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A layerwise-differential quadrature method (LW-DQM) is developed for the vibration analysis of a stiffened lami-

nated conical shell. The circumferential stiffeners (rings) and meridional stiffeners (stringers) are treated as discrete

elements. The motion equations are derived by applying the Hamilton’s principle. In order to accurately account

for the thickness effects and the displacement field of stiffeners, the layerwise theory is used to discretize the equa-

tions of motion and the related boundary conditions through the thickness. Then, the equations of motion as well

as the boundary condition equations are transformed into a set of algebraic equations applying the DQM in the

meridional direction. The advantage of the proposed model is its applicability to thin and thick unstiffened and

stiffened shells with arbitrary boundary conditions. In addition, the axial load and external pressure is applied to

the shell as a ratio of the global buckling load and pressure. This study demonstrates the accuracy, stability, and the

fast rate of convergence of the present method, for the buckling and vibration analyses of stiffened conical shells.

The presented results are compared with those of other shell theories and a special case where the angle of conical

shell approaches zero, i.e. a cylindrical shell, and excellent agreements are achieved.

1. INTRODUCTION

Stiffened conical shells are increasingly being used in a va-

riety of aerospace, aeronautical, naval and civil structures in-

cluding launch vehicles, the space-shuttle solid rocket booster,

and submarines because of their strength to weight ratio.

Hence, it is of a great importance to understand the mechanical

behaviour of stiffened conical shells for the design of afore-

mentioned structures. The primary concerns are the global

buckling load, vibration and the effect of the axial load, and

pressure on natural frequency. Most of the previous studies

on stability and vibration of shells have focused on stiffened

cylindrical shells and unstiffened conical shell based on classi-

cal laminated shell theory (CLT).

The buckling of simply supported cylindrical shells under

hydrostatic pressure was analysed by Baruch and Singer, and

the properties of the stiffeners were averaged over the shell sur-

face by the smearing method.1 A discrete-ring theory for stiff-

ened isotropic cylinders with neglecting pre-buckling deforma-

tions is developed by Hedgepeth and Hall.2 Further analysis of

the buckling loads of composite cylindrical shells with axial

and circumferential stiffeners can be found in a later work by

Reddy and Starnes using a layerwise shell theory and smear-

ing out method.3 Patel et al. concentrated on the static and

dynamic instability characteristics of different stiffened shell

panel types such as flat plate, cylindrical shell panel, spheri-

cal shell panel, and hyperbolic hyperboloid shell.4 Jiang et al.

used the differential quadrature element method for the first

time to obtain buckling loads of stiffened, circular, cylindri-

cal panels subjected to uniform distributed axial compression.5

Seide recommended a formula for buckling of isotropic con-

ical shells which is independent of boundary conditions and

best fits the behaviour of long shells.6 An experimental inves-

tigation of the effect of the cone semi-vertex angle on the buck-

ling load of a conical shell under axial compression was car-

ried out by Arbocz.7 Tong et al. presented a simple and exact

procedure using Donnell-type shell theory for linear buckling

analysis of orthotropic conical shells under axial compressive

loads and external pressure.8 Tong and Wang obtained eight

first-order differential equations for linear buckling analysis of

laminated conical shells, with orthotropic stretching-bending,

coupling, under axial compressive load.9 Wu and Chen de-

veloped asymptotic solutions for buckling analysis of multi-

layered anisotropic conical shells under axial compression on

the basis of 3D elasticity.10 Sofiyev and Schnack studied the

buckling of cross-ply laminated, orthotropic, truncated, circu-

lar conical thin shells with variable Young’s moduli and densi-

ties in the thickness direction, subjected to a uniform external

pressure which is a power function of time.11 Recently, Shad-

mehri et al. proposed a semi-analytical approach to obtain the

linear buckling response of conical composite shells under ax-

ial compression load based on first order shear deformation

shell theory.12 Also, a generalized beam theory (GBT) formu-

lation is developed to analyse the elastic buckling behaviour

of isotropic conical shells with constant thickness under ax-

ial compression by Nedelcu.13 More recently, the first-order

shear deformation shell theory is employed to investigate buck-

ling of heterogeneous and non-homogeneous orthotropic con-

ical shells subjected to combined load.14, 15 In addition, few

studies have been published targeting the buckling behaviour

of stiffened conical composite shells. They include the works

by Spagnoli and Chryssanthopoulos on the buckling and post-

buckling elastic behaviour of stringer stiffened conical panels

using a finite element model and an equivalent cylinder ap-

proach.16, 17 Moreover, Spagnoli studied the different modes

of instability in stringer-stiffened cones under axial compres-

sion through finite element.18
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For vibration of unstiffened conical shell, many papers dis-

cuss the frequency characteristics based on CLT, particularly

the works done by Sivadas and Ganesan,19 Thambiratnam and

Zhuge,20 Tong,21, 22 and Sofiyev et al.23, 24 Additionally, Na-

jafov et al. derived the governing equations for non-linear

free vibration of truncated, thin, laminated, orthotropic coni-

cal shells using the theory of large deformations.25 This theory

cannot be used for thick shells and even thin shells when the

number of circumferential waves increases as a result of ne-

glecting shear deformation and rotary inertia effects in CLT.

On the other hand, little research has been found on stiffened

conical shell.26–34 Besides, this research just focuses on coni-

cal shells and the stiffeners have been modelled using smear-

ing methods except for the work directed by Talebitooti et al.34

They assessed natural frequency of rotating stiffened conical

shell in which the stiffeners are modelled by discrete elements

based on CLT. Also, the refinement of thin-shell theories has

resulted in a number of the so-called first- and higher-order

shear deformation theories to include the effects of transverse

shear deformations.35–42 These theories are much more accu-

rate than the thin-shell theories in an analysis of moderately

thick shells, but they are still inadequate for an analysis of thick

and stiffened shells. In order to analyse thick and/or stiffened

conical shells accurately, a three-dimensional theory should be

used to take into account all transverse stress and strain com-

ponents.

In recent years, the new numerical method, so-called hybrid

layerwise-differential quadrature method (LW-DQM), is em-

ployed to discretize the governing equations of structures.43–46

In contrast to the equivalent single layer theories (ESLT), the

layerwise theories develop the separate displacement field ex-

pansions through each subdivision. The displacement compo-

nents are continuous through the laminate thickness but their

derivatives with respect to the thickness coordinate may be dis-

continuous at various points through the thickness, thereby al-

lowing for possibility of continuous transverse stress at inter-

faces separating contradictory materials.47 Furthermore, the

differential quadrature method (DQM) is an efficient numeri-

cal technique, which was originated by Bellman to solve linear

and nonlinear differential equations.48 The mathematical fun-

damentals and recent developments of the DQM, as well as its

major applications in engineering, are discussed by Shu.49

A review of the literature shows that no attempt is made to

utilize 3-D theory in the buckling and vibration analysis of

stiffened composite conical shells whereas the stiffeners are

treated as discrete elements. Hence, in this study, based on

the 3-D theory, a hybrid LW-DQ method for vibration analy-

sis of stiffened laminated conical shell with arbitrary boundary

conditions subjected to axial load and external pressure is de-

veloped. It is important to note that the axial compressive load

and external pressure must be a fraction of static critical global

buckling load or pressure. The accuracy, convergence, and ver-

satility of the algorithm are proved via different examples for

both unstiffened and stiffened shells. Also, the effects of num-

ber of stiffeners, axial compressive load, and external pressure

are demonstrated.

2. PROBLEM FORMULATION

2.1. Geometrical Configuration

The stiffened conical shell, as shown in Fig. 1, is considered

to be thick or thin, laminated and composed of an arbitrary

number of layers. In this figure, L is the length, h is the thick-

ness, α is the half-cone angle, ri is the radius of the ith layer,

and Ui is the amplitude of the displacement in meridional x
direction. The reference surface of the conical shell is taken to

be at its middle surface where an orthogonal co-ordinate sys-

tem (x, θ, z) is fixed, and the displacement of the shell in the

x, θ and z directions are denoted by u, v, and w, respectively.

The depth and width of the stiffeners are symbolized by ds, bs
or dr, br. Subscripts (s, r) indicate the stringer and ring stiff-

eners, respectively. The displacement from the outer surface

of the shell to any point located on the stringer and ring are

denoted by zs and zr, respectively.

2.2. Displacement Field in Layerwise Theory

The displacement field for closed conical shells in the cir-

cumferential direction can be expanded as:

u(x, θ, z, t) =

∞∑

n=1

Un(x, z) cos(nθ + ωt);

v(x, θ, z, t) =

∞∑

n=1

Vn(x, z) sin(nθ + ωt);

w(x, θ, z, t) =
∞∑

n=1

Wn(x, z) cos(nθ + ωt); (1)

where n and ω represent the circumferential wave number and

frequency, respectively.

In order to build a high degree of transverse discretization

generality into the model, the layerwise laminate theory of

Reddy is extended to be used here.3 In this theory, the vari-

ation of the displacements Un, Vn, and Wn through the thick-

ness can be represented to a certain desired level of accuracy

by simply increasing the order of the transverse interpolation

polynomials as:

Un(x, z) =

Nz∑

n=1

Uin(x)ψi(z);

Vn(x, z) =

Nz∑

n=1

Vin(x)ψi(z);

Wn(x, z) =

Nz∑

n=1

Win(x)ψi(z); (2)

where Uin(x), Vin(x), and Win(x) denote the unknown dis-

placement components at the node ith in the x, θ and z-

direction, respectively; Nz represents the number of nodes

in the z-direction of the shell, which depends on the num-

ber of considered mathematical layers Nl through the thick-

ness and nodes per layer Npl in the thickness direction as

Nz = Nl(Npl − 1) + 1. Also, ψi(z) is a piecewise contin-

uous Lagrange interpolation function in terms of the thickness

coordinate z in the ith mathematical layer and is assumed to

take the following form:

ψi(z) =







0 z ≤ zi−1
z−zi−1

hi−1
zi−1 ≤ z ≤ zi

zi+1−z

hi

zi ≤ z ≤ zi+1

0 z ≥ zi+1

; (3)

where hi is the thickness of the ith layer and zi denotes the

global thickness coordinate of the ith layer.

218 International Journal of Acoustics and Vibration, Vol. 24, No. 2, 2019



M. Talebitooti: A MIXED LAYERWISE-DIFFERENTIAL QUADRATURE METHOD FOR 3-D VIBRATION AND BUCKLING ANALYSES OF. . .

Figure 1. The Geometry of stiffened laminated conical shell structure.

2.3. Total Energy

The total energy of the stiffened conical shell under com-

pressive load and external pressure can be written as:

Π = Tsh + Tr + Ts − Ush − Ur − Us −WNa
−WP ; (4)

where Tsh, Tr, and Ts denote the kinetic energy of the shell,

rings and stringers, respectively, Ush, Ur, and Us represent

the strain energy of the shell, rings and stringers stiffeners, re-

spectively, and WNa
, WP are the potential energy due to axial

compressive force per unit length and external pressure, re-

spectively.

The kinetic energy expression of the shell can be written in

the form:

Tsh =
1

2

L∫

0

2π∫

0

ro∫

ri

ρ
[
(u̇)2 + (v̇)2 + (ẇ)2

]
r dz dθ dx; (5)

where r = r(x, z) = a+x sinα+ z cosα, a is small radius of

conical shell, ri is the inner radius, ro is the outer radius. The

kinetic energy for the stringers and rings may be written as:

Ts =
1

2
ρsk

Ns∑

k=1

L∫

0

∫

Ask

[
u̇2 + v̇2 + ẇ2

]
dAsk dx; (6)

Tr =
1

2
ρrk

Nr∑

k=1

2π∫

0

∫

Ark

[
u̇2 + v̇2 + ẇ2

]
(

ro +
ds
2

)

dArk dθ;

(7)

where ρsk and Ask (or ρrk and Ark) are the density and cross

section area of the kth stringer (or ring), respectively. The strain

energy of the laminated composite conical shell is expressed

as:

Ush =
1

2

L∫

0

2π∫

0

ro∫

ri

εT
[
C
]
ε r dz dθ dx; (8)

where ε is the strain vector based on the three-dimensional the-

ory of elasticity and it can be written as:

εT =
[
εx εθ εz γθz γxz γxθ

]
. (9)
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The linearized strain–displacement relations are as follows:

ε = D · χ; D =







∂
∂x

0 0
Sα

r
1
r

∂
∂θ

Cα

r

0 0 ∂
∂z

0 ∂
∂z

− Cα

r
1
r

∂
∂θ

∂
∂z

0 ∂
∂x

1
r

∂
∂θ

∂
∂x

−Sα

r







;

χT = {u, v, w}; Sα = sinα; Cα = cosα; (10)

and [C] = [T ]−1[C][T ] is the transformed stiffness matrix for a

laminated shell, in which [C] is the principle material stiffness

matrix and [T ] is the transformation matrix.33

In order to maintain displacement compatibility between the

stiffeners and the shell, a special transformation is used which

includes coupling effects due to eccentric stiffener placement.

It should also be noted that the displacements vary through

the stiffeners’ depth. Therefore, the displacement of a point

at distance zs (or zr) from the outer surface of shell for the

stiffener can be expressed by shell displacement function as:21

us(or r) = uNnz
− zs(or r)

∂wNnz

∂z
;

vs(or r) = vNnz
−
zs(or r)

ro

∂wNnz

∂θ
;

ws(or r) = wNnz
; (11)

where uNnz
, vNnz

, and wNnz
are the displacements of the

outer layer of the shell. The strain of the stringers in the merid-

ional direction and the strain of the rings in the circumferential

direction are defined as:

εsx =
∂uNnz

∂x
− zs

∂2wNnz

∂x2
;

εrθ =
1

ro

(

uNnz
sinα− zr

∂wNnz

∂z
sinα+

∂vNnz

∂θ
−

zr
rou

∂2wNnz

∂θ2
+ wNnz

cosα

)

. (12)

Using the discrete stiffener theory, the strain energies of the

stringer and ring can be written as:28

Us =
1

2

Ns∑

k=1

Esk

L∫

0

∫

Ask

ε2sx dAsk dx+

1

2

Ns∑

k=1

GskJsk

L∫

0

[
1

r2o

∂2ws

∂x∂θ
−

2 sinα

r2o

∂w

∂θ
−

cosα

ro

∂v

∂x
+

2 sinα cosα

r2o
v

]2

dx; (13)

Ur =
1

2

Nr∑

k=1

Erk

2π∫

0

∫

Ark

ε2rθ dArk rok dθ +

1

2

Nr∑

k=1

GrkJrk

2π∫

0

[

1

r2ok

(
∂2ws

∂θ∂x

)2
](

rok +
dr
2

)

dθ;

(14)

where GskJsk (GrkJrk) and Ask (Ark) are the torsional stiff-

ness and the cross sectional area of the kth stringer (ring), re-

spectively, and Ns (Nr) is the number of stringers (rings).

Besides, the work carried out on the shell due to axial forced

is described as

WNa
=

1

2

L∫

0

2π∫

0

Na

(
∂w

∂x

)2

ro dθ dx; (15)

WP =
1

2

L∫

0

2π∫

0

P

r2o

[(

v cosα−
∂w

∂θ

)2

+

(
∂v

∂θ
+ w cosα

)2
]

ro dθ dx. (16)

2.4. Governing Equations of Motion

The governing equations of motion can be derived by using

Hamilton’s principle as:

t1∫

t0

δ(Π)dt =

t1∫

t0

(δTsh + δTr + δTs − δUsh − δUr − δUs −

δWNa
− δWP )dt = 0. (17)

Substituting Eqs. (5–8) and (15–16) into Eq. (17), the equa-

tions of motion and the related boundary conditions for global

buckling analysis of arbitrary stiffened laminated conical shell

can be derived by Eqs. (18–20), where Sα = sinα, Cα =
cosα and δ is Kronecker’s delta.

Geometrical and natural boundary conditions at both ends

are derived as:

Either Uin

∣
∣
x=0,L

= 0

or N in
x = π

[(

Aij
12 cosα+ Eji

13

)

Wjn + nAij
12Vjn +

(

Bij
11

∂

∂x
+Aij

12 sinα

)

Ujn

]∣
∣
∣
∣
x=0,L

= 0; (21)

Either Vin
∣
∣
x=0,L

= 0

or M in
xθ = π

[

− nAij
66Ujn +Bij

66

∂Vjn
∂x

−

sinαAij
66Wjn

]∣
∣
∣
∣
x=0,L

= 0; (22)

Either Win

∣
∣
x=0,L

= 0

or M in
xz = π

[

Eji
55Ujn +Bij

55

∂Wjn

∂x

]∣
∣
∣
∣
x=0,L

= 0; (23)

where:

Aij
kl =

ro∫

ri

Cklψiψj dr; Bij
kl =

ro∫

ri

Cklψiψjr dr;

Cij
kl =

ro∫

ri

Ckl

ψiψj

r
dr; Dij

kl =

ro∫

ri

Cklψ
′

iψj dr;

Eij
kl =

ro∫

ri

Cklψ
′

iψjr dr; F ij
kl =

ro∫

ri

Cklψ
′

iψ
′

jr dr;

Gij =

ro∫

ri

ρψiψjr dr. (24)
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δUin : π

{(

F ij
55 + n2Cij

66 + S2
αC

ij
22 −Bij

11

∂2

∂x2

)

Ujn +Gij ∂
2Ujn

∂t2
−

(

nAij
12 + nAij

66

) ∂

∂x
Vjn + nSα

(

Cij
22 + Cij

66

)

Vjn −

(

CαA
ij
12 + Eji

13 − Eij
55

) ∂

∂x
Wjn +

(

SαCαC
ij
22 + SαD

ji
23

)

Wjn +
δjNnz

EsAsNs

π

(

−
∂2Ujn

∂x2
+
ds
2

∂3Wjn

∂x3

)

+

δjNnz
ErArS

2
α

Nr∑

k=1

δ(x− xk)

rok
Ujn + δjNnz

ErArnSα

Nr∑

k=1

δ(x− xk)

rok
Vjn +

δjNnz
ErArSα

Nr∑

k=1

(
n2dr
2rok

−
drSα

2

∂

∂x
+ Cα

)

δ(x− xk)Wjn +
δjNnz

NsAsρs
π

∂2Ujn

∂t2
−

δjNnz
NsAsρs
π

ds
2

∂3Wjn

∂x∂t2
+
δjNnz

Arρr
π

Nr∑

k=1

(
∂2

∂t2

)

rokδ(x− xk)Ujn −
δjNnz

Arρr
π

Nr∑

k=1

rokδ(x− xk)Wjn

}

= 0;

(18)

δVin : π

{

n
(

Aij
12 +Aij

66

) ∂

∂x
Ujn + n

[

Dji
23 +

(

Cij
44 + Cij

22

)

Cα −Dij
44

]

Wjn +

[

n2Cij
22 + F ij

44 −
(

Dij
44 +Dji

44

)

Cα + Cij
44C

2
α −Bij

66

∂2

∂x2
+ Cij

66S
2
α

]

Vjn +Gij ∂
2Vjn
∂t2

+

δjNnz
GsJsNs

π

(

−
C2

α

r2o

∂2Vjn
∂x2

+
4S2

αC
2
α

r4o
Vjn

)

+
δjNnz

GsJsNs

π

(

−
nCα

r2o

∂2Wjn

∂x2
+

4nS2
αCα

r4o
Wjn

)

+

δjNnz
ErArnSα

Nr∑

k=1

δ(x− xk)

rok
Ujn + δjNnz

ErArn
2

Nr∑

k=1

δ(x− xk)

rok
Vjn +

δjNnz
Ar

[

Ern

Nr∑

k=1

(
n2dr
2rok

−
drSα

2

∂

∂x
+ Cα

)

δ(x− xk)Wjn

]

+
δjNnz

NsAsρs
π

∂2Vjn
∂t2

−
δjNnz

NsAsρs
π

−

dsn

2ro

∂2Wjn

∂t2
−
δjNnz

Arρr
π

Nr∑

k=1

(

−
∂2

∂t2

)

rokδ(x− xk)Vjn −
δjNnz

Arρr
π

Nr∑

k=1

(
drn

2ro

∂2

∂t2

)

rokδ(x− xk)Wjn

}

= 0;

(19)

δWin : π

{
(

CαA
ij
12 + Eij

13 − Eij
55

) ∂

∂x
Ujn +

(

SαCαC
ij
22 + SαD

ij
23

)

Ujn + n
[

Dji
23 +

(

Cij
44 + Cij

22

)

Cα −Dji
44

]

Vjn +

[

Cij
22C

2
α +

(

Dji
23 +Dij

23

)

Cα + F ij
33 + n2Cij

44 −Bij
55

∂2

∂x2
+Naro

∂2

∂x2

]

Wjn +Gij ∂
2Wjn

∂t2
+

δjNnz
EsAsNs

π

(

−
ds
2

∂3Ujn

∂x3

)

+
δjNnz

GsJsNs

π

(

−
nCα

r2o

∂2Vjn
∂x2

+
4nS2

αCα

r4o
Vjn

)

+

δjNnz
EsIsNs

π

(
∂4Wjn

∂x4

)

+
δjNnz

GsJsNs

π

(

−
n2

r2o

∂2Wjn

∂x2
+

4n2S2
α

r4o
Wjn

)

+

δjNnz
ErArdr

[

Sα

Nr∑

k=1

(
n2

2rok
+
Sα

2

∂

∂x
+
Cα

dr

)

δ(x− xk)Ujn + n

Nr∑

k=1

(
n2

2rok
+
Sα

2

∂

∂x
+
Cα

dr

)

δ(x− xk)Vjn

]

+

δjNnz

[

Er

Nr∑

k=1

(
Ir
r3ok

n4 −
IrS

2
α

rok

∂2

∂x2
+
ArC

2
α

rok
+
Ardrn

2Cα

rok

)

δ(x− xk)−GrJrn
2

Nr∑

k=1

(
δ(x− xk)

rok

∂2

∂x2

)]

Wjn +

δjNnz
NsAsρsds
2π

∂3Ujn

∂x∂t2
+
δjNnz

NsAsρsdsn

2roπ

∂2Vjn
∂t2

−
δjNnz

Nsρs
π

[

Is

(
∂4

∂x2∂t2
−
n2

r2o

∂2

∂t2

)

−As

∂2

∂t2

]

Wjn +

δjNnz
Arρr
π

Nr∑

k=1

(
dr
2

∂3

∂x∂t2

)

rokδ(x− xk)Ujn +
δjNnz

Arρr
π

Nr∑

k=1

(
drn

2ro

∂2

∂t2

)

rokδ(x− xk)Vjn −

δjNnz
ρr

π

Nr∑

k=1

(

Ir
∂4

∂x2∂t2
−
Irn

2

r2o

∂2

∂t2
−Ar

∂2

∂t2

)

rokδ(x− xk)Wjn

}

= 0. (20)
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Table 1. Mechanical properties of the material of the shell.

Modulus of Elasticity (GPa) Poisson’s Ratio Modulus of Rigidity (GPa) Density (kg/m3)

Isotropic E = 7.6 ν = 0.3 G = 2.9 ρ = 1600

Orthotropic
E22 = E33 = 7.6 ν12 = 0.26 G12 = G23 = 4.1

ρ = 1643
E11 = 2.5E22 ν13 = ν23 = 0.2 G13 = 2

Table 2. The geometrical parameters and material properties of the stiffeners.

Stiffener Type Stringer Ring

Depth (mm) 8 8

Width (mm) 2 2

E (GPa) 70 70

ν 0.3 0.3

ρ (kg/m3) 2707 2707

2.5. Differential Quadrature Discretization

The DQ method is a numerical method with flexibility given

for the arrangement of the grid points in the domain of interest.

It also possesses higher-order interpolation characteristics. In

order to use the DQ method to discretize the governing equa-

tions in the meridional direction x, each nodal surface is dis-

cretized into a set of Nx grid points in this direction.43 Using

the DQ-discretization rules at each domain and boundary con-

dition grid point, the equations of motion as well as the bound-

ary condition equations are transformed into a set of algebraic

equations. The derivatives of a function f(xi) as an example,

at a point xi are expressed as:

∂sf(x)

∂xs

∣
∣
∣
∣
x=xi

=

Nx∑

j=1

Cs
ijf(xi), i = 1, 2, . . . , Nx; (25)

where f can be taken Uin, Vin, and Win and Cs
ij are the re-

spective weighting coefficients related to the sth-order deriva-

tive. In this paper, one of the following boundary conditions

or some combinations of them are considered as: a) Clamped

Uin = Vin =Win = 0 and b) Simply supported Vin =Win =
Nx

in = 0.

Thus, the whole system of differential equation has been dis-

cretized and the global assembling leads to the following set of

linear algebraic equations:

{
[M ]ω2

}
{d}+

{
[G]ω

}
{d}+[Kdd]{d}+[Kdb]{b} = 0. (26)

In the Eq. (26), vectors {d} and {b} with dimensions

3Nz(Nx − 2) and 6Nz , denote the unknowns at the sampling

points in the interior domain and those on the boundary. The

dimension of [Kdd] is N∗ × N∗ (N∗ = 3Nz(Nx − 2)) and

dimension of [Kdb] is N∗ × 6Nz .

In a similar manner, the discretized form of the boundary

conditions becomes:

[Kbd]{d}+ [Kbb]{b} = 0; (27)

the dimension of [Kbd] is 6Nz ×N
∗ and dimension of [Kbb] is

6Nz × 6Nz .

Using Eq. (27) to eliminate the boundary degrees of freedom

{b} from Eq. (26), it can be concluded as:

{
[M ]ω2

}
{d}+

{
[G]ω

}
{d}+

{

[Kdd]− [Kdb][Kbb]
−1[Kbd]

}

︸ ︷︷ ︸

K

{d} = 0. (28)

For a given frequency, it can be transformed equivalently into

a standard form of eigenvalue equation as:








[
0 I

−K −G

]

︸ ︷︷ ︸

A∗

−

[
I 0
0 M

]

︸ ︷︷ ︸

B∗

ω








{
d
ωd

}

= 0; (29)

where I is a N∗ ×N∗ identity matrix.

Using a conventional eigenvalue approach, the standard

eigenvalue Eq. (29) can be solved, and 2N∗ eigenvalues are

obtained. From these eigenvalues, the two eigenvalues for

which the absolute of real values are the smallest are chosen.

One of these eigenvalues is negative and corresponds to back-

ward wave, and the other one is positive and corresponds to

forward wave. To achieve the static critical global buckling

load or pressure, the global buckling differential equations can

be obtained by neglecting the terms involving ω in Eq. (28).

The resulting equation has nontrivial solutions only when the

determinant of its matrix is zero. The problem of determin-

ing the buckling load for identified values of n has therefore

been reduced to that of finding the roots of the characteristic

equation as follows:

a0N
Nx(Nx−2)
a + a1N

Nx(Nx−2)−1
a + . . .+

aNx(Nx−2)−1Na + aNx(Nx−2) = 0; (30)

or

a0P
2Nx(Nx−2) + a1P

2Nx(Nx−2)−1 + . . .+

a2Nx(Nx−2)−1P + a2Nx(Nx−2) = 0; (31)

where ai are known functions of the coefficientsKij . The crit-

ical global buckling load or pressure will then be the smallest

value of Na or P corresponding to integer values of n.

3. NUMERICAL RESULTS AND DISCUSSION

In the presentation of results shown in figures, three bound-

ary conditions are considered here for the stiffened conical

shell. These boundary conditions are the fully clamped (Cs-

Cl), fully simply supported (Ss-Sl), and simply supported at

small edge-clamped at large edge (Ss-Cl). In addition, all lay-

ers are assumed to be of the same thickness and material, and

material properties of the shell used in the present study are

listed in Table 1. The geometrical dimensions and material

properties of the stiffeners used in the present study are given

in Table 2.

3.1. Convergence Checking

The convergence behaviours of the method for conical shells

with two different values of thicknesses for cone angle 15◦ are

presented in Fig. 2. From this figure, regardless of the thick-

ness, good convergence is achieved when the number of grid

points (NGP) exceeds 10.

Also, the convergence behaviours of the critical buckling

load for stiffened cross-ply [0◦/90◦/0◦] laminated cylindrical
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Figure 2. Convergence behaviour of the natural frequency of laminated con-

ical shell with Ss-Sl boundary condition, (a) h = 50 mm, (b) h = 250 mm

(L = 2 m, a = 0.5 m, n = 5, α = 15◦, [0◦/90◦/0◦]).

shell with Ss-Sl boundary condition are presented in Table 3.

In addition, the results are compared with those of LW-exact

solutions. The convergence behaviours against NGP along

the meridional direction were examined. The results are per-

formed for four different values of length of the shell. For

all configurations, it can be deduced that the critical buckling

load is occurring in mode n = 11. However, the number of

meridional mode with occurrence of the critical buckling load

increases when the length of the shell is enhanced. For exam-

ple, the buckling load occurred at m = 2 for L = 0.5, and

at m = 4 for L = 1.0. Therefore, more NGP are needed for

true prospecting of the displacement field along the meridional

direction and the convergence is delayed.

In addition, the convergence behaviours of the method in

obtaining axial buckling load for unstiffened conical shell with

three different values of half-cone angles are presented in Fig.

3. It is clearly found that the results are rapidly converged and

the trend of convergence for conical shell with different cone

angles behaves in the same way.

Table 3. Convergence behaviour of the buckling load of laminated cylindrical

shell with Ss-Sl boundary condition (a = 0.5 m, h = 3 mm, Carbon-Epoxy,

[0◦/90◦/0◦]).

L = 0.25 m L = 0.5 m L = 0.75 m L = 1.0 m

LW-Ex. 0.243e6(1,11) 0.243e6(2,11) 0.243e6(3,11) 0.243e6(4,11)

NGP

6 0.239e6(11) 0.231e6(11) 0.254e6(11) 0.316e6(11)

7 0.244e6(11) 0.235e6(11) 0.227e6(11) 0.240e6(11)

8 0.244e6(11) 0.246e6(11) 0.227e6(11) 0.222e6(11)

9 0.244e6(11) 0.254e6(11) 0.231e6(11) 0.217e6(11)

LW-DQ 10 0.243e6(11) 0.238e6(11) 0.224e6(11)

11 0.243e6(11) 0.242e6(11) 0.230e6(11)

12 0.242e6(11) 0.232e6(11)

13 0.242e6(11) 0.235e6(11)

14 0.244e6(11)

15 0.244e6(11)

Figure 3. Convergence behaviour of the buckling axial load of laminated

conical shell with Cs-Cl boundary condition (L = 0.25 m, a = 0.5 m,

h = 30 mm, α = 15◦, [0◦/90◦/0◦]).

3.2. Validation

In order to validate the results, firstly, the formulation

is customized for an unstiffened composite cylindrical shell

with different boundary conditions. The results of the non-

dimensional buckling load N = NxL
2/100h3E2 of thick

cylindrical shells, listed in Table 4, are compared with the work

done by Khdeir et al.35 which considers different theories of

HSDT, FSDT, and CST for the composite cylindrical shells.

The trend of the results listed in this table indicates the accu-

racy of the present work as it is based on 3D theory of elastic-

ity.

The second comparison, as depicted in Fig. 4, is for a lami-

nated conical shell with fully simply supported boundary con-

dition by present formulations and those of exact method ob-

tained by Shadmehri et al.12 It can be seen that the two sets

of frequencies are very close to each other, but the present re-

sults, particularly for high cone angles, are a bit lower than

those found in Shadmehri et al.12 This may be due to differ-

ence of shell theories. The first order shear deformation theory

has been employed in Shadmehri et al.12 In this paper, the 3-D

shell theory is used.

In Fig. 5, an additional comparison is made between the the-

oretically and experimentally produced natural frequencies of

orthogonal stiffened conical shell by Crenwelge and Muster26

and Daneshjou et al.34 and the theory proposed here. The
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Table 4. Dimensionless critical buckling load N = NxL2/100h3E2

for cross-ply laminated cylindrical shell under various boundary conditions.

(L/R = 1, R/h = 10).

Stacking Sequence Theory SS SC CC

CST35 0.1817 0.2286 0.3310

[0◦/90◦]
FSDT35 0.1670 0.1969 0.2508

HSDT35 0.1687 0.2011 0.2617

Present (LW-DQ) 0.1485 0.1729 0.2209

CST35 0.4186 0.7457 1.3631

[0◦/90◦/0◦]
FSDT35 0.2813 0.3452 0.4197

HSDT35 0.2794 0.3434 0.4213

Present (LW-DQ) 0.2751 0.3342 0.3997

CST35 0.3395 0.5000 0.8122

[0◦/90◦]5
FSDT35 0.2898 0.3382 0.3967

HSDT35 0.2896 0.3388 0.4037

Present (LW-DQ) 0.2871 0.3309 0.3892

Figure 4. Variation of the dimensionless critical buckling load N =
NxL2/h3E22 with the cone angle. Comparison between results of present

study and those reported in Shadmehri et al.12 (b/h = 100, b/L = 10).

present theory estimates more accurate results than the smear-

ing method, since the former assumes the stiffeners as discrete

elements while Crenwelge and Muster26 consider the proper-

ties of the stiffeners averaged throughout the shell. Also, com-

paring the present results with those reported in Daneshjou et

al.34 reveals a satisfactory agreement. The slight divergence in

high modes (n > 6) is attributed to different theories among

these two researches. The classic shell theory (CLT) has been

employed in Daneshjou et al.34 In this paper, the 3-D shell

theory is used. Moreover, the present theory is in good agree-

ment with the experimental results. In higher modes (n > 8)

the difference is occurred between the present theory and the

experimental results. This seems to occur because the shell

stiffened with widely separated stiffeners is less rigid upon

bending than expected before. On the other hand, in present

method the stiffener is expected to be moved with structure as

an integral part which may be different from a real structure in

experiments. There may be also some other parameters such

as the effects of boundary condition and the errors of experi-

mental setup which cause discrepancy. However, the present

method is found more reliable than the smearing method and

CLT. There is just 5% of discrepancy comparing the present

work with those of experiment, whereas the inconsistencies of

41% and 10% were presented by Crenwelge and Muster26 and

Figure 5. Variation of natural frequencies for the orthogonally stiffened

isotropic conical shell with circumferential wave number in comparison be-

tween results of the present study and those reported in Crenwelge and

Muster26 and Daneshjou et al.34 (L/a = 3.06, h/a = 0.0292, α = 10◦,

m = 1, Ns = 6, Nr = 3).

Daneshjou et al.,34 comparing the experimental results with

those of smearing method and CLT.

3.3. Parameter Studies

The previous sections demonstrate the fast convergence be-

haviour and adaptability of the present method. Here the ef-

fects of number of stiffeners, axil load and external pressure

on the natural frequency of the stiffened cylindrical shells are

considered.

Figure 6 illustrates the effects of the number of rings on the

frequencies of the stiffened rotating conical shell. In this case,

the number of the stringers is 0. It can be observed from this

figure that at lower circumferential wave numbers, the number

of rings demonstrates no significant effect. However, in high

circumferential wave numbers, the frequency is raised by in-

creasing the number of rings, whereas the increasing rate of

gradient becomes small. However, the number of circumfer-

ential waves with occurrence of the fundamental frequency de-

creases when the number of rings is enhanced. For example,

the fundamental frequency occurred at n = 8 for Nr = 0, and

at n = 4 for Nr = 10. However, it is also seen from Fig. 6

that the frequencies of the shell show small change when rings

number is increased from 8.

Figure 7 depicts the effects from number of stringers on

natural frequency of the non-rotating stringer-stiffened coni-

cal shell. In this case, the numbers of stringers are 0, 10 and

20, where no rings are applied. It can be observed that the

effect of stringers is negligible at great numbers of circum-

ferential wave. However, at lower circumferential wave num-

bers, particularly in frequencies smaller than the fundamental

one, the frequency decreases slightly by increasing the num-

ber of stringers. This is because the radius of conical shell is

increased along the axial axis and then the inertial forces of

stringers are increased. Therefore, inertial terms of the stiff-

ened shell are more considerable than those of the stiffness.

In Figs. 8–9, the effects of axial compressive load and exter-

nal pressure on natural frequency of the stiffened conical shell
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Figure 6. Variation of natural frequencies for the composite conical shell with

circumferential wave number at various numbers of rings (L = 2 m, a =
0.5 m, h = 2 mm, α = 20◦, m = 1, [0◦/90◦/0◦], Ss-Sl).

Figure 7. Variation of natural frequencies for the composite conical shell with

circumferential wave number in various numbers of stringers (L = 4 m, a =
0.5 m, h = 2 mm, α = 20◦, m = 1, [0◦/90◦/0◦], Ss-Sl).

are investigated, respectively. In this figures, Nx
cr and Pcr are

used to address critical global buckling load and pressure of

the conical shell, respectively, and it is important to note that

the axial load and pressure must be a fraction of buckling load

and pressure. The responses to axial compressive load and ex-

ternal pressure are having a down-shift. This is expected since

compressive load and external pressure causes the shell to be-

come flexible. Noteworthy is that the effect of these loading

on fundamental frequency is more significant than other fre-

quencies. In addition, it is noteworthy that, by raising the load,

the level of sensitivity of frequency increases. Moreover, the

frequency of the stiffened shell approaches to zero when the

axial load or the external pressure tend to critical buckling or

buckling pressure, respectively. This is another way to find the

buckling load or pressure.

Figure 8. Sensitivity of natural frequencies of the stiffened composite conical

shell to axial compressive load (L = 0.25 m, a = 0.25 m, h = 1 mm,

α = 30◦, m = 1, Ns = 5, Nr = 0, [0◦/90◦/0◦], Ss-Sl).

Figure 9. Sensitivity of natural frequencies of the stiffened composite conical

shell to external pressure (L = 1 m, a = 0.25 m, h = 1 mm, α = 30◦,

m = 1, Ns = Nr = 5, [0◦/90◦/0◦], Ss-Sl).

4. CONCLUSIONS

In this paper, the three-dimensional vibration analysis of

stiffened, composite, conical shells under axial load and pres-

sure is developed using a mixed layerwise-differential quadra-

ture method. It is concluded that the mixed layerwise-

differential quadrature method can be used as a robust, effec-

tive, and accurate numerical method for vibration and buckling

analysis of thick or thin stiffened conical shells. It is detected

that the results are rapidly converged and the trend of conver-

gence of the buckling load for conical shell with different cone

angles behaves in the same way. In addition, using the rings

in construction of conical shell leads to increase of natural fre-

quency. However, the effect of stringers on natural frequency

in first longitudinal mode is not sensible and it may be de-

creased. Therefore, application of stringer is not recommended

unless the buckling phenomenon is significant. Moreover, the
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present method is in agreement with the experiments. There is

only an average of 5% discrepancy between the present work

and those of experimental results for a widely stiffened coni-

cal shell from n = 2 to n = 9. However, the inconsistency

of 10% and 41% was reported by other researchers with the

results of CLT and smearing method. Also, the effect of axial

load and external pressure on fundamental frequency is more

significant than other frequencies and by raising the load, the

level of sensitivity of frequency increases.
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