A MATRIX APPROACH FOR GENERAL HIGHER ORDER
LINEAR RECURRENCES

EMRAH KILIC! AND PANTELIMON STANICA?

ABSTRACT. We consider k sequences of generalized order-k linear recurrences
with arbitrary initial conditions and coefficients, and we give their generalized
Binet formulas and generating functions. We also obtain a new matrix method
to derive explicit formulas for the sums of terms of the k sequences. Further,
some relationships between determinants of certain Hessenberg matrices and
the terms of these sequences are obtained.

1. INTRODUCTION

Linear recurrences have played (and will most certainly play) an important role
in many areas of mathematics. A lot of authors have studied various properties of
linear recurrences (such as the well-known Fibonacci and Pell sequences).

In [2], Er defined k linear recurring sequences of order at most k as shown: for

n>0and 1 <i<k,
k
Q:L:Zg;fj
j=1

with initial conditions

; 1 ifn=1-4
P= ’ —k<n<
n { 0 otherwise, for 1 —k<n<0,

where ¢!, is the nterm of the ith generalized order-k Fibonacci sequence.
More generally, in [6], the author gave the generalized order-k Fibonacci and
Pell (F-P) sequence as follows: for m >0, n>0and 1 <i <k

Uy =2y g+ Uy o+ F Uy,
with initial conditions

i1 =14,
u"_{O otherwise, for1-k<n<0,

where v, is the nterm of the ith generalized order-k F-P sequence.

When m = 0, the generalized order-k F-P sequence {uf,} is reduced to the
generalized order-k Fibonacci sequence { g,@} Also when m = 1, the generalized
order-k F-P sequence is reduced to the generalized order-k Pell sequence { Pfl} (for
more details see [5]).

Define k sequences of k-th order linear recurrence relation { ffL} as shown, for
n>0and1<i<k

fi=cafi_i+efi o+ +enfiy (1.1)
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with initial conditions

; 1 ifn=1-4
- ' —k<n<
fn { 0  otherwise, for1=k<n<0

where ¢;, 1 < j <k, are real constant coefficients, and f? is the nth term of the ith
sequence. When k = 2,¢1 = ¢o = 1, respectively, k = ¢; = 2, ¢35 = 1 the sequence
{ ffl} is reduced to the Fibonacci sequence {F,}, respectively, the Pell sequence

{Pn}.

Define the k£ x k companion matrix A and the matrix G,, as follows:

C1 C2 Cl—1 Ck 1 9 X
I R foof e
A= 0 1 - 0 0 and Gn _ n.—l n.—l - n'—l
6 O . 1 O 71L—k:+1 fﬁ—k-&-l tee f'lf—k-{-l
(1.2)
Using the approach of Kalman [3], Er [2] showed that
Gn=A" (1.3)
and
fron = afp+ it for1<i<k-—1 (1.4)
7]16+1 = fn (1.5)

Matrix methods are helpful and convenient in solving certain problems stemming
from linear recursion relations, such as that of finding an explicit expression for the
nth term of the Fibonacci sequence (see [9]), or of analyzing the vibration of a
weighted string [10, pp. 152-154]. Here we will consider a more general case using
matrix methods to obtain some explicit formulas for the nth term of a general
recurrence relation and the sums of terms of the recurrence. The general linear
recurrence relations have been considered by many mathematicians (for references,
one may see [1, 2, 4, 5]). The authors of [4, 6, 7] give the generalized Binet formula
for the generalized order-k Fibonacci, Lucas and Pell numbers by matrix methods.

In this paper, we consider k sequences of general order-k linear recurrences with
k arbitrary initial conditions and coefficients. Then we study the properties of k
linear recursive sequences and derive many applications to matrices.

2. GENERAL LINEAR RECURRENCE WITH k INITIAL CONDITIONS

Define a set of k sequences satisfying the generalized order-k linear recurrence
{tt (r1,72,...,7%)} as shown: forn >0and 1 <i <k
tho=cith_ +eath 4+ Fepth
with £ initial conditions
ry ifn=1-—1,
ro ifn=2-—1,
t o= forl—-k<n<o0
rp, ifn=k—1,
0  otherwise,
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where the coefficients ¢; and the initial conditions r; are arbitrary, for 1 < i < k,
and t}, is the nth term of ith sequence. Clearly, {t} (1,0,...,0)} = {fi}, where f}
are given by (1.1).

Next, we define a k x k matrix H, = [h;;| by

t th t
tho 2 .tk
H,=| " T " . (2.1)
1 . 2 . k
tn—k-{-l tn—k+1 ce tn—k+1

By Kalman’s [3] approach, we find that
H, = AH,_ and so, H, = A" 'H,, (2.2)
where the matrix A is given by (1.2).

Theorem 1. Forn > 0,
i
th="> riv1-ifis
j=1
where fi is defined as before.

Proof. From (2.2), we have H,, = A" 1H;. From (2.1) we get

o1 2 k
A2 gk DoCitag D CiTsoj e D CiThi1
g ;% i=1 i=1 i=1
o 5 2tk B " - -
1= . . =
: : . : 0 r1 e Th_1
ty g to_p - tlchk :
L 0 0 ™
which implies that
H, = AF, (2.3)
where the matrix F is the k x k upper tridiagonal matrix of the form
r Tro T3 ... Tk
rn Tro ... Tk—1
E = 1 cee TE—2
0 1

Using Er’s approach [2] and (1.3), we obtain A" = G,,. Since H,, = A" 'H; and
H, = AE, we get

H,=A"E, (2.4)
which can be re-written as

i
th = erkg‘fia (2.5)
j=1
and the proof is complete. |

Therefore we see that the general recurrence with arbitrary initial conditions can
be written as a linear combination of terms of the recurrence { ffl} . By this result,
we can easily derive some properties of the recurrence {tﬁl}
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Corollary 1. Forn € Z,

th t th
th 2 .tk
det n, n, n, = (71)1€+1 ckr’f.
1 2 k
tn—k+1 tn—k+1 e tn—k+1

Proof. Let H,,G, and E be the matrices defined in the proof of Theorem 1. It
is clear that detG, = (—1)"" ¢; and det B = r¥. Taking the determinant in
H,, = G,,F shows our claim. [

Corollary 1 is a vast generalization of the well known Cassini’s identity for the
Fibonacci numbers, that is, F2 — F,_1F, .1 = (—=1)""".

Corollary 2. Let 2% — cja? ™! —cozb™2 — . —cp = (x— A1) (z — \p) and

en =M+ Ay + -+ AL, Then

k i
€n = Z Ti+1—mf1?}|-1—t .

i=1 \m=1

Proof. A is the companion matrix from (1.2) and 2% — ;2% — cozb=2 — ... — ¢,

is its characteristic polynomial, whose roots (also, eigenvalues of A) are A1, ..., Ag.
Thus the eigenvalues of A™ are A7,..., ;. Denote the trace of the matrix W by
tr(W) . By Theorem 1,

en = A A 4+ A\ =tr(H,) = tr (GLE)
k i
= Z < 7”z'+1mf;11t> :
i=1 \m=1

Thus the proof is complete. I

3. SUMS OF THE TERMS OF RECURRENCE {% }

In this section we deal with the sums of the terms of recurrence {tfl} subscripted
from 1 to n. By the result of Theorem 1, clearly

K
th=> it (3.1)
j=1

The characteristic polynomial of both the matrix A and the sequence { f,’f} is
E(z) = aF—ciabl—cozb =2 —. .. —¢p_1x—cp. Let A1, Ao, . . ., A be the characteristic
roots of the equation.

Hypothesis 1. Throughout this paper, we suppose that the roots \i,..., A\ are
distinct (which happens if gcd(E, E') = 1) and not equal to 1.

As special cases, we note that when ¢; = 1 for 1 < ¢ < k, the equation xk —

21 — ... — 2 — 1 = 0 does not have multiple roots (see [7]). Also, when ¢; = 2
and ¢; = 1 for 2 < i < k, the equation z* — 2zF~1 — 252 — ... — 2 — 1 = 0 does
not have multiple roots (see [5]). For the case ¢; = 2™, ¢; = 1 for 2 < i < k and
m >0, we refer to [6].
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Let V = AT be a k x k Vandermonde matrix, where

PUEED Ut D VR |
A=l NE=2 1

- N (3.2)
DD VD VA |

Let w}C be the column matrix
n+k—1
n+k—1
Ay

n+k—1i
Ak

and Agi) be the k x k matrix obtained from A by replacing the jth column of A by
The generalized Binet formula for the recurrence { f,’L} can be expressed using

V =AT and V7 = A,

Theorem 2. Forn >0 and 1 <i <k,

, ()
n—i+l = W

Proof. Since the eigenvalues of A are distinct (by our Hypothesis 1), we infer that A
is diagonalizable. Tt is readily seen that AV = VD, where D = diag (A1, A2, ..., Ag).
Since V is invertible, V"'AV = D. Hence, A is similar to D. So we obtain
A"V = VD" Since A" = G, = [gi;], we obtain the following linear system of
equations:

g\ T g N TP g = )\?Mi

giAs 4 g XS A g = AT

gilkzil + gi2A£72 + e + Gik — )\Z*Hcfi
det (A§>)

Thus, for j = 1,2,...,k, we get g;; = Tdet (A)

, where G, = [g;;] and g;; =

f2_ii1- The proof is complete. |
, 1 i
Corollary 3. Forn > 0, we have t;, = m ;rkﬂ_j det (A§.1)) .

For example, when ¢; = 2 and ¢; = 1 for all 2 < j < k, the sequence { f;}
is reduced to the generalized order-k Pell sequence {Pﬁl} and so the sums of the
generalized order-k Pell numbers is given by

Y Pf=(Pi+P+--+PF—1)/k
=1
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When k =3, ¢; =1 for 1 <i < 3, the sequence {f;} is reduced to the generalized
Tribonacci sequence {77} and so

N TP=(Th+T2+T5—1)/2
i=1

and by the definition of the {7}, we have T =T33, | and T2 = T3 + T3_,. For

n
easy writing, we denote T by T),. Thus we can write

ZTi = (Tht1 + 2T+ To1 — 1) /2= (Thy2 + T — 1) /2.
i=1

We expand our matrix method to find all sums of terms of k sequences of gen-
eralized order-k recurrences { f;} subscripted 1 ton for all 1 <14 < k.

Define the following two sums: for 1 < i < k, let ST(f) = an;ll fﬁn and Tr(f') =
S fi Then T\ = SV

el neirl T 1, since

i 1 ifi=1-mn,
fn_{ 0 otherwise, for1 -k <n<0.

Further,
S = Sa+SY (3.3)
Tﬂl = fioip +TY (3.4)
We next define two (k + 1) x (k + 1) matrices as follows:
1 0 ... 0
0
0 A
By 1 + (i + 1) st row
0
- O -
and ) i
1 0 0
S(i)
(?) — 1st row
Snlq — 2nd row
: G : :
Yn,i = SSEH_Q — (’L — 1) st row
T,(f) — ith row
TS_)1 +~ (i+ 1).st row
(i). — kth row
L Tn—k+i

where the matrices A and G,, were defined before. -VVe have the following result.

Theorem 3. Forn >0,
Y,.= B}

2
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Proof. Combining the identities (3.3) and (3.4), we obtain
Yot1=Yn:Bi=---=Y1,B}".

From the definitions of {Tr(f)} and {Sff)} , we can easily check that Y; ; = B;, and
the theorem is proven. i

Now we are going to derive an explicit expression for every sum Sg) for1<:<k
by matrix methods.
We first make some observations. If we expand det B; with respect to the first
row, we get
det B; =det A

and the characteristic polynomials of A, B; satisfy

Cp, (A)=(1=XN)Cs(N).
Since A1, Ag, ..., A, are the roots of C4 (A\) (distinct and nonequal to 1), the eigen-
values of matrix B; are A1, Ag, ..., Ag, 1. Therefore the eigenvalues of the matrix B;

are distinct, and so B; is diagonalizable.
For easy writing, let

k
Z_Ct
Mi:%forl<i§kand,u1=

% .
]_—ZCt 1_th
t=1 t=1

The following (k + 1) x (k4 1) matrix for 1 < <k

1

1 0 0 0 i .
“; )\If—l )\126—1 )\2—1 1 0o 0 ... 0
A2 k2 Hi
. . . : Hi

N B TR St e B '
ptlo AT A AL 41
‘ui + 1 Alle—l—l )\/5—1—1 )\lz—z—l :

: A Ao r ui'+1
1 1 1 TR . -

satisfies B;P = PD;, where D; is the (k+1) x (k+ 1) diagonal matrix defined
previously, D1 = diag (1, \1, A2, ..., A\x) . Here we note that if we expand det P with
respect to the first row, then we get det P = det A. Since A is the Vandermonde
matrix, the matrix P is invertible.

Theorem 4. Forn >0 and 1 <i <k,
‘ koo k
SO = (1= - I
j=1 m=i

and

k
S =m (1-3 8
j=1
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Proof. Since B;P = PD; for 1 < i < k and the matrix P is invertible, we write
BI'P = PDY and so Y, ;P = PDY}. By equating the (2,1) entries of the equality
Y, P = PD?, we have the conclusion.

For the case i = 1, one can see that BP; = P; D where the (k + 1)x(k + 1) matrices
B and P; are as follows

1 0 ... 0 1 0 0
1
B=|0 A and Py = |
. : |4
b M
By induction on n, we see that
1 0 0
sy
y=B"=| SL G
(#)
Snz—k-',-l

Similar to the cases 1 < i < k, the proof is easily seen for the case i = 1. i

As a consequence of Theorem 4, we get

.
o (S
n_;fi_01+02+-~-+ck—1'

Let V; ; be a k x k matrix obtained from the Vandermonde matrix V' by replacing
the jth column of V by e; where V = AT is defined as in (3.2) and e; is the ith
element of the natural basis for R™, that is,

e; =(0,...,0, %,0,...0)T

ith
and
i /\z_; )\zjll 0 Aggé Ag_; ]
N7T2L AT 0 N AT
A’f:fl )\?;fl 0 A;E{'fl /\’;:fl
Vig= 1 N7 MDD N T
AT N 0 AR T
)\1 )\j,1 0 )‘j+1 >\k
1 1 0 1 1]
T.
7 Vi
Letqj(-)zl‘v’]‘l.
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Theorem 5. For any integer n and 1 <1 < k,
k .
fr= g N
j=1

Proof. We consider the following system of k linear equations in k& unknowns
L1,2,...,Tk:

r yk—1 k—1 k—1 A
ABTLONESL gk . .
k.fi k.fi kfz
PUSEY. e DY o=
Mook g 0

€4
Using Vandermonde’s determinants and Cramer rule, we get

@ _ Vil
G

(i=1,2,....k),

and so, for n,k > 0and 1 <i <k, fi = 25:1 q(-i))\?Jrk*l, which completes the

J
proof. 1

Consequently, we extend the result of Theorem 5 to the general order linear
recurrences {t!} by the result given by (2.5).

Corollary 4. For any integer n and 1 <i < k,
ik
th = Z Z 7’1‘+1—qu])>\2+1€_1,
j=1s=1
As an example, we consider the sequence {77},
T =T | +3T. 5+ T 5,n>21<i<3
with

; 1 ifi=1-n
b= ’ —k<n<
T, { 0  otherwise, for1-k<n<0,

displayed in the following table
i\n[1 2 3 4 5 6 7 8

1 [1 4 8 21 49 120 2838 697 ... {T.}
2 3 4 13 28 71 168 409 984 ... {Tg}
3 /1 1 4 8 21 49 120 288 {r?
Table 1
Here we note that vy, = —1, 7 = 1 +v/2,73 = 1 — v/2 and
(1) _ 1 (1) _ 1 (1) _ 1
Eal _(71*73)(71*’\/2)’ 92 = (’72*73)(72*71)’ q3 - (’72*73)(71*73)7
(2) - _ Y2+73 (2) — Y1+73 (2) — _ Y1+72
Eal (v1—72) (71 *’Ys) 0 12 (72*73)('\/1*’72) ’ q3 (72*’73)(71*73) ’
(3) Y2Vs (3) _ Y17s (3) Y172

Kol (r1i—73)(v1—72)’ 2 == (vi=72)(v2=73)’ a3 = (v2=73)(v1—73) "
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Therefore, by Theorem 5, we get

L 7t 3+ v+
Tn - + + 5
(71— 73) (71— 72) (72 — ’73) (Y2 = 71) (72 — ’Y?,) (71 — ’73)
S 1% e o e ) b A W le 1Y e Al

n

(i —=72) (1 —73) (2 —73) (V1 —72) (Y2 —3) (1 —73)

and since v;v5y3 =1,

8 2ttt et N7
" (vi=7v) (i =72) (=72 (a—v3)  (va—3) (1 —3)
_ ’Y;H_l N ,yg-i-l N ,ygb-i-l
(vi=7v) (=72 (a—7)(2—73)  (va—73) (11 —73)
= TrLl'

Observe (from Table 1) that T3 = T}

n—1-

4. GENERATING FUNCTIONS

In this section we derive the family of generating functions G (i,z) = Y o, fiz"
for the generalized order-k recurrences { f,’l} foralli, 1 <i<k.

Theorem 6. For1 <i <k,

i k—1 k i
fé + Zm:l (szm—i-l CUfﬁn—v) xm

G ) =
(i, ) 1—cx—cox? — -+ —cpak

Proof. Let G (i,z) = fix° + fizt + fiz® + -+ fiz™ + --- . Consider

(1—ciz —coa® — -+ — ™) G (i, )

= fitflo+ fia® + 4 flab ol 4
—clféx—clf{'ﬁ_clﬁ 3_"'_01f1271$k_"'_lerihlfn—"'
_Ckfgffk—ckfkaﬂ—Ckfgil"kﬂ—-"—ckf,ifkm”—---
=fi+(fi—af)z+(fi—afi—cf)s®+ -+
(fiiy—crfio—cofig— - —crafl)ab™
+(fi—afia—cfig——cafo—cfl)a®+-+
(fi—erfi s —cafi g— o —crfi ) am+-- .

Now we compute the coefficients of ™ of the equation above. From the definition
of {fi}, we get

fi = afi+efi + +efig
fioy = aftotefi s+ +afo+afy

fio= efi i teafi o+ tenfig.
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and so
fi—afy = cfi i+ +afi
fi—afi—cfy = afiy+ - +afiy
i —afio—cafies— - —a-1fy = afly.

Then for n > k, by the definition of {f}L} , the coefficients of 2™ are all 0. I

For example, for fixed k and 1 < i < k, we take i = 1. Thus
G(1,2) = for® + fla' + faa® + -+ foa" + -
From the definition of { f}l} , the initial conditions of the recurrence { fi} are given

by

1 _ 1 1fn:O,
f”_{ 0 otherwise, forl-k<n<0,

which implies
1

1—ciz—cox?2 — - —cpak’

G(l,z) = (4.1)

More generally, we derive the generating function of recurrence {tfl}, namely
g(i,z) = Zkzo kT

Corollary 5. For1 <i<k,

T (S et )
g(iz) = 1—cx—coa?2 — - —cpazk

As an example, if we take k =i =2, ¢y =cy =1 and r; = —1,7r3 = 0, then the
sequence {t2} is

1,3,4,7,11,18,29,...
which is the well known Lucas sequence {L, }. Then by Corollary 5, we obtain
o o . .
g(2,z) = ;tix" = HZ;OL,L;U" = %

where t2 = 75 = 2 and t2; = r; = 1. Thus we have the well known result for the

Lucas numbers:
2—x
E L,z"
Tz — g2
n=0

5. nTH POWERS OF A COMPANION AND k-SUPERDIAGONAL DETERMINANTS

In [8], the author gave a relationship between determinants of certain n x n k-
superdiagonal matrices and the terms of the nth power of matrix A given by (1.2).
In this section, we derive some new relationships between some Hessenberg deter-
minants and the terms of generalized recurrences { ffL} forall 1 <i<k.
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Here, we recall a result of [8]. Define an n x n k-superdiagonal matrix M, in the
following form:

C1 C2 Ck 0
-1 ¢ ¢ ... ¢
M’VL = _]_ Cl CQ
0 -1
Lemma 1. Forn > 0,
det M,, = f}.

Indeed, expanding det M,, by the elements of the first row gives us
det M, = cidetM,_1+codet M,,_o+ -+ cpdet M,,_4, (5.1)
= fo=afi i tef ot tafig (5.2)

Now we extend the above result for the generalized sequences { ffl} for 1 <
i < k. For this purpose we introduce some new notations: For 1 < ¢t < k, let
M, (t,t+1,...,k;r) = [;;] denote the matrix obtained from M, = [m,;] with
mi; = 0fori < j <wr ¢e {t,t+1,...,k} and otherwise 7;; = m,;. Clearly
M, (1,2,...,k;0) = M,.

Recalling that G,, = [g;;] = A", we give the following theorem for the diagonal
elements g;; = f,(Lj_El).

Theorem 7. Forn > jand1 <j<k-—1,

det M, (1;§) = f2*]

where det M, (1;0) = fL.

Proof. First consider the case j = 1. If we expand the det M,, (1;1) by the elements
of the first row, then

det M,, (1;1) = 0O(det M,,—1) + codet My,_o + -+ + ¢ det My,
= codet M,,_o + -+ cpdet M,,_p.
By (5.1) and (5.2),
det My, (1;1) =afp_o + c3faz+ -+ cufiy
:frll - leéq = 72%1-

Thus the proof is complete for the case j = 1.
Now, we take the general case for 1 < j < k — 1. By expanding det M,, (1;7)
with respect to the first row, we get

detMn(l;j):det[O ... 0 Ci+1 Cj4+2 ... Cg 0o ... 0],
which, by (5.1) and (5.2), becomes
det Mn (1,]) =Cj+1 det Mn—j—l + Cj42 det Mn_j_g + -tk det Mn—k

1 1 1
=Cj1fnjo1 T Cr2fnjo t F Cufnyp
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From (5.2) and after repeating j times the identity (1.4), we get
det M, (1; 7) :cjﬂfﬁ,j,l + Cj+2f7]1-7j72 ot e fa
Zfi - leé—1 - C2fé—2 G rll—j
2 1 1 1
=Jn—1— Can72 - C3fn73 - ijnfj
j 1 j+1
:f'r]z—j-i-l —CiJn—j = f'fJL—j7
and the proof is complete. |

According to the definition of M,, (¢,t +1,...,k;r), the matrix M, (2,3;n) can
be expressed in the compact form

&1 Co Ck 0 0
-1 0 0 ... 0 0 ... 0
-1 0 0 ... 0 0 0
-1 ¢ e ... ¢ 0 0
M, (2,3;n) = -1 ¢ ¢ ... ¢ O
-1 ¢ ¢ ...
—1 C1 Co
i O -1 C1 |

Theorem 8. Forn >k + 2,
det My41(2,3,...,k;n) = fk_k+2.

n

Proof. First we consider the case of k = 2, and det M,, 1 (2;n) . The matrix M, (2;n)
has the following form:

(¢t e ... ¢ O ... ... ... 0]
-1 0 0o ... 0 0 . 0
-1 ¢ ¢ ... ¢k o ... O
Mn (2,71) = -1 C1 C2 Ck 0
-1 ¢ ¢ ... ¢
-1 ¢ ¢
L -1 C1 |

Expanding det M,,11 (2;n) with respect to the first row, we obtain
det M,,11 (2;m) = codet My, + cgdet My—o + -+ + cp det My_g11.
Since the first principal subdeterminant include a zero row, by Lemma 1, we write
det My y1(2;n) =cafp_y + C3fu g+ -+ Chfu_pi
=—afitafytefi i tef s+ ok
=—c1fp+ fagr-
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By (1.4), we obtain det M, 11 (2;n) = —c1fp + fiyy = f2. Thus the proof is com-
plete for k = 2.

Continuing this expanding process with respect to the first row for the det M,,+1 (2,3, ...

for 7 > 2, we get
det My41(2,3,...,5;n) =c;jdet My j11 +cjrrdet My _j + - - + ¢ det My,_g4q
which, by Lemma 1, gives
det My41(2,3,...,jin) = ijrlhj#l + c3f7117j +ooe Tt Ckfylsz+1
= (cfy+cafor+Feiafijio) — (afa+cafii++ ¢ 1fajio)
+ ijrlthrl + ch%—j ot S e
= fo1—(aafy+eafp+- -+ Cj_lleL—j-‘rQ) .
By (1.4), we obtain
det Myy1(2,3,...,5;n) = fi+1 - lerll - C2fi—1 - Cj—lfi—j+2
= fa—eafay = —cifa

_ -1 1 _ 4]
= fojrs — Ci—1fajy2 = facjio

and the proof is complete. ||

Now we present further relations including other entries of GG,, and the determi-
nant of certain matrices.

Define the n x n matrix M, (¢; ) in the compact form:
C; Cit+1 [N Ck o --- 0
-1
Mn (Ci,k) = 0 Mnfl

0
where M, is defined as before.

For 2 <t <, let M, (¢cik,t,t+1,...,r) = [iy;] denote the n x n matrix ob-
tained from M,, (¢; 1) = ;] with taking m,;; = O0fori <j <r, i€ {t,t+1,...,n}
and otherwise m;; = m;;.

For example, M7 (c2.4,3,4) takes the form:

C2 C3 Cq 0 0 0 0

-1 C1 Co C3 C3 C4 0

0 -1 O 0 0 0 0

Mq(c24,3,4)=| 0 0 -1 0 0 0 0
0 0 0 -1 C1 C2 C3

0 0 0 0 -1 C1 C2

L0 0 0 0 0 -1 ¢ |

Theorem 9. Forn>j—1, 2<r<k—-1and2<j<k

. itr—1
det M, (Cr,kv 2, 37 s 73) =9gj-1,j+r—1 = it;+1

where G,, = [gi5] -
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Proof. First we prove the case r = 2 and 2 < j < k. If we expand det M,, (c2 %,2,3,...,7)
by the Laplace expansion of determinant, then we obtain the following equation by
combining (5.1) and (5.2)

det Mn (Cg’k, 27 3, N 7])
= Cj+1 det Mn_j + Cjt2 det Mn—j—l + -t det Mn—k+1
= Cj+1f7117j + cj+2f’r%,fj71 +eee Ckfrlhmr

By adding and subtracting c; f;} +cofl | +-- ~+cjf}L_j+1 to both sides of the above
equation, we get

det M, (¢c2,%,2,3,...,7)
=(cifnt-H e ajir) TCurfuj+ ot hfupia
—(efp+eafp 4+ ijrlL—j-O-l)

1 1 1 1
= Jn+1 — cify —cCofpg— - ijn7j+1'
By (1.4), we get
detMn (CZ,k:a273a"'7j) = fg_Cnyllfl_C3f7172_"'_cjf’r%,fj+l
= f271_03f$72_"'_cjf$7j+1

1 +1
= Jacjre = Cfuji = L0
Thus the proof is complete for r = 2.

Now we consider the case r > 2. If j is greater than k — 2, then the matrix
M, (¢rk,2,3,...,7) has a zero row and so we ignore this case. For r > 2 and
Jj <k — 2, we obtain, by (1.4), (5.1) and (5.2)

det My, (¢r5,2,3,...,7)
=Cr4j—1 det Mn_j +--+ck det Mn—k+1

1 1 1
=cCrij1fpn_jtCryifa_jo1t ot fakn

1 1 1 1
= fn+1 - len - Can—l - Cr+j—2fn—j+1
2 1 1
=fn—cfp1—— Cr+j72fn7j+1
_ gr+j—2 1 _ pertj—1
- fn7j+2 - Cr+j72fn—j+1 - fn7j+17

which completes the proof for all cases. I

Acknowledgements. The authors would like to thank the referees for con-
structive comments, which improved the presentation of the paper.

REFERENCES

[1] L.E. Dickson, History of the Theory of Numbers, Vol. I, Ch. XVII, New York.

[2] M.C. Er, Sums of Fibonacci numbers by matrix methods, Fibonacci Quart. 22 (3) (1984),
204-207.

[3] D. Kalman, Generalized Fibonacci numbers by matrix methods, Fibonacci Quart. 20 (1)
(1982), 73-76.

[4] E. Kilic, D. Tasci, On the generalized order-k Fibonacci and Lucas numbers, Rocky Mountain
J. Math. 36 (6) (2006), 1915-1926.



16 EMRAH KILIC! AND PANTELIMON STANICA?

[5] E. Kilic, D. Tasci, The generalized Binet formula, representation and sums of the generalized
order-k Pell Numbers, Taiwanese J. Math. 10 (6) (2006), 1661-1670.

[6] E. Kilic, The generalized order-k Fibonacci—Pell sequence by matrix methods, J. Comput.
and Appl. Math, 209 (2) (2007), 133-145.

[7] E.P. Miles Jr., Generalized Fibonacci numbers and associated matrices, Amer. Math. Month.
67 (1960), 745-752.

[8] H. Mine, Permanents of (0,1)-circulants, Canad. Math. Bull. 7 (1964) (2), 253-263.

[9] R.A. Rosenbaum, An Application of Matrices to Linear Recursion Relations, Amer. Math.
Month. 66 (9) (1959), 792-793.

[10] J.C. Slater and N. Frank, Mechanics, New York, 1947.

ITOBB ECONOMICS AND TECHNOLOGY UNIVERSITY MATHEMATICS DEPARTMENT 06560 ANKARA
TURKEY
E-mail address: lekilic@etu.edu.tr

2NAVAL POSTGRADUATE SCHOOL, APPLIED MATHEMATICS DEPARTMENT, MONTEREY, CA 93943,
USA
E-mail address: 2pstanica@nps.edu



