding 13 X 13 — Z(1g4) (see for
example [30, 71]). Note that Z(1g) gives the famous charge conjugate modular
invariant partition function;

the domain wall between two boundary CFT’s A = y® y* and B = = ® z* is given
by the invertible A-B-bimodule y ® z* [31].

Internal homs

It turns out that the object y® z*, appeared in Example 4.11, is the simplest example of a

universal construction called the internal hom. Since the notion of an internal hom plays

a crucial role in this work, we review its definition.
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Definition 4.12. Let A be a monoidal category. A left A-module M is a category equipped
with an action functor ®: A x M — M, (a,x) — a ® x and natural isomorphisms:

1,0z >z and (a®@b)Or —>a®(bOx) Va,be A,z e M, (4.7)
satisfying the following commutative diagrams:

(e®)®c)Ox = (a®(BRec)Or—=>a®@(b®c)Oz) and (a®1l4)Oxz—=>a®(lg4Ox)

l | Ny

(a®b) O (cO) a®bO(cO)) a®.

Example 4.13. A itself is a left A-module with the action functor defined by the tensor
product functor ® : A x A — A.

Definition 4.14 (Internal hom by adjunction). The internal hom [x,y]a, or [x,y] for
simplicity, is an object in A uniquely determined (up to unique isomorphism) by a family
of isomorphisms:

homy(a ® z,y) — homy(a, [z, y]) (4.8)

which are natural in all variables a, z, y.

If f:a®x — yis mapped to g : a — [x,y]| under the isomorphism (4.8), then f and
g are called the mates of each other. Taking a = [z, y], we denote the mate of the identity
map lp, ) [, y] = [#,y] by ev: [z,9] Oz — y.

Example 4.15. When A is a UFC and M = A, we have [z,y] ~ y®z* and ev : [z,y]|Ox —
y is precisely given by 1, @ v, : y @ z* @ — v.

We can equivalently define the notion of an internal hom by its universal property.

Definition 4.16 (Internal hom by the universal property). The internal hom is a pair
([z,9], [z,9]®@z = y),

which is universal among all such pairs. It means that for any such a pair (Q,Q ® = ER Y)
there exists a unique morphism f : Q — [z,y] rendering the following diagram commuta-

[z,y] ©x
e N
f
y.

Qe

tive:
(4.9)

Remark 4.17. The standard mathematical symbol 3! represents the phrase “there exists
a unique”. It is an important and enjoyable exercise to show that this universal property
determines [z, y] up to unique isomorphism. Intuitively, the internal hom [z, y] is in some
sense the “maximal” one among all possible (Q, f).
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There are two canonical morphisms defined by their mates shown as follows:
v o(1®ev
A8y~ (2] —  [pAemyer L (410

14 — [z, 2] —> 1yQr = x. (4.11)
When z = y = z, these morphisms endow [z, x| with the structure of an algebra.

Example 4.18. When A is a fusion category and M = A, the algebra structure on [z, z]
coincides with that of x ® z* defined in Example 4.11.

Example 4.19. Let A be a fusion category with the tensor product ® and A a simple
separable algebra in A. The category A 4 of right A-modules is naturally an indecomposable
semisimple left A-module category with the left A-action ©® : A x Aq — A4 defined by
(a,x) — a®x. For x,y € Aa, [z,y]4 exists and we have

[2,y]la =~ (z®@a y™)*. (4.12)
In particular, [A4,—]: Ag — A is the precisely the forgetful functor.

The notion of full center can also be defined as an internal hom [17]. Let A be a fusion
category and 3(A) be its Drinfeld center. Let A be a simple separable algebra in A. Then
the category Aya of A-A-bimodules in A is a fusion category [96]. There is an action
functor 3(A) x Aya — Ay defined by (z,7) — 2 @ .

Definition 4.20. The full center Z(A) of A is the internal hom [A, A]3 ().

4.4 Unitary boundary-bulk CFT’s

We have discussed the classification result of boundary-bulk rational CFT’s. What about
unitary rational CFT’s? The representation theory of a unitary VOA has not been seriously
studied until recently [42-44]. As far as we know, the classification theory of unitary
rational CFT’s derived directly from Definition 4.1 or 4.4, is not yet available. There
is, however, another formulation of a unitary rational CF'T based on the representation
theory of rational conformal nets, and its classification theory was known [88, 97, 98]. It
is essentially the same as that of boundary-bulk CFT’s given in Theorem 4.7 but with a
rational VOA replaced by a rational conformal net, whose module category is a UMTC,
and the two types of Frobenius algebras replaced by two types of f-Frobenius algebras
(see [72] for a review). A t-Frobenius algebra in a UMTC is a Frobenius algebra satisfying
the conditions A = m' and € = n'. For example, the Frobenius algebra constructed in (4.5)
is a T-SSSFA. We will assume that this classification also works for the unitary boundary-
bulk CFT’s defined in Definition 4.1 or Definition 4.4. We make the classification result
more precise below.

From now on, we assume that V is a unitary rational VOA of central charge ¢ such
that the category of unitary V-modules (see [42]), still denoted by Mody, is a UMTC.

If Bisa UMTC and M is an indecomposable unitary left B-module, then the category
Fung (M, M) of B-module functors from M to M can be upgraded to a UFC [38]. Therefore,
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for non-zero x € M, the category B[, 4)|[z,2] = Fung(M, M) can be upgraded to a UFC.
In this case, the simple separable algebra [z, z] is automatically a Frobenius algebra with
A :=m' and € := n'. Moreover, it is a {-SSSFA because m' is automatically a bimodule
map by the unitarity of B, ,)((z,2]-

Conversely, all {-SSSFA’s in ‘B can be realized by internal homs. Indeed, for a {-SSSFA
A, the category B4 of right A-modules is an indecomposable unitary left B-module. If z
is a right A-module, then z* is automatically a left A-module. For z,y € B 4, we have [96]

[z,y] = (z®ay™)* ~y®a z*.

In particular, A ~ [A, A] as Frobenius algebras.

If B is a 1-SSSFA in B that is Morita equivalent to A, we can also realize B as an
internal hom in the following way. Suppose that an invertible B-A-bimodule x defines the
Morita equivalence. Since — ®p x : Bg — B4 defines an equivalence between the two left
B-modules and maps B to z, we obtain B ~ [B, B] ~ [z, z] as {-SSSFA’s.

For applications in unitary boundary-bulk CF'T’s with only V-invariant boundary con-
ditions, we set B = Mody. For a given unitary boundary CFT A, i.e. a -SSSFA in B,
all unitary boundary CFT’s that share the same bulk with A are those {-SSSFA’s in B
that are Morita equivalent to A [70]. Therefore, all of them can be recovered as internal
homs [z, z] for x € B4. The category B, is an indecomposable unitary left B-module,
which is uniquely determined by the unitary bulk CFT Z(A) up to equivalence. Moreover,
there is a bijection from the set of the equivalence classes of indecomposable unitary left
B-modules to that of the equivalence classes of Lagrangian algebras in 3(B) defined by
M — [idy, idae]3(s) [19, 70], where idyy is the tensor unit of the UFC Fung (M, M) and the
action functor 3(B) x Fung (M, M) — Fung (M, M) is defined by (z, F) —» 2O F(—). When
M = Ba, we have Fung (M, M) = B 44 and idy = A.

Combining the above discussion with the assumption that unitary boundary-bulk
CFT’s based on VOA’s is equivalent to those based on conformal nets [88, 97, 98], we
obtain the following physical “theorem”.

TheoremP" 4.21. Let B = Mody be a UMTC. For a given unitary bulk CFT Apyx in
3(B) with a unique vacuum, we have the following assertions.

e The category of boundary conditions of Ay is given by an indecomposable unitary
left B-module M which is canonically associated to Apgx. We have M ~ B4 for a
unitary boundary CFT A, i.e. a -SSSFA in B such that Z(A) ~ A, as algebras.
An object x € M is called a boundary condition.

o Apu = [idy, idyt]3(s) is a Lagrangian algebra in 3(B).

e For x € M, the unitary boundary CFT associated to the boundary condition x is
given by [z, x]s, which is a {-SSSFA in B such that Z([z,x]3) ~ Abuk;

e For 2,y € M, the domain wall between the two boundary CFT’s [z, z]s and [y,y]s
is precisely given by the invertible bimodule [z, y]3.
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Remark 4.22. What we are saying above is that upgrading a rational CE'T (Theorem 4.10)
to a unitary rational CFT (TheoremP" 4.21) amounts to replacing the adjective “Frobenius”
by “f-Frobenius”.

Remark 4.23. Strictly speaking, we should require not only the bulk CFT to have a
unique vacuum, but each boundary CFT also to have a unique vacuum. Usually, a QFT
(defined on S™ or R™) with multiple vacuums is not stable. It will flow to a stable one (with
a unique vacuum) under perturbation. This requirement amounts to consider only simple
boundary conditions in M and boundary CFT’s [z, z]g for simple x € M, or equivalently,
haploid f-SSSFA’s A (i.e. dimhomg(1g, A) = 1). For this reason, we sometimes discuss
only simple boundary conditions and simple topological edge excitations in many physical
discussions.

Remark 4.24. For the category of boundary condition M of a given bulk CFT Ay, we
have a B-enriched category "M via the canonical construction (see Example A.3). For
a condensable algebra A in B, the category M := B4 is a UFC and —® A : B — M
is a central functor. We obtain a B-enriched monoidal category M via the canonical
construction given in Theorem 5.3.

Example 4.25. The unique unitary rational VOA of central charge ¢ = 0is V = C. In
this case, TheoremP" gives a classification of 141D unitary wall-boundary-bulk TQFT’s.
In particular, in this case, B = H, the only Lagrangian algebra in H is C. The category of
boundary conditions associated to the algebra C is H, which is the unique indecomposable
semisimple H-module. For x,y € H, the associated boundary TQFT’s are matrix algebras
[z,2] = £ ®c x* = hompg (z,z) and [y, y], respectively, and the domain wall between them
is [z,y] = y ® * = homy(z,y). Note that the full center of [x,z] is just the usual center
Z([z,z]) = C.

Remark 4.26. TheoremP? 4.21 plays a crucial in this work. We want physics readers to
keep in mind that this radical simplification of wall-boundary-bulk CF'T’s to internal homs
does not lose any physical information. More precisely, a single internal hom [z, y]g or
[ida, idyc]3(py (for B = Mody) automatically includes the information of the spectrum,
chiral (or non-chiral) fields, correlation functions, OPE, structure constants and partition
functions on torus or any other higher genus surfaces, etc. The key point of this miracle is
stated in Remark 4.8.

5 Constructions of gapless edges

In section 5.1, we give an explicit construction of the so-called canonical gapless edge of
a 2d chiral topological order, and show that it is a special case of the so-called canonical
construction. In section 5.2, we construct more gapless edges by fusing canonical gapless
edges with gapped domain walls.

5.1 A natural construction of chiral gapless edge of (B, ¢)

We are ready to give an explicit construction of a chiral gapless edge for a 2d chiral
topological order defined by a pair (B,c), where B is a UMTC realized by a unitary
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t=0¢@ °..
"
ra
U="V:

Figure 9. This picture depicts a 2d topological order (B, c), together with the canonical gapless
edge (V,2B), in which homs g (z,y) := [2,9] = y® 2* € B for z,y € B.

rational VOA V| i.e. B = Mody and c is the central charge of V. We denote the tensor
product in B by ® = Qy
In this case, we give a very natural construction of a chiral gapless edge of the 2d

topological order (B, c). We describe its ingredients explicitly as follows (also illustrated

in figure 9):

Topological edge excitations are all obtained from moving topological bulk excitations
to the edge. They are labeled by objects in B.

U= Miz1, = [18,18] = 13 = V, namely, all the boundary CFT’s A, and walls
between them M, , are required to preserve the largest chiral symmetry V. As a
consequence, M, are objects in B.

My, = [z,y] = y®2* € B. In particular, My, = [1,z] = .

Defect fields in M, , can be fused with those in M, . to give defect fields in M, ..
This amounts to a morphism [y, 2] ® [z,y] — [z, z] in B, which is defined as follows:

1z®vy®1z*
_—

In this case, [z, y] is automatically an invertible [y, y]-[z, z]-bimodule.

The spatial fusion of topological edge excitations My v & My, — Mygy gy (de-
picted in figure 7) is a morphism in B defined as follows:

ly/®cz/* yQa*
g~ T T .

[z, |®[z,y] = ¥ @2 @y®* (¥ @y)R(2'®x)* = [2'®x,y'®y], (5.2)

where we have used our braiding convention: the braiding ¢,/ yg.* : @' ® (y ® 2*) —
(y®2*) ® 2’ is defined by moving z’ from ¢,y > t,,% to ty < ty.+ along a path lying
entirely to the left of the world line supported on x in figure 7.
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Remark 5.1. This chiral gapless edge of (B, ¢) is the most studied edge in physics. But
our description of the complete set of observables and their fusions in (5.1) and (5.2) is new.

Remark 5.2. For a generic (B, ¢), it is not known if there exists any unitary rational VOA
V' of central charge ¢ such that B ~ Mody . If it indeed exists, it is not known how many
there are. In a special case, when ¢ = 0, the only unitary VOA of central charge zero is
V = C [40]. It means that, in this case, a 2d topological order (B, 0) can have gapped edges
(V = C) but does not have any non-trivial chiral gapless edges. It may have non-chiral
gapless edges [16, 80].

These observables on the above chiral gapless edge of (B, ¢) can be summarized by a
pair (V, Bf), where BF is a B-enriched monoidal category defined as follows:

e an object in Bf is a topological edge excitation, i.e. an object in B;

e homg(z,y) = [z, y] = y ®2™;

e the identity morphism id, : 13 — [z,z] = 2 ® * is defined by u, : 13 — = ® z*;
e the composition morphism © : [y, 2] ® [z,y] — [, z] is defined by eq. (5.1);

e the morphism ® : [2/,y'] ® [z,y] — [/ ® 2,y ® y] is defined by eq. (5.2).

It was proved by Morrison and Penneys in [91] that this categorical structure B is indeed a
B-enriched monoidal category. Moreover, it is just a special case of the so-called canonical

construction.

Theorem 5.3 (Canonical Construction [91]). Let D be a braided monoidal category
and Y a monoidal category equipped with a braided oplax monoidal functor Fy : D — 3(Y)
such that Fy(1) = 1. It endows Y with structure of an action functor ® : D x Y — Y
defined by (¢,y) — ¢ Oy := Fy(c) ® y. We assume that internal hom [z, y] in D exists
for all z,y € Y. Then we obtain from the triple (D, Y, Fy) a D-enriched monoidal category,
denoted by D‘j, as follows:

1. objects in PY are precisely the objects in Y;
2. for z,y € Y, homoy(z,y) := [z,y] in D;

3. the identity morphism id, : 1p — [z, 2] is the morphism in D given by the mate of
the canonical isomorphism 1p ®z ~ x in Y;

4. the composition morphism o : [y, z] ® [z,y] — [z,z] is the mate of the following
composed morphism:

Ly, -1Oev

[y, 2] Oy = z;

([y, 2] @ [z, y]) O — [y, 2] © ([7,y] O 7)
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5. ®: [2,¢]|®[x,y] — [v'®z,y ®y] is the mate of the following composed morphism:

([, ¥]1®[z,y]) © (2" ®z) = Fy([+", ¥ ] ® [7,9]) ®2' @ =
— Fy([«',y']) ® Fy([z,y]) ® 2’ ®x
1®Bpy ([2,y)),2/ ®la

Fy([2' ) @2 @ Fy([z,y) @z — v/ ®,
where Bp, ([zy))e * FYy([7,y]) ® 2" — 2’ ® Fy([z,y]) is the half-braiding.
The underlying category of Y is Y, and the background category of PY is D.

Using the notation of the canonical construction, we see that Bf = B. From now
on, we denote (V,Bf) by the pair (V,2B). As we will show later, only physically relevant
Fy are braided monoidal functors (NOT oplax). Hence, among all possible Y (viewed as a
finite left B-module), Y = B is the canonical choice. For this reason, from now on, we will
refer to (V,BB) as the canonical chiral gapless edge of (B, c).

Remark 5.4. Strictly speaking, for a given 2d topological order (B, ¢), there is no canonical
chiral gapless edge even if we assume the existence of a VOA V such that B ~ Mody
because such VOA’s are often not unique (see [10] and [20, 21, 81]). Once V is fixed,
however, the categorical data 2B is indeed canonical with respect to B.

We would like to provide a graphical notation for this canonical gapless edge as shown

below.

(V."B) = 7 -

In the second picture, we try to provide different “physical meanings” to the two “B”s
B
in °B.

e The background category “B”, as a UMTC, can be interpreted as a 2d topological
order. Therefore, we use this “B” to label a “fictional 2d phase” in the time direction
(depicted as the vertical plane). Note that the fictional vertical plane also remind us
the 141D world sheet of this chiral gapless edge.

e The underlying category “B”, viewed as a UFC (by forgetting its braiding), is the
category of topological edge excitations. It can be interpreted as a “fictional gapped
domain wall” between the fictional 2d phase in the time direction and the physical 2d
phase (B, ¢) in the spatial dimensions. Notice that B is indeed a legitimate gapped
domain wall (actually the trivial one) between two 2d phases (B, c) and (B, ¢).

Note that the whole fictional vertical plane, including the fictional “wall” labeled by
B, should be viewed as a single gapless edge (V,®B). This graphical notation of canonical
gapless edge in (5.3) has an immediate advantage. It seems to suggest that this gapless
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edge can be obtained, as illustrated below, by starting from a horizontal plane in the spatial
dimensions then folding the left half of the plane to a vertical spacetime plane.

(B,¢c)
B topological Wick rotation

Of course, such a folding process is physically impossible. A picture might be closer to the
physical reality is the following one. Imagine that we cut out the left half of a 2d topological
order (B, c) defined on R? by brutal force. It takes the system in the neighborhood of the
edge away from a RG fixed point. As time goes by, the edge will undergo a self-healing
process by flowing to a new RG fixed point. One of the possible RG fixed point is the
canonical chiral gapless edge (V,®B). We will show later that, in general, there are other
RG fixed points corresponding to different chiral gapless edges. What makes this picture so
amazing is its holographical nature. That is, the information lost through the brutal force
cutting in the spatial dimensions can be completely restored in the temporal dimension!

Therefore, we believe that this fictional folding process can not be just an ad hoc
bookkeeping trick. It should have some yet-to-be-clarified deep physical meanings, and
will be proved to be very useful later. Therefore, we would like to refer to this fictional
folding trick as a “topological Wick rotation”.

Remark 5.5. It is generally accepted that a chiral gapless edge of a 2d topological order
is given by a so-called “chiral CF'T”, the precise meaning of which has never been clarified.
Our result in this subsection gives a precise meaning to a “chiral CFT” as a pair (V,2B).
Note that the spaces of conformal blocks do not live on the 141D world sheet of the gapless
edge directly. It can, however, be recovered by the underlying category of ZB.

Remark 5.6. The unitary boundary-bulk CFT obtained by applying the dimensional
reduction depicted in figure 5 on the canonical gapless edge is precisely the Cardy case
presented in Example 4.11.

It turns out that the canonical construction of enriched monoidal categories also nat-
urally includes the mathematical description of a gapped edge of a 2d topological order,
i.e. a UFC, as a special case. Indeed, for an ordinary UFC M, there is a unitary braided
monoidal functor H < 3(M) defined by C — 13(3p. The UFC M can be viewed as the
H-enriched monoidal category obtain from the triple (H, M, H < 3(M)) via the canonical
construction, i.e. M = HM. Moreover, H can be viewed as the UMTC Mody for V = C,
which should be viewed as the trivial unitary rational VOA of central charge ¢ = 0. As a
consequence, a gapped edge M of a 2d topological order is described by the pair (C,HM),
where the underlying category is again the category of topological edge excitations M and
the background category is H. In this case, [z,z]g = homy(z,x), as a direct sum of
matrix algebras, should be viewed as a boundary TQFT of the trivial bulk TQFT given
by its full center Z([z,z]u) = C.
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5.2 General gapless edges

Let B = Mody. Let (C,c) be a 2d topological order that is Witt equivalent to (B, c).
In other words, the 2d topological orders (B, c) and (C,¢) can be connected by a gapped
domain wall, which is described by

e a UFC M equipped with a unitary braided monoidal equivalence ¢y : BXIC = 3(M)
(i.e. a closed fusion B-C-bimodule [77], Definition 2.6.1).

In this case, by fusing this gapped domain wall M with the canonical gapless edge (V,2B)
of (B, c), we obtain a gapless edge of (C,c). We illustrate this fusion process below:

(V,®B)_.(C, M)

H

The superscripts for 2B and HM can be viewed as fictional topological orders in the time
direction and the UFC’s B and M can be viewed as fictional gapped domain walls. If we
take this for granted, then it suggests immediately the following fusion formula:

(V,"B) K ) (C, M) = (V ®¢ C, (B ki M)) = (V,"M). (5.6)

Note that the unitary braided monoidal equivalence ¢y : B X € — 3(M) provides a
composed braided monoidal functor B < B X € K2R (M). Therefore, M is a well-
defined enriched monoidal category via the canonical construction. In this case, B is the
background category, and M is the underlying category and the category of topological
edge excitations.

The fusion formula (5.6) is a little bit mysterious. Another perhaps equally mysterious
way to understand this chiral gapless edge (V,2M) is by the topological Wick rotation
illustrated below:

(€0
M topological Wick rotation
(B,¢)

Remark 5.7. Note that our left-right convention in ¢y : BX € = 3(M) is that if the
orientation of the wall is the same (resp. the opposite) as the induced orientation of a bulk,

then this bulk phase acts on the wall from right (resp. left). We will use this convention
throughout this work.

We will postpone the proof of (5.6) until section 6.3. Let us take (5.6) for granted for
now. We list a few basic ingredients of the gapless edge (V,2M).
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1. Topological edge excitations x,y, z,--- are objects in M, and the trivial topological
edge excitation 1 is given by the tensor unit 1y of M.

2. The VOA U = M1 that can live on the entire 14+1D world sheet is given by
[1, 1], which a condensable algebra in B [19]. According to [53], U is indeed
a VOA extension of V. More generally, we have M, , = [z,y]|s for z,y € M.

From the explicit construction of the gapless edge (V,2M), we can see some general
features of gapless edges.

e In general, V ¢ U. For example, when (C, ¢) is obtained by condensing a non-trivial
condensable algebra U in (B,c) (i.e. dimU > 1), we have C = BY,, where BY; is the
category of local U-modules in B [19, 69]. This condensation also produces a gapped
domain wall between (B, ¢) and (C, ¢) described by the UFC By of right U-modules
in B. In this case, M = By, and U = [1y, 1] # V is a non-trivial VOA extension
of V. By results in [53], we have TB?J = Mody. Therefore, € % Mody in this case.

e In general, Mody % € % Mody. For example, when B = Mody is obtained by
condensing a non-trivial condensable algebra A in C, i.e. B = (3?4, the condensation
produces a gapped domain wall M = C4. In this case, the central functor B — M
is the canonical embedding @ — C4. Therefore, U = [1y, 1] = V. Note that
dim € > dim €/dim A = dim B because dim A > 1. Therefore, we have € ¥ Mody =
Mody = B in this case.

Recall that the category of boundary conditions of the unitary bulk CFT Z(U) is given
by the category By of right U-modules in B (TheoremP? 4.21). It is illuminating to study
the relation between the category By of boundary conditions and that of topological edge
excitations M on the gapless edge (V,2M).

e The composed functor L : B — B[ C e, (M) £ M has a right adjoint functor
LR : M — B, which factors as M EiN By LR B, where U = LR(1y) = [1y, 1]
is a condensable algebra in B ([19], Lemma 3.5). Moreover, the left adjoint functor
RE : By — M of R is monoidal and fully faithful ([19] Lemma 3.5), i.e. a monoidal
embedding

RE By — M. (5.8)

Namely, the category of boundary conditions By is a fusion subcategory of that of
topological edge excitations. We illustrate these functors in the following diagram:

i ———
L fRC
i 1
LR /
M

where left (resp. right) adjoints form a commutative diagram. The functor L :

(5.9)

B — M is a central functor. It endows M with a structure of a unitary left B-
module with the action functor @ : B x M — M defined by the composed functor
B x M 28D 8 B
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e In general, we have By < M. For example, let A be a non-trivial condensable algebra
A€ C. When Mody = B = €Y and M = €y, on the gapless edge (V, M), we have
U=A=V and By ¢ M. In this case, M splits as a direct sum of indecomposable
unitary left B-modules, i.e.

M~ByoM; @ @My.

For two simple objects x € By and y € M; for i = 1,--- , N, we have R(y) = 0
and M, = 0 because homg(b, M, ,) ~ homy(b® z,y) = 0 for all b € B. But
M ygy+ # 0. Moreover, the boundary CFT M, , = [y,y] # 0 because 13 — [y, y]
is non-zero. In general, the boundary CFT’s M, , and M, , are not compatible in
the sense that they have different bulk CFT’s. By Theorem 4.21, each unitary left
B-modules is associated to a unique bulk CFT. The bulk CFT’s associated to By
and M; are different in general. In other words, the dimensional reduction process
depicted in figure 5 might produce different bulk CFT’s in general. Also note that
both L and R" are monoidal functors, but L? and R are not monoidal in general.

6 Chiral gapless edges 11

In this section, we continue the analysis started in section 3 on the structures and properties
of observables on the 141D world sheet of a chiral gapless edge. This analysis leads us to
a classification theory of all chiral gapless edges of any 2d topological orders.

6.1 X! is an enriched unitary fusion category

At the end of section 3, we conclude that the observables on the 1+1D world sheet of a
chiral gapless edge of the 2d topological order (€, ¢) can be summarized by a pair (V, X¥),
where V' is the chiral symmetry and X* is an Mody-enriched monoidal category. The
objects in X! are topological edge excitations, and the hom spaces homy:(x,y) := M, , are
boundary CFT’s (if  ~ y) or domain walls between boundary CFT’s (if z # y). In order
to gain a better understanding of the hidden structure of XF, it is crucial to understand the
mysterious relation between the objects in X and the morphisms in X*. In terms of the
underlying category X of X¥, it amounts to ask for the relation between X and B = Mody .

Consider the 141D world sheets depicted in figure 10 (a), which is essentially the same
as figure 5 (b). The boundary CFT’s A,, Ay,, A, are compatible with U in the sense that
they share the same bulk CFT Z(U). As we have shown at the end of section 5, it is possible
that there are x € X such that M;, = 0, i.e. there is no boundary condition changing
operator that can change the boundary condition associated to 1 to that associated to x.
As a consequence, the whole enriched category X* splits into a direct sum of connected
components:

YxXeoxtie - -axh,

where 1 € X§ and My, o, = 0 for 2; € X}, ;€ A%, i,j = 0,--- N and i # j. Within

each connected component f)Cg, all boundary CFT’s and domain walls M,, ,, (for z;,y; €
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Az, A,
U=4 A
o M, . i UM, .
Z(U) r yo-o Z(Az) r Yiszi
Ayo Ayi

! MfoOvyO

[ [ M"Eivyi
X Aﬂ?o X Aggi
(a)

(b)

Figure 10. These two pictures depicts two possible 1+1D world sheets obtained by applying
dimensional reduction to figure 5 (a). The associated two sets of boundary CFT’s {A1, Ay, Ay, }
and {Az,, Ay,, A.,} are potentially incompatible and My, », = 0 for g € Xo, z; € X;.

X;) are necessarily compatible. Figure 10 (b) depicts three compatible boundary CFT’s
Ay Ay, Az, for o, 4, 2 € DCE and their domain walls and the associated bulk CFT.

By the Naturality Principle in physics, if A,, appears as a boundary CFT on the
1+1D world sheet of the gapless edge (V,X!), then all boundary CFT’s and their domain
walls that are compatible with A, should appear on this world sheet.! As a consequence,
by Theorem 4.21 and Remark 4.24, each connected component Ixf of X, is precisely the
enriched category ®X; via the canonical construction (see Example A.3), where X; is an
indecomposable unitary left B-module and, at the same time, the category of boundary
conditions associated to the bulk CFT Z(A;,). Therefore, we obtain

X~ @%@ @Ay
as B-enriched categories and

X=2XgPX1PD---PXApN

as unitary left B-modules. We denote the left B-action on X by ©®: B x X — X. In other
words, X* ~ BX as B-enriched categories with [z,y]s ~ Mgy for x,y € X. We want to
show that it is also an equivalence of enriched monoidal categories.

Remark 6.1. When V = C, B = H and the edge (C, HDC) is gapped. In this case, H has a
unique indecomposable unitary left H-module H. Therefore, X ~ H® --- @ H as unitary
left H-modules, i.e. X; = H. In this case, Mgy, z; =0 for x; € X;,z; € Xj and ¢ # j. For
x; € X; = H, the matrix algebra [z;,z;|lm = homy(z;,x;) is actually a 041D boundary
TQFT, which has a trivial bulk TQFT given by its center Z([z;, x;]) = C. The ordinary
center is also the full center in this case.

Lunless there are additional unknown symmetry principles that forbid certain boundary CFT’s or walls
to appear.
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Remark 6.2. By Theorem 4.21 and ([18], Proposition 7.3), the result X! ~ BX implies
that
My, - @my, . Ma,y, = Mz, 2, for non-zero objects x;,y;, z; € X;.

Morrison-Penneys’ classification of B-enriched monoidal categories [91] indicates that
X is necessarily obtained from a triple (B, X, Fx) via the canonical construction, where
Fy : B — 3(X) is a braided oplax monoidal functor such that the composed functor

L:B 5 (X) £ % is left adjoint to a functor My _ : X — B, which will be defined
later, i.e.

B 300 (6.1)

N

X.

In our case, since X is already a unitary left B-module with [z,y]g = M,,, the result
turns out to be even stronger: Fy is a unitary braided monoidal functor (NOT oplax), or
equivalently, L is a central functor (recall Diagram (2.5)). To see this, let us go through
some parts of Morrison-Penneys’ proof that are adapted and simplified to suit our case.

1. There is a well-defined C-linear functor My _ : X — B defined by y — M7, and

~ 1 .
[ (Myy —VQ®y My, Jevl, vy @v My y °, My ) for f:y—y inX.

It is clear that M; _(X;) = 0 for ¢ > 0.

2. Let L : B — X be the left adjoint functor of My _. The category of topological edge
excitations X is monoidal. The natural physical requirement is that each topological
edge excitation should have its anti-particle. This requires X to be rigid thus a UFC.
We want to show that L is a central functor.

3. By definition (see [91], section 2.7), X% is rigid if and only if X is rigid. The rigidity of
X* implies the Frobenius reciprocity: M, y@.+ ~ Mgz ~ M, 1xgy ([91], section 2.7).
In particular, we have

M$7y ~ Ml,a:*@y ~ Ml,y@cc* >~ My*,x*- (62)

4. We have L(13) ~ 1 because homy(L(1s),z) ~ homg(1s, My ) ~ homx(1,z) for
x € X. Moreover, we have

homy(L(a) ® z,y) ~ homy(L(a), y ® ) =~ homsp(a, My yeu+) = homs(a, M)
~ homy(a ® z,y).

Thus L(a) ® x ~ a®x for a € B and z,y € X. Then L(a) ~ a ® 1. This further
implies the following isomorphisms:

La)®L(b) ~a® (b®1) ~ L(a®b).

Therefore, L is monoidal.
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5. The monoidal functor L : B — X is a central functor. This amounts to show that
each L(a) can be endowed with the structure of a half-braiding [19]. Indeed, we have

homy(L(a) ® z,y) ~ homg(a, M) ~ homs(a, M7 z+g,) ~ homx(L(a), z* ®y)
~ homy(z ® L(a),y).

Therefore, we obtain a half-braiding isomorphism L(a) ® z ~ x ® L(a) as desired by
Yoneda Lemma. Further details of the proof could be found in [91].

6. Moreover, by the physical requirement, the natural isomorphisms in eq. (6.2) should
be unitary.? Consequently, the natural isomorphisms L(a) ® L(b) ~ L(a ® b) and
L(a) ®  ~ 2 ® L(a) are all unitary. Namely, Fy : B — 3(X) is a unitary braided
monoidal functor.

The physical meaning of above proof is not very explicit. In the rest of this subsection,
we would like to explain some of its hidden structures in more physical terms and some
physical consequences.

1. Since 1 € Xy and Ay = U, by Theorem 4.21, we must have Xy ~ By as left B-
modules. We want to construct a canonical equivalence Xy ~ By explicitly. Note
that, for zp € X, there is a natural right U-action on My ,, (see figure 11):

©: M1z, Qv M11 — My g,

which endows Mj 4, with the structure of a right U-module. Therefore, the functor
My, : X — B factors through the forgetful functor f : By — B, ie. My _ = fo R,
where R : X — By is defined by x — M;,. We want to show that the functor
R : Xy — By is the canonical equivalence we are looking for.

2. It is clear that R(X;) = 0 for ¢ > 0. By Theorem 4.21, each boundary condition
X € By can be realized as the domain wall [U, X]z = X between the boundary
CFT’s U and [X, X]g because [X,—]p : By — B is precisely the forgetful functor
(recall Example 4.19). Therefore, My 4, for xg € X recovers all boundary conditions
in By, or equivalently, R : Xy — By is essentially surjective. Moreover, for x € X,
the domain wall R(z) = My, as an invertible domain wall uniquely determines the
boundary CFT M, ,, which has to be [R(z), R(z)]s by Theorem 4.21. Then, for
z,y € Xo, we must have M, , ~ [R(z), R(y)]s and

homy (z,y) = homsg(1s, M, ) ~ homsg(1s, [R(z), R(y)]|s) ~ homs, (R(x), R(y)).

It is implies that R is fully faithful. Therefore, R : Xy — B is an equivalence of finite
unitary categories.

2 An isomorphism f in a #-category is unitary if fT = f=!
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3. Let R be the left adjoint functors of R. The left adjoint functor of f is — ®y U. we
obtain the following diagram (similar to the diagram (5.9)):

B By

where the right and left adjoint functors form two commutative diagrams, respec-
tively. Since R(X;) = 0 for i > 0, R" factors as By — Xg — X.

4. We explain that By is also a UFC. Mathematically, for y € Xo, the right U-module
My , may have more than one possible left U-actions. But there is only one that is
physically meaningful. It is determined® by the adiabatic move along the path 73
depicted in figure 11. According to our braiding convention (recall Remark 3.11),
this left U-action is defined by

CU,M7q

U v Ml,y

M17y ®V U - M17y7

where c_ _ is the braiding in B. This left U-action allows us to fuse My, with M ,
horizontally (in figure 11) to give My, ®u M1,. As a consequence, By is a UFC
with the tensor product ®y and the tensor unit U. Moreover, the functor —®y U is
monoidal.

5. Since L : B — X is a central functor, by ([19], Lemma 3.5), the functor R defineds
a monoidal equivalence from By to its image in X. Since the left B-module structure
on X is induced from the monoidal functor L, the monoidal functor R is also a
left B-module functor. Since Xy ~ By as left By-modules, RY : By — Xo must
be an equivalence of left By-modules. Therefore, R : Xg — By is an equivalence
of left By-modules and a monoidal equivalence. In particular, we have a canonical
isomorphism:

My gy ~ My Qu My y, for y,y’ € Xp. (6.3)

6. Note that (6.3) does not hold for general x,y € X. For example, if z € X; for i > 0,
then My, = 0 but M g+ # 0. For a gapped edge (C,HX), (6.3) is almost never
true as we have seen in (2.4). On the other hand, (6.3) is always true for either y ~ 1

/
ory ~1.

Remark 6.3. Using R : Xg — By, we can identify Xg with By. For z,y,2/,y" € Xo,
by the properties of internal homs, we obtain M, , ~ My, ®u M, 1. It means that M, ,

3Mathematically, it means that the OPE between the fields in U and those in M3 along the t = t2-line
is determined by that along the vertical line via an analytic continuation along the path ~5 ! [52].
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Figure 11. This picture depicts a special situation on the 1+1D world sheet of the chiral gapless
edge (V,X*) for z,y,’,y’ € Xo. It shows that the horizontal U-actions on My, My 1, My 4, M, 1
are determined by the vertical U-actions via the braidings long the fours paths, respectively.

can be split into My, and M, 1 without altering the physics (depicted in the right half of
figure 11). It is also clear that the dual formula of (6.3):

My Qu Mza ~ Myge 1, for z,z' € Xy.

also holds. As a consequence, the spatial fusion of M,/ ,, and M, , can be achieved by
fusing My v, My 1, M1y, M1 as shown in figure 11. The braided interchange property
(recall Diagram 3.8) implies that the morphism (3.6) must be an isomorphism:

Mx’,y’ QU M:v,y = Mx’@x,y’®y7 for az,x’,y,y’ € Xo. (64)

This formula does not hold for general x,2’,y,y" € X. This also explain why (5.2) is an
isomorphism because X = Xy for the canonical chiral gapless edge. When V' = 0 (i.e. edge
is gapped), Xo = H and (6.4) simply says that the tensor product of two matrix algebras
is again a matrix algebra. More formula of this type will be given and studied in [76].

The results in this subsection motivates us to introduce the following definition.

Definition 6.4. An enriched monoidal category 2X obtained by the canonical construction
from a triple (B, X, Fy) is called a B-enriched (unitary) multi-fusion category if

1. B is a (unitary) braided multi-fusion categorys;
2. X is a (unitary) multi-fusion category;
3. Fy : B — 3(X) is a (unitary) braided monoidal functor.
It is called a B-enriched (unitary) fusion category if both B and X are also fusion categories.
Then the results in this subsection can be summarized as follows:

e A chiral gapless edge (V,X!) of a 2d topological order (C,c) is precisely given by
(V,BX), where B = Mody is a UMTC and 2X is a B-enriched unitary fusion category.
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6.2 Classification theory of chiral gapless edges

The last constraint on the mathematical description of a chiral gapless edge is that it must
satisfy the so-called boundary-bulk relation, which says that the center of a gapped/gapless
edge should coincide with the UMTC describing the bulk phase [75]. Motivated by the
physical meaning of the boundary-bulk relation for 2d topological orders, we introduced
the notion of the center of an enriched monoidal category in [78]. We will not give the
precise definition of this notion in this work. Instead, we will do that in Part IT [80].

Theorem 6.5 ([78]). For a B-enriched fusion category ®X obtained from a triple
(B, X, Fy), its center 3(3X) is given by the centralizer of the image of B in 3(X), denoted
by Fx(B)'[30x)-

Therefore, the requirement of boundary-bulk relation, i.e. 3(3X) ~ €, is equivalent
to the condition: Fy(B)'|3x) ~ € as UMTC’s. Since B is a UMTC, the functor Fy
is necessarily a braided monoidal embedding. Therefore, we obtain B x] € ~ 3(X) as
UMTC’s [19]. Similar to gapped edges, to uniquely determine the edge, we need specify
how the topological excitations in the bulk are mapped to those on the edge [69]. This is
given by a central functor € — X (recall Diagram (2.5)). Together with Fy, we obtain a
unitary braided monoidal equivalence:

¢y : BRE = 3(X), (6.5)
which should be viewed as a defining data of the edge. This completes our analysis.

Remark 6.6. The existence of a braided monoidal equivalence ¢y in (6.5) should be viewed
as an anomaly-free condition. Namely, the bulk (€, ¢) should resolve all the anomalies of
the edge (V,®X) viewed as an anomalous 1d phase.

How do we know whether we have found all the physical requirements of 2X? We
have indeed found all of them because the pairs (V,2X) are precisely those chiral gapless
edges constructed in section 5.2 via the physical process of fusing canonical gapless edges
with gapped domain walls (with a loophole to be fixed in section 6.3). In other words,
topological Wick rotations realize all chiral gapless edges.

We have found the precise mathematical description of the observables on the 141D
world sheet of a chiral gapless edge as a pair (V,2X). We need to answer a few physical
questions before we claims that this mathematical description actually classify all chiral
gapless edges.

1. What do we mean by a chiral gapless edge physically? In reality, if a chiral gapless
edge of a 2d topological order is realized in lab, it might not have any topological
edge excitations on it at all before we introduce topological defects (or impurities)
onto the edge. In this context, by a chiral gapless edge described by (V, BDC), we mean
the maximal way of inserting topological defects onto the edge without breaking the
chiral symmetry V.
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2. How do we know different pairs describes different edges? We provide three answers.
First, two different edges can be obtained by fusing canonical edges with two different
gapped domain walls along two potentially different 2d topological orders. There-
fore, a transition between two chiral gapless edges can be understood as a gap-closing
topological phase transition between two 2d topological orders, together with a gap-
closing transition between two gapped domain walls. Secondly, for two different X
and &'/ , the categories of topological edge excitations are different; mathematically,
BX and X', as two FE-algebras, can be viewed as different topological invariants
defined on open 1-disks. They lead to different global topological invariant by inte-
gration or factorization homology [3]. Changing of topological invariants is associated
with a phase transition in general. Thirdly, for a given chiral gapless edge (V,®X),
when we introduce more defects that break the chiral symmetry V' to a smaller one
(see Remark 6.11), we believe that this process of breaking of chiral symmetry should
cause a purely edge phase transition.

3. How to define a phase transition between two 1+1D gapless phase? A phase transi-
tion between two gapped phases are defined by closing the gap. But a phase tran-
sition between two gapless phases is not so clear from this perspective. As far as
we know, there is no model-independent definition of such a phase transition. In-
terestingly, the physical intuition of chiral gapless edges actually provides us three
possible model-independent definitions of a phase transition between two potentially
anomalous 1+1D gapless phases.

a) We can define such a phase transition as a process of changing or breaking local
p p ging g
quantum symmetries (i.e. chiral symmetries in this case).

(b) Since all chiral gapless edges can be obtained by fusing the canonical chiral
gapless edges with gapped domain walls along two 2d bulk phases, we can define
the phase transition between two chiral gapless edges by a gap-closing topological
phase transition between two bulk phases and that between two gapped domain
walls.

(¢c) We can define such a 1+1D phase transition by a 2d topological phase transition
via a topological Wick rotation. More precisely, a 2d topological phase transition
from a 2d topological order (B, ¢) to a new one (D, c) can be achieved by first
introducing some islands of (D, c¢)-phases into the 2d topological order (B, c)
as depicted in the first picture in figure 12. When these islands proliferated,
a topological phase transition from (B,c) to (D,c) occurs. By Wick rotating
this process, we obtain a description (or a definition) of a purely edge 1+1D
phase transition as depicted in the second picture in figure 12. This definition
automatically makes sense in any dimensions. We will return to this point in
section 7.

As a consequence of these definitions, any chiral gapless edge (V' VB ) can be ob-
tained from another one (V,%X) via a purely edge phase transition.
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Figure 12. These two pictures depict a physical description of pure edge phase transition via a
topological Wick rotation.

We conclude that the mathematical description of observables on a 141D world sheet
of a chiral gapless edge as a pair (V,2X) provides a classification of all chiral gapless edges.
We summarize this result as a physical theorem.

Theorem? 6.7. Gapped and chiral gapless edges of a 2d topological order (C,c) are
precisely described and classified by pairs (V, 2X), where

e V is a unitary rational VOA of central charge ¢ such that B := Mody is a UMTC;
e X is a UFC equipped with a unitary braided monoidal equivalence ¢ : BXIC — 3(X);

e BX is the B-enriched UFC obtained via the canonical construction from the triple
(B, X, Fy), where Fy is the unitary braided monoidal functor defined as follows:

Fy: B BEE 25 3(X).

Equivalently, for the convenience of numerical computation,

e all gapped and chiral gapless edges of (€, ¢) are classified by pairs (V, A), where A is
a Lagrangian algebra in Mody X C.

When V = C, the edge is gapped. In this case, Mody = H.

Remark 6.8. Unstable edges naturally occur if we fuse a chiral gapless edge with a gapped
domain wall. If we allow unstable edges in our mathematical description, we can simply
replace the condition that X is UFC by a weaker condition that X is a unitary multi-fusion
category (see also Remark 6.15).

Remark 6.9. There is a nice classification of gapless edges for abelian 2d topological orders
given in [9]. It will be very interesting to compare their results with ours. Constructing new
gapless edges via anyon condensations of a non-abelian bulk phase (€, ¢) was considered in
some special cases in [6]. Our constructions of gapless edges are more general than those
obtained by condensing the bulk [19, 69].

Example 6.10. Consider a conformal embedding V < A of unitary rational VOA’s of
central charge c, e.g.

su(m)y, X su(n)y, < su(mn)i, sp(2m)y, x sp(2n), < so(dmn)y,

so(m)y, x so(n)my, < so(mn)i, so(m)g X su(2)py, < sp(2m)y,--- .
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Then A can be viewed as a condensable algebra in B = Mody [19, 53] and we have
Mody =~ BY. Therefore, the two topological orders (B, c) and (Mod, ¢) can be connected
by a gapped domain wall given by B 4. By topological Wick rotations, we obtain

e a chiral gapless edge of (B, c) defined by (A4,M°d4(B,)), in which M; ; = A;
e a chiral gapless edge of (Mod , c) defined by (V,®(B%Y)), in which My, = A.

Remark 6.11. Recall Remark 3.7, for a given chiral gapless edge, the chiral symme-
try is chosen to be the maximal one that is transparent on the entire 141D world sheet
of the edge. If we choose a smaller one, i.e. V' < V, then the category of bound-
ary conditions for the same bulk CFT Z(U) will be enlarged to (Mody/)y. Note that
(Mody)y ~ ((Mody+)))v & (Mody+)y. The category of topological edge excitations will
be enlarged to (Mody)y Kod, X.

It is not yet possible to list explicitly all chiral gapless edges for a given chiral 2d
topological order because, for a fixed UMTC B, how many unitary rational VOA’s V
satisfy Mody ~ B as UMTC’s is still an open question. It was conjectured that every
UMTC € (without fixing ¢) can be realized by the category of unitary modules over a
unitary VOA (see for example [39, 102]). It is not true if we also fix ¢. More precisely, for
a pair (C,c), in general, it is not possible to find a VOA V of central charge ¢ such that
€ ~ Mody . For example, when € is non-chiral and € % H, such V does not exist because
the only unitary VOA of central charge 0 is the trivial one V = C. In other words, the
non-chiral 2d topological order (C,0) does not have any chiral gapless edges. It has only
gapped and non-chiral gappable gapless edges (recall Remark 5.2). It is, however, possible
to find V' of central charges of 87 such that € ~ Mody [39]. It is interesting to note that
our classification result actually supports a different conjecture:

Conjecture 6.12. For a UMTC € and a central charge ¢ such that cte()p = c¢(mod 8),
there is at least one unitary VOA V of central charge ¢ such that Mody is a UMTC Witt
equivalent to C.

Remark 6.13. Interestingly, if there are only finitely many chiral gapless edges of a given
bulk phase (€, ¢), an assumption which is not totally unreasonable, then our theory suggests
that there are only finitely many unitary rational VOA’s with central charge ¢ such that
their module categories are UMTC’s that are Witt equivalent to C.

Remark 6.14. A domain wall between two 2d topological orders can be realized as an
edge by the folding trick. Therefore, the classification theory of the gapped and chiral
gapless edges also provides that of the gapped and chiral gapless domain walls.

6.3 Universality at RG fixed points

The reasoning behind our classification theory of chiral gapless edges given in section 6.2
will not be complete unless we fill the one last loophole. Note that we have not yet provided
any explanation of the mysterious formula (5.6). We will do that in this subsection.
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Figure 13. The picture (a) depicts two chiral gapless domain walls (Vig, M) and (Vz, BN). The
vertical direction is the direction of time. The picture (b) depicts the new wall obtained after the
fusion, where zp := z Xlp p,yp := yXp ¢ € M[Xp N. The arrows on the dotted lines are the
orientation of the wall. It determines the order of the fusion product of wall excitations.

Instead of explaining the mysterious formula (5.6), we would like to explain a more
general formula, which describes the fusion of two chiral gapless domain walls (recall Re-
mark 6.14). We illustrate two chiral gapless walls before the fusion in figure 13 (a) and
after the fusion in figure 13 (b). More precisely, A, B,C, D, € are UMTC’s, and M and N
are UFC’s equipped with unitary braided monoidal equivalences ¢y : CKAX D —> 3(M)
and ¢ : DRI BX E —> 3(N).* The vertical direction is the direction of time. Two ver-
tical planes depict the 14+1D world sheets (or fictional bulk phases) of two chiral gapless
domain walls (Vy,”*M) and (Vg,PN). Note that V), and Vi have central charge co and c3,
respectively. They precisely make up the difference of the chiral central charges of the two
sides of the wall. Now we propose a formula for the spatial fusion of these two walls:

(Va, M) B ey r) (Vs *N) = (Va ®c Vs, H2 (M Ep N))- (6.6)
Note that this formula covers the formula (5.6) as a special case.

Remark 6.15. Note that M X]p N is in general a multi-fusion category even if both M
are N are fusion ones. In this case, it describes an unstable domain wall, which can flow
to a stable one under RG flow [3]. Since the multi-fusion categories naturally appear in
such a fusion process, it is also natural to use unitary multi-fusion categories to describe
the category of topological wall excitations.

Before we explain the formula (6.6), we first recall that M., = [z,y]s. By Defini-
tion 4.16, M, , is universal in the mathematical sense. More precisely, [z, y]s, as a space of
boundary condition changing operators, is equipped with a map ev : [z,y]g©®z — y, which

4Our convention is that the fictional bulk phase A (or B) sits on the left side of the oriented wall (recall
Remark 5.7).
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specifies how the boundary condition changing is done. For any space of boundary condi-
tion changing operators, i.e. (@, f: Q ®x — y), where @ is the space and f specifies how
the boundary condition changing is done, there exists a unique morphism f: Q — [z,y]s
exhibiting the following diagram

[z, y]l3 O (6.7)

f

QOw x

commutative. We believe that it is just a special case of a more general principle for physics
at a RG fixed point. More precisely, we propose

Principle of Universality at RG fixed points: A physical theory at a RG
fixed point always satisfies a proper universal property in the mathematical
sense.

Another example of the Principle of Universality is the boundary-bulk relation, i.e.
bulk = the center of a boundary [75]. More precisely, the unique gapped n+1d bulk B(X)
of a (gapped or gapless) nd boundary X satisfies the following universal property:

B(X)®X

31 X (6.8)

QXX X.

where B(X) is viewed as an nd topological order by forgetting additional structures, [X] is
the stacking operation of two phases, and both m and ¢ are morphisms between potentially
anomalous nd (gapped or gapless) phases (introduced in [75]) and define a unital B(X)-
action and a unital Q-action on X, respectively. When X is a gapped boundary of a 2d
topological order, the 2d bulk B(X) is precisely given by the Drinfeld center 3(X) of X,
which is viewed as a unitary fusion category. Mathematically, in this case, [X] is the Deligne
tensor product; m is just the tensor product functor ® of X, and is unital and monoidal; and
the unital action g is also monoidal; and (6.8) is nothing but the mathematical universal
property of the Drinfeld center.

More examples will appear below. Note that the condition “at RG fixed point” is
crucial. This principle can not be true for general QFT’s or many-body condensed matter
systems that are not at RG fixed point. However, for general QFT’s, we believe that
observables (such as those in the bulks, boundaries, walls or other defects, instantons, etc.)
should factor through the universal ones.

Now we return to the physical situation depicted in figure 13. A typical example of
physical observables on the 141D world sheet of each gapless wall before the fusion are
[z,y]4 for x,y € M and [p, q] for p,q € N. If we treat two vertical planes as two real bulk
phases in space, then, when we fuse them, the observables [z,y]4 and [p, ¢]g should also
fuse and give [z,y]4 X [p,q]s € AXI B (see figure 13 (b)). This naive picture contradicts
to both the formula (6.6) and the Principle of Universality.
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It is again a typical quantum quenching scenario. When we fuse two walls in the
spatial dimensions, only thing we should expect is that the categories of wall excitations
M and N are fused together to give M Xlp N. Indeed, the topological excitations in D
acts on those in M from right according to (m,d) — m ® d and on those in N from left
according to (d,n) — d®n. Assume that this fusion produces a functor F' from M XN to
the not-yet-known category of topological excitations in the final wall. We should expect
that F(m ®d,n) ~ F(m,d®n) for m € M,n € N. Such F is called a D-balanced functor.
The relative tensor product Kp : M x N — M [xlp N, defined by (m,n) — m[Xlp n, is an
example of such D-balanced functors, i.e. (m ® d) Xlp n ~ mXp (d ®n), and is universal
among all D-balanced functors. That is, for any D-balanced functor G : MXIN — Y, there
exists a unique G : M [Xlp N — Y such that the following diagram

MEN 22 My N

X iH’G

Y

is commutative. By the Principle of Universality, we conclude that the category of topo-
logical excitations on the wall after the fusion is given by M Xlp N. It is worthwhile to
remind the readers that this is precisely how two gapped walls are fused [37, 64, 69]. As a
consequence, by ([77], Theorem 3.3.6) and the boundary-bulk relation (recall Theorem 6.5),
the background category of the wall after the fusion has to be A X B.

Assume that this fusion happens at ¢ = 0. Then two wall excitations x € M and
p € N are fused into a new wall excitation zp := x Xlp p € M XIp N. According to the
discussion in section 3.2, observables living on the world line support on it will be changed
to the boundary CFT My, p, which is precisely given by [xp, xp|axgs. Similarly, topological
excitations y € M and ¢ € N is fused to yq := y Xlp q. Therefore, the domain wall between
the two boundary conditions zp and ygq should be given by M, 44 = [2p, yq]Axs-

In general, the spatial fusion of instantons [z,y]4 X [p,q]s is not invariant under
RG flow,> which will drive it to a new RG fixed point given by [zp,yqlaxs. Indeed,
[z, y]aXI[p, q]5 is a space of boundary condition changing operators because it is equipped
with a natural way to do the “boundary condition changing”:

ev[Xp ev
_—

([z, y]a X [p, ¢ls) © (¢ &p p) := ([2,y]4 © ) Ko ([, q]s Op) y&p q.

Therefore, there exists a canonical morphism g : [z, y]4X[p, ¢]3 — [zp, yq] by the universal
property of the internal hom (6.7). When g is not an isomorphism, it means that additional
operators such as excitations tunneling between two 1d walls becoming local as the walls
getting close, and it is a manifestation of the spatial fusion anomaly and, at the same time,
a mathematical description of the RG flow. The appearance of spatial fusion anomaly is
due to the fact that both domain walls are anomalous 1d phases which allows additional
operators to become local as two 1d walls getting close. Indeed, when both of the 1d phases

SFor example, in the case discussed in (5.5), take z = y = 13 and p = ¢ = 1. On the one hand, we
have [1s,1s]s X [1a, 1a]Ja ~ 1z = V. On the other hand, we have [1n, 1n]s = U # V in general (see
section 5.2).
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are anomaly-free, what live on two world sheets are modular invariant bulk CFT’s. In this
case, ¢ is indeed an isomorphism, or equivalently, spatial fusion anomaly vanishes.

In summary, we have provided an explanation of the formula (6.6) in terms of RG
flow and Principle of Universality. Therefore, the reasoning behind our main result
TheoremP® 6.7 is complete.

7 Conclusions and outlooks

In this work, for a 2d topological order (C,c), we have found a complete and precise
mathematical description of all observables on the 1+1D world sheet of a 1d chiral gapless
edge. This description also provides a mathematical classification of all chiral gapless edges
as summaried in TheoremP? 6.7. As a consequence, all chiral gapless edges can be obtained
from topological Wick rotations.

The significance of this work is manifold. As we will show in [80], the mathematical
theory of chiral gapless edges immediately implies a theory of non-chiral gapless edges and
a generalization of the old boundary-bulk relation ([77], Theorem 3.3.7) to include gapless
edges. Besides these immediate generalizations, there are more surprising and exciting
implications of this work.

1. It provides a new and systematic way of describing and classifying all gapless edges
of 2d symmetry protected/enriched topological orders.

2. It provides a new and systematic way of studying all 1+1D phase transitions among
gapped or gapless 1d phases.

More importantly, this work also suggests that we can study higher dimensional gapless
boundaries similarly because many of the physical arguments used in this works, such as
dimensional reductions, topological Wick rotations and Principle of Universality at RG
fixed points, should work automatically in any dimensions.

1. As we mentioned in section 2.3, the main results of [75] says that a topological order
in any dimension is determined by one of its boundaries by taking center regardless
if this boundary is gapped or gapless (see [75], Remark 5.7). As a consequence, if
an n+1d topological order has a precise mathematical description based on higher
categories (see [73, 74]), so does its nd gapless boundary. This prediction is already
highly non-trivial and rather surprising. In particular, this work can be viewed as a
consequence of this prediction.

2. This work also suggests that we should be able to construct gapless boundaries of
higher dimensional topological orders via the topological Wick rotations together
with additional information of local quantum symmetries such as the chiral sym-
metry in this work. Note that the topological Wick rotation depicted in (5.7) au-
tomatically makes sense in all dimensions. This provides a new way to construct
and describe potentially anomalous gapless phases in higher dimensions by certain
enriched higher categories. Although the topological Wick rotation alone can not de-
termine local quantum symmetries, it does provide a severe constraint on the possible
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local quantum symmetries. Moreover, many results can be derived without knowing
local quantum symmetries. If this surprising speculation is indeed correct, it will be
a very exciting progress for a systematic study of gapless phases in higher dimen-
sions. Moreover, this work also suggests that a phase transition between two n+1D
gapless phases can be defined by a gap-closing n+2D topological phase transitions
via topological Wick rotations as illustrated in figure 12, which automatically makes
sense in any dimensions.

We summarize above observations by a correspondence between gapped and gapless
phases. It will be called Gapped-Gapless Correspondence, and will serve as a guiding
principle for our future studies.

Gapped-Gapless Correspondence: All nd gapless boundaries (or poten-
tially anomalous nd gapless phases), including higher codimensional domain
walls, of an n+1d topological order can be obtained from topological Wick
rotations together with additional information of local quantum symmetries.
Moreover, a phase transition between two gapless boundaries (without altering
the bulk topological order) can be defined by a gap-closing topological phase
transition via a topological Wick rotation (see figure 12).

The typical structures of local quantum symmetries for QFT’s in higher dimension will be
briefly discussed in ([80], Remark 3.1).
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A Enriched monoidal categories

We first recall the notion of a category enriched in a monoidal category [60]. Let A be a
monoidal category with tensor unit 1, and tensor product ® : A x A — A.

Definition A.1. A category C! enriched in A, or an A-enriched category, consists of a

set of objects Ob(CF), an object homes(x,y) in A for every pair z,y € @!, a morphism
id, : 14 — home: (, x) for every x € €f, and a morphism o : home (y, 2) ® home: (, y) —
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homge; (z, 2) for x,y,z € €, such that the following diagrams commute for z,y, z, w € C%:

homes (x, y) ® home; (z, x) (A1)
y \
home: (x, y) homes (z,y),
home: (v, y) ® homes (x, y) (A.2)
y \
homg; (z,y) homg: (2, y),
homes (2, w) ® homes (y, 2) ® homes (z, y) & home; (2, w) ® homey (z, 2) (A.3)

o@li l

home; (y, w) ® homes (x, ) ° home; (x, w).

Remark A.2. We distinguish the notation id, and 1,, where the former one is the identity
morphism in an enriched category, and 1, is the identity morphism in an ordinary category.

Note that an ordinary category is a category enriched in the category of sets. We will
call an element f € homy (1, homes(z,y)) a morphism from z to y, denoted by f : z — y.
A morphism f : z — y is called an isomorphism (or invertible) if there is a morphism
g :y — x such that go f =id, and fog = id,.

Now we define the underlying category of G, denoted by €. The category C consists
of the same objects as those in € and

e home(x,y) := homy (1, home: (z,y)) for =,y € Ob(CH);
e the identity morphism 1, € home(z, z) is just id,; : 1 — homes(x, );

e the composition map home(y, z) xhome(z, y) — home(z, 2) is defined by the following
composed map

homA(17 hom@ﬁ (ya Z)) X hOHlA(]_, hom@ﬁ (l‘, y)) @ homA(17 hom@ﬁ (ya Z) ® hom(ﬂ’ﬁ (I‘, y))
— homy (1, homes(x, y)).

Example A.3. (Canonical Construction) Let M be a left A-module category which has
internal homs in A, i.e. the functor — ® x : A — M admits a right adjoint [z, —]: M — A
for every z € M. Then M can be promoted to an A-enriched category M? which has the
same objects as M and homy(x,y) = [z,y]. The composition o is given by the canonical
morphism [y, 2] ® [z,y] — [z, 2] and id, is given by the canonical morphism 1 — [z, z].
We also denote this enriched category by #M. Note that its underlying category is just M
because homy(z,y) ~ homy (1, [z, y]).

Example A.4. If A is rigid, then it can be promoted to an A-enriched category Af.
In this case, homs(x,y) = y ® z* where z* is the left dual of z, homy:(1,1) = 1,
o: (2®Y*) ®(y®z*) - z®a* is induced by the counit map v, : ¥y* ® y — 1, and
id, is given by the unit map u, : 1 — = ® =*.
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Definition A.5. An enriched functor F : G — D! between A-enriched categories consists
of a map F : Ob(C*) — Ob(D*) and a morphism F : home: (z,y) — homq; (F(x), F(y)) for
every pair z,y € Cf such that the following diagrams commute for z,y, z € C%:

/w

home (¢, ) —————— homqy (F (), F(2)),

homes (y, 2) ® home: (x, y) ° home; (, 2) (A.4)

ror| |7

homays (F(y), F(2)) ® homy (F(x), F(y)) —— homqs (F (), F(2)).

It is clear that the composition of two enriched functor is again an enriched functor.
The enriched functor F : €f — D¥ naturally induces an ordinary functor F : € — D.

Example A.6. Let AM and “N be two A-enriched categories obtained from the canonical
construction in Example A.3. Then an A-module functor ' : M — N naturally defines an
enriched functor F : M# — N¥.

Definition A.7. An enriched natural transformation £ : F — G between two enriched
functors F, G : €f — DF consists of a morphism &, : F(z) — G(z) for every x € € such that
the following diagram commutes for x,y € €

¢ homy (G(z), G(y)) (A.5)

vl |-

homq; (F(x), F(y)) homy; (F(z), G(y))-

An enriched natural transformation ¢ is called an enriched natural isomorphism if each &,

hom(‘fﬁ ($7 y)

Eyo—

is an isomorphism.

Now we assume A is a braided monoidal category equipped with braiding c; , : T®y —
y®x for z,y € A. Let Cf, D be A-enriched categories. The Cartesian product C* x DY is
an A-enriched category defined as follows:

e Ob(C! x DF) = Ob(CH) x Ob(DY);
e homes i ((2,y), (z',y')) = homes (x, 2') @ homap: (y, ¥');
e the composition
o+ homes ez (', y), (2", ")) @homes i (2, ), (27, y)) — homes . pa (2, y), (2, y"))
is given by
homes (2', ") ® homp: (v, y") ® homes (2, 2') ® homays (y, y')

1981, homes(2/, ") © home (z, ') © homyp (3, y") ® homoe (y,5/)  (A.6)

—°®°_, homes (, ") ® homay: (y, ")
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Definition A.8. An A-enriched monoidal category consists of a category Cf enriched in
A, an object 1e4, an enriched functor ® : Cf x €% — €¥, and enriched natural isomorphisms

A:leﬁ@--’ideﬁ, p:—®1eﬁ—>ideﬁ, a®0(®xldeﬁ)_>®o(ldeﬁ X®)
such that the underlying category €, together with ®, A, p, o, defines a monoidal category.

Remark A.9. An enriched monoidal category is strict if A, p, @ are the identity natural
transformations ([91], Definition 2.1). In the strict case, an A-enriched monoidal category
defined here is equivalent to “an A-enriched monoidal category” defined in [91].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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