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Summary A nonlinear quadrilateral shell element for the analysis of thin structures is
presented. The Reissner–Mindlin theory with inextensible director vector is used to develop
a three–field variational formulation with independent displacements, stress resultants and
shell strains. The interpolation of the independent shell strains consists of two parts. The
first part corresponds to the interpolation of the stress resultants. Within the second part
independent thickness strains are considered. This allows incorporation of arbitrary nonlinear
three-dimensional constitutive equations without further modifications. The developed mixed
hybrid shell element possesses the correct rank and fulfills the in-plane and bending patch
test. The essential feature of the new element is the robustness in the equilibrium iterations.
It allows very large load steps in comparison to other element formulations. We present results
for finite strain elasticity, inelasticty, bifurcation and post–buckling problems.

Key words: Reissner–Mindlin shell theory, three–field variational formulation, quadrilateral
shell element, thickness strains, three–dimensional constitutive behavior

1 Introduction

In the past several papers on shell formulations accounting for finite strains have been pub-
lished. As an example we mention [1], where the Mooney-Rivlin material involving large
membrane strains has been implemented in a finite shell element. The zero normal stress
condition in thickness direction is enforced with an update of the thickness change at the end
of each equilibrium iteration. In [2] an algorithm to satisfy the stress condition was proposed,
which requires the storage of some history variables on the element level. An approach with
a quadratically convergent iteration at each integration point has been developed in [3] and
generalized in [4].
A further possibility to introduce 3d–material laws is to use a higher–order shell model with
extensible director kinematic. In the literature there is general agreement that formula-
tions accounting for the through–the–thickness strain should represent the normal strain in
thickness direction E33 at least linear through the shell thickness, e.g. [5, 6]. This can be
achieved assuming a quadratic distribution of the displacements through the thickness, e.g.
[7, 8]. This approach leads to a finite element formulation with seven parameters at the
nodes (three displacements of the mid-surface, two rotational parameters and two through–
the–thickness stretching parameters). Another way is to enhance the thickness strains e.g.
[9, 10, 11] applying the enhanced assumed strain method (EAS–method) [12]. The associ-
ated finite element possesses six displacement–like parameters at the nodes and a strain-like
through–the–thickness variable, which is condensed out at the element level. Comparisons
of both approaches are given in [6]. A 5–parameter shell element is developed by Huettel
and Matzenmiller [13] using the EAS-approach and a polynomial expansion of the thickness
strains with constant and linear parts. The associated parameters are eliminated at element
level.

Based on this preliminary discussion the new aspects and essential features of the paper are
summarized as follows:

2



(i) The present nonlinear finite rotation shell theory is based on the Reissner–Mindlin kine-
matic with inextensible director vector and constant transverse shear strains through
the thickness. That is, the kinematic assumption leads to vanishing thickness strains
when exploiting the Green–Lagrangean strain tensor. We derive the variational formu-
lation of the boundary value problem using the static and kinematic field equations and
the constitutive equations. Within a three–field formulation the displacement field, the
stress resultants and the shell strains are introduced as independent tensorial quanti-
ties. The finite element formulation for quadrilaterals using the isoparametric concept
is explicitly described.

(ii) Based on a previous publication [14], where appropriate interpolation functions for the
stress resultants and shell strains are given, we present several new aspects. The strain
interpolation is enhanced as follows. The approximation consists of two parts. The first
part is identical to the shape functions for the stress resultants and the functions of the
second part are constructed orthogonal to the stress interpolation functions. Within
this concept independent thickness strains using one, two or eight parameters can easily
be incorporated. The second part of the strain interpolation for the membrane and
bending part leads to an improvement of the element behavior especially when coupling
of the membrane and bending stiffness occurs. This is e.g. the case for arbitrary
nonlinear constitutive behavior or for laminated shells with certain layer sequences. An
effective procedure to eliminate the stress and strain parameters avoiding expensive
matrix inversions is presented. Static condensation of a certain number of parameters
is achieved applying a Gaussian elimination procedure.

(iii) Using above mixed hybrid element description the developed finite shell element allows
consideration of arbitrary nonlinear three–dimensional constitutive equations without
further modifications. The resultants of the thickness normal stresses are set to zero
within the Euler–Lagrange equation and thus approach zero within the finite element
solution and mesh refinement. This can be interpreted as an average fulfillment of the
zero normal stress condition for each element.

(iv) Shell intersections are possible using 6 degrees of freedom (three displacements and
three global rotations) at nodes on intersections and 5 degrees of freedoms (three dis-
placements and two local rotations) at other nodes. This is an essential advantage
in contrast to above discussed shell formulations with extensible director vectors and
thickness strains at the nodes, which leads to difficulties along with shell intersections.
The problem follows from continuity of extensible director vector or thickness strain at
the intersection nodes, which may lead to wrong results.

(v) The developed element undergoes several test problems. The element stiffness matrix
possesses the correct rank and fulfills the membrane and bending patch test. We in-
vestigate the nonlinear behavior of thin structures including stability. Furthermore Og-
den´s material law and finite strain inelasticity are considered as nonlinear constitutive
equations. The computed examples show the robustness especially in the equilibrium
iterations. The element allows very large load steps in comparison to other element
formulations.
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2 Variational formulation of the shell equations

Let B be the three–dimensional Euclidean space occupied by the shell in the reference config-
uration. With ξi and ei we denote a convected coordinate system of the body and the global
cartesian basis system, respectively. The thickness coordinate ξ3 = 0 with h− ≤ ξ3 ≤ h+

defines the arbitrary reference surface Ω with boundary Γ. The initial shell thickness is
given by h. The position vectors of the initial reference surface and current surface are de-
noted by X(ξ1, ξ2) and x(ξ1, ξ2), respectively. Furthermore, a director vector D(ξ1, ξ2) with
|D(ξ1, ξ2)| = 1 is introduced as a vector perpendicular to Ω. The unit director d of the current
configuration is obtained by an orthogonal transformation. In the following the summation
convention is used for repeated indices, where Latin indices range from 1 to 3 and Greek
indices range from 1 to 2. Commas denote partial differentiation with respect to the coordi-
nates ξα. With d · x,α �= 0 we account for transverse shear strains within a Reissner-Mindlin
theory. The shell is loaded statically by surface loads p̄ on Ω and by boundary forces t̄ on Γσ.
Furthermore, displacements ū and rotations ω̄ are prescribed on Γu, where Γ = Γσ

⋃
Γu.

Using the mentioned kinematic assumption the membrane strains εαβ, curvatures καβ and
shear strains γα are given, see e.g. [15]

εαβ =
1

2
(x,α ·x,β −X,α ·X,β )

καβ =
1

2
(x,α ·d,β +x,β ·d,α −X,α ·D,β −X,β ·D,α )

γα = x,α ·d − X,α ·D .

(1)

The shell strains depend on vT = [uT ,ωT ] with displacements u = x − X and rotational
parameters ω of the reference surface. The components are organized in a vector

εg(v) = [ε11, ε22, 2ε12, κ11, κ22, 2κ12, γ1, γ2]
T (2)

where the subscript g indicates geometric strains as function of the displacement field. The
associated variation is given by δεg = [δε11, δε22, 2δε12, δκ11, δκ22, 2δκ12, δγ1, δγ2]

T

δεαβ =
1

2
(δx,α ·x,β +δx,β ·x,α )

δκαβ =
1

2
(δx,α ·d,β +δx,β ·d,α +δd,α ·x,β +δd,β ·x,α )

δγα = δx,α ·d + δd · x,α .

(3)

We postulate the existence of a strain energy density Ŵ (C) as function of the right Cauchy-
Green tensor C = FTF with the deformation gradient F. The components of the Green–
Lagrangean strain tensor E = 1

2
(C−1) are written in vector form E = [E11 , E22 , E33 , 2E12 ,

2E13 , 2E23 ]T and the relation to the independent shell strains is defined by

E = A ε A = [A1 ,A2]

A1 =

⎡⎢⎢⎢⎢⎢⎢⎣
1 0 0 ξ3 0 0 0 0
0 1 0 0 ξ3 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 ξ3 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦ A2 =

⎡⎢⎢⎢⎢⎢⎢⎣
0 0
0 0
1 ξ3

0 0
0 0
0 0

⎤⎥⎥⎥⎥⎥⎥⎦
ε =

[
εp

εz

]

εz =

[
ε0
33

ε1
33

] (4)
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Here εp contains the shells strains in the arrangement according to Eq. (2), where the subscript
p indicates physical strains which are related to the constitutive equations. Furthermore,
ε0
33, ε1

33 denote the constant and linear part of the independent thickness strains, respectively.
The associated variation reads δE = A δε.
We continue with the internal virtual work of the shell considering dV = μ̄ dξ3 dA

δWi =

∫
(Ω)

∫
(h)

δŴ (C) μ̄ dξ3 dA =

∫
(Ω)

δεT ∂εW dA (5)

with the area element dA = j dξ1 dξ2, where j = |X,1 ×X,2 | and the determinant of the
shifter tensor μ̄. Considering δŴ (C) = 2δE : ∂CŴ (C) = (Aδε) : 2∂CŴ (C) in (5) yields the
vector of the stress resultants

∂εW =

[
∂εpW

∂εzW

]
:=

h+∫
h−

[
AT

1

AT
2

]
S μ̄ dξ3 (6)

with the Second Piola–Kirchhoff stresses S = 2 ∂CŴ (C).
In the following we summarize the static and geometric field equations and the constitutive
equations as follows, [15]

1
j
(j nα),α +p̄ = 0 εg − εp = 0

1
j
(j mα),α +x,α ×nα = 0 ∂εpW − σ = 0

∂εzW = 0

⎫⎪⎬⎪⎭ in Ω . (7)

Here we denote by σ the vector of independent stress resultants

σ = [n11, n22, n12,m11,m22,m12, q1, q2]T (8)

with membrane forces nαβ = nβα, bending moments mαβ = mβα and shear forces qα. The
quantities nαβ and qα are effective stress resultants which are related to the integrals of
the First Piola–Kirchhoff stress tensor by well-known transformations. Furthermore it holds
nα := nαβ x,β + qα d + mαβ d,β, mα := d × mαβ x,β.
The static and geometric boundary conditions read

j (nα να) − t̄ = 0 , j (mα να) = 0 on Γσ

v − v̄ = 0 on Γu

(9)

where να denote the components of the normal vector on the shell boundary and v̄T = [ūT , ω̄T ].
We introduce θ := [v,σ, ε]T , the associated virtual quantities δθ := [δv, δσ, δε]T with δv =
[δu, δω]T . Hence, the associated weak form of the boundary value problem is given in a
standard way

g(θ, δθ) =

∫
(Ω)

[δεT
p (∂εpW − σ) + δεT

z ∂εzW + δσT (εg − εp)] dA

−
∫

(Ω)

[(
1

j
(j nα),α +p̄) · δu + (

1

j
(j mα),α +x,α ×nα) · δω] dA = 0

(10)
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Integration by parts of the second integral in (10) and incorporation of the static boundary
conditions yields

g(θ, δθ) =

∫
(Ω)

[δεT (∂εW − σ̃) + δσT (εg − εp) + δεT
g σ] dA

−
∫

(Ω)

δuT p̄ dA −
∫

(Γσ)

δuT t̄ ds = 0
(11)

with σ̃ = [σ,02]
T , which implies that the integral of S33 through the thickness is zero. The

geometric boundary conditions have to be fulfilled as constraints.

3 Finite Element Equations

3.1 Interpolation of the initial and current reference surface

In this section the finite element equations for quadrilaterals are specified applying the isopara-
metric concept. The local numbering of the corner nodes and midside node can be seen in
Fig. 1.
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B
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3

2

1 reference surface ( =0)�
h

�
3

p
�

3 �

�

X
3

X
2

X
1

Figure 1: Quadrilateral shell element

A map of the coordinates {ξ, η} ∈ [−1, 1] from the unit square to the reference surface in the
initial and current configuration is applied. Thus the position vector and the director vector
of the reference surface are interpolated with bi–linear functions

Xh =
4∑

I=1

NI XI Dh =
4∑

I=1

NI DI NI =
1

4
(1 + ξIξ)(1 + ηIη) (12)

with ξI ∈ {−1, 1, 1,−1} and ηI ∈ {−1,−1, 1, 1}. The superscript h denotes the char-
acteristic size of the element discretization and indicates the finite element approximation.
The nodal position vectors XI and the local cartesian basis systems [A1I ,A2I ,A3I ] are gen-
erated within the mesh input. Here, DI = A3I is perpendicular to Ω and A1I , A2I are
constructed in such a way that the boundary conditions can be accommodated. With (12)2

the orthogonality is only given at the nodes.
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For each element a local cartesian basis ti is evaluated

d̄1 = X3 − X1 d̂1 = d̄1/|d̄1|
d̄2 = X2 − X4 d̂2 = d̄2/|d̄2|

t1 = (d̂1 + d̂2)/|d̂1 + d̂2|
t2 = (d̂1 − d̂2)/|d̂1 − d̂2|
t3 = t1 × t2 .

(13)

Hence the Jacobian matrix J is defined

J =

[
Xh,ξ ·t1 Xh,ξ ·t2

Xh,η ·t1 Xh,η ·t2

]
(14)

with

Xh,ξ = G0
ξ + η G1 G0

ξ =
1

4

4∑
I=1

ξI XI

Xh,η = G0
η + ξ G1 G0

η =
1

4

4∑
I=1

ηI XI

G1 =
1

4

4∑
I=1

ξI ηI XI .

(15)

One can prove that t3 ·G0
ξ = 0 and t3 ·G0

η = 0 holds which shows that t3 is a normal vector
at the element center. Thus t1 and t2 span a tangent plane at the center of the element. Now
we are able to express the local cartesian derivatives of the shape functions using the inverse
Jacobian matrix J. The tangent vectors X,α and the derivatives of the director vector D,α
are computed considering (12) as follows

Xh,α =
4∑

I=1

NI ,α XI Dh,α =
4∑

I=1

NI ,α DI

[
NI ,1
NI ,2

]
= J−1

[
NI ,ξ
NI ,η

]
. (16)

For arbitrary warped elements one obtains Xh,α = tα at the element center, which can be shown
using above orthogonality conditions. This is important in the context of the present mixed
interpolation. Furthermore a local cartesian system is advantageous to verify complicated
nonlinear constitutive equations. At other points of the element the vectors Xh,α are only
approximately orthogonal.

The current shell middle surface is approximated in the same way

xh =
4∑

I=1

NI xI dh =
4∑

I=1

NI dI

xh,α =
4∑

I=1

NI ,α xI dh,α =
4∑

I=1

NI ,α dI ,

(17)
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where xI = XI + uI describes the current nodal position vector and dI = a3I is obtained
by an orthogonal transformation akI = RI AkI , k = 1, 2, 3. The rotation tensor RI is a
function of the parameters ωkI organized in the vector ωI = [ω1I , ω2I , ω3I ]

T and is evaluated
via Rodrigues’ formula

RI = 1 +
sin ωI

ωI

ΩI +
1 − cos ωI

ω2
I

Ω2
I ΩI = skew ωI =

⎡⎢⎢⎣
0 −ω3I ω2I

ω3I 0 −ω1I

−ω2I ω1I 0

⎤⎥⎥⎦ . (18)

Representation (18) is singularity free for ωI = |ωI | < 2π which can always be fulfilled if after
a certain number of load steps a multiplicative update of the total rotation tensor is applied.

The element has to fulfil membrane and bending patch test. The bending patch test – when
using below defined mixed interpolation for the stress resultants and shell strains – can be
fulfilled with substitute shear strains defined in [16], but not with the bilinear displacement
interpolation inserted in the transverse shear strains (1)3. Thus the finite element approxi-
mation of the shell strains reads

εh
g =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

εh
11

εh
22

2εh
12

κh
11

κh
22

2κh
12

γh
1

γh
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
(xh,1 ·xh,1 −Xh,1 ·Xh,1 )

1
2
(xh,2 ·xh,2 −Xh,2 ·Xh,2 )

xh,1 ·xh,2 −Xh,1 ·Xh,2

xh,1 ·dh,1 −Xh,1 ·Dh,1

xh,2 ·dh,2 −Xh,2 ·Dh,2

xh,1 ·dh,2 +xh,2 ·dh,1 −Xh,1 ·Dh,2 −Xh,2 ·Dh,1

J−1

{
1
2
[(1 − η) γB

ξ + (1 + η) γD
ξ

1
2
[(1 − ξ) γA

η + (1 + ξ) γC
η ]

}

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(19)

The strains at the midside nodes A,B,C,D of the element are specified as follows

γM
ξ = [x,ξ ·d − X,ξ ·D]M M = B,D

γL
η = [x,η ·d − X,η ·D]L L = A,C ,

(20)

where the following quantities are given with the bilinear interpolation (12) and (17)

dA = 1
2
(d4 + d1) DA = 1

2
(D4 + D1)

dB = 1
2
(d1 + d2) DB = 1

2
(D1 + D2)

dC = 1
2
(d2 + d3) DC = 1

2
(D2 + D3)

dD = 1
2
(d3 + d4) DD = 1

2
(D3 + D4)

xA,η = 1
2
(x4 − x1) XA,η = 1

2
(X4 − X1)

xB,ξ = 1
2
(x2 − x1) XB,ξ = 1

2
(X2 − X1)

xC,η = 1
2
(x3 − x2) XC,η = 1

2
(X3 − X2)

xD,ξ = 1
2
(x3 − x4) XD,ξ = 1

2
(X3 − X4) .

(21)
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3.2 Interpolation of the stress resultants

The independent field of stress resultants σ is approximated as follows

σh = Nσ σ̂ Nσ =

⎡⎣ 13 0 0 Nm
σ 0 0

0 13 0 0 Nb
σ 0

0 0 12 0 0 Ns
σ

⎤⎦
Nm

σ = Nb
σ = T0

σ

⎡⎢⎢⎣
η − η̄ 0

0 ξ − ξ̄

0 0

⎤⎥⎥⎦ Ns
σ = T̃0

σ

⎡⎣ η − η̄ 0

0 ξ − ξ̄

⎤⎦
(22)

where the matrices

T0
σ =

⎡⎢⎣ J0
11J

0
11 J0

21J
0
21 2J0

11J
0
21

J0
12J

0
12 J0

22J
0
22 2J0

12J
0
22

J0
11J

0
12 J0

21J
0
22 J0

11J
0
22 + J0

12J
0
21

⎤⎥⎦ T̃0
σ =

⎡⎣ J0
11 J0

21

J0
12 J0

22

⎤⎦ (23)

describe the transformation of contravariant tensor components to the local cartesian coordi-
nate system at the element center. The constants J0

αβ = Jαβ(ξ = 0, η = 0) are the components
of the Jacobian matrix J in Eq. (14) evaluated at the element center.
The vector σ̂ ∈ R14 contains 8 parameters for the constant part and 6 parameters for the
varying part of the stress field, respectively. The interpolation of the membrane forces and
bending moments corresponds to the procedure in [17], see also the original approach for
plane stress problems with ξ̄ = η̄ = 0 in [18]. Due to the constants

ξ̄ =
1

Ae

∫
(Ωe)

ξ dA η̄ =
1

Ae

∫
(Ωe)

η dA Ae =

∫
(Ωe)

dA (24)

the linear functions are orthogonal to the constant function which yields partly decoupled
matrices. The area element dA = j dξdη is given with j(ξ, η) = |Xh,ξ ×Xh,η |. Concerning
stability of the discrete problem and remarks on the patch test we refer to [14].

3.3 Interpolation of the shell strains

The interpolation of the independent shell strains consists of two parts. The first part with
14 parameters corresponds to the stress interpolation of the last section. The shape functions
of the second part with a variable number of parameters β are constructed orthogonal to
the stress interpolation. Concerning this point there is a relation to the enhanced strain
formulations introduced in [12]. The orthogonality leads to a decoupling of the FE–equations
on element level, see the next subsection. Furthermore we refer to [19], where mixed–enhanced
interpolation techniques have been investigated. Thus we have

εh = Nε ε̂ , Nε = [N1
ε,N

2
ε] , ε̂ =

[
ε̂1

ε̂2

]
, ε̂1 ∈ R14 , ε̂2 ∈ Rβ (25)
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with the first part

N1
ε =

⎡⎢⎢⎣
13 0 0 Nm1

ε 0 0
0 13 0 0 Nb1

ε 0
0 0 12 0 0 Ns1

ε

0 0 0 0 0 0

⎤⎥⎥⎦

Nm1
ε = Nb1

ε = T0
ε

⎡⎢⎢⎣
η − η̄ 0

0 ξ − ξ̄

0 0

⎤⎥⎥⎦ , T0
ε =

⎡⎢⎣ J0
11J

0
11 J0

21J
0
21 J0

11J
0
21

J0
12J

0
12 J0

22J
0
22 J0

12J
0
22

2J0
11J

0
12 2J0

21J
0
22 J0

11J
0
22 + J0

12J
0
21

⎤⎥⎦
Ns1

ε = Ns
σ .

(26)
and the second part

N2
ε =

⎡⎢⎢⎣
Nm2

ε 0 0
0 Nb2

ε 0
0 0 0
0 0 Nz2

ε

⎤⎥⎥⎦ Nm2
ε = Nb2

ε =
j0

j
(T0

σ)−T Mα , α = 2, 4

M2 =

⎡⎢⎢⎣
ξ 0

0 η

0 0

⎤⎥⎥⎦ M4 =

⎡⎢⎢⎣
ξ 0 ξη 0

0 η 0 ξη

0 0 0 0

⎤⎥⎥⎦
(27)

with j0 = j (ξ = 0, η = 0) and

Nz2
ε =

[
1

]
or Nz2

ε =

[
1 0

0 1

]
or Nz2

ε =

[
1 ξ η ξη 0 0 0 0

0 0 0 0 1 ξ η ξη

]
(28)

The membrane and bending strains may be interpolated in Eq. (27) with linear or bi-linear
functions considering 2 or 4 parameters. According to Eq. (28) the thickness strains are
interpolated with 1, 2 or 8 parameters. For the first case εz and the matrix A2 in Eq. (4)
reduces to

εz = ε0
33 , A2 =

[
0 0 1 0 0 0

]T
. (29)

Remark:
Huettel and Matzenmiller developed in [13] a shell theory based on the enhanced assumed
strain formulation and employed similar interpolation functions for the thickness strains. The
difference is an additional factor J0/J , which is not necessary in the present case. The factor
J denotes the determinant of the Jacobean matrix computed at a point in shell space and J0

denotes this quantity at the element center.
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3.4 Linearized variational formulation

The linearization of the variational equation (10) reads with conservative external loads p̄
and t̄

L [g(θ, δθ), Δθ] := g(θ, δθ) + Dg · Δθ

Dg · Δθ =

∫
(Ω)

[δεT (DΔε − Δσ̃) + δσT (Δεg − Δεp) + δεT
g Δσ + ΔδεT

g σ] dA (30)

where

D := ∂2
εW =

h+∫
h−

AT 4
∂2Ŵ (C)

∂C ∂C
A μ̄ dξ3 . (31)

The thickness integration in (6) and (31) is performed numerically by summation over layers
and with two Gauss integration points for each layer.
Inserting above interpolations for the displacements, stresses and strains yields the finite
element approximation

L [g(θh, δθh), Δθh] =
numel∑
e=1

⎡⎣ δv
δε̂
δσ̂

⎤⎦T

e

⎧⎨⎩
⎡⎣ kg 0 GT

0 H −F
G −FT 0

⎤⎦ ⎡⎣ Δv
Δε̂
Δσ̂

⎤⎦ +

⎡⎣ f i − fa

f e

f s

⎤⎦⎫⎬⎭
e

(32)

where numel denotes the total number of finite shell elements to discretize the problem. The
following element matrices are defined

kg =

∫
(Ωe)

kσ dA f i =

∫
(Ωe)

BT σh dA = GT σ̂

H =

∫
(Ωe)

NT
ε DNε dA f e =

∫
(Ωe)

NT
ε ∂εW dA − F σ̂

F =

∫
(Ωe)

NT
ε Ñσ dA f s =

∫
(Ωe)

NT
σ εh

g dA − FT ε̂

G =

∫
(Ωe)

NT
σ B dA

(33)

with Ñσ = [Nσ,02×14]
T . The matrices B and kσ are specified in Appendix A. The vector of

the external loads fa corresponds to the one of the standard displacement formulation. The
integrals in (24) and (33) are computed numerically using a 2 × 2 Gauss integration scheme.
Due to the orthogonality of the interpolation functions Ñσ and N2

ε one obtains

F =

∫
(Ωe)

[
N1

ε

N2
ε

]T

Ñσ dA =

[
F1

0

]
F1 =

[
Ae 18 0

0 f

]
f (6×6) =

⎡⎢⎣ fm 0 0

0 f b 0

0 0 f s

⎤⎥⎦ . (34)
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Using an approximation for j the submatrices in f can be integrated analytically, see [14]. For
the geometrical and physical linear case an analytical integration of all matrices is possible
along with a flat projection, see [21] on basis of a Hellinger–Reissner functional.

We continue with L[g(θh, δθh), Δθh] = 0 with δθh �= 0 and obtain for each element the
following set of equations

kg Δv + GT Δσ̂ + f i − fa = r

HΔε̂ − FΔσ̂ + f e = 0

GΔv − FT Δε̂ + f s = 0 ,

(35)

where r denotes the vector of element nodal forces. Since the stresses and strains are inter-
polated discontinuously across the element boundaries the parameters Δε̂ = [Δε̂1, Δε̂2]

T and
Δσ̂ can be eliminated from the last two equations. For this purpose (35)2 is rewritten[

H11 H12

H21 H22

] [
Δε̂1

Δε̂2

]
−

[
F1Δσ̂

0

]
+

[
f e
1

f e
2

]
=

[
0
0

]
(36)

introducing the submatrices Hαβ =
∫

(Ωe)
NαT

ε DNβ
ε dA and f e

α =
∫

(Ωe)
NαT

ε (∂εW − σ̃h) dA.

Static condensation of Δε̂2 yields

H̄11 Δε̂1 − F1Δσ̂ + f̄ e
1 = 0 H̄11 = H11 − H12 H−1

22 H21

Δε̂2 = H−1
22 (−f e

2 − H21 Δε̂1) f̄ e
1 = f e

1 − H12H
−1
22 f e

2

(37)

as result of a Gauss elimination procedure, see [22]. The set of equations (35) is rewritten
using (34) and (37)

kg Δv + GT Δσ̂ + f i − fa = r

H̄11 Δε̂1 − F1 Δσ̂ + f̄ e
1 = 0

GΔv − FT
1 Δε̂1 + f s = 0 ,

(38)

and solved for the incremental stress and strain parameters

Δε̂1 = F−T
1 (GΔv + f s)

Δσ̂ = F−1
1 (H̄11 Δε̂1 + f̄ e

1 ) .
(39)

Inserting (39) in (38)1 yields the tangential element stiffness matrix ke
T and the element

residual vector f̂ . Eq. (32) now reads

L [g(θh, δθh), Δθh] =
numel∑
e=1

δvT (ke
T Δv + f̂) = 0

ke
T = GT ĤG + kg Ĥ = F−1

1 H̄11 F−T
1

f̂ = GT (σ̂ + Ĥ f s + F−1
1 f̄ e

1 ) − fa

(40)

Summarizing, besides the elimination of a variable number of parameters Δε̂2 in (36) by static
condensation [22], the only matrix which has to be inverted is F1, which means little effort
due to its diagonal structure.
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The global matrices are obtained by standard assembly procedures. The solution of the
system of equations yields the increment Δvk = [Δuk, Δβk]

T . Here, one has to consider the
transformation

ΔωK = T3K ΔβK T3K =

{
13 for nodes on shell intersections

[a1K , a2K ](3×2) for all other nodes

Δβk =

{
[Δβxk, Δβyk, Δβzk]

T for nodes on shell intersections

[Δβ1k, Δβ2k]
T for all other nodes

(41)
which is discussed in [20]. Thus the element possesses six degrees of freedom at nodes on
intersections and five at all other nodes. In this context we also refer to Reference [23].
The update of the nodal displacements is performed in a standard way on the structural level,

uK ⇐= uK + ΔuK

ωK ⇐= ωK + ΔωK

σ̂ ⇐= σ̂ + Δσ̂ ε̂ ⇐= ε̂ + Δε̂ , (42)

whereas the stress and strain parameters are updated on the element level using (39). For this
purpose the matrices which are necessary for the update have to be stored for each element.

4 Examples

The derived element formulation has been implemented in an extended version of the general
purpose finite element program FEAP, see Taylor [24]. Some numerical examples are chosen
to demonstrate the accurate behavior of the proposed element.
One purpose of the numerical examples is, to show that the element approximates the three-
dimensional constitutive behavior correctly. The results of the present formulation are com-
pared to a solid shell element formulation presented in [25]. The solid shell element incor-
porates a three dimensional material law. There is no plane stress condition imposed within
the element formulation, the stress state is determined by the equilibrium condition. Fur-
thermore comparative calculations are performed employing a shell element, where the zero
stress condition in thickness direction is satisfied iteratively at each integration point, see
[4]. However, for typical shell problems all formulations should lead to similar results for the
overall behavior, which is investigated in the range of finite elastic and finite plastic strain
problems. Different results between these element formulations are discussed in detail.
The first example investigates the patch test. Fulfillment is fundamental to ensure convergence
within a finite element calculation. Next, a channel section cantilever beam is considered to
account for shell intersections. The third example is concerned with a stretching problem
where finite elastic strains arise. It includes the analysis of a stability problem. The fourth
and fifth example are concerned with large plastic strains. A square plate is subjected to a
transverse dead load, which leads to sharp folding in the corners. Due to the high bending
stresses large strains are obtained in these regions. The fifth example analyzes a metal forming
process where large plastic stretching strains occur.

13



4.1 Membrane and bending patch test

First we investigate the element behavior within a constant membrane and bending patch
test as it is depicted in Fig. 2, see also [26]. A rectangular plate of length a and width b
is supported at three corners. We consider in-plane loading and bending loading denoted by
load case 1 and 2, respectively. Both, membrane and bending patch test are fulfilled by the
present element with constant normal forces nx = 1, ny = nxy = 0 (load case 1) and constant
bending moments mx = my = mxy = 1 (load case 2).

y x

1

2

3

4

5

6

7

8

a

b

a = 40
b = 20
h = 0.1

E = 106

ν = 0.3

Load case 1 2

Node F̄x F̄z m̄x m̄y

1 -20 -2 20 -10
2 0 0 20 10
3 0 0 -20 10
4 -20 0 -20 -10

Figure 2: Rectangular plate, patch of 5 elements

4.2 Channel section cantilever with plasticity

This example demonstrates that the present formulation is able to handle shell intersections.
The channel section is a well known test example, see for instance [27, 28, 29]. The system is

L

clamped

a

b

b

a

h

h
h

P, wP, w

Figure 3: Channel section cantilever system and finite element model

14



depicted in Fig. 3 and the dimensions between center lines are given as L = 36 in, a = 2 in,
b = 6 in, h = 0.05 in and E = 107 lb/in2, ν = 0.333. Here, a material is used, which allows
moderate elasto-plastic strains. According to [27] the ideal plastic deformation is characterized
by the yield stress y0 = 5 · 103 lb/in2 without any hardening.

elastic

elasto-plastic

 0

 20

 40

 60

 80

 100

 120

 0  0.2  0.4  0.6  0.8  1  1.2  1.4

lo
ad

   
P

displacement   w

present
Fontes Valente et al. [27]

Eberlein, Wriggers [29]

Figure 4: Channel section cantilever: load deflection curve for the vertical displacement w

eq. plast. strain

0.0100
0.0091
0.0082
0.0073
0.0064
0.0055
0.0045
0.0036
0.0027
0.0018
0.0009
0.0000

Figure 5: Deformed configuration of the channel section cantilever with a plot of the equivalent
plastic strains at the outside surface
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One end of the beam is clamped, on the free end a tip load P is subjected. The calculation
is performed using an arclength method with displacement control, where the displacement
w in direction of the load is controlled. The finite element model is depicted in Fig. 3 and
consists out of 36 elements in longitudinal direction of the beam and 4/12/4 elements in
circumferential direction of the cross section. Further mesh refinement shows no significant
influence on the displacement response. For the thickness integration two Gauss quadrature
points are employed in total.
In Fig. 4 the load P is plotted versus the deflection w for a pure elastic and for the elasto-
plastic material behavior. In the elastic case the curves coincide very well with the solution
of [27]. Also for the elasto-plastic behavior good agreement between the different solutions is
observed. In Fig. 5 the deformed configuration with a plot of the equivalent plastic strains is
shown. A comparison with [27] shows good agreement.

4.3 Stretching of a rubber sheet

This example has been analyzed previously e.g. in [30, 10]. Here, we use this example to
demonstrate that the present element formulation approximates the thickness strains within
finite elastic strains correctly. Therefore the results are compared to those of the solid shell
element.

A

R

L L
u

2F 2F

L

L

Geometry:
L = 10
R = 3
h = 0.1

Mooney-Rivlin material:
μ1 = 50 α1 = 2
μ2 = −14 α2 = −2
Λ = 1000

Figure 6: Geometry and material data of the rubber sheet with hole

A square sheet with a hole is subjected to a stretching load. The incompressible material
response is governed by a Mooney-Rivlin model (see Appendix B.1). Fig. 6 shows system and
material parameters. With respect to symmetry only one quarter of the system is discretized
with finite elements. At the left and right edge the degrees of freedom are linked together,
such that same horizontal but no vertical displacements occur. The sheet is stretched up to
twice of the original length, see Fig. 7. At the inner edge of the hole a stability problem
is observed due to the occurrence of compression stresses. In order to follow the secondary
equilibrium path, a perturbation load 10−7 F is added at point A perpendicular to the sheet
plane, see Fig. 6. The secondary path is characterized by an out-of-plane deflection w.
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Figure 7: Load deflection curve for the horizontal displacement u and deformed rubber sheet
with hole at F = 90

 0

 10

 20

 30

 40

 50

 60

 70

 80

 90

 0  0.1  0.2  0.3  0.4  0.5  0.6

lo
ad

   
F

displacement   w

shell [4]
solid shell [25]
present 2/2/1
present 2/2/2

Figure 8: Load deflection curve for the out of plane displacement w and perspective view of
the hole of the deformed rubber sheet at F = 90

In Fig. 7 the load F is depicted versus the horizontal displacement u. The present element is
used with two sets of interpolation parameters for membrane/bending/thickness, see Eqs. (27,
28). Results are presented for the sets 2/2/1 and 2/2/2 and compared to calculations em-
ploying the solid shell element [25] with only one element through the thickness and the shell
element [4]. For both element types a two point Gauss quadrature through the thickness is
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used. In Fig. 8 the load F is plotted versus the out of plane deflection w at point A . The
present formulation 2/2/1 considers only a constant approximation of the thickness strain.
It can be seen that this simplification leads to an overestimation of the buckling load. The
parameter set 2/2/2 denotes a linear approximation of the thickness strain, see Eq. (28). It
leads to results which coincide very well with the shell and the solid shell element in dia-
grams Figs. 7, 8. The example demonstrates that the present element is able to approximate
problems with finite elastic strains correctly.

solid shell [25]

present 2/2/2

E_33 [%]

0.00
-3.78
-7.56

-11.33
-15.11
-18.89
-22.67
-26.44
-30.22
-34.00

Figure 9: Thickness strain of the deformed rubber sheet with hole at F = 90; only one quarter
of the deformed configuration is shown

load increment iteration 1 2 3 4 5 6 7 8
F = 2 → 5 shell [4] 100 10−1 10−2 10−1 10−3 10−4 10−6 10−9

solid shell [25] 100 101 100 10−1 10−3 10−8

present 100 10−1 10−1 10−3 10−5 10−10

load increment iteration 1 2 3 4 5 6 7 8
F = 10 → 50 shell [4] no convergence

solid shell [25] 101 102 101 101 10−1 10−3 10−8

present 101 101 100 10−1 10−2 10−4 10−8

Table 1: Convergence of the residual during equilibrium iteration

Fig. 9 shows a plot of the strain in thickness direction. The strain is evaluated at the upper
layer of the Gauss integration points for the present element and for the solid shell element.
The strain distributions agree very well, which confirms that the present element leads to the
same results as the solid shell element.
In Tab. 1 the convergence rates of the global equilibrium iteration for different load steps
are listed. The zero stress condition for the shell element [4] is imposed with a local Newton
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iteration. It is observed that the present formulation is very robust with respect to the load
step size.

4.4 Square plate

This example demonstrates that the present element formulation is able to analyze extreme
bending situations where large plastic strains occur. It is a popular example for shell formu-
lations within finite elasto-plastic strains, see e. g. [29]. The plate is supported in z-direction
along the edges and loaded by a transversal dead load q in z-direction. A finite strain plas-
ticity model based on the work of [31] is applied and summarized in Appendix B.2. Here,
perfect plasticity without hardening is assumed. The geometry and material data are shown
in Fig. 10. With respect to symmetry only one quarter of the system is modeled by 32 ×
32 elements. A further mesh refinement does not lead to a significant change of the results.
For the thickness integration 5 layers of equal thickness are employed with a two point Gauss
quadrature for each layer. It is remarked that 2 layers would be enough for the calculation of
the load deflection curve. Here, 5 layers are employed for the plot of the thickness strain to
be very close to the upper surface.

y

L

Lx

z

L

L
w

Geometry:
L = 254
h = 2.54

Load:
q = λ · 10−2

Material:
E = 69000
ν = 0.3
y0 = 248

Figure 10: Geometry and material data of the square plate

The associated load deflection diagram of the midpoint deflection is depicted in Fig. 11. As
can be seen the results of the present formulation are in very good agreement with results
using the solid shell element.
The influence of the strain interpolations (27, 28) is investigated next. The impact of the
bending and membrane interpolations is discussed in [20], where 2 and 4 parameters for both
terms are used. As a result it is concluded that 2 parameters for both, the bending and the
membrane strains, are sufficient to obtain reasonable results. Here, the impact of the thickness
interpolation is analyzed by comparing the deflections of the loaded plate. Therefore a regular
and an irregular finite element mesh are taken into account and are illustrated in Fig. 12.
Again parameter sets are defined for membrane, bending and thickness interpolations.
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Figure 11: Load deflection curve of the vertical displacement w at the midpoint of the plate,
deformed mesh with a plot of the thickness strain at the upper surface

The vertical midpoint displacements of the plate for different thickness interpolations are
listed in Tab. 2. The constant approximation of the thickness strains with the parameter
set 2/2/1 converges to a much smaller deflection as the linear approximation 2/2/2. The
reason for this behavior is that the thickness strain is not correctly approximated in bending
dominated situations. The bi-linear interpolation with 8 parameters leads not to significantly
different results than the 2/2/2 parameter set, which holds for the regular as well as for the
irregular finite element mesh. Thus, the use of 2 parameters for the interpolation of thickness
strains could be recommended.

0.7 L

sym. sym.

sy
m

.

sy
m

.

0
.7

L

regular mesh irregular mesh

Figure 12: Applied finite element meshes of a quarter of the plate for parameter study
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regular FE-mesh 2/2/1 2/2/2 2/2/8
4 × 4 0.775 0.785 0.787
8 × 8 0.838 0.881 0.883

16 × 16 0.852 0.939 0.944
32 × 32 0.856 0.976 0.980
64 × 64 0.857 0.992 0.994

128 × 128 0.857 0.999 1.004

irregular FE-mesh 2/2/1 2/2/2 2/2/8
4 × 4 0.776 0.788 0.790
8 × 8 0.835 0.873 0.874

16 × 16 0.851 0.929 0.933
32 × 32 0.856 0.970 0.975
64 × 64 0.857 0.990 0.992

128 × 128 0.857 1.000 1.000

Table 2: Midpoint deflection w normalized with w= 30.28 for different parameters and finite
element meshes at q = 10−1

4.5 Conical shell

This example is selected to demonstrate the ability of the developed shell element formulation
to deal with strongly non-linear situations. The geometrical data are taken from Başar and

p p
r

R

L w

h

p

Geometry:
r = 1
R = 2
L = 1
h = 0.1

Material:
E = 206.9
ν = 0.29
y0 = 0.45

y∞ = 0.715
ς = 0.12924
� = 16.93

Load: p

Figure 13: Finite element mesh with geometrical and material data
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Itskov [33], who investigated this problem using an Ogden material. Here, the elasto-plastic
material model according to Appendix B.2 is used. All necessary material and geometrical
data are depicted in Fig. 13. Regarding to [33] the problem is slightly modified due to eccentric
loading and support conditions, see Fig. 13. The boundary conditions are modeled exactly by
the solid shell [25] as well as by the present finite shell element when considering the integration
limits h− = −h and h+ = 0 in Eqs. (6),(31). For the present shell integration through the
thickness is performed using 4 layers with two Gauss quadrature points for each layer. Due to
symmetry, only one quarter of the shell is modeled with 8 elements in circumferential direction
and 16 elements in axial direction. For the solid shell one element through the thickness is
employed. Only rotationally symmetric deformations are considered within the calculation.
Two parameters for the membrane, bending as well as thickness strain interpolation are used,
see Eqs. (27), (28).
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solid shell [25]
present

Figure 14: Load deflection diagram: load p versus vertical displacement w of the upper outer
edge

The non-linear behavior is computed using an arclength algorithm with displacement control
for the vertical displacement w at the upper edge. The results are depicted in a load deflection
diagram, see Fig. 14. It can be seen that the displacement response of the present formulation
and the solid shell formulation [25] agree very well. Small differences occur with respect to the
fact that the solid shell approach is only integrated with 2 Gauss quadrature points through
the total thickness.
The load is increased until w = 0.02, where the elastic limit load is reached. Hence a rolling
process starts at the top of the conical shell. A further stability point is traced at w ≈ 1.2.
Here, a global snap through behavior is observed. A local minimum of the load deflection
curve is attained at w ≈ 1.7. Then a stable path with increasing loads due to stiffening effects
arises. Deformed meshes at characteristic points are shown in Fig. 15.
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0.60
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w= 0.02 w= 0.4 w= 1.2

w= 1.7 w= 2.2

Figure 15: Deformed meshes with a plot of the equivalent plastic strains evaluated at the
initial outside surface

5 Conclusions

The present paper deals with the structural analysis of thin shells using a mixed hybrid
shell element. Using a three field variational principle appropriate interpolation functions for
the independent mechanical fields are described. The approximation of the shell strains is
improved introducing additional interpolation functions. The investigations show that two
parameters for the membrane part and two parameters for the bending part are sufficient.
As special feature independent thickness strains are included which allows consideration of
arbitrary nonlinear three-dimensional constitutive equations. Interpolation functions for the
thickness strains are presented with one, two and eight parameters. The tests show that,
a) one parameter may lead only in special situations to correct results, b) two parameters
are sufficient to have reasonable converged results, whereas c) eight parameters lead only to
negligible improvements in comparison to two parameters. As a conclusion one can recom-
mend the use of two parameters for the thickness interpolation. The presented examples show
furthermore that especially for finite deformations the new formulation allows very large load
steps and requires essentially less equilibrium iterations in comparison to displacement based
elements.
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Appendix

A Finite element matrices B and kσ

The matrices B and kσ have been derived in [14]. In this appendix the results are summarized.
The finite element approximation of the shell strains (19) yields with (17 - 21)⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

δεh
11

δεh
22

2δεh
12

δκh
11

δκh
22

2δκh
12

δγh
1

δγh
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

4∑
I=1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

NI ,1 xT,1 0

NI ,2 xT,2 0

NI ,1 xT,2 +NI ,2 xT,1 0

NI ,1 dT,1 NI ,1 bT
I1

NI ,2 dT,2 NI ,2 bT
I2

NI ,1 dT,2 +NI ,2 dT,1 NI ,1 bT
I2 + NI ,2 bT

I1

J−1

{
NI ,ξ dT

M

NI ,η dT
L

}
J−1

{
NI ,ξ ξI bT

M

NI ,η ηI bT
L

}

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[
δuI

δβI

]

δεh
g =

4∑
I=1

BI δvI

(43)

with bIα = TT
I x,α , bM = TT

I xM,ξ , bL = TT
I xL,η and TI = WT

I HIT3I , where

WI = skewdI

HI = 1 +
1 − cos ωI

ω2
I

ΩI +
ωI − sin ωI

ω3
I

Ω2
I

T3I =

{
1 for nodes on shell intersections

[a1I , a2I ](3×2) for all other nodes .

(44)

Thus one obtains B = [B1,B2,B3,B4].

The second variation of the shell strains yields with the vector of the independent stress
resultants σh the product

ΔδεhT
g σh =

4∑
I

4∑
K

δvT
I kσIK ΔvK

=
4∑
I

4∑
K

[
δuI

δβI

]T
[

n̂IK1 (m̂IK + q̂uw
IK)TK

(m̂IK + q̂wu
IK)TT

I δIK M̂I

] [
ΔuK

ΔβK

] (45)
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where

n̂IK = n11 NI ,1 NK ,1 +n22 NI ,2 NK ,2 +n12 (NI ,1 NK ,2 +NI ,2 NK ,1 )

m̂IK = m11 NI ,1 NK ,1 +m22 NI ,2 NK ,2 +m12 (NI ,1 NK ,2 +NI ,2 NK ,1 )

q̂uw
IK = 1

2
(qξ NI ,ξ f 1

IK + qη NI ,η f 2
IK)

q̂wu
IK = 1

2
(qξ NK ,ξ f 1

IK + qη NK ,η f 2
IK)

M̂I = TT
3I HT

I MI HI T3I

MI =
1

2
(dI ⊗ hI + hI ⊗ dI) +

1

2
(tI ⊗ ωI + ωI ⊗ tI) + c101

tI = −c3 bI + c11 (bI · ωI) ωI

bI = dI × hI

hI = m11 NI ,1 xh,1 +m22 NI ,2 xh,2 +m12 (NI ,2 xh,1 +NI ,1 xh,2 )

+ qξ NI ,ξ ξIx
M,ξ +qη NI ,η ηIx

L,η

c10 = c̄10 (bI · ωI) − (dI · hI)

c̄10 =
sin ωI − ωI

2ωI (cos ωI − 1)

c3 =
ωI sin ωI + 2 (cos ωI − 1)

ω2
I (cos ωI − 1)

c11 =
4 (cos ωI − 1) + ω2

I + ωI sin ωI

2 ω4
I (cos ωI − 1)

[f 1
IK ] =

⎡⎢⎢⎣
1 1 0 0
1 1 0 0
0 0 1 1
0 0 1 1

⎤⎥⎥⎦ [f 2
IK ] =

⎡⎢⎢⎣
1 0 0 1
0 1 1 0
0 1 1 0
1 0 0 1

⎤⎥⎥⎦ [
qξ

qη

]
= J−T

[
q1

q2

]
.

(46)

The allocation of the midside nodes to the corner nodes is given by

(I,M,L) ∈ {(1, B,A); (2, B, C); (3, D,C); (4, D,A)} . (47)

The geometrical matrix kσ is determined with the submatrices kσIK .

B Non-linear constitutive equations

B.1 Hyper-elastic material

Following [34, 35] the strain energy function is given by

W0S =
2∑

r=1

[
μr

αr

(λαr
1 + λαr

2 + λαr
3 − 3) − μr ln(J)] +

Λ

4
(J2 − 1 − 2 ln(J)) (48)
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with
J = λ1λ2λ3 . (49)

Here λi are the principal stretches of the elastic material, which are evaluated by solving the
eigenvalue problem

(C − λ2
A1)NA = 0 with A = 1, 2, 3 . (50)

Furthermore NA denotes the eigenvector and the right Cauchy-Green tensor C is obtained
from C = 2E + 1. The material parameter Λ is the Lamé constant, which may be computed
from the shear modulus μ = (μ1α1 +μ2α2)/2 and the bulk modulus κ as Λ = κ− 2/3μ. For a
large value of Λ it can be interpreted as a penalty factor and the incompressibility condition
is approximately fulfilled, detF = λ1λ2λ3 ≈ 1.

B.2 Finite strain J2-plasticity model

The applied plasticity model for finite strains is restricted to isotropic material behavior. The
numerical realization of the finite strain J2-plasticity model is proposed in several papers; see
e.g. [31], [36] and the references therein. The finite deformation plasticity model is based on a
multiplicative decomposition of the deformation gradient F = Fe Fp in an elastic and plastic
part. Due to the Lagrangean formulation of the variational equations the plasticity model is
formulated using the right Cauchy-Green tensor. With Cp = Fp TFp the eigenvalue problem

(C − λe
A

2Cp) N̂A = 0 with N̂A · Cp N̂B = δAB (51)

yields the elastic stretches λe
A. The elastic strain energy function is defined as

Wel =
Λ

2
[εe

1 + εe
2 + εe

3]
2 + μ[(εe

1)
2 + (εe

2)
2 + (εe

3)
2] with εA = ln[λe

A] . (52)

Here Λ and μ are the Lamé constant and the shear modulus, respectively. These are given in
terms of the Young’s modulus E and Poisson’s ratio ν as Λ = E ν

(1+ν)(1−2ν)
and μ = E

2(1+ν)
. The

evolution law of the plastic strains and the internal variable are derived from the principle of
maximum plastic dissipation. A Lagrangean formulation of the plastic flow rule is given as

Ċp = 2 λCp (F−1 ∂φ

∂τ
F), α̇ = λ

∂φ

∂q
(53)

where λ denotes the Lagrange multiplier, τ is the Kirchhoff stress and α, q are conjugate
internal hardening variables. The yield criterion φ is of a von Mises type with exponential
isotropic hardening

φ =

√
3

2
τD · τD − (y0 + ς α + (y∞ − y0)(1 − exp[−�α])) . (54)

In this equation y0 denotes the initial yield stress, ς determines the linear hardening and y∞,
� describe exponential hardening. The deviatoric Kirchhoff stress tensor is denoted by τD.
An implicit exponential integration algorithm of the evolution equations (53) along with the
strain energy (52), introduced in [31], leads to an additive model as in the linear theory.
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