A minimum problem with free boundary for a
degenerate quasilinear operator

Donatella Danielli and Arshak Petrosyan

Abstract

In this paper we prove C1'* regularity (near flat points) of the free
boundary d{u > 0} N Q2 in the Alt-Caffarelli type minimum problem for
the p-Laplace operator:

J(u) = / (|VU|p + )‘px{u>0}) dz — min (I1<p<oo)
Q

1 Introduction

For a given domain 2 in R™ consider the problem of minimizing the energy
functional

(1.1) () = /Q (IVul + Wxpusoy) de (1< p < o)

among all functions u € WP () with u—ug € W, (Q) for a prescribed ug > 0.
We assume that A is a positive constant. Then the minimizer u satisfies (in a
certain weak sense, see Theorem 2.1) the following overdetermined system

(1.2)  Apu=0 in {u> 0}, u=0, |[Vul=c ond{u>0}NQ

with ¢ = \/(p — 1)V/P. Here Apu = div(|Vu|P~2Vu) is the p-Laplace operator.
We are interested in regularity properties of the so-called free boundary

I'=0{u>0}nNnAQ.

Problems of this kind, known as Bernoulli-type problems, appear for instance
in two dimensional flows [5], heat flows [1], electrochemical machining [13], etc.
Also, the same free boundary condition appears under simplifying assumptions
in the limit of high activation energy in combustion theory, see e.g. [4].

For p = 2 the problem was studied in the by now classical paper of Alt
and Caffarelli [2]. Our objective in this paper is to prove the regularity of
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the free boundary for any 1 < p < oco. The difficulty of the problem and its
main difference from [2] is that the governing operator, the p-Laplacian, is not
uniformly elliptic (degenerate for p > 2 and singular for 1 < p < 2.) The case
of uniformly elliptic quasilinear equations has been treated by Alt, Caffarelli
and Friedman [3]. The main result of [3], similar to the one of [2], states that
near flat free boundary points the free boundary is C1'® regular. On the other
hand, the regularity of the free boundary in (1.2) will imply nondegeneracy of
|Vu| near the free boundary, which will make the p-Laplacian uniformly elliptic.
Hoverer, it appears not to be easy to establish the nondegeneracy up to the free
boundary without the regularity. We overcome this difficulty by proving both
properties, nondegeneracy of the gradient and regularity of the free boundary,
simultaneously.

Finally, we have to mention that under suitable convexity assumptions, one
can establish the existence and uniqueness of classical solutions to the free
boundary problem (1.2) by using a Perron-type method, see [10], [11]. For
general configurations, certain weak solutions can be obtained in the limit of a
singular perturbation problem related to combustion theory

€
Apu® = ! 164 (u_)
€ €
as € — 0, where § > 0 and supp 8 = [0, 1], see [6].

The structure of the paper is as follows. In Sections 3 and 4 we establish
the uniform Lipschitz continuity and a certain nondegeneracy of the minimiz-
ers at any free boundary point. As a consequence, we obtain in Section 5
that the free boundary has locally finite perimeter. Section 6 contains the key
flatness-nondegeneracy theorems (Theorems 6.3 and 6.4), which together with
Sections 7— 8 imply our main result, Theorem 9.1, that the free boundary is
O regular near flat free boundary points.

2 Preliminaries

The existence of minimizers of (1.1) as well as their relation with the free bound-
ary problem (1.2) can be established precisely as in [2].

Theorem 2.1 If J(ug) < oo, then there exists an absolute minimizer u of J in
the class K = {v € W'P(Q) : v — ug € Wy ()}, i.e. a function u € K such
that

J(u) < J(w) for any v € XK.

Any absolute minimizer u is nonnegative, Apu = 0 in {u > 0} and, moreover,
it satisfies the free boundary condition (1.2) in the following very weak sense:

lim ((p—=D|VulP =XN)n-v=0
eNO Ja{u>e}na

for any n € WP (Q)" and where v is the outward normal. O
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Note that every absolute minimizer u is p-subharmonic in Q, since J(u) <
J(u —en) and X{y—en>0} < X{u>0} for any nonnegative n € C§°(Q2) and € > 0.
In particular, Ayu is a nonnegative Radon measure with support in QNo{u > 0}.
Also observe that, if ug > 0 is uniformly bounded in €2, then

0 <infu < supwu < supug
Q Q Q

(here inf and sup are understood in the essential sense.)
Most of the results in this paper are proved also for so-called local minimizers
u € X such that J(u) < J(v) for any v € K with

[Vu — V'U”LP(Q) + HX{u>o} - X{U>O}HL1(Q) <e¢

for some £ > 0.
Next, we remark that if u is a (local) minimizer of J in 2, then the rescaling
of w around z( by a factor of r

up(x) = % u(re + xo)

is a (local) minimizer in Q, := {(z — zo)/r : © € Q}. Rescalings are especially
useful since, as we prove in Section 3, the (local) minimizers are uniformly
Lipschitz continuous and therefore we can extract a subsequence w, converging
as r — 0 to a function ug in R™. The latter process is referred to as blow-up.
Finally, throughout the paper, without loss of generality, we assume that

A=Ay = (p—l)l/p

in the functional (1.1) so that we have ¢ =1 in (1.2).

3 Lipschitz continuity

In this section we establish the Lipschitz continuity of minimizers.

Let u be an absolute (local) minimizer of J in 2. Hence u is p-subharmonic
and we can assume that w is upper semicontinuous. For any (small) B =
B, (y) CC Q denote by v = vp the solution of the Dirichlet problem

Ay=0inB, v—ueW,”(B).

From the minimality of v in B we have

/ (IVl” + X Xpumoy) < / (IVol? + A7),
B B
or

[ awup = 19er) <50 [ xpumoy.
B B

Set now
u’(z) = su(z) + (1 — s)v(z), 0<s<1.
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Clearly u® = v and u' = u. We thus obtain

1
p/ ds/ |Vus[P=2Vu® - V(u — v)
0 B
1
p/ ds/ (VU [P2Vu® — |Vol|P~2V) - V(u — v)
0 B

/ (IVul? - Vo)
B

1
d
p/ _s/ (VU [P2Vu® — |Vol|P~2Vo) - V(u® — v),
o S JB
where in the second step we used that [, [Vu|P=2Vv - V(u —v) = 0.

Next, we apply the well-known inequality

B - — (€l + P2, 1<p<2
(|€lP~2¢ — |nl? 277),(577)27{ E—ZIP(W nl) p;g

for any nonzero &, € R™ and a constant v = y(n,p) > 0.
For p > 2 we obtain

1 d ) 1
/ (IVal? — [Vol?) > 4p / ds / V(w® — )P = p / s / IV (u— v)]?
B o S JB 0 B

and consequently
(31) [ 1va=vr <c [ xum.
B B

In the case 1 < p < 2 we have

\%

L ds B
/ (Val? — Vo) > / ds / V(w — o) 2(Va| + |Vo])P~?
B o S JB

1
> c/ sds/ IV (u—v)2(|Vu| + |Vo|)P~2
0 B

> c/B|V(u—v)| (V| + [Vo|)P2,

On the other hand, using the Holder inequality, we have

[ WP < ( [ 19t = 0PVl + |w|>P—2)p/2 ( [ avul+ |Vv>p)1_p/2,

hence

B2 [u-orso(f x{u_O})p/Q (f |vu|p)”/2,

where C' = C(n, p) > 0 and we have used that [, [Vo[? < [ [Vul?.
We are now ready to prove the first result on the regularity of minimizers.

Lemma 3.1 Letu be a bounded absolute minimizer in By. Then u is C* reqular
in Byg for some o = a(n,p) € (0,1) and

||U||Ca(B7/8) < C(n,p, ||U||Loo(31))-
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Proof. Let M = ||lu||p~(p,) and B = B,(y) with y € By/s and 0 < r < 1/16.
Since u is a p-subsolution, a Caccioppoli type inequality (see [9], Lemma 3.27)

implies that
C
/ |[VulP < —/ uP < CMPr™P,
B P Jop

where aB = By, (y). On the other hand, if v = vp is the p-harmonic function
with u — v € Wy (B), we have

1/p

M
s vel < (G [ or) <€
ip ™™ JB

r

Now, let us take a small £ > 0, to be specified below, and 0 < r < ry(e) such
that ¢ < 1/2. Then

IVullprsa ey = IV =)o, ) + IVVlLeB1 )

< IV =0)|Lr(B, ) + Cr(i+e)n/p) IVollLo< (B, 2(4))

n/p—(1-p/2) (1+¢e)(n/p)—1
r +r , forl<p<2
C(M;n.p) { pn/p 4 p () (n/p)-1, for p > 2

IN

Thus, for p = 7'+, we have
(3:3) IVull Lo 5, ) < C(M,n,p)p" /P~ 07),

where a = a(n,p) > 0, if we take e = &(n,p) > 0 sufficiently small. Applying
Morrey’s theorem, see e.g. [14], Theorem 1.53, we conclude the proof of the
lemma. O

The next lemma is the main step in proving the Lipschitz regularity of
minimizers.

Lemma 3.2 Let u be a bounded absolute minimizer in By and u(0) = 0. Then
there exists a constant C = C(n,p) > 0 such that

[ull Lo (B, ,4) < C-

Proof. Indeed, assume the contrary. Then there exists a sequence of bounded
absolute minimizers ug in By, k = 1,2, ..., such that

max ug(x) > k.
By

Set
di(z) = dist(z, {ur =0}) in By

and define
O = {x € By : dy(x) < (1 — [z])/3}.

Observe that §1/4 C Op. In particular

3
max ug(z) > = k.
Bi/a 4

| w

my, :=sup (1 — |z|) ug(z) >
Op
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Since ug () is bounded (for fixed k), we will have (1 — |z]) up(z) — 0 as |z| — 1,
and therefore my will be attained at some point zy € Ok:

(3.4) (1= fon]) wa(zr) = max (1~ faf) un (a).

Clearly,

up (o) =
Since xj € O, by the definition we will have
(3:5) dy, := di(xr) < (1= |zx)/3.
Let now yi € d{ur > 0} N By be such that
(3.6) lyk — x| = di.
The two inclusions
Bog, (yx) C B1 and Ba,, /2(yx) C O,
both follow from (3.5)-(3.6). In particular, for z € By, /2(yx)
(1= J2l) = (1 = Jaul) — ax — 21 = (1 = axl) — (3/2)di = (1= [aal)/2.
This, in conjunction with (3.4), implies that

_max  u < 2uk(xg).
B, /2 (yk)

Next, since By, (zx) C {ur > 0}, uy satisfies Ayup, = 0 in By, (x). By the
Harnack inequality for p-harmonic functions there is a constant ¢ = ¢(n,p) > 0
such that

_ min  ug > cug(zg).

B3, /a(zk)
In particular,

_ max  ug > cug(zg).

Ba,, /a(yx)
Consider now

el + (d/2)2)
up (k)

From the properties of u; above, we obtain

w ()

(3.7) max w <2, max wg >c¢>0, wg(0)=0.
B, B2

We will also have that wy, is an absolute minimizer of

L dg
Q'U,k (ZL’k)

Ji(w) = / Vol + Nxqusoy, A2
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in By. Let now v be such that v, — wy € W()l’p(B3/4) and Apvg = 0 in Bsy.
From the minimality of wy,

(3.9) / (IVwel? + XX wesor) g/ ([Vorl? +A2).
B3,y B3/a

Arguing as in the proof of (3.1)—(3.2) and Lemma 3.1, we obtain that
(3.9) / IV (we — v)P < C(AP) — 0
Bs/4

and that wy, and vy are uniformly C* in Bj/g. Thus we can extract subsequences
(still denoted by wy, and vy) such that wy — wp and vy — wvg in uniformly on
Bs/g. Observe that Ayug = 0 in Bj/g and that (3.9) implies that wo = vo + c.
Hence Apwo = 0 in Bs/g. By the strong minimum principle wg = 0 in Bjs,
since wy > 0 and wp(0) = 0. On the other hand, (3.7) implies

max wg > ¢ > 0,
B2

a contradiction.
The lemma is proved. o

Theorem 3.3 If u is a local minimizer in ), then u € Lip (). Moreover,
for every K CC Q such that K N d{u > 0} # () there exist a constant C' =
C(n,p,dist (K,00Q)) > 0 such that

V|| oy < C.

Proof. The statement follows easily from Lemma 3.2. We refer to the proof of
Theorem 2.3 in [3] for more details. See also the proof of Theorem 2.1 in [6]. O

4 Nondegeneracy
As a simple corollary of Theorem 3.3 we obtain the following statement.

Lemma 4.1 For every K CC Q there ezists a constant C = C(n,p,dist (K,90Q)) >
0 such that for any absolute (local) minimizer u

1
—][ u>C implies u>0 in B,
" JoB,

for any (small) ball B, C K.

Proof. Indeed, otherwise we will have that B, C K contains a free boundary
point and therefore, by Theorem 3.3, u < Cr on 0B, a contradiction. O

Next we prove a key nondegeneracy lemma.
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Lemma 4.2 For any v > p—1 and 0 < k < 1 there exists a constant ¢ =
c(k,y,n,p) > 0 such that for every absolute (local) minimizer u and for any
(small) ball B, C Q

1 1/v

— <][ u”) < c implies u =0 in By,.

T B,

Proof. Without loss of generality we may consider the case r = 1. Set

€ = —= sup u.

1
VE B

By the Harnack inequality for p-subharmonic functions (see Theorem 1.3 in [15])

1/v
e<C (][ u”) .
B,

Let ¢(x) = ¢x(]z]) be the solution of
Apyp=0in B 7\ By, ¢=00n0B,, ¢=10n0dB s

and put ¢ = 0 on B,. Setv:s\/ﬁgbinB\/g. Then v > u on B, s and
w = min(u,v) is an admissible function. Therefore J(u) < J(w), or equivalently

/ (IVul” + AX us03) S/ (IVw[” + N X fws0}) -
Bx B x\B.
Hence
[ e+ vxe) < [ (vl - (up)
B, B\/E\Bh‘
<

p/ |Vw[P~2Vw - V(w — u)
B z\Bsx

—p/ |Vw|P~2(w — u)Vw - v
OB

= p/ u|VoP~2Vo - v.
aB,

Since also |Vv| < Ce on 9B, we find that

/ (IVulP + AP x {us03) < Cﬁpﬂ/ u.
B, OB,

On the other hand

/83%11 < C(n,x) (/Bnu+/35|vu|>

C(n,K,p) (/ E>\”X{u>o}+/ (|Vup+/\pX{u>0})>

K K

IN

< Clnrp)(1+e) / (IVul” + Mxgusoy)

K
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Therefore, if € is small enough, we obtain u = 0 in Bi. a

Corollary 4.3 For any K CC ) there exist constants ¢, C' > 0 such that if
B, (z) € K N{u > 0} touches d{u > 0} then

er <u(x) < Cr.
O

Theorem 4.4 For any K CC § there exist a constant ¢ = ¢(n,p, K,Q), 0 <
¢ < 1 such that for any absolute (local) minimizer w and for any (small) ball
B, = B,(z) C K with z € 9{u > 0},

L™ (B, Nn{u>0})

1—c
c < L”(B,«) < c

Proof. By Lemma 4.2 there exists y € B,/; such that u(y) > ¢r > 0. By
Lipschitz continuity, u > 0 in B, (y), for a small k > 0, and thus the estimate
from below follows.

To prove the estimate from above, it is enough to consider the case r = 1.
Assume the contrary. Then there exists a sequence of absolute minimizers uy,
in B1(0), such that 0 € 9{us > 0} and

L"({ur, =0}) = ¢, — 0.

Let vg be such that vy —uy € Wol’p(Bl/Q) and Apv, = 0 in By /p. Arguing as in
the proof (3.1)- (3.2), we obtain that

/ Vo — Vugl? < Clex) — 0.
B2

Since uy, and vy, are uniformly Lipschitz continuous in B /4 We may assume that
up, — ugp and vy — vo uniformly in By /4. Observe that Aj,vg = 0 and that the
estimate above implies that ug = vo + ¢. Hence Apug = 0 in By,4 and from
the strong minimum principle it follows that ug = 0 in By 4, since ug > 0 and
u0(0) = 0. On the other hand we know

1/y
][ u) >c>0, fory>p-1,
By

which implies a similar inequality for ug, a contradiction.
The theorem is proved. O

Remark 4.5 Theorem 4.4 implies that the free boundary O{u > 0} has Lebesgue
measure zero for every local minimizer. Moreover, it implies that for every
K ccC Q, the intersection d{u > 0} N K has Hausdorff dimension less than n.
In fact, to prove these statements, it is enough to use only the left-hand side
estimate in Theorem 4.4.
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5 The measure A = Aju

The main objective of this section is to show that for any absolute (local) min-
imizer u the free boundary is locally of finite perimeter. For that purpose, set

A =Apu.
Then A is a nonnegative Radon measure.

Theorem 5.1 For any K CC Q) there exist constants ¢, C > 0 such that for
any (local) minimizer u

™l < / dA < Cor™1
B,

for any (small) ball B, = B.(x) C K with x € 0{u > 0}.
Proof. Let ¢ € C*(Q)), ¢ > 0, be a test function. Then

/ g‘dA:f/B |Vu|P~2Vu - V(.

r

Approximating x p, by suitable test functions ¢ we get that (for almost all 7 > 0)

/ dA = / |VulP2Vu - v < Or™ 1,
B. aB,

where in the last step we used that u is Lipschitz continuous.

To prove the estimate from below, is enough to consider the case r = 1.
Assume the contrary. Thus there exists a sequence of absolute minimizers uy in
the unit ball By(0) such that 0 € O{uy > 0} and for the measures Ay = Ajuy

dAp =: e — 0.
B,

Since the functions wuy are uniformly Lipschitz continuous, we may assume that
u — uo uniformly on By /5, where ug is Lipschitz continuous as well. Consider
then the uniformly bounded sequence g = |Vug|P~2Vus. We may extract a
subsequence (still denoted by gx) such that gr — go star-weakly in B;/,. We
claim that gy = |Vuo|?"?Vug. Indeed, if B, = B,(y) C {up > 0} then one
can extract a subsequence of uy locally converging to ug in C'*(B,). Hence
go = |Vug|P~*Vug in B,. Next, if B, C {ug = 0}, up = 0 in B,_g) for
sufficiently large k& > k(J); otherwise we will have pr ug > c(d) for v > p— 1.
Thus, go = 0 = |Vup|P~2Vug in B, in this case as well. Finally, we show
that d{ug > 0} N By, has vanishing Lebesgue measure. Indeed, every point
xo € d{ug > 0} N Byy is a limit of a sequence xy € d{uy, > 0} N By /. Using
this we can prove that ug satisfies the nondegeneracy condition
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for any ball B, (z0) C By/2. Along with the Lipschitz continuity this is enough
to prove that L™ (B, (zo) N {ug > 0}) > ¢ L™ (B,(x0)) for ¢ > 0. This implies
that L™(9{uo > 0}) = 0, see Remark 4.5.

Now, recall that |Vug|[P~2Vuy converges star-weakly to |[Vug[P~2Vug in
B /2. Hence for every ¢ € C§°(By/2), ¢ > 0, one has

/ |VuolP"2Vug - V¢ = — lim |Vug|P~2Vuy, - VC
By s k—oo By»

or

[ cino=tim [ can < s, fim e =0
By s k—oo Bis k—oo

Thus, Ag = 0 in By, which means that ug is p-harmonic. From the facts
ug > 0, up(0) = 0, and the strong minimum principle, we infer vy = 0 in
Bijs. On the other hand, since 0 € 9{uy > 0}, by nondegeneracy we have

1/~
( / B UZ) >c¢>0and vy > p— 1, and therefore a similar inequality holds

for ug. Hence, we have reached a contradiction.
The theorem is proved. O

Theorem 5.2 Let u be a local minimizer in Q. Then
(i) H YK No{u > 0}) < oo for every K CC Q.
(ii) There is a Borel function q, such that
Apu = g, H" " 0{u > 0},
that is for every ¢ € C§°(Q)

—/ \Vu|P~2Vu - V¢ = ¢ qudH™ L
Q QNo{u>0}

(iil) For any K CC Q there exist constants ¢, C > 0 such that
c<qu(z) <C, o™ P <HYB(x) N O{u > 0}) < Cr"t
for every ball B,(z) C K with x € 0{u > 0}.

Proof. This follows easily from Theorem 5.1. For more details see the proof of
Theorem 4.5 in [2]. O

From (i) in Theorem 5.2 it follows that the set A = QN {u > 0} has finite
perimeter locally in ), see [7], Chapter 4, in the sense that

My = _VXA

is a Borel measure and the total variation |u,| is a Radon measure. We define
the reduced boundary of A by

OredA = {2z € Q: vy ()| = 1},
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where v, (x) is the unique unit vector with

/ XA = X{y:(y—a)vu (@) <0y | = 0(r™),
B, (x)

if such vector exists, and v, (z) = 0 otherwise. In what follows, we will use some
results about sets of finite perimeter, mainly from [7], Chapter 4, such as

Moy = Vug{nill;ared{u > 0}

To proceed we will need the some properties of so-called blow-up limits. Let
u be a local minimizer in Q, K CC Q and B,, (z}) C K be a sequence of balls
with pr — 0, 25 — 29 € Q and u(xy) = 0. Consider then the blow-up sequence

(5.1) ug(z) = iu(mk + prx).
Pk

Since uy are uniformly Lipschitz continuous, for a subsequence,

) Uk — U in C (R™) for every 0 < o < 1,
) Vug — Vug star-weakly in LS (R™),
)
)

loc

H{ug > 0} — 9{ug > 0} locally in the Hausdorff distance,
X{ur>0} — X{uo>0} in Llloc(Rn)'

(5.2
(5.3
(5.4
(5.5

Moreover, if z3 € 0{uy > 0} then z¢ € 0{up > 0}. For the proof we refer to
Section 4.7 in [2] and pp. 19-20 in [3]; see also our proof of Theorem 5.1.

The following lemma is an analogue of Lemma 3.3 in [3], with the same
proof.

Lemma 5.3 The limit ug of a blow-up sequence of u with respect to balls
By, (zr), u(zk) = 0, is an absolute minimizer of J in any ball. O

Lemma 5.4 Let u be a local minimizer and xo € O{u > 0}. Then

limsup |Vu(x)| =1.

z—xzo,u(z)>0

Proof. Denote the limsup by £ and let the sequence y, — o, u(yg) > 0, be such
that |Vu(yr)| — €. Set pj, = dist(yx, 0{u > 0}) and let x, € 0B,, (yi) N O{u >
0}. Consider then the blow-up sequence (5.1) and assume that (5.2)—(5.5) hold.
Also, assume that ey := (zx — yr)/|zr — yi| converges to the unit vector e,.
Now, observe that 0 € {ug > 0}, B1(—e,) C {ug > 0}, and

‘VU()| </{in {'LL(] > 0}, |VUO(—€n)| =/.

This implies £ > 0. Since ug is also p-harmonic in {ug > 0}, it is locally C'*
there. In particular, there exists a small § > 0 such that |Vug| > £/2 in Bs(—ey,).
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If e denotes a unit vector such that Vug(—ey) = |Vug(—ey)le, the directional
derivative v = D.ug will satisfy in Bs(—e,,) an uniformly elliptic equation

DZ'U,OD]"U,()>

Di(aiijU) =0, Qij = |VUO‘P—2 (5U + (p — 2) |VU0|2

By the strong maximum principle, we must have D.ug = ¢ in Bs(—e,,), implying
that Vug = fe. By continuation, we can prove that this is true in the whole
Bi(—ey,). Therefore

uo(x) =L(xz-e)+C in Bi(—ey).

Since up(0) = 0 and up > 0 in Bi(—e,), we obtain that C = 0 and e = —e,,.
Thus,
uo(z) = =Lz, in Bi(—ep).

Using the continuation method one more time, we see that
(5.6) uo(z) = -z, in {z, <0}

Next, we claim that
(5.7) up =0 in{0<x, <eo}

for some g > 0. Indeed, let

s = lim sup Dyug(x',xy,).
z, — 0+, 2’ € R"
u(z’',z,) >0

Then s < oo since ug is uniformly Lipschitz. Assume that s > 0. Consider a
sequence (2g, hg), hy — 0+, such that Dyug(zk, hx) — s. Arguing as above one
can show that the blow-up limit ugg of ug with respect to the balls By, (zx,0)
satisfies

ugo(x) = sz, in {x, > 0}.

On the other hand we have
ugo(x) = =z, in {x, <0}.

We have reached a contradiction, since by Lemma 5.3 ugg is a minimizer and
therefore by Theorem 4.4 the set {ugo = 0} must have positive density. Thus
s = 0 and consequently ug(z’, z,) = o(x,). Hence, for every € > 0

1/~
1 ][ ul <e
0
r B,(z0)

for any g = (20, ho), 7 = ho, if hg is small enough. But then the nondegeneracy
lemma (Lemma 4.2) implies that ug = 0 in some strip {0 < z, < g}.
Having proved (5.6) and (5.7), we deduce from Theorem 2.1 that £ =1. O
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Theorem 5.5 Let xg € Oreq{u > 0} and suppose that the upper H"'-density
satisfies

g1 (fH"_lLa{u > O},x()) <1

Then the topological tangent plane Tan(0{u > 0}, z) of O{u > 0} at zg is given
by {x : x - vy(x0) = 0}. If, in addition,

qu — Qu($0)|df}cn_l = ()(Tn_l)7 asr — O7

/BT(wo)ﬁa{u>0}
then qu(x0) =1 and
wlwo +2) = (~2 - v(wo))* +olal), sz — 0.

For definitions of ©*™(u,a) and Tan(S, a) see [7], 2.10.19 and 3.1.21.

Proof. Without loss of generality assume v, (zg) = e,. Consider then the blow-
up limit uy of u with respect to the sequence of balls B,, (zo), pr — 0. Using
that zg € Orea{u > 0} and that the upper H" !-density of d{u > 0} at zo does
not exceed 1, precisely as in the proofs of Theorem 4.8 in [2] and Theorem 3.5
in [3], one can show that ug > 0 in {z,, < 0} and ug = 0 on {z,, > 0}. As a
consequence, {x, = 0} is the tangent space to d{u > 0} at xg.

To prove the second part of the theorem, we again repeat the arguments
from [3] and obtain that

|VuoP~2Vug - €, = qu(20) on {x, = 0}

in the sense that
- / Vo [P~2 g - VC = qu(zo) | ¢(a',0) 3"
B.N{z, <0} By

for every ¢ € C3(B,). Since A,ug = 0in {x,, < 0}, from the boundary regularity
it follows that the boundary condition above is satisfied in the classical sense.
Hence from the Lemma 5.4 we obtain ¢, (xg) = 1.

Finally, we need to show that ug = (—x,)". Define the function wq by

—ug(z*) in {z, > 0},

wo(x) = { uo(x) in {z, <0}

where z* = (2/, —x,,) for x = (2/,z,). It is easy to see that wy is p-harmonic in

the whole R™. Observe now, since |Vug| <1 in {x, < 0} by Lemma 5.4,
[Vwg] <1 in R™.

On the other hand,
Dpwy=-1 on {x, =0}.
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In a small ball Bs(0), we have |Vwg| > 1/2, hence D, wy satisfies a uniformly
elliptic equation in divergence form and from the strong comparison principle
we infer that

Dpwo = -1 in Bs(0).

By continuation, we can prove that, in fact,
D,wg=-1 in R".

This implies that wy = —x,, in R™, or equivalently, ug = (—z,,)" in R®. The
proof is complete. O

Theorem 5.6 For H" ! a.e. x in Oreq{u > 0}
qu(z) = 1.
Since also H" 1 (d{u > 0}\Orea{u > 0}) = 0 (from the positive density property)
Apu=H" Opea{u > 0}
for any local minimizer u in €.

Proof. Just observe that the condition on ¢, in Theorem 5.5 is satisfied for
H" ! ae. g € Orea{u > 0}. This follows from [7], 4.5.6(2) and [7], 2.9.8, 2.9.9
applied to H" "1 on d{u > 0} and the Vitali relation

{(z, By(x)) : @ € 8{u > 0} and B,(x) CC N}.

6 Flatness and nondegeneracy of the gradient
We define the relevant flatness classes as in [3], Definition 5.1.

Definition 6.1 Let 0 < 0y,0- < 1 and 7 > 0. We say that u belongs to
the class F'(o4,0-;7) in B, = B,(0) if u is a local minimizer in B, with
0 € 9{u > 0}, and

u(z) =0 for x, > oy p,
(6.1) u(z) > — (2, + 0_p) for x,, < —o_p,
[Vu| <1471 in B,,.

More generally, changing the direction e, by v and the origin by xy in the
definition above, we obtain the flatness class F((o,0_;7) in B,(x¢) in direction
v.

Remark 6.2 If 9 € Orea{u > 0} N2 then u € F(o,,1;00) in B,(zo) in direc-
tion vy = vy (z9) with o, — 0 as p — 0. This follows from the fact that any
blow-up ug at xg vanishes on {z : - vy > 0}.
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The following two theorems play an important role in the iteration process
of proving the O regularity of the free boundary.

Theorem 6.3 There exists oo > 0 and Cy > 0 such that
u € F(o,1;0) in By implies u € F(20,Cyo;0) in By,
for 0 <o < oyg.
Theorem 6.4 For every 6 > 0 there exists o5 > 0 and Cs > 0 such that
u € F(o,1;0) in By implies |Vu| >1—6 in By, N{z, < -Cs0}

for0 <o <os.
We first prove the following weak forms of the theorems.

Lemma 6.5 For every € > 0 there exists oo > 0 such that
u € F(o,1;0) in B1  implies u € F(20,¢;0) in By,
for0<o<o..
Lemma 6.6 For every e > 0 and 6 > 0 there exists 0.5 > 0 such that
u € F(o,1;0) in By implies |Vu| >1—6 in By N{x, < —¢}

for0 <o <o.s

Proof of Lemma 6.5. We use the following construction from [2, 3]. Let

n(y) = exp 9l
1—9Jy[?

for |y| < 1/3 and n(y) =0 for |y| > 1/3, and choose s > 0 maximal such that
Bin{u>0}CcD:={x€By:x, <o—sn)},
where = = (2/, x,,). Hence there exists a point
2 € By N 0D No{u > 0}.

Observe also that s < o since 0 € 9{u > 0}.
Now, let § € 0B3,4 and &, < —1/2. We want to prove an estimate for u(§)
from below. Consider the solution v = vy, of

Ay =0 in D\ B, (@)
v=20 on 0D N By,
v=(14+0)(c —z,) on dD\ By,

v=—(1—-kKo)x, on 0B,(&),
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where k > 0 is a large and p > 0 is a small constant to be chosen later. We
claim that for large k = k(p)

(6.2) u(xe) > v(€) for some z¢ € 0B,(&).

Indeed, otherwise u < v on 9(D \ B,(§)) and, by the comparison principle, also
v < von D\ B,(§). Then the contradiction follows from the following two
statements, applied at the point z.

Claim 6.7 If B is a ball in {u = 0} touching 0{u > 0} at x¢, then
u(z)

I S
13?Lszu0p dist (z, B)

Claim 6.8 The function v = v, constructed above satisfies
|Vu(z)| <14 Co —cko  for z € Byj;N (0D \ 0By)
for some positive constants C = C(p) and ¢ = ¢(p) and if 0 < o < o(k, p).

We postpone the proofs of these claims for a moment.

Now, choose k = k(p) > C(p)/c(p) and o < o(k(p),p). Then (6.2) holds
and

u(€) > ulwe) - p(1+0) > v(ze) - p(1+0)
= (1~ ko) (we)n — p(L+0) > —(2e)n — KO~ 2p > —E, — 4p

for 0 < o(p) sufficiently small. That is, we get
(6.3) () 2 —6u —4p on {€ € DBy &n < —1/2}.
Integrating along vertical lines and using that |Vu| < 14 o we obtain
u(§ +aen) Zu@) —a(l+0) 2 & —dp—a—ac > —(& +a) = 5p
for 0 < o(p). Choosing p = £/10, we complete the proof of Lemma 6.5. O

Proof of Lemma 6.6.  Assume the contrary. Then there exists a sequence
up € F(1/k,1;1/k) such that

|Vug(zF) <1 -6 for some z* € By N {x, < —¢}.
Letting kK — oo we obtain from Lemma 6.5 that
ug(z) — uo(r) = —r, uniformly on Bs /4.

Moreover, on the positivity set {ug > 0} = {z,, < 0} the convergence is locally
C1®. This implies that if a subsequence of z* converges to z° € By n{z, <
—e}, then |Vug(z%)] < 1 — 4, which contradicts to the fact that [Vug| =1. O
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Proof of Theorem 6.3. We revisit the proof of Lemma 6.5. Choose p = 1/10
and £ = £(p) so that (6.2) holds. We can refine the estimate (6.3) as follows.
Set

w(z) =14 0)(oc —xn) —u(z).

Then u € F(o,1;0) implies that w(z) > 0 in By,(£) and
w(ze) < —(x¢)n —v(x¢) + Co < Co.

For ¢ sufficiently small we know from Lemma 6.6 that [Vu| > 1/2, so u will
satisfy the linearized equation

Luu = aijDiju = O,

where
DiuDju
| Dul?
Observe that the ellipticity constant of L, is A = A(p) = max{p—1,1/(p—1)}.
As a consequence w will satisfy the equation

aij = 0i5 + (p—2)

L,w=0.
Applying the Harnack inequality we obtain that
w(€) < Cu(re) < Co

or

u(€) > ~&, — Co on {€ € B34, &, < —1/2}.

Integrating along vertical lines and using that [Vu| < 14 o, we conclude that
u(§ +aey) 2 u(§) —(1+0)az —(6n + @) = Co,
which implies that u € F'(20,Co;0) in By ;. |

Proof of Theorem 6.4.  Assume the contrary. Then there exists a sequence
or — 0 and uy € F(oy,1;04) such that

|Vug(z")] <16 for some 2* € By/y N {z, < —koy}.

Let dj, = dist (z*, 0{uy > 0}) and y* € d{uy > 0} be such that |z* — y*| = dj.
From Theorem 6.3 it follows that dy > (k — Cp)og. Define now

- B ug(y* + 2dp) e L
e (x) = 2d, T 2d,

Then one can easily verify that

up € F((Co+1)/2(k — Cy), 1;01) in By,
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=3 @) <50 (Cot Dk =),

and
|Vﬂk(5k)| <1-09.

This contradicts to Lemma 6.6. The proof is complete. O
We now prove the claims stated in the proof of Lemma 6.5.

Proof of Claim 6.7. Denote
¢ = limsup u(zx)/dist (z, B)

.’EH(EO
and let the sequence z* — 29 be such that u(z*) > 0 and

u(zk)
dy,

.y

where dj, = dist (z*, B). Moreover, let y* € B be such that |z* —y*| = d). By
nondegeneracy £ > 0. Consider now a blow-up sequence

and assume that for a subsequence
(z* —y*)/dp — e,  ur — uo.

We claim that
up(x) = L(x-e)t.
Indeed, by construction ug(z) = 0 when x-e < 0, ug(z) < £(z-e) when x-e > 0,
and ug(e) = ¢. Both ug(x) and £(z - €)™ are p-harmonic in {up > 0} and from
the strong maximum principle (applicable here since ¢ > 0) it follows that they
must coincide.
The only constant £ for which ug can have the form £(z - e¢)™ is £ = 1 and
the proof is complete. a

Proof of Claim 6.8. The idea of the proof is to construct an explicit p-
superharmonic function w in D\ B,,(§) to estimate v. Observe that if [Vw| > 0,
then w will be p-superharmonic if we can verify that

aile-jw S 0
for any positive matrix a;; of ellipticity A = A(p) = max{1/(p—1),p—1}, i.e. if
ATHCI? < @i < AP for every ¢ € R™.

Indeed, taking
Di’ij w

Qi :613 + (p_2) |Dw|2 )
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we obtain that w satisfies L,,(w) < 0 for the linearized p-Laplacian and hence
w is p-superharmonic.

We construct w in the form v; — kowvy with vy, v defined as follows. First
71 .
v = ,u_(l —exp(—mdy)) in D,
1

where
di(z) = =z, + 0 — sn(a’),

and with positive constants uq, 71 depending on o. Then

1<|Vdy| <1+ Co, |D%d|< Co.
Hence, if a;; is a positive matrix of ellipticity A(p)

aijDijvl = N exp(f,uldl)aij(Dijdl — /LlDidledl)
(6.4) < mexp(—p1di)(Co —cpr) <0
if
u1 = Cho, C1 large enough.

Next, if y1 = 1 + Cy0, C5 large enough and ¢ small, we obtain for x € D

(6.5) vi(z) > ndi(z)(1 — Cuy) > (1 + 20)d1(x),
(14 20)di(z) > v(z) forxz e d(D\ B,(§)),

and

(6.6) [Voi(z)| = v exp(—p1d1)|Vdi| = 71 (1 = 2) > 1.

The inequality (6.4) implies that v; is p-superharmonic in D and therefore the
maximum principle yields

v >v in D\ B,(§).
At the point z € By, N (0D \ 9B1) we compute
|[Vvi(2)| = 11|Vdi]| <14 Co.
We define vy depending on B, (&) by

v = %(exp(mdz) ~1) in D\ B,(9),
2
with constants s, us to be specified later. Here D C D is a domain with smooth
boundary containing
D\ Byi10(0B] x {0}),

and ds is a function in C?(D \ B,(€)) satisfying
d2 =0 on 85,

dy =1 on 9B,(§),
C>|Vdy|>¢c>0 in D\ B,().
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Thus, for any matrix a;; of ellipticity A(p)

a;jDijve = yaexp(peds)a;j(Dijde + peD;ide D, ds)
(6.7) = y2exp(padz)(=C + cpz) > 0
if o is large enough. Then choose 7, such that

v =1 on 0B,(§),

or explicitly
M2

727 exp(ua) — 1

In D\ B, (&) we have
|Vva| = y2 exp(pads)|Vda| < C

and at the point z
|Vva(2)] = 12| Vda(2)| > ¢ > 0.

Thus the function
W = V] — KOVg

w=wv >v on 35,
and for x € 0B, (§)
w(z) > di(z) — ko > —(1 — ko)z, = v(x).
Also, the gradient of w is not degenerate since
|[Vw| > |Vvi| — ko|[Vue| > 1 —Cko >0

if o < o(k) is small enough. We conclude that w is p-superharmonic and the
comparison principle yields w > v in D \ B,(§). In particular,

[Vou(z)| < |[Vw(z)| = |Vui(2)] — ko|Vue(2)] <1+ Co — cko.

The claim is proved. O

7 Gradient estimates

Theorem 7.1 Let u be a local minimizer. For any D CC Q and a ball B,.(x) C
D such that B.(x) N d{u > 0} is nonempty,

sup |Vu| <1+ Cr®
B, (x)

with C >0, 0 < a < 1 (depending only on D, 2, n, p.)
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Proof. For any € > 0 consider the function
U.=(|Vu> =1 -¢)*

Observe that it vanishes in a neighborhood of the free boundary. Since U, > 0
implies |Vu| > 1 + ¢, the closure of {U. > 0} is contained in {|Vu| > 1+ ¢/2}.
The function u satisfies the linearized p-Laplace equation

DZ‘UDJ"LL

Lufu) = aii(Vu)Digu 2 0, a3;(Vu) =335 + (0 = 2) =50

which is A(p)-uniformly elliptic in {|Vu| > 1+¢/2}. Hence, by [8], Section 13.3,
the function v = |Vu|? satisfies
M(v) = Di(e"a;j(Vu)Djv) >0 in {|Vu| > 1+¢/2},
where v = 7(p, | Vul| L~ (q)) is some positive constant, and so U, satisfies
MU.) >0 in {|Vu|>1+¢/2}.
Extending the operator M with the uniformly elliptic divergence-form operator
M (w) = D;(a;(z)D;w) in Q
with measurable coeflicients such that
Gi5(2) = " @agy(Vu(@) i {[Vu] > 1+2/2},

we obtain

M@U.) >0 in Q.

For any r > 0 set
he(r) = sup Ue
B,

where the origin is taken to be on the free boundary. Then h.(r) — U, is M-
supersolution in B,., and

hE (T) - Ue in Br

0
he(r) in B, N{u = 0}.

v

By [8], Theorem 8.18, with 1 < g < n/(n — 2),

inf (he(r) = Us) = er™"9|he(r) = UellLags,) = che(r),

r/2

since | B, N {u = 0}| > er™ by the positive density property. Taking e — 0 we
get
lij)nf (ho(r) = Uy) > cho(r) (0<c<1)
r/2
or
sup Up < (1 — ¢)ho(r).
B2
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In conclusion
ho(r/2) < (1 —c¢)h(r)

and by a standard argument we deduce that ho(r) < Cr® for some C' > 0 and
0 < a < 1. This completes the proof of the theorem.
O

8 Nonhomogeneous blow-up

Lemma 8.1 Let u, € F(ok,0r;7) in By, with o, — 0, Tkale — 0. For
y € Bi, set

i) = sup{h: (pry, onpih) € O{ug > 0}},
[ ) = inf{h: (pry, onpih) € O{uy, > 0}}.

Then, for a subsequence,

f(y) == limsup f;F(2) = liminf f, (2) for ally € By.

z—y Yy
k — oo k — oo

Further, ff — f, fi, — [ uniformly, f(0) =0, and f is continuous.

This is the analogue of Lemma 5.3 in [3]. The proof is based on Theorem 6.3
and is identical to the one of Lemma 7.3 in [2].

Lemma 8.2 f is subharmonic.
The proof is identical to the one of Lemma 5.4 in [3].

Lemma 8.3 There exists a positive constant C' such that, for any y € B;/Z,

| <]£ e f(y)> <c

Proof. The proof below is a modification of that of Lemmas 5.6-5.7 in [3]. It
should be pointed out that Theorem 6.4 is used in an essential way.

With no loss of generality we assume pr = 1. Also, it suffices to prove the
lemma for y = 0, since uy € F (80, 80%; %) in Bl/4(y,akf2'(y)).

Set

Ok

W (y, h) =

Since the free boundary of uy, lies in the strip |z, | < o, |Vug| < 147k, 7% < 0%,
and we have w;, < C'in By . The flatness assumption also implies that wy, > —C
in By, and thus

|lwg| < C in By .
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Claim 8.4 For a subsequence,

lim wy =:w exists everywhere in By .

k—o0

The convergence is uniform in compact subsets of By , and w satisfies

(8.1) a;j(en)Dijw = ”z_: Djw+ (p—1)Dpyw=0 in By,
(8.2) w(0,h) <0,
(8.3) w(y,0) = f(y)

in the sense that limy_o- w(y,h) = f(y),
(8.4) lw| < C.

Once we prove this claim, the lemma will follow by Lemma 5.5 in [3] after
applying an affine transformation. O

Proof of Claim 8.4. By Theorem 6.4 we know that
(85) |Vuk| > 1/2 in Blﬂ{hg —C()O'k}

for oy, sufficiently small. Then w; satisfies

Diuijuk
|Vuk |2

a;j(Vug)Dijur =0, a;(Vug) =8 + (p—2)
for h < —Cyoj. Therefore, we have
a;j(Vug)Dijjwe =0 in By N{h < —Cyoi}.
From the flatness assumption it is clear that, for a subsequence,
ur(y,h) — —h
in C? in compact subsets of By . Also, we may assume

wE — W

in C? in compact subsets of By and that w satisfies (8.1). Clearly, (8.4) is also
valid. Also, since

1 -1
(8.6) —Dywp, = ——(Dpup +1) < M < Tk
Ok Ok Ok

and wy(0,0) = 0, we obtain for h <0

wi(0,h) < |h|;—’; 0.
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Thus w(0, h) < 0 and (8.2) follows.
It remains to prove (8.3). First we show that for any small 6 > 0 and a large
constant K

(8.7) wi(y, hor) — f(y) uniformly for y € B]_5, —K <h < —1.
By Lemma 8.1 it suffices to prove that

(8.8) wi(y,how) — i (y) = 0.

From (8.6) we obtain

Tk

wi(y, oS () — fif () + (fif (y) — )=

wi(y, hor) = fif (y) .

IN

(fif (y) - h);—’; <(1+K)™% o

Ok

To show (8.8) from below, take a sequence y, € B]_5, —K < hy < —Cj and
consider uy in Bpre, (vr), where z, is the free boundary point

= (yr, on Sy (ur))

and R is a large constant. We know that

uy € F(gk, 1;7) in Bro, (zk),
if )

Op = sup (fa = fi ()
Bho, (k)
Notice that Sk — 0 by Lemma 8.1. From Theorem 6.3 we have

ug € F(Q(Sk, C5k;7'k) in B(R/Q)ok (.I‘k)

for N
5k = max(ék, Tk).

Hence for any h with |h| < R/2
ug(zy + hogen) > —(how + C(Sk(R/Q)O'k)
for h < —C(R/2)0). In other words,

ug(zk + hogen) + hoy, > o
ok

R/2)é, — 0.

wi(xg + hope,) — f;j(yk) =

This proves (8.8). Next, for ¢ > 0 choose a C? function g. such that

(8.9) f—2e<g.<f—¢ onBj,
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and let u, solve

aij(en)Dijug = 1 in B;,
U = g on 0By _sN{h =0},
u. = infw ondB_;N{h <0},
By

with § as in (8.7). By (8.7) and (8.9),
(8.10) wi > u. on d(B_sN{h<—Ko})

for any large K (independent of ¢ and ¢) and k > k(e,d, K) sufficiently large.
Assume also K > Cy, where Cj is as in (8.5). The function wy, is bounded and
satisfies a A(p)-uniformly elliptic equation in B N {h < —Cyoy}. By elliptic
estimates we deduce that

C

< -
|Vwk‘ - (K— Co)O’k

in Bi_;N{h <Ko},

where C' is independent of k, K. Hence
a;j(Vug)Dijue = (ai;(Vug) — aij(—en))Dijus + 1
> 1 Dl ) >0 in By ;0 {h < Ko},
if K = K(6,¢) is sufficiently large. Thus
a;j(Vug)Dijue > aij(Vug)Dijwy,  in By N{h < —Koy},

and recalling (8.10) we obtain that u. < wy in B]_sN{h < =Koy} if k is large
enough. It follows now that w(y,h) > u.(y,h) in B]_; and consequently,

I}Lm(i)nfw(y, h) > f(y) — 2e.

Similarly, working with the solution of

aij(en)DijﬂE = 1 iIl Bl_7
Ue = 0o on 0B]_;N{h =0},
u. = supw ondB; sN{h <0}
By

for g. satisfying f + ¢ < g- < f + 2¢, we obtain

limsupw(y, h) < f(y) + 2e.
h—0—

Since ¢ is arbitrary, (8.3) follows. O
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9 Regularity of the free boundary

Everything is now ready to prove the C® regularity of the free boundary near
flat points.

Theorem 9.1 Suppose u is a local minimizer and D CC ). Then there exist
positive constants o, B, oo, 19, C such that if

u € F(o,1;00) in B,(x0) C D in direction v
with o < 0g, p < 100%/'?, then
B, a(wo) N 0{u >0} is a CH* surface.

More precisely, B,,/4(w0) N0{u > 0} is a graph in direction v of a CY® function,
and for any x1, ro on this surface,

«
T — T2
P

V(1) - v(ws)| < Co

Proof. The proof follows the same scheme as the proof of Theorem 8.1 in [2].
Assume for a moment that B,(zo) = By and v = e,,. Then Lemma 8.3 implies
C(n, p)-Lipschitz regularity and then “better than” Lipschitz regularity of f,
precisely as in [2], Lemmas 7.7 and 7.8. Namely, we have that there exists a large
constant C' = C(n,p) < oo and for any 6 > 0 a small constant ¢y = cg(n,p) > 0
such that we can find a ball B.. and a vector [ € R"~! with

cg<r<0,|l|<C and f(y)<l-y+(0/2)r, fory e B,.

This, in conjunction with Theorem 6.3 and the proof of Theorem 7.1, implies
the flatness improvement in a smaller ball: if

u € F(o,1;7) in B,(z) in direction v
with o < 09 and 7 < 0¢ 02 for sufficiently small og, then
u € F(00,00;0°T) in Bs(wo) in direction 7

for some p, v with cgp < p < p/4 and |7 — v| < C0, see Lemmas 7.9 and
7.10 in [2]. Finally, using Theorem 7.1 and iteratively applying the flatness
improvement, we conclude the proof as in Theorem 8.1 in [2]. |

Corollary 9.2 Let u be a local minimizer. Then Oreq{u > 0} is an analytic
surface locally in Q0 and the remainder of {u > 0} has H"~! measure 0.

Proof. The CY“ regularity of dreq{u > 0} follows from Theorem 9.1 and Re-
mark 6.2. Once we have C1 regularity, it follows that Ayu = div(|Vu[P~2Vu)
is uniformly elliptic locally near d;cq{u > 0} and we obtain the analyticity by
[12]. O
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