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ABSTRACT

It is a matter of course that Kolmogorov’s probability theory is a very useful mathematical tool for the analysis of statis-
tics. However, this fact never means that statistics is based on Kolmogorov’s probability theory, since it is not guaran-
teed that mathematics and our world are connected. In order that mathematics asserts some statements concerning our
world, a certain theory (so called “world view”) mediates between mathematics and our world. Recently we propose
measurement theory (i.e., the theory of the quantum mechanical world view), which is characterized as the linguistic
turn of quantum mechanics. In this paper, we assert that statistics is based on measurement theory. And, for example,
we show, from the pure theoretical point of view (i.e., from the measurement theoretical point of view), that regression
analysis can not be justified without Bayes’ theorem. This may imply that even the conventional classification of (Fish-
er’s) statistics and Bayesian statistics should be reconsidered.

Keywords: The Copenhagen Interpretation; Operator Algebra; Quantum and Classical Measurement Theory; Fisher
Maximum Likelihood Method; Regression Analysis; Philosophy of Statistics

1. Introduction 2. Measurement Theory (Axioms and

For example, consider Newtonian mechanics. It is natural Interpretation)

to understand that Newton mechanics is based on New- 2.1. Mathematical Preparations
ton’s three laws of motion, though the mathematical the-
ory of differential equations is a useful tool for the analy-
sis of Newtonian mechanics. That is because any mathe-
matical theory is a closed logical system derived from set
theory, and thus, it is not qualified to assert statements
concerning our world without laws. If it is so, and, if
Kolmogorov’s probability theory [1] is a mathematical
theory, we think that the foundation of statistics does not
yet established. Thus, the following problem is natural:

(A) What kind of law is statistics based on? Or, pro-
pose a foundation of statistics!

The purpose of this paper is to answer this problem.

Although in a series of our research [2-8] we have
been concerned with this problem (A), in this paper we (Bl ) : [PMT]
give a decisive answer to the problem (A) in the light of
our final version [7,8] of measurement theory. Here, as

In this section, we prepare mathematics, which is used in
measurement theory (or in short, MT).

Measurement theory ([2-8]) is, by an analogy of
quantum mechanics (or, as a linguistic turn of quantum
mechanics), constructed as the scientific theory formu-
lated in a certain C’-algebra A (i.e., a norm closed
subalgebra in the operator algebra B(H) composed of
all bounded operators on a Hilbert space H, cf. [9,10]).
MT is composed of two theories (i.€., pure measurement
theory (or, in short, PMT] and statistical measurement
theory (or, in short, SMT). That is, we see:

(B) MT (measurement theory)

= [(pure) measurementj+ [causality]

. . . . (Axiomp 1) (Axiom 2)
mentioned in Section 2 later, measurement theory (i.e., =
the theory of the quantum mechanical world view) is (BZ):[SMT]
characterized as the linguistic turn of quantum mechanics. _ [( statisti cal)measurement] n [ causality]
Hence, note that measurement theory is not physics but a (wsiom® 1) (Axiom 2)
kind of language, and thus, the “law” in (A) is called
“axiom” in this paper. where Axiom 2 is common in PMT and SMT. For com-
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pleteness, note that measurement theory (B) (i.e., (By)
and (B,)) is a kind of language based on the quantum
mechanical world view, (cf. [8]). It may be understand-
able to consider that

(C) PMT and SMT is related to Fisher’s statistics and
Bayesian statistics respectively.

Also, as mentioned in Section 2.6 latter, our concern in
this paper is to give an answer to the question “Which is
fundamental, PMT or SMT?”.

When A =B (H), the C"-algebra composed of all
compact operators on a Hilbert space H, the (B) is called
quantum measurement theory (or, quantum system the-
ory), which can be regarded as the linguistic aspect of
quantum mechanics. Also, when A4 is commutative
(that is, when A is characterized by C,(Q), the C’-
algebra composed of all continuous complex-valued
functions vanishing at infinity on a locally compact
Hausdorff space Q (cf. [9])), the (B) is called classical
measurement theory. Thus, we have the following classi-
fication:

quantum MT (when A =B, (H))
(D) MT
classical MT (when A=C, (Q))

In this paper, we mainly devote ourselves to classical MT
(i.e., classical PMT and classical SMT).

Now we shall explain the measurement theory (B). Let
A(g B(H )) bea C -algebra, and let A" be the dual
Banach space of A. That is, A" {p| p is a continu-
ous linear functional on A}, and the norm is
defined by

sup{|p(F)|: F € A such that"F"A (:"F”B(H)) < 1} .

The bi-linear functional p(F) is also denoted by
( F),. or in short (p,F). Define the mixed state
(eA such that ||p|A* =1 and p(F)=0 for all
FeA satisfying F>0. And put

&" (A*) = {p e A*|p is a mixed state}.
A mixed state p(e G" (A*)) is called a pure state if

it satisfies that p =6p, +(1 - 9) p, for some
0,0, €G" (.A*) and 0<@<1 implies p=p =p,.
Put

(GL4 (A) = {p eG" (A* )‘p is a pure state},

which is called a state space. The Riese theorem (cf. [11])
says that

C,(Q) =M (Q)= {p| pis a signed measure on Qf ,

&"(C,(0)) =M1 (@)

= {p|p is a measure on Q such thatp (Q) = 1}.

Copyright © 2012 SciRes.

Also, it is well known (cf. [9]) that

GP(BC(H ) ) = {|u)(u|(i.e., the Dirac notation)|||u||H = 1},
and

&” (Co (Q)*) =M} (Q)

= {5w0 € Q},
where I f( (da)) =f(o, )(Vf eC,(Q )) The lat-

ter implies that GP(CO (Q)*) can be also identified
with Q (called a spectrum space or maximal ideal
space) such as

Sp(CO(Q)*)aéwHwe Q

(spectrum space)
(state space)

Here, assume that the C’-algebra A(c; B(H )) is unital,
i.e., it has the identity |. This assumption is not unnatural,
since, if | ¢ A, it suffices to reconstruct the A such
that it includes A U{l}.

According to the noted idea (cf. [12]) in quantum me-
chanics, an observable O=(X,F,F) in A is defined
as follows:

(E,) [Field] X is a set, F (<2*, the power set of X)
is a field of X, thatis, “E,,2, e F = 5, UE, e F 7,
“EeF=X\EeF "

(E,) [Countably additivity] F is a mapping from F
to A satisfying: 1) for every ZeF, F(E) isa non-
negative element in A such that 0<F(Z)<1, 2)

F(@)=0 and F(X)=1, where 0 and | is the 0-
element and the identity in respectively. 3): for any
countable decomposition {Z,,Z,,---} of ZeF (ie,
»EeF suchthat |J, E =E,
E,=2(i# j)), it holds that

I

(i.e, in the sense of weak convergence).

[1] [I

Remark 1. By the Hopf extension theorem (cf. [11]),
we have the mathematical probability space (X, F ,
o ( (- ))) where F is the smallest & ﬁeld such that
F c F . For the other formulation (i.e., W™ -algebraic
formulation), see the appendix in [7].

2.2. Pure Measurement Theory in (B,)

In what follows, we shall explain PMT in (B;).

With any system S,a C’-algebra .A(< B(H)) can be
associated in which the pure measurement theory (B;) of
that system can be formulated. A state of the system S is
represented by an element p(e Gl (A) and an ob-
servable is represented by an observable O =(X,F,F)
in A. Also, the measurement of the observable O for
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the system S with the state p is denoted by
M (O S ) (or more precisely,

> ~lpl

MA( =(X,F.,F).S,,

measured value X(e X ) by the measurement
M, (0.S,

The Ax10m 1 presented below is a kind of mathe-
matical generalization of Born’s probabilistic interpreta-
tion of quantum mechanics. And thus, it is a statement
without reality.

Axiom” 1. [Pure Measurement]. The probability that a
measured value x(e X ) obtained by the measurement
M,(O=(X,F,F),S 1) DEIONGS to @ set E(eF) is
glven by p, (F(E))-

Next, we explain Axiom 2 in (B). Let (T,<) be a
tree, i.e., a partial ordered set such that t <t, and
t, <t, implies t <t, or t,<t . In this paper, we
assume that T is finite (cf. Remark 9 in Section 7 later).
Assume that there exists an element t, €T , called the
root of T, such that t; <t (VteT )holds. Put
T2 ={(tt,) e T°[t, <t,} . The family

D A A } , is called a causal relation (due
1542 2 2 (tl>t2 )ETS

)). An observer can obtain a

to the Heisenberg picture), if it satisfies the following
conditions (F;) and (F,).
(F)) With each teT,
ated.
(F,) For every (t.t,)eT’, a Markov operator
D, i A, > A isdefined (e, @, >0,
Ly, ) =1, ) And it satisfes that @, , @, =
: , 1 :

bl LRS)

a C"-algebra A is associ-

holds for any (t.t,), (t,.,t;)eT>.
The family of dual operators

* m m .
{CI)tl,t2 6 (.»4t )—)6 (A )}(tl e is called a dual
causal relation (due to the Schrodinger picture). When
®;,, (6" (A))=(&°(A;)) holds for any (t,t,)eT2,
the causal relation is said to be deterministic.

Now Axiom 2 in the measurement theory (B) is pre-
sented as follows:

Axiom 2. [Causality]. The causality is represented by
a causal relation { A, A }

t] t2 eT<

2.3. Interpretation

Next, we have to study how to use the above axioms as
follows. That is, we present the following interpretation
(G) [= (Gy) — (G3)], which is characterized as a kind of
linguistic turn of so-called Copenhagen interpretation (cf.
[7,8]). That is, we propose:

(G) Consider the dualism composed of observer and
system (= measuring object). And therefore, observer and
system must be absolutely separated.

Copyright © 2012 SciRes.

(G;) Only one measurement is permitted. And thus,
the state after a measurement is meaningless since it can
not be measured any longer. Also, the causality should be
assumed only in the side of system, however, a state
never moves. Thus, the Heisenberg picture should be
adopted, and thus, the Schrodinger picture should be
prohibited.

(G3) Also, the observer does not have the space-time.
Thus, the question: “When and where is a measured val-
ue obtained?” is out of measurement theory. And thus,
Schrodinger’s cat is out of measurement theory, and so
on.

2.4. Sequential Causal Observable and Its

Realization
Foreach k=1,2,---,K, consider a measurement
M. (O, E(Xk,ﬁ,Fk),S[p]). However, since the (G,)

says that only one measurement is permitted, the meas-

M. (Ok > S[p] )}kK:l

what follows. Under the commutativity condition such
that

urements { should be reconsidered in

F(E)F(E)=F(E)FR(E)

2
(VE, e F.VE, e i # ), @

we can define the product observable
;0 —(xk KB Fox le) in A such that

(Xszle)( E Ek): FI(EI)FZ(E2)"'FK (E‘K)
(VEk € F.,Vk =1,---,K).

Here, X} F, is the smallest field including the family
{ka BB eFR k=12, -,K} . Then, the above

{M (Ok’s[ﬂ])}
tion (2), represented by the simultaneous measurement
M, (%008, ) -

Consider a tree (T E{to,tl,---,tn},g) with the root
t, . This is also characterized by the map
n:T\{t,} >T such that m(t)=max{seT|s<t}. Let
{CDM, c A %At}(t,t’)eTg be a causal relation, which is

is, under the commutativity condi-
=1

also represented by {@n(m cA _>A"<‘>}tg\gt0>' Let an

observable O, =(X,,%,F) in the A be given for
each teT . Note that @ O( (X For @i R )) is

n(t)t
an observable in the A, .

The pair [(D)T ] = |:[Ot ]teT {(Df»t’ 'Af - Af}(t,t')eTsz :| » 15

called a sequential causal observable. For each seT,
put T {t € T|t > S} And define the observable

S

0, = ( ter, X Biar Fi F) in A, as follows:

S t>'s
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0, if seT\n(T)

S
O, (Xten*«s})@nw

(€))

A

Ot) if sen(T)

if the commutativity condition holds (i.e., if the product

observable O x(xlen,, ( {S})Cbn(l),t(jt) exists) for each

Se n(T) . Using (3) iteratively, we can finally obtain the
in A . The éto

tion (or, realized causal observable) of [O ].

observable éto is called the realize-

2.5. Statistical Measurement Theory in (B,)
We shall introduce the following notation: it is usual to
consider that we do not know the pure state

of (e Ch (A* )) when we take a measurement

M, (O, S[pp]] . That is because we usually take a meas-
0

urement M , (O,S[ p]J in order to know the state p; .
2o

Thus, when we want to emphasize that we do not know

the state p/, M, (O,S[ p]j is denoted by
Po

4 (O, S[*]) . Also, when we know the distribution

o0 (e G" (.A* )) of the unknown state p; , the

MA[O,S[IJHJ is denoted by M, (0,5, ({o})). The

Py is called a mixed state. And further, if we know that
a mixed state p; belongs to a compact set

K(ce"(A")). the M, (o,swﬂ is denoted by
M (O’S[*] (K))

The Axiom® 1 presented below is a kind of mathe-
matical generalization of Axiom" 1.

Axiom® 1. [Statistical measurement]. The probability
that a measured value x(e X) obtained by the meas-
urement MA(OE(X,}“,F),S[*]({pg“})) belongs to a
set Z(e F) isgivenby pf (F(E))(zA* <p(§“,F(E)>A).

Thus, we can propose the statistical measurement the-
ory (B,;), in which Axiom 2 and Interpretation (G) are
common.

Let (j(X xY,FXG,H) be an observable in a C" -

algebra A. Assume that we know that the measured
value (X,y)(e XxY) obtained by a statistical meas-

urement M (O,S[*]({ })) belongs to

=xY (e FXG ) . Then, there is a reason to infer that the
unknown measured value y(eY) is distributed under

Copyright © 2012 SciRes.

the conditional probability 3( ( )) where

<’OU’ ( r)>A
A<p°’H(“ )>

Thus, by a hint of Fisher’s maximum likelihood me-
thod, we have the following theorem, which is the most
fundamental in this paper.

Theorem 1. [Fisher’s maximum likelihood method in
general A]. Let O(XxY,FKG,H) be an observable
in a C -algebra A. Let K(c Gm(A*) be a com-
pact set. Assume that we know that the méasured value
(X, y)(e X xY)_obtained by a measurement
M, O,S[*](K)) belongs to ExY (e F X G). Then, there
is a reason to infer that the unknown measured value
y(eY) is distributed under the conditional probability
P.(G(T)), where

_ A*<p(;",H(E><F)>A
(Pl s HEXY ),

Here, p(')“(eKQGm(A*)) is defined by
CAAPH(EXY)) =max (o7 H(ExXY)) .

PMeK 4

[I]

(VI'eG) ()

l]

(V[ eG). (5

Remark 2. Theorem 1 is new throughout our research
[2-8], though, in a particular case that K ngSA*),
Theorem 1 was proposed in [7] where we devoted our-
selves to PMT.

2.6. Our Concern in This Paper
Note that

H) M,|0.S , |=M,
o) w08

pf eBP (A*), therefore, we see that [PMT] <

However, we have the following problem:

(H,) Which is fundamental, PMT or SMT?

Recalling the (C), most readers may consider that
PMT is more fundamental than SMT. In fact, throughout
our research [2-8], we have believed in the fundamental-
ity of PMT. However, in this paper, we assert that Theo-
rem 1 in SMT is the most fundamental as far as inference.
In fact, every result in this paper is regarded as one of the
corollaries of Theorem 1. And hence, we shall conclude
that SMT is proper as the answer to the problem (A).
Also, our proposal has a merit such that the philosophy
of statistics is naturally induced by the philosophy of
measurement theory (cf. [8]).

(O, S, ({pop })) for

[SMT].

3. Fisher-Bayes Method in Classical C (Q)
3.1. Notations

We shall devote ourselves to classical case (i.e.,
A=C,(Q)). From here, C,(Q) (or, commutative
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unital C -algebra that includes C, (<)) is, for simplic-
ity, denoted by C, (). Thus, we put

A =C(Q) =M(Q),
&"(A')=6"(c(Q) )= M1(),
and
&°(A')=8&"(c(Q) |- M} (Q)=0.

And, for any mixed state v € M} (Q) and any observ-
able O=(X,F,F) in C(Q),we put:

v(F(2)) “clay <V’ F (E)>C(Q) M@ <V’ F (E)>c(n)

= JQ[F (E)](a))v(da})

Also, put v(D)= IDv(da)) (VD e B, : Borel o -field).
In order to avoid the confusion between v(F (E)) in (6)
and v(D), we do not use V(F( )) Also, for any
8, € M5 (Q)=Q, weput:

c(@) <§wo .F (E)>c(9) M@ <5‘“0 F (E)>c(o)

=[[F(®)](@)s,, (d0)=[F(E)](@,)-

3.2. Bayes Method in Classical C(Q)

Let O =(X,F,F) be an observable in a commutative
C" -algebra C(Q). And let O, =(Y,G,G) be any ob-
servable in C(Q). Consider the product observable
0,x0,=(XxY,FXG,FxG) in C(Q). The exis-
tence will be shown in Section 7 (Appendix).

Assume that we know that the measured value (X, )
obtained by a simultaneous measurement

(O x 0, S[]({ 0})) belongs to ExY (e FXG).

Then by (4), we can infer that

(I) the probability PE( (T')) that y belongs to T'(eG)

is given by
P (6(r) )_j[FEGr)]
= j[F (= J(a) W, (do)
Thus, we can assert that:
Theorem 2. [Bayes method, cf. [4,5]]. When we
know that a measured value obtained by a measurement
MC(Q)( =(X,F,F).S ({vo})) belongs to =, there

is a reason to infer that the mixed state after the meas-
urement is equal to vg(e M’“( )) where

T [F
Proof. Note that we can regard that
P. e M (Q)(g C (Q)*) . That is, there exists

Q)

w)v, (do)
w)v, (do)

(VD eB,).

Copyright © 2012 SciRes.

Ve (e C (Q)*) such that

)=[.[c(T) do) (VI €G) (7)

Then, Axiom® 1 says that the probablhty that a measured
value y(eY) obtained by the measurement

MC(Q)( 0,=(Y.4.G).S, ({ a})) belongs to a set

I'(eG) is given by J.Q ](w)vg (dw), which is
equal to P.(G(T)) in (7). Since O,=(Y,G.G) is
arbitrary, we obtain Theorem 2.

Remark 3. The above (I) is, of course, fundamental.
However, in the sense mentioned in the above proof, we
admit Theorem 2 as the equivalent statement of the (I).
That is, in spite of Interpretation (G,), we admit the wa-
vefunction collapse such as

(pretest state) (posttest state)

(J) VO Bayes Vg
(EJ‘/lTl(Q)) Theorem 2 (eJ\/lT] (Q))

Theorem 2 was, for the first time, proposed in [4,5]
without the conscious understanding of Interpretation
(G»). Also, note that,

(K) in Theorem 2, if v, =
clearly holds that v§ =5, .

Also, for our opinion concerning the wavefunction
collapse in quantum mechanics, see [7].

5,, (e M5 (Q)), then it

3.3. Fisher-Bayes Method in Classical C (Q)

Combining Theorem 1 (Fisher’s method) and Theorem 2
(Bayes’ method), we get the following corollary.
Corollary 1. [Fisher-Bayes method (i.e., Regression
analysis in a narrow sense)]. When we know that a meas-
ured value obtained by a measurement
M (Q)( =(X,F,F),s ](K)) belongs to =, there is
a reason to infer that the state after the measurement is
equal to v; (e M} (Q )) such that

( .[ |:F VO da))
.[ [F(E)](@)v, (do)
where the v0 (e K) is defined by
J.[FE )=max[,[F (2)](@)(do).
Remark 4. As mentioned in the above, note that Cor-
ollary 1 is composed of the following two procedure:

(L) K Fisher v Bayes Va

0 0
(QMTI(Q)) Theorem 1 (eK) Theorem2

(vDeB,)

w)v,(dw)=

3.4. A Simple Example of Fisher-Bayes Method
(Regression Analysis in a Narrow Sense)

In this section, we examine Corollary 1 in a simple ex-
ample. Readers will find that Corollary 1 can be regarded
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as regression analysis in a narrow sense.

We have a rectangular water tank filled with water.
Assume that the height of water at time t is given by the
following function h(t):

h(t)=a, +Byt, 8)

where ¢, and g, are unknown fixed parameters such
that «, is the height of water filling the tank at the be-
ginning and J, is the increasing height of water per
unit time. The measured height h_ (t) of water at time t
is assumed to be represented by

hy (t) =, + Bt +e(t), 9)

where e(t) represents a noise (or more precisely, a
measurement error) with some suitable conditions. And
assume that we obtained the measured data of the heights
of waterat t=0,1,2 as follows:

h,(0)=0.5, h,(1)=16, h (2)=33.  (10)

—

h(f)

Under this setting, we shall study the following prob-
lem:

(M) [Inference]: when measured data (10) is obtained,
infer the unknown parameter (c,,/,) in(9).

In what follows, from the measurement theoretical
point of view, we shall answer the problem (M). Let
T= {0,1,2} be a series ordered set such that the parent
map 7:T\{0} - T is defined by n(t)=t—1 (t=0,1,2).
Put Q, =[0,2]x[0,2], @, =[0,4]x[0,2],

Q, =[0,6]x[0,2] . For each t=1,2, consider a con-

tinuous map @, 1 Q) —> €, such that

b (a.B)=(a+B.B)(Va, =(a.8)eQ,)
bo(@. ) =(a+ ) (Vo =(a.f)eQ,).
Then, we get the deterministic causal operators hus,
{(Dn(t),t :C(Q)—~C (Qm) )} such that

(@, f) (@) =y (@) (VF, €C(Q)). Ve, € Q)

(d)l‘2 f, )(a)1 )= 1, (¢1,2 (o ))(Vf2 eC(Q,).Va Q).
12)

(11)

Thus, we have the causal relation as follows.

C(Q) )« 2—C(Q,)«2—C(Q,).

Copyright © 2012 SciRes.

Put ¢0,2 ((00) = ¢1,2 (¢0‘1 (wo )) > (Do,z = q)O,l D ,.

Let R be the set of real numbers. Fix o> 0. For
each t=0,1,2, define the normal observable
0,=(R.B;,G}) in C(€,) such that

o o (x—oc)2
[Gg(n)](wt)—\/ﬂjaexp[— Py de 13)

(VEeB,.Va, =(a,B)eQ, =[0,2t+2]x[0,2]).

Thus, we get the sequential deterministic causal ob-
servable

[0,]= [{ot}t:o,h2 J,0,:C(Q) > C(Qy )}MJ .

Then, the realized causal observable 60 = R3,BR3 , |£0)
in C(€,) is, by (3) and (12), obtained as follows:

['fo By xE&, XEz)J(C’)o)

(VE,.5,.8, € By, Vo, =(a, ) €Q,).

Putting K = M/, (Q, ), we have the measurement
Meiay) (Go- Sy (M5 (€2,))) - Recall the (10), that is, the
measured value (X,,X,X,) obtained by the measure-
ment MC(QO)((50,8[*](/\4:’1 (QO))) is equal to

(0.5,1.6,3.3)(e ]R3). (15)

Define the closed interval Z,(t=0,2,3) such that

: [O.S—L,0.5+i}

[1]

2N 2N
g = L6—— 16+ |,

2N 2N
=, =[33-— 334+ |,

2N 2N

for sufficiently large N. Here, Fisher’s method (Theorem
1) says that it suffices to solve the problem.

(N) Find (a,,/,) suchas

s [REza)en o0

Putting

Zi:(xk —(a+kﬂ))2

k=0

U (X, X, %, 1, B)

we have the following problem that is equivalent to (N):
(O) Find (a,,f,) suchas
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U (X09X13X23a3ﬂ)J

min exp( =

(a.B)eQy
= (an}g)ou (X0 Xs Xy, B).
Calculating
0
a

o
aﬂU(051633aﬂ)—

—~U(05,1.6,3.3,a, ) =0,

we get

(a,ﬂ)=(0.4,1.4) 17)

Thus, we see, by the statement (K), that
(P) M_,_p] (Qo) Fisher ,5 Bayes

04,14 0.4,1.4
(emie) Theorem 1 ( (o) ) Theorem2  ( (oK) )

This (i.e., (¢,./5,)=(0.4,1.4)) is the answer to the
problem (M).

Problem 1. Since the above example is quite easy, the
validity of Bayes’ theorem in (P) may not be clear. If it is
so, instead of the problem (M), we should present the
following simple problem.

(Q) Infer the water level at time 1.

Some may calculate and conclude as follows:

h(l)=a,+f,x1=04+14=18 (18

However, this calculation is based on the Schrédinger
picture, and thus, the justification of this calculation (18)
is not assured. That is because measurement theory (par-
ticularly, Interpretation (G,)) says that the Heisenberg
picture should be adopted. Therefore, in order to answer
the problem (Q), we must prepare Corollary 2 (i.e., re-
gression analysis in a wide sense) in the following sec-
tion.

Remark 5. It should be noted that the following two
are equivalent:

(R)) [=(M); Inference]: when measured data (10) is
obtained, infer the unknown parameter (e, ).

(Ry) [Control]: Settle the parameter (,,/,) such
that measured data (10) will be obtained.

That is, we see that

“inference” = “control”.

Hence, from the measurement theoretical point of
view, we consider that

“Statistics” = “Dynamical system theory”,

though these are superficially different in applications.

4. Causal Fisher-Bayes Method in Classical
c(2)

4.1. Causal Bayes Method in Classical C(Q)

Let t, be therootofatree T. Let

Copyright © 2012 SciRes.

[(@;]: {{Otx (= (X, xY,. £ KG.F =G, ))}teT ’
{CDl] b Cc (Qtz ) —-C (Qt] )}(t1 t)eT2 :|

be a sequential causal observable with the realization
O; (% (X x¥), B (£ RG),H, ) in C(Q,). Thus
we have the statistical measurement

MC(Q )(O, S ({v })), where v, e M} (Qtﬂ). Assume

that we know that the measured value

(%, y)(= ((%)r (%) ) € (er X0 )% (xer Y, )) obtained
by the measurement M clay (O, S, ({ })) belongs to
(xteT By ) X (XteT Y, )(E (IXIET]_; ) X (&teTYt )) . Then, by (4),

we can infer that
(S) the probability P, . ((Gt (rt))tg) that y be-

(eX4G) isgiven by

2o (6(r).)
_ -[Q|:|:|t0 ((xteT )X(XteT L ))}(0)) vV, (da))
IQ[HIO (XteT t)X(XtET Y, ):|(a))l/0 (da))

(VI €G.teT).

longs to x, I

[1]

(19

[1]

Note that we can regard that

e M| (% Q )(CC( t)*). That is, there

XteT Et

uniquely exists v§ € M) (x,

PXteT Zt ((GT (r ))teT) J.x

Q,) such that

I)](@)v7 (do)
(20)
) (teT).Here,

|:®1€T G

teT Ct

for any observable (Y,,G.,G,) in C(Q
we used the following notation:

|:®IET G, (Ft ):I(a)) = IZT I:Gt (Ft )](wt)
(Va) (@), eéQt).

Define the observable CA)l(J —( o XN . FLF ) such

that
Fto (t:T =y ) - HtO ((t:T E‘) (t:TY ))

Then, we can define the Bayes operator
[qu (%er B )} MG (@, ) > M (x4 Q) by (20).

Thus, as the generalization of Theorem 2, we have:
Theorem 3. [Causal Bayes’ theorem in classical meas-
urements]. Let t, be the root of atree T. Let
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[@T ] = |:{Ot (E (Xl’]:t" R ))}lET 5
{(1)11‘12 :C (Qtz ) —-C (Qt1 )}(tl 1)eT2 }

be a sequential causal observable with the realization
o} _(xteTX X, F.F ) Thus we have the statistical

measurement M( )(Oto,s[*]({ })),where

v, € M| (Qt
value obtained by the statistical measurement
MC( )(O S ({v })) belongs to x,_; =, . Then, there

, ) Assume that we know that a measured

ty 2 [*]
is a reason to infer that the mixed state
vi (e MT} (x Q) after the statistical measurement

MC(%) (010»5[*] ({vo})) is given by

[Béto (XIETEI):l( )(EM (X @ ))

Proof. The proof is similar to the proof of Theorem 2.
Thus, we omit it.
Remark 6. In Theorem 3, we see that

(pretest state) (posttest state)

(T) VO Bayes v 16_1
(cati(ony)) " (oM )

which is the generalization of the (J).

The following example promotes the understanding of
Theorem 3.

Example 1. [The simple case such that T ={0,1,2} .
Consider a particular case such that T ={0,1,2} is
series ordered set, i.e., m(t)=t-1 (Vt eT \{0}). And
consider a causal relation

{C (Q)—=wsc (Qm) )}tET\{O} , that is,
C(Q) )« —C(Q,)«2—C(Q,).

Further consider sequential causal observable

[0,]= [{Ot }teT ’{q)tﬂt(t) 1C()—C (Q"“) )}tsT\{o}} '

Let OAo = (XteT XesXeer B 'fo

) be its realization. Note, by
the Formula (3), that,

F (B, xE xE,)
=0y, (R (2)(®,F (2) (0,2 (R (22)))))
(B, e R (VteT)).

Putting K

MC(QO)(CSOE( o XLE R F),sm({vo})). 1)

={v,}, we have the measurement

Copyright © 2012 SciRes.

Let vf (e M (QyxQ xQ, ) be the posttest state in
(T), that is, V3 [B (Xeer By )](vo) . Define
Vi (e M (Q 1)) such that
viy (D) =v (QyxD, xQ,) (VD €B,).

Then, we see that

. (RE)(@LRE)(@ (R E W)

m —

: <VO, F (Eo )‘Do,l (Fl (El )q)l,z (F2 (EZ )))>

That is because we see that, for any observable
(¥,.G.G,) in C(Q,),

(v

(VI, €G).

Example 2. [Continued from the above example]. For
each t=1,2, assume that ®_, :C()—>C (Qn(t)) is
deterministic, that is, there exists a continuous maI;

Pty Qury = € satisfying (12). And, putting K = {5{%

consider the measurement
MC(QO)(60_< teTX gteTF F ’ [*]( ))
Then, we see, by (22), that, forany g, in C(Q,),
oy (R (@) (F <~1)g1 (R (E,)
<{l)’gl> < ( ) ( ( ( E )
:[FO(EO)]( )[ (E1) 9@ ( ( ))](¢0 (@ ))
[Fo(E0)](@)[F (B @0 (Fo (5,)) (4 (@)
= 0,00 ()= (3 081

Thus, we see that

=5

(@) 23)

Vi
Further we easily see that
V'? = |:Béo (XteT E‘t )](5&)0 )

= Sl o (a0 ) sz () (€ M5 (2 %2 x2,)).

4.2. Causal Fisher-Bayes Method in Classical
c(Q)

Now we can present Corollary 2 (i.e., regression analysis
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in a wide sense) as follows.

(U) [Corollary 2] = [Theorem 1]+ [Theorem 3]

(Fisher's method) (Bayes' method)

Corollary 2. [Causal Fisher-Bayes method (i.e., Re-
gression analysis in a wide sense)]. Let t;, be the root of
atreeT. Let

CARTCYSERE

{q)‘l b c (Qtz ) —C (Qtl )}(tl b)et? }

be a sequential causal observable with the realization
éto _( o XM, FLF ) Assume the statistical meas-

urement Mc( )(Otﬂ > S

(K)) And assume that we know
that a measured value obtained by the measurement
Mc( )(Oto,s[*](K)) belongs to x,_; Z, . Then, there is
a reason to infer that the mixed state

vi (e M} (x+©,)) after the measurement

MC( )(Oto,s[*](K)) is given by [B% (XteTEt):|(VO)'
Here, the v, (e K) is defined by

[ B (22 (@) (00)

= max Q[Ifto (éT E, )}(a))v(da))

veK

(24)

Remark 7. Note that Fisher maximum likelihood me-
thod and Bayes’ theorem are hidden in Corollary 2. That
is, Corollary 2 includes the following procedure:

Fishe B:
) Tt 0 s T
(E“M” (Q‘O )) (eK) (e/\/lf} (%teT Q4 ))

which is the generalization of the (L).

Answer 1. [Answer to Problem 1 (Q)]. Now we can
answer Problem 1 (Q) as follows. The (17) says that
Vo, =90, =9 . Thus, using (23), we see that

(a0.5) (0.4,1.4)
v{a,) = 0,5, = 05 - Also, note that (17) and (23) are con-

sequences of Corollary 2. Hence, the calculation (18) is
justified by Corollary 2.

Remark 8. As mentioned in Section 1, in our research
[2-8], we have been concerned with the problem (A).
Particularly, in [6], we discussed Corollary 2 in the
commutative W -algebra L”(Q). However, this was
somewhat shallow, since “max” is not proper in L (Q)
but C(Q). Now we believe that fundamental statements
concerning statistics should be always asserted in the
framework of C(Q). Also, note that Corollary 2 is the

Copyright © 2012 SciRes.

natural generalization of Theorem 6.3 in [5].

5. Conclusions

In this paper, we devote ourselves to the problem (A) in
the light of the quantum mechanical word view (cf. [7,8]).
And, we show that regression analysis, which is the most
fundamental in statistics, is formulated as Corollary 2 in
SMT (i.e., statistical measurement theory). We believe
that Corollary 2 is the finest formulation of regression
analysis, since no clear formulation can be presented
without the answer to the problem (A). Also, note that
Corollary 2 (or, the (U)) implies that even the conven-
tional classification of (Fisher’s) statistics and Bayesian
statistics should be reconsidered.

We expect that there is a great possibility that our pro-
posal (i.e., statistics is based on statistical measurement
theory) will be generally accepted. We of course know
that the conventional statistics methodology can be good
applied in many fields. Hence, we hope that our meth-
odology in the light of the quantum mechenical word
view should be examined from various points of view.
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Appendix

As mentioned in Section 3.1, we have to prove the fol-
lowing theorem.

Theorem 4. [Existence theorem of product observable].
Let O, =(X,F,F) and O, =(Y,G,G) be observables
in a C"-algebra A=C(Q). Then, there exists the
product observable O, x0, =(X xY,FKG,FxG) in
c(). B i

Proof. Let F [resp. G; FXG] be the smallest
o -field including F [resp. G; FXG]. That is, for
each k=1,2,---, consider Z, xI', (¢ FKG) such that

(BTN (2, xT;) =2 (i # j)
and

U(E, xT, ) e FRG.
k=1

Note, by the Hopf extension theorem (cf. Remark 1),
that it suffices to show that, for any v e M (Q), it
holds:

©

J.Q{(F XG)[U(EK xT, )ﬂ(w)v(dw)

k=1

- fim [, 3F (2)](0) [6(r) () (o)

K—o
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demic Press, London, 1976.

which is equivalent to the following equality. That is, for
any o€ Q, it holds:

(=0 Uzr) )

(25)

However, it is easily seen since (X,}_',[F(-)](a)))
and (Y,Q,[G(-)](a))) can be regarded as probability
spaces. And therefore, we have the product probability
space (X xY,f&Q,[(F xG)()](a))) . This imlies that
the equality (25) holds. This completes the proof.

Remark 9. The above proof is applicable to the reali-
zation of a sequential causal observable [O;] in the
case of an infinite T under a similar condition such that
the Kolmogorov extension theorem holds (cf. [1]). Also,
in quantum case (i.e., A=B;(H)), it is well known that
the weak convergence (1) in B (H) can be identified
with the weak convergence in B(H ), therefore, we see,
by a usual way (cf. [10,11]), that Theorem 4 holds under
the commutativity condition (2).
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