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A METHOD OF LINES FOR A NONLINEAR ABSTRACT
FUNCTIONAL EVOLUTION EQUATION
BY
A. G. KARTSATOS AND M. E. PARROTT

ABSTRACT. Let X be a real Banach space with X* uniformly convex. A method of
lines is introduced and developed for the abstract functional problem
(E) w(t) + A(t)u(r) = G(r.u), wo=9. 1€[0.T].

The operators A(r): Dc X — X are m-accretive and G(r,¢) is a global
Lipschitzian-like function in its two variables. Further conditions are given for the
convergence of the method to a strong solution of (E). Recent results for perturbed
abstract ordinary equations are substantially improved. The method applies also to
large classes of functional parabolic problems as well as problems of integral
perturbations. The method is straightforward because it avoids the introduction of
the operators A(¢) and the corresponding use of nonlinear evolution operator theory.

1. Introduction— Preliminaries. Let X be a real Banach space with norm || - ||. Let
PC be the space of piecewise continuous functions y:[-r,0] — X, for a fixed r > 0.
For y € PC we let

[¥llec = sup ¥ (s)f.

se[-r0]
In this paper we consider the abstract nonlinear functional problem
(FDE) w(t) +A()u(t) = G(t,u,), ug=9¢, <€][0,T}],

where u:[-r, T} — X, A(¢t): D € X — X,t € [0, T], D independent of 7, G: [0, T'] X
- PC - X, and ¢:[-r,0] = X is Lipschitzian with ¢(0) € D. The symbol u, denotes
the function u,(8) = u(z + #), 6 € {-r,0]. We also need the following conditions:
(A.1) X*, the dual of X, is uniformly convex.
(A.2) There exists a nondecreasing function L,:[0, c0) — [0, o¢) such that

l4(2)x — A(s)xl| < e = s|Ly (xI)(1 +[4(s)x])

foreverys,t € [0, T) and every x € D.
(A.3) Foreacht € [0, T'], A(¢) is m-accretive (see definition below).
(A.4) There exists a constant 8 > 0 such that, for¢, ¢ € PC, ¢ € [0, T),

1G(2.¢) — G(r, )]l < Bllo — ¥llec
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74 A.G. KARTSATOS AND M. E. PARROTT

(A.S5) There exists L,: [0, 0) — [0, o0) nondecreasing and such that

G (1. 9) = G(s.¢)| < Ly(ligllec)lt — sl
foreverys,t €[0,T], ¢ € PC.
Let {x, f) denote the value of the functional f € X* at x € X. Define the
“duality map” on X as follows:

Jx = {x* € X% (xox*) =< =]}

The set Jx is nonempty for each x € X by the Hahn-Banach theorem. If X* is
uniformly convex, then J is single valued and uniformly continuous on bounded
subsets of X. An operator B: D(B) C X — X is called “accretive” if for every x,
y € D(B) there exists f € J(x — y) such that ( Bx — By, f) > 0.

An accretive operator B is called “m-accretive” if R(I + AB) = X for some
(equivalently, for all) real A > 0. If B is m-accretive, it can be shown that, for any
A > 0, the operator (B + AI)~! exists and, for every u, v € X, satisfies

(B + A1) u = (B + A1) || < (1L/A)|u - 0.

For these and other properties of accretive operators we refer the reader to Kato
{12]. By a “strong solution” of (FDE) we mean a continuous function u:[-r, T] = X
which is absolutely continuous on [0, 7] and satisfies (FDE) (strongly) almost
everywhere there.

Crandall and Pazy [3] established the existence of solutions of an abstract
evolution equation in a general Banach space. The equation they considered was of
the form

(AE) w(t) +A()u(1)>20, u(s)=x, s<t<T,

where A(¢) is a nonlinear (possibly multivalued) operator satisfying an m-accretive-
ness-type condition and a time dependence condition implied by (A.2). Moreover,
they assumed that D(A(7)) is independent of 1. The existence results in [3] are
based on the existence and the properties of abstract evolution operators generated
by such operators A(¢).

In [18] Webb showed that the autonomous version of (FDE) can be studied in the
framework of nonlinear semigroup theory (A(t)= A in (AE)) by defining an
operator A: D(A) € C = C (= the space of continuous functions f:[-r,0] = X) as
follows:

Ap = ~¢'
with

D(A) = {9 € C;¢' € C,$(0) € D(A), ¢ (0) + 46(0) = G(¢)}.

In [S and 6] Dyson and Villella Bressan extended Webb’s approach to the nonauton-
omous equation (FDE) under conditions similar to (A.2)-(A.5) and for X* uni-
formly convex.

One advantage in considering (FDE) as the abstract “homogeneous” equation

w(t) + A(Du(t) =0,  u(0) = ¢,
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A METHOD OF LINES FOR A FUNCTIONAL EQUATION 75

is that the approximation theory of Crandall and Pazy for (AE) (see also [7,8, 13})
can now be applied to (FDE). In [15] Parrott indicates exactly how this can be
accomplished.

In [10] the authors established the fact that the unique solution of (FDE) (in
spaces with X* uniformly convex) can actually be obtained in a straightforward
manner without the introduction of the operator A(¢) above and without the use of
nonlinear evolution operator theory. In fact, it was shown in [10] that this solution
u(1) is the uniform limit of solutions u,(r) of approximate equations involving the
Yosida approximants of A(t).

We should also mention here that the problem

(F) u,(t)=f(t~ur)~ u10=¢’ L2 1y

(or its autonomous counterpart) has been solved by use of evolution operator theory
in [19] among others. The corresponding integral equation has been considered in
[9]. In the case X = R", the numerical approximation of (F) has been accomplished
by a variety of methods (see, for example, [4] and the references therein). Linear
semigroup theory for the approximation of linear hereditary systems has been
utilized by Banks and Burns [1], Banks and Kappel [2], Thompson [17} and some of
the references therein.

It is our purpose in this paper to introduce and develop a “method of lines”
approximation scheme for solutions of (FDE). The method of lines approximating
parabolic problems goes back to Rothe [16). This method was used by Necas [14] to
study the problem

w(t)+ Au(r) = Q(1), u(0)=wu,, t1€[0,7],

with X a Hilbert space. The results of Necas were extended by Kartsatos and Zigler
in [11], where the method of lines was used in order to establish the existence and
uniqueness of the solution of the perturbed evolution equation

(PE) w(t) + A()u(t) = G(t,u(r)), u(0)=u,, t<{0,T],

in a Banach space X with X* uniformly convex. Since (FDE) includes (PE) as a
special case, our results constitute a substantial improvement of certain results of
[11).

The approximation scheme developed here has the advantage of being straightfor-
ward in the sense that we need not resort to the operators A(1) nor further restrict
the space of initial functions ¢.

We should also mention that it is impossible to apply evolution operator theory to
our problem without defining the rather impractical operators A(r) and solving the
corresponding initial value problem.

2. The approximation method. As noted in §1, the existence of a unique strong
solution u(z) of (FDE) under assumptions (A.1)-(A.5) has previously been estab-
lished. We will construct u(¢) as the uniform limit of “lines” which are the solutions
of approximate discrete equations for (FDE). In what follows, we assume that
conditions (A.1)-(A.5) hold.

We consider a partition {z,;} of the interval [0, T]. where 1, = jh = jT/n,
J=01,....n(,,=0, t,,=T). We assume that n is sufficiently large so that
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76 A.G. KARTSATOS AND M. E. PARROTT

bh < 1, where b is the constant of condition (A.4). We set
t), te-r,0],
Zaolt) = {ZEO;, = {0, T]].
We also define the space
B, = {u:[-r,T] = X; u(t) = ¢(¢) fort € [-r,0]
and u(r) is constant on (0, T']}.

It is easy to check that B, is a complete metric space with respect to the distance
function induced by the norm

(2.1) fulr = sup [lu(e)].
1€[-r.T]

We define a mapping U, on B, such that
o(t), te[-r.0],
(A(to) + (/M) 2007k + G190u,)). 1€ (0,T],

where z,, = ¢(0). The mapping U,: B, — B, is a strict contraction on B,. In fact,
foru,v € B,

Il Ulu - Ulv”T < h"G(tnO’ ul,,o) - G(tnO’ Ul,,(,)“ < hﬁ"ur"o - U:,,O‘ PC

<hB sup |u, (8) —v, (0)|=hB sup Jlu(r) = o(s)]

fe(-r.0 t€[t,0— rinol

(Uu)(1) =

<hB sup |lu(r) = o(t)]| = hBlu - ofr.
te€{-r.T]

We denote by Z,; the unique fixed point of U, on B,. We also let
(2:2) 2 = (Alty0) + (/W) 200/ + G000, 7, ))-
Proceeding in a similar manner we introduce the spaces B, j = 1,2,...,n, by
B, = {u:[-r,T] = X; u(t) = ¢(1) for £ € [-r,0],
u(1) is constant on each interval (0, £, ], (1,1, 2,2 -+ (2, 1o T] }

Each space B, is a complete metric space with the same distance function as B,.
Moreover, the strict contractions U;: B; — B, are defined by

(1), te[-r,0},
25 1 (0, tnl]’

Ziy 1E€(n, ],

23) (u)(r) =

Zy j-10 1 e(’n.j—z”n.rl]’

(A(’n.j—l) +(1/h)1)-1(zn,1—1/h + G(’n./—lsuln_,,l))*

re(t

7].

n,j—1°
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A METHOD OF LINES FOR A FUNCTIONAL EQUATION 77

The unique fixed point of U, on B; is denoted by Z,,; and we let

-1 _
(24) 20, = (At ) +A/WI) (20 jo1/B + G101 20y, )
J=1,...,n.
From (2.4) we see that for eachj = 1,2,...,n the point z,, y satisfies

(2.5) A(’n.j—l)zn,’ +(znj - zn.j—l)/h = G(tn.j—l’ an,,,.l_l)-
LEMMA 2.1. The sequence { z,,;} is uniformly bounded.

PROOF. We first establish the fact that, without loss of generality, we may assume
that 0 € D and A(¢)0 = 0 for ¢ € [0, T']. In fact, if 0 &€ D, we fix x, € D and define
A() by A,(1)x = A(t)X(x + x¢) — A(t)xq foreveryx € D — x, = D|. Then 0 € D,
and A,(2)0 = 0. Clearly, A,(¢) is m-accretive since A(¢) is m-accretive. Also, if we
define the constant function X, € PC by X,(8) = x, for € [-r,0], then we can
write (FDE) as

w'(t) + Ay (t)u(r)

w'(e) + A(e)(u(r) + xo) — A1) x,
= G(1,u,+ %) ~ A(1)x, = G,(1, u,).
We show that A4,(¢) satisfies a time-dependence condition of the form (A.2). Let
t,s € (0, T]and x € D, be given. Then we have
A (1) x — A(s)x = A(1)(x + xq) — A(1)x,
~[4(s)(x + xg) = 4()x,)
which implies
41 (1) x — Ay (s)x] < l4(2)(x + x0) — A(s)(x + xo)|
+]]A(1)xq — A(s) x|
<le = siLy(llx + xol)(1 +[4(s)(x + x0))
+ e = s|Ly (Jlxoll)(1 +[14(s)xo])
<t = Ly (Ixl)(2 + () (x + x0)l| + [ 4(s) xol).
where Ly({lx[)) = max{ L (}|xI| + [lxoll)» Ly(l|xol}}. Since
J4(s)(x + xo)]| = A(5)(x + x0) = A(s)xq + A(5) x|
<l (5)x] +14(5)xol
we obtain
l4y(1)x = Ay(s)xl <l = sILy (e} (2 + 4y ()2l + 204(5)xof -

Since (A.2) implies that || 4(s)x,|| is bounded on [0, T'], the above inequality implies
that

4, ()x — A4,(s) x| < K|t = s|L3(||x||)(1 +”A1(S)x")
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78 A. G. KARTSATOS AND M. E. PARROTT

for some K, > 0, which is condition (A.2) with KL, replacing L, and A4, replacing
A. The function G, (¢, ¢) = G(1, ¢ + X,) — A(1)x, s Lipschitz continuous in ¢ € PC
since G has this property. Also, for ¢ € PC, s, r € [0, T'], we have
1Gi(2,¢) — Gi(s, )| =1G(1,¢ + Xy) — A(1) x5 — G(s,¢ + Xo) + A(s) x|
<t = s|Ly (16 + Xollpc ) +1e = L, (Ixoll) (1 + 1 4(s) xo)

< Ly(llgllpe )1r = sl.

where L,(u) = max{L,(u + {|xoll), K;L,(llxo{D}. for a suitable constant K, > 0.
Now, using the Lipschitz continuity of (A(z, ,_;) + (1/h)] )”! and assuming that
A(1)0 = 0, we obtain from (2.3) and (2.4), forr € (1, ,_,. T] .

20, (O =Nz )l <z ol + 1|6 (002, )]
If we denote by 0 the zero function in PC and let K, be a bound for ||G(z,0)|| on
[0, T], we obtain

2, (Ol <z, -l + h”G(’n./—v an.n,,,_.) - G(’n./—v())“ + h|6(,,-,.0)]

<”zn.j—l” + hB 2n/,n_lil”l’(‘ + hKZ

Now,
Z"J: ,1|PC= Sup Zﬂj(tn.j"l +0)”
" #e(-r.0}
= sup E,,j(t)ns sup Z,,j(t)ﬂ.
’Elln./~l_"’n./ I] re(-r.T)
Hence,
Iz, (< sup_ |z, (D[ + 8B sup |z, ()] + K,
r€(-r.T) t€(-r.T)
= Hzn.j—l“T + hlB“an“T + hKZ‘
If 1 € [-r, 1, 4], then||Z, () = lIZ,.,_ (DIl < iZ,, ylly- Thus, forall ¢ € [-r. T},
||2nj”’r < “271.1—1”7 + Bh”EHJIlT + hKZ’
which yields

(1= Br)iz, |l <z, ol + AK>.  j=1.2....n.

Applying the above inequality once more, we get

|l2n.j—2”7‘ th
(l - ﬂh)”zn/‘“T< 1 - Bh + 1 - Bh + hKZ
”EHOHT ( hKZ
(1-8r)"" Kol -Bn)t
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A METHOD OF LINES FOR A FUNCTIONAL EQUATION 79

Thus

HznOHT + i

_ hK,
1<
”an”T (1 _ Bh)n

(1 - gn)*
TS v
(1-8r)" 11 Q - Bh)

- lellpc + TK, ‘
(1-B8T/n)" (1 - BT/n)"

Since lim,_ 1/(1 — BT/n)" = ePT, we conclude there exists ny, and M > 0 such
that for n > n, we have

k=1

(2.6) Iz, <Nz, <M,  j=0,1,....n.

LEMMA 2.2, The sequence {(z z, j-1)/h} is uniformly bounded.

nj_

PROOF. Assume that n, and M are as in the proof of Lemma 2.1. Assume further
that (8 + L,(M))h < 1forn > n,. From equation (2.5) we have, forj = 1,

A(tnO)znl +(znl - zn())/h = G(’nO' an," )
It follows that
2
<A(O)Z"1 - A(O)znO’ ‘,(znl - znO)) +"znl - zn()” /h
= <G(0’ 2n10)’ ‘I(znl - zn0)> - <A(0)Zn0’ J(an - znO))'
which, using the accretiveness of 4(0), gives
2 _ ~
Iz = 2aol /8 < (G (0, 21,) = G(0,0), J(2,1 = 2,0))
+ <G(0’6)’ ‘,(znl - zn0)> - <A(0)zn0’ "(znl - zn0)>

< Buznlonpcllznl - znO" + K.‘Z"znl - znO” + ”A(O)znO“ ”znl - Zn()“

< [B"¢|IPC + KZ +||A(O)¢(O)"] "znl - znO”‘

where K, is the upper bound of ||G(¢,0)|| from the proof of Lemma 2.1. Conse-
quently, we obtain

(27) ”znl - znO”/h < KB’
where K; = B|i¢|lpc + K, + [|4(0)¢(0)|. From (2.5) withj = 2,3,....n we find
2
<A(tn.j—l)znj - A(tn.j—z)zn.j—l* J(znj - zn.j—l)> +“znj - zn.j-l” /h
= <G(tn.j—l’ Enj,MAl)’ '](znj - zn.j—l)> - <A(tn.j—2)z"._/—1’ J(zllj - zn./-l)>'
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80 A. G. KARTSATOS AND M. E. PARROTT

Hence, by the accretiveness of A(r,, ,—2) and condition (A.2),

bewy = 20, /0 < (G002 )Ty = 200))
~( Aty y-2) 20y Hzny = 20,1))
—( Aty ;1) 20, = Aty 12) 205 H20y = 20,-1))
(At ,=3) 20, = Aty ,-2) 20,10 I (20) = 20,20))
< <G(t,,_j_1, A N E z,,‘j_l)>
—«uuf)n,puz 205-1))
g1 = 1ol La(llz,1)
(1 + 4, ) 20 )iz, = 20yl
Since
G{tn;m1, Eru’.,,_,,,) = G(t,,-1, Z,,,-Wl) =Gty -2, Z"f:".,f:) + Gty -2, Z"fln.,q)’
and, for all 6 € [-r,0],
fa (0)=Z (1o, a4 0) =5y (b, 2+ 0) =2,y (8),

we have the appraisals

2 — -
”znj - zn.;—l” /h s”G(tn,j—l’ znj,"‘/_l) - G(tn.j—Z’ znj,"_liz) znj - zn,/—l“

+ <G(’n./‘—2’ Zn.;—l,"_l,:) —A(t, 22)2, ;1 Iz, — zn.j-1)>
Htnyor =ty ool Ly (2 (1 + 40,2 0) 20 za; = 24,1
] [OOSR S/ VA | |
+“G(t,,‘j¥], 2,,].’”_2) - G(t,,d_z, Zn/,m,
Fzn o1 = 2yl 2, = 20,4l /B

FRL(M)(1 + Uy, = 20, il/h 461010 20, N Men, = 20yl

njn/ 1

2 ‘ ”znj - Zn.j*l”

from which it follows that

(28) “znj - zn,j—l“/h < B

+L1(M)”Zn

2nj,M_l - Zn_/,"_Fz“PC + LZ(M)|tn.j~l - tn.j—Z'

j zn.j-l" + hLl(M)K4 +"Zn‘j—l - zn.j—Z”/h’

where

Z,, HHPC +K, <K,
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A METHOD OF LINES FOR A FUNCTIONAL EQUATION 81

In order to find a suitable upper bound for

pc = Sup llznj(tn.j—l +0)=Zz,,(1,, 2+ 0)"
e(-r.0)

z"j'u.;—l - z"j'n./-'.’

we distinguish three cases.
Casel.t, ;_,>r.
Wehavet, ;_; > rand, forall ¢ € [-r,0],

"an(tn.j—l + 0) - Enj(tn.j—Z + 0)” ="2nj(tn.j—l + 0) - En.j—l(tn.j—Z + 0)"

< max _"znk - zn.k—l”'
1<kgy

Case2.1, ;<.

We also havet, ;_, <r.(a)For@ € [-r,~1, ;, ;] wehavet, ,_, +0€(t,  , -
r.0]ands, ;_ ,+0 €[t r,0]. Denoting by L, the Lipschitz constant of ¢, we
obtain, for such 6,

Ilznj(tn.j—l + 0) - Zn.j—l(tn,j—Z + 0)" ="¢(’n.j—1 + 0) - ¢(I"vj_2 + 0)“

< LOItn.j—l - tn.j—2| = LOh

nj-2

(b) For 8 € (-t

SRR XX (N S t,,-1] and 1, ,+6€ (o, tj-2]-

,,‘1-_2,0] , we have

For such 6,
"an(tn.j—l + 0) - zn.j—l(tn.j—Z + 0)" < l:]l?’:j "znk - zn.k—l”'

(c)Ford € (—tn,j—v"n.j—Z] ’

t,,-y+0€(0,h] and ¢,, ,+8€(-h,0].

n.j=
For such @,

Hznj(tn,j—l +0) =z, (1, 2+ 0)”
<lz,;(ta -1 + 8) = 2,0 +2,,(0) - Z, ;-1 (0)
+ 20 -100) = 2, ;-1 (1 ;-2 + )
<llzm = zuoll +{6(0) = ¢(¢,,_» + 8)]
<llzm = znoll + Loh.

Case3.1, ; ,>r,t,;, ;<r.

(@) For@ € [-r,-t, ;_,],
t,,-1+0€[0,kh] and ¢, , ,+6e[-h0]
For such 8, we have (as in Case 2(c) above)
"an(tn,j—l +6) - Zn,j—l(’n.j—z + 0)" <llzp = 2ol + Loh.
(b) Forf € (-t 0],
ty oy +0€ (1

n,j—2

nj-1 "t j-2> ’n.j-l] and ¢, ; ,+0¢€ (o, ’n.j—z]-
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82 A.G. KARTSATOS AND M. E. PARROTT

For such 6,
—nj(tn‘j—] + 0) - Zn.j—l(tn.j—Z + 0)” = lzlka)s(j“znk - zn.k—l”'

E:

From the above three cases we see that for all j = 2,3,...,n and all § € [-r,0] we

have
|20 (10 o1 + 8) = 2, (2, -2 + )] <  max Iz = zni—all + Loh.
Therefore,
o [2n Ctnson + 6) = 20, (00 )0 + O] < max flz,y = 2, 4l + Lo

From (2.8) we now obtain

m,flx 2ok = Zus-ill/h < B mngl!z,.k z, k1l + BLoh

l<k<

+L,(M)h+ Li(M) max |z, — z, .\l
1<kgy

+hL (M)K4 + max ”Z"k_Z,,_k,lll/h,

1sks,
which yields
(l/h - B L (M)) mkax ”znk n.k—l“

1<kgj

< (Ly(M) + BLy + Li(M)Ky)h +  max. Nzae = zu il /A

Letp=1—- (B + L,(M))h. Then p € (0,1) by our assumption. If K; denotes the
number L,(M) + BL, + L,(M)K,, then

1
2 max N2k = 2o sl < BKs + n max_l 20k = 2o sl

h 1<ksy Isksy
hK 1
S hKs + — + — _
5 p phl<ll?<ai(— ”znk zn.k l”
n—1
1 1
< hK — 4+ ———iz,; — Z,0ll.
55=0 ps p,,_lh " nl nO”
Using (2.7) we obtain
1 o1 1 | 1
—maxz— Sl hK — 4+ — |z, — 2,4l —+ —K,.
h 1<k< ” nk zn.k l“ 5X§1 px pnh “ nl nO“\ g p p 3
Since
n n 1 B (,B+L1(M))T n

and
n_ e(B+L,(M))T’

lim [1 - (8 + L,(M))T/n]
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A METHOD OF LINES FOR A FUNCTIONAL EQUATION 83

this implies there exist n, > nyand N > 0 such that, for n > n,,
(2.9) lz,, = znj-all/h < N foreveryj=1,2,...,n.
We now define the functions
¢(¢), re€[-r,0]
2o (=t o 02— 2,0/, tE [tn,j—l’ ’nj]-

It is easy to see that the sequence {z"(t)}, t € [-r, T}, is uniformly Lipschitz with
Lipschitz constant N, = max{ N, L, }. Let

(2.11) x"(t)=12,,(t), te][-r,T],
where z,,,(¢) is obtained from (2.3). Explicitly, we have

¢(1), 1€[-r,0],
Zn1» 1€ (0’ tnl]’

(2.10) 27(1) =

z,,(1) = f'u‘ te. (’n.j—l’ ’n/‘]’

Zyp = (A(tn.n—l) +(1/h)1)_1(2"‘"_1/h + G(I”J’_l’ Z""'le))’
re (tn_n—~l’ T]

The operators A"(¢) and G"(¢) are defined by
A"(0) = 4(0)9(0),
A"(t) = A(1, ;_,)z,; fore, ,, <t<t

G"(1) = G(t Znj, ‘) for

n,j-1» njp, -

nj»

<tsti

n.j—-1 nj*

It is easy to check that the function z"(¢) is strongly differentiable on {0, T’} except
at a finite number of points at which the strong left derivative (d~/dr)z"(1) exists.
Thus, from (2.5) and (2.10) we obtain

(2.12) (dydt)z"(t) + A"(1) = G"(1),  t€(t,, 4.1,].

We will show that x"(t) — z"(t) = 0 as n = oo uniformly on |[-r, T]. In what

3 ”»

follows, “ — ” (“—") denotes strong (weak) convergence. For t € (0,T], r €
(ty -1 t,,j] for somej = 1,2,...,n. From the definition of z"(¢) we have

lix"(2) = z"(2)]| ="znj ~Zn -1 ~(r— tn.j—l)(znj - zn.j—l)/h"
="[h _(t - In.j—l)](znj - zn,j—l)/hl
< 2h|(z,; = 2, ;-1)/H]| < 2Nh.

Since x"(t) = z"(t) = ¢(¢) on [-r, 0], our assertion follows.

THEOREM 2.3. The sequence of functions { x"(t)}, t € [0, T], converges uniformly, as
n — oo, to a strongly continuous function u(t). Moreover, u(t) € D for everyt € [0, T},
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A(t)u(r) is weakly continuous, and the strong derivative u'(t) exists and equals
-A(u(t) + G(t,u,)a.e.on[0,T).

PROOF. We first show that z"(t) converges uniformly as n — oo to a (strongly
continuous) function u(¢). Then it follows from above that x"(r) also converges
uniformly to u(¢). Let {1, } and {7, } be two partitions of {0, T], where

t,,j=jT/n, Jj=0,1,...,n, tox =kT/m, k=01,....m
Let 1 € (1 y—1s Ik O (15 1] -
Lemma 1.3 of Kato [12], we have
(2.13) (d/d)zm(e) - (o))’
= 2((d/dt)z"(1) = (dydt)z"(1), J(z"(1) = 2"(1)))
<2(G™(t) = G"(t) — A™(1) + A"(2), J(z™(2) = z"(1)))
< 26™(1) = G"(e)| flz™(1) = 2" (o)
—2<A’"(t)—A"(t),J(z'"(t)—z"(t))).

By the Lipschitz continuity of z"(¢) and

We also have
<|IG(1,,,_k-1, Emk,m_k,l) = Gty 1 2ok, 1)“
#16( 1 F, ) = Gl 2, |
#]6(tns 1, ) = Gty iz, ]

“G(’m.k-ls ka,m_k_l) - G(tn.j~1’ Emk,m‘l_l)“ < L2(“zmk,’“ l”)"m.k—l - tn.j—-liv

”G(ln,1~1’ E’"k'n_,q) - G(’n,/—l’ 2'1_/,"";1) < :B”ka,"./_l - Enj,".rl }PC
= sup 12,k (s) ~ 2, ()| < B sup [Z,4(s) = Z,,(s)].
SE[t, o1ty o) sel-r.a]
HG(tn.j—l’ zmk,mﬁ_l) - G(’n J=12 Zmk, - “\ BN Zmk, Z,k - l”pc
If1, -y < 1,41 then

ka(tm,k—l + 0) = zmm(tm.k~1 + 0) and ka(’",j—l + 0) = Emm(tn.j—l + 0)

for any # € [-r,0]. Also, since x™(t) — z™(t) — 0 uniformly on [-r, T], there exists
a sequence of positive numbers ¢, such thate,, — 0 asm — oo and

U2t i1+ 0) = Zpie{ty sy + O = (s oy + ) = Zp(2,, -, + 6)]
=[xt i + 8) = x7(1,. -, + 6)]
<J s+ 0) =211+ 0]

S]Vl|tm.l<'*l - |+£

n/l
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by the Lipschitz continuity of z™(¢) on [-r, T]. Now, it is easy to prove that the
sequence 1, ,_; — I, ;_, converges to zero uniformly in j, k. From this fact it
follows that

- = <3
||zm"’mﬁ—l z’nk’".]"l"PC S Emns

where g, — 0 as m, n = co. Since a similar inequality holds if z,,, , _, < ¢, ;_,, we
conclude that there exist sequences €,,,, €., such that €,, = 0 and €, —> 0 as
m, n = oo, and

1G™(t) = G" ()| < Ly(M)|t, 4y — ’n.j—1|

+B sup |z, (s) = Z,;(s)| + B,

s€[-r.1)

< (Ly(M) + B)en, + B sup [Z,(s) = 2,,(5)].

SE€[-r.1}

Now, for any s € [-r, ], we have
N2 (5) = Zu ()] =IZmm () = Zaals) =x"(s) = x"(s)]
<flz7(s) = 2"(s)l + flema ()],

where ¢}, (s) = 0 uniformly on [-r, T') as m, n — co. Thus,

sup |2, (s) = z,,(s)] < e lz7(s) = 2"(s)| + enn,
sE[-r.1] [~r.t]
where the constants €, — 0 as m, n = co. Applying the above bounds to (2.13), we

arrive at

(214) (d~/ar)|z"(1) - 2" (r)|]
e, + B sup [27(s) = z"(s)|| z™(1) - 2"(1)]

s€[-r.1}
=2(Am(1) = 4"(1),J (2" (1) = 2"(1))),
where e2* — 0 as m, n = o0. Using the uniform continuity of J on bounded
subsets of X, we obtain a sequence of functions &,,,(7) with values in X* such that
lim,, ,_ . €,,(¢) = 0 uniformly on [0, T'} and

J(z7(1) — 2"(1)) = J(x"(1) — x"(1)) + &, ().
Thus,

= (A1) = A1), J(z7 (1) - 27(1)))

= _<A(tmk l)zmk—A(tn.j—l)znj",(zm(t)_zn(t))>
= ( Aty 1)k = Aty 1) 20, T (x"(2) = x"(2)))
< L j- 1) A(‘n.j—l)znpe}nn(t»
<A(’mk l)zmk A(tnj—l)zmk"l(zm(t)_z"(t))>
-(4
- (4(
(4

II

(tn Jj= l t) A( t, j—l)x"(t)"](xm(t) - x"(’))>
tnj 1 A(tn j—l)znj’eirm(t)>
(£ k- l)zmk A(t, 1) 2 J(27(1) — 2 (’)))
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which, by the accretiveness of A(z, ;_,), implies
=A™ (1) = 47(1), J(27(2) = 2"(1)))
< [zl + 14 -) 2 ] (0]
A tn‘j-lll‘l(”zmk“)(l Ay k- 1) 2l Mz () = 2" (]

From equation (2.5), we obtain
l4(t, - 1)z, | < N+ BM + K, < K.

Similarly, || A(1,, « 1)zl < K¢. Furthermore,

A, )zl <Aty )2t = At )zl + 1A ) 2

Y[ SR A { 3 ) [ S  TE P B

+HA(’m.k—1)zmk”
< 2TL(M)(1 + K) + Ko = K.

Applying the above inequalities to (2.14), we obtain

+

(2.15)  (d~/dn)flz"(1) = (1) < ey + 2B sup [27(s5) = 2°(s)

sE[-r.1}]

where the sequence of positive constants ¢,,, — 0 as m, n = co. Integrating (2.15),
we obtain

() = OF < e T+ 28 [ s [:7(0) = ()| o

TE[-r.5]

where we have used z™(0) = z"(0) = ¢(0). Since for any r, in the interval [0, ¢],
€ (L, 1ty N1y k15 1i] , for some m, n, j, k, we have

lem(1) = 2" ()] < €T + 2/3[01' sup [lz"(7) = 2"(+)|" ds

TE€[-r.5]

<e,,T+2B j(;l sup |lz™(7) - z"(*r)H2 ds.

TE[-r.5])

We actually get

2 t 2
swp (1) = () < en, T+ 28 [ s ()= ()|

r€[-r,1] T€[-r,s5]

An application of Gronwall’s inequality above shows that the sequence z™(r) —
z"(t) > 0 as m,n — oo uniformly on [-r,T]. This implies that z"(t) — u(t)
uniformly on [-r, T}, where u(t) is a strongly continuous function. Furthermore,
since each z”(1) is Lipschitz continuous on [-r, T'] with Lipschitz constant N on the
interval {0, T'], the same fact is true for u(¢). In order to show that u(r) € D for all
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t€[0,T] and A"(t)—A(t)u(t), we first observe that A"(r) = A(1, ;_1)z,; =
A(t, ;_)x"(¢) for every t in the interval (¢ t"j] . For such #’s we have

|4z, ,-1)x"(2) = 4()x"(1)|

gItn.j—l - t|L1(||x"(t)||)(1 +”A(tn.j-l)x"(t)||)

< Lx(”x"(’)")(l + KG)ltn,j—l - ’l < N2|tn.j—l - ’| < M, T/n,
which implies that A"(z) — A(t)x"(¢t) = 0 uniformly on [0, T} and A(2)x"(¢) is
uniformly bounded there. Since x"(¢) — u(t) and A(¢)x"(¢) is uniformly bounded,
Lemma 2.5 of Kato [12] implies that u(t) € D and A(¢)x"(t)— A(t)u(t) for every
t € [0, T]. Now, since

A1) = A(Du(t) = A(1,,,)x"(1) = A()x"(1) + A(D)x"(1) = A(1)u(1),

we have actually shown that 4"(¢)— A(t)u(r) for each z. The weak continuity of
A(t)u(t) can now be established as in Lemma 4.4 of Kato [12]. In order to show that

u(t) is weakly continuously differentiable on [0, T'], we observe first that, for every
fex,

n.j-12

<ﬂu»n=wwxn—g<muxﬁm+g<mux0m

We also observe that, for any 8 € [-r, 0],

2ty +0)=x"(t,,.,+8)>u(s+8) fort, ,_, <s<t,,.

Since
G"(s) = G(’n.j—l' Z’”'u.rl)

for such s, we find that G"(s) = G(s, u,) as n = co. Since {|4"(¢)|| < K, and
IG"()l| € BM + K,, applying Lebesgue’s bounded convergence theorem, we obtain

(u(t), £)=(9(0), f) -fO' [(A(s)u(s), f) ={G(s,u,), )] ds.

Since the integrand above is continuous in 7, we have shown that (u(t), f) is
continuously differentiable on [0, T']. The proof that the strong derivative of u(t)
exists a.e. and equals —A(r)u(?) + G(¢, u,) follows as in Kato [12, Lemma 4.6] and
is therefore omitted.

3. Concluding remarks—an example. All of our results are also valid for the
infinite delay version of (FDE). That is, we can let PC be the space of locally
piecewise continuous functions f: (-c0,0] — X which are bounded. If, in addition,
we replace {-r,0] and [-r,T] by (-0,0] and (-o0, T], respectively, then a
straightforward modification of the proof of the above theorem yields the analogous
result.

We mentioned in the introduction that since the perturbed evolution equation
(PE) 1s a special case of (FDE), we can use our method to approximate the solutions
of (PE). This is a substantial improvement of the analogous result of Kartsatos and
Zigler [11] in the following sense: our scheme converges without assuming that 4(0),
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hence A(¢), maps bounded subsets of D into bounded subsets of X. However, it is
important to mention here the fact that, in the case of (PE), we should consider
instead the method developed in [11] which starts with the equation

2o, = (A(2,,) + (/) I) 2, /0 + G4, 2,,))-

In this case we need not introduce the functions Z, , and the method converges
again without the boundedness of A(0) and with G:[0,T]X X — X a global
Lipschitzian-like function.

In a forthcoming paper the authors are planning to study the existence of
solutions of (FDE) for perturbations G which are “local Lipschitzians” in their
second variable. It is hoped that an analogous method of lines can be developed for
such problems.

Even in the case X = R", our result appears to offer a new method for the
solutions of (FDE). Unfortunately, the results of Cryer and Tavernini [4, Theorem
4.1] do not apply to (FDE) because the mapping F(¢, u, v) = -A(t)u + G(1,v) is
not defined on X X X with respect to (u, v). Thus, it is impossible to construct
approximating sequences of functions as in [4].

As an example we cite the functional *“ heat” equation discussed in [10]:

(31) u,—a(t)k(u_r)un.=f(t.u(x,t—r)).
forr > 0,1t € [0, T), x € (0,1), with boundary conditions
u(x,0)=o¢(x,0), -r<6 <0,

u(0,1) = au’(0, 1), 0<tr<T,
u(l, 1) = -Bu'(1,7), O0<si1<T.
Here we let X = L?[0,1], for some p € (1, o), and A(1): D € X - X be such that
(A(1)u)(x) = —a(e)k(u (1. x))u, (2, x)

and
D={ueL”[0,1};u e C*[0.1], u(0) = ar’(0), u(1)= —Bu'(1)}.

For ¢ € PC, we define G(1, ¥) = f(t, ¥(-r)). Further conditions on a, k, f and the
constants a, 8 can be given (cf. [10}) so that conditions (A.1)-(A.5) are satisfied for
the closure A(t) of A(t) in L”[0, 1]. Thus, the method of lines developed above can
be applied to the abstract version (FDE) of (3.1).
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