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Summary. We consider a Bayesian approach to goodness of fit, that is, to the problem of test-

ing whether or not a given parametric model is compatible with the data at hand. We thus con-

sider a parametric family ✓✕✔✗✖✙✘✛✚✢✜✤✣✦✥★✧✪✩✆✜ where ✘✞✚ denotes a cumulative distribution function

with parameter ✣ . The null hypothesis is ✫✄✬✮✭✰✯✲✱✳✘✞✚ for an unknown ✣ , that is, there exists

✣ such that ✘✞✚✢✴✵✯★✶✷✱✹✸✺✴✼✻✽✜✿✾✙✶ . If ✫✮✬ does not hold, ✘✞✚✢✴✵✯★✶ is a random variable on ✴✼✻✽✜✿✾✙✶ which

is not distributed as ✸✺✴✼✻✽✜❀✾✙✶ . The alternative nonparametric hypothesis can thus be interpreted

as ✘✞✚✢✴✵✯★✶ being distributed from a general cdf ❁✪❂ on ✴✼✻✽✜❀✾✙✶ , where ❃ is infinite dimensional.

Instead of using a functional basis as in Verdinelli and Wasserman (1998), we represent ❁✪❂ as

the (infinite) mixture of Beta distributions, ❄✠✬❅✸✺✴✼✻✽✜✿✾✙✶❇❆❈✴❉✾❋❊●❄✑✬✿✶☛❍❏■✙❑✞▲✍❄ ■✙▼❖◆ ✴✵P ■ ✜❉◗ ■ ✶❙❘ Estimation

within both parametric and nonparametric structures are implemented using MCMC algorithms

that estimate the number of components in the mixture. Since we are concerned with a good-

ness of fit problem, it is more of interest to consider a functional distance to the tested model❚ ✴✼✘✷✜❉✓✄✶ as the basis of our test, rather than the corresponding Bayes factor, since the later

puts more emphasis on the parameters. We therefore propose a new test procedure based on❯✪❱✠❲ ❚ ✴❨❳☛✜❉✓✄✶❀❩ ✯❭❬❫❪ , with both an asymptotic justification and a finite sampler implementation.

AMS 1991 classification. Primary 62C05. Secondary 60J05, 62F15, 65D30, 65C60.

❴✹❵❛❫❜✿❝✒❞ ❵❛✑❡ Nous considérons une nouvelle approche bayésienne des problèmes d’adéquation

de loi, à savoir la compatibilité d’un modèle paramétrique avec un échantillon. Si la famille

paramétrée s’écrit ✓❢✔❣✖✙✘✞✚❤✜✐✣❥✥❦✧✪✩✆✜ où ✘✞✚ est une fonction de répartition paramétrée par

✣ , l’hypothèse nulle est ✫✮✬❧✭❭✯♠✱✲✘✞✚ avec ✣ inconnu. Donc il existe ✣ tel que ✘✞✚✢✴✵✯★✶❭✱
✸✺✴✼✻✽✜✿✾✙✶ . Si ✫✮✬ n’est pas vrai, ✘✞✚✢✴✵✯★✶ est une variable aléatoire sur ✴✼✻✽✜✿✾✙✶ qui n’est pas dis-

tribuée comme ✸✺✴✼✻✽✜✿✾✙✶ quelque soit ✣ . L’alternative non-paramétrique peut donc s’interpréter

comme ✘✞✚✢✴✵✯★✶ distribuée suivant une loi générale ❁♥❂ sur ✴✼✻✽✜❀✾✙✶ , où ❃ est de dimension in-

finie. Au lieu de faire appel à une base fonctionnelle comme dans Verdinelli et Wasser-

man (1998), nous représentons ❁♥❂ comme un mélange (infini) de lois béta ❄✑✬❅✸✺✴✼✻✽✜✿✾✙✶✒❆✗✴❉✾♦❊
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via des algorithmes MCMC qui évaluent le nombre de composantes dans le mélange. Pour

évaluer l’adéquation à la loi, il nous semble plus intéressant de considérer une distance fonc-

tionnelle au modèle testé,
❚ ✴✼✘✷✜❉✓✄✶ , plutôt que le facteur de Bayes, dépendant plus directement

des paramètres. Nous proposons une nouvelle procédure de test fondée sur
❯✪❱✠❲ ❚ ✴❨❳☛✜❉✓✄✶❀❩ ✯❭❬✽❪ ,

en fournissant une justification asymptotique et une mise en œuvre à taille déchantillon finie.
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2. Mixtures of Beta distributions

2.1. Representation✰ ✄ ◆✓✖✘✔❚✁✌☞✣✛✷✁✦✛☛✔❀✭❿✢✧✄✝✆✚✁✌✗✌✄ ✞✑✪✧✁✌✄ ✠✓✔➑✠✓✔➅❷ ❧✑❍✘♠✫❹✟✩✘✛☛✔❿✞✡✖❖✛☛✲✑✲✑✗✌✠✽❜✧✄ ✯✶✛✷✁✌✖✙✢❚✛✓✆✰✛❫✄ ✔✧❁✣✔✑✄ ✁✌✖✺✯✰✄ ❜❀✁✌✪✑✗✌✖✺✠☛✎❢✻❃✖✫✁P✛✢✧✄✝✆✚✁✌✗✌✄ ✞✑✪✧✁✌✄ ✠✓✔✣✆✘◗
➊➋✙➌ ❳ ➇ ➋✽➍ ❯✲✱ ➋ ❍✴✳ ➋ ❬ ❍✳❃✖❞✢✧✖✫❁✣✔✑✖❢✁✌☞✑✖❞✒✓✖✘✔✑✖✘✗P✛☛✬❨✛☛✬ ✁✌✖✘✗✌✔✣✛✷✁✌✄ ◆✓✖☎✁✌✠✶❘③②❿➀✰❯✾❷ ❧✑❍✘♠✫❹ ❬ ✁✌✠✶✞✡✖❘③② ➊➋✙➌ ❳ ➇ ➋✽➍ ❯✲✱ ➋ ❍✴✳ ➋ ❬ ➊➋✙➌ ❳ ➇ ➋ ❇➁♠✥❩

⑦❫✖✍✛☛✗✌✖✮✁✌☞❀✪✣✆❴✎✸✛✓✩✫✄ ✔✑✒❶✛✵✗P✛✷✁✌☞✑✖✘✗✶✆✚✁P✛☛✔✣✢✑✛☛✗P✢❚✯✰✄ ❜❀✁✌✪✑✗✌✖✺✖✙✆✚✁✌✄ ✯✶✛✷✁✌✄ ✠✓✔➑✲✑✗✌✠✓✞✑✬ ✖✘✯ ✳✴☞✑✖✘✗✌✖✮✁✌☞✑✖✍✔❀✪✑✯❄✞✡✖✘✗✰✠☛✎✩✫✠✓✯✰✲✡✠✓✔✑✖✘✔✕✁P✆✶✄✝✆✶✪✑✔✑❤❀✔✑✠✷✳✴✔❣◗✼✛✓✆✶✄ ✔④✐✴✄✝✩P☞✣✛☛✗P✢✑✆✾✠✓✔➜✛☛✔✣✢ ✰ ✗✌✖✘✖✘✔➁❯✚♠✙⑨✓⑨✑✵ ❬ ✠✓✗ ⑤ ✁✌✖✘✲✑☞✑✖✘✔✣✆✵❯➞❥☛❧✓❧✓❧ ❬✹❭ ❯ ❪ ☞✑✖✛☛✲✑✲✑✗✌✠✕✛✓✩P☞❫✳❃✖✰✎✿✠✓✬ ✬ ✠✷✳ ✄✝✆ ⑤ ✁✌✖✘✲✑☞✑✖✘✔✷✶ ✆✤❯➞❥☛❧✓❧✓❧ ❬ ◗❝✛✓✆✱✢✧✖✫✁P✛☛✄ ✬ ✖✙✢❫✞✡✖✘✬ ✠✷✳ ❭ ❬❽➤ ✪✑✖✶✁✌✠✍✁✌☞✑✖✮✆✾✲✡✖✙✩✫✄ ❁✡✩✫✄ ✁✚✭✵✠☛✎✼✁✌☞✑✖✁✌✖✙✆✚✁✌✄ ✔✑✒✰✲✑✗✌✠✓✞✑✬ ✖✘✯✺◗✧✳❃✖❞✗✌✖✘✲✣✛☛✗P✛☛✯✰✖✫✁✌✖✘✗✌✄✝✆✾✖✟✁✌☞✑✖❞✯✰✄ ❜❀✁✌✪✑✗✌✖❞✛✓✆❃✎✿✠✓✬ ✬ ✠✷✳✟✆✘①
➇ ❼P➀✰❯✸❧✑❍✘♠ ❬❣➈ ❯✚♠✴➉ ➇ ❼ ❬ ✸➊➋✺✹ ❳ ➇ ➋✽➍ ❯✲✱ ➋✼✻✹➋ ❍✽✱ ➋ ❯✚♠✴➉ ✻✹➋ ❬✾❬ ➊➋✙➌ ❳ ➇ ➋ ❇➁♠✥❍ ❯➞❥ ❬



Bayesian Goodness of Fit 3✁✌✠✟✆✾✄ ✒✓✔✑✄ ✎✿✭✟✁✌☞✣✛✷✁❣✁✌☞✑✖✥✔❀✪✑✬ ✬✓☞❀✭❀✲✡✠☛✁✌☞✑✖✙✆✾✄✝✆❣✩✫✠✓✗✌✗✌✖✙✆✾✲✡✠✓✔✣✢✑✆✡✁✌✠ ➇ ❼❢❇❊♠✥✛☛✔✣✢✜✁✌☞✣✛✷✁❣✁✌☞✑✖▼✛☛✬ ✁✌✖✘✗✌✔✣✛✷✁✌✄ ◆✓✖✏✩✫✠✓✗✌✗✌✖✙✆✾✲✡✠✓✔✣✢✑✆✁✌✠ ➇ ❼✁�❇ ♠✓◗✣✪✑✔✣✢✧✖✘✗✴✁✌☞✑✖✱✄✝✢✧✖✘✔✕✁✌✄ ❁✡✛☛✞✑✄ ✬ ✄ ✁✚✭✺✩✫✠✓✔✣✆✚✁✌✗P✛☛✄ ✔✕✁✼✁✌☞✣✛✷✁☎✔✑✠✓✔✑✖✱✠☛✎❝✁✌☞✑✖✱✠☛✁✌☞✑✖✘✗☎✩✫✠✓✯✰✲✡✠✓✔✑✖✘✔✕✁P✆ ➍ ❯✸➏ ➋ ❍P➐ ➋ ❬✄✝✆✼✖✙➠✕✪✣✛☛✬❦✁✌✠❄➀✰❯✸❧✑❍✘♠ ❬✹❭✰ ✄ ◆✓✖✘✔❄✁✌☞✑✖✟✢✧✄ ★✦✩✫✪✑✬ ✁✥✄✝✢✧✖✘✔✕✁✌✄ ❁✡✛☛✞✑✄ ✬ ✄ ✁✚✭✱✄✝✆✌✆✾✪✑✖✙✆✏✩✫✠✓✔✑✔✑✖✙✩✹✁✌✖✙✢❄✳✴✄ ✁✌☞✰✯✰✄ ❜❀✁✌✪✑✗✌✖✙✆✴❯✸✆✾✖✘✖✄✂▼✖✘✬ ✖✘✪✧❜✍q✫✉❅♦✆☎ ✝ ◗✧❥☛❧✓❧✓❧ ❬✛☛✔✣✢✜✁✌☞✑✄✝✆❝✗✌✖✘✲✑✗✌✖✙✆✾✖✘✔✕✁P✛✷✁✌✄ ✠✓✔❢✠☛✎✣❻❴❼✓◗✷✳❃✖❃✩✫✄ ✗P✩✫✪✑✯❄◆✓✖✘✔✕✁❣✁✌☞✑✄✝✆❝✢✧✄ ★✦✩✫✪✑✬ ✁✚✭❞✞❀✭✶❯✸✛ ❬ ✗✌✖✙✆✾✠✓✗✾✁✌✄ ✔✑✒✼✁✌✠✟✁✌☞✑✖❃✖✙✆✚✁✌✄ ✯✶✛✷✁✌✄ ✠✓✔✠☛✎❃✁✌☞✑✖✤✢✧✄✝✆✚✁P✛☛✔✣✩✫✖✶✞✡✖✫✁✚✳❃✖✘✖✘✔④❯➞❥ ❬ ✛☛✔✣✢❖➀✰❯✸❧✑❍✘♠ ❬ ◗❝✞❀✭❀✲✣✛✓✆✌✆✾✄ ✔✑✒✍✲✣✛☛✗P✛☛✯✰✖✫✁✌✖✘✗✌✄✝✆✌✛✷✁✌✄ ✠✤✲✑✗✌✠✓✞✑✬ ✖✘✯✶✆✘◗❅✛☛✔✣✢⑧✞❀✭➑❯✿✞ ❬✆✾✖✘✬ ✖✙✩✹✁✌✄ ✔✑✒✶✛☛✔✺✛☛✲✑✲✑✗✌✠✓✲✑✗✌✄✝✛✷✁✌✖✜✲✑✗✌✄ ✠✓✗✴✢✧✄✝✆✚✁✌✗✌✄ ✞✑✪✧✁✌✄ ✠✓✔ ❭➥✑✠✓✗❢✆✾✄ ✯❄✪✑✬✝✛✷✁✌✄ ✠✓✔❖✗✌✖✙✛✓✆✾✠✓✔✣✆☎✢✧✄✝✆✌✩✫✪✣✆✌✆✾✖✙✢✍✄ ✔✞✂❃✛☛✲✑✲✠✟✖✤q✫✉☎♦✆☎ ✝✮❯➞❥☛❧✓❧✑♠ ❬ ◗✡✳❃✖❴✛☛✬✝✆✾✠✮✩P☞✑✠❀✠✕✆✾✖✱✁✌✠✮✗✌✖✘✲✑✬✝✛✓✩✫✖✱✁✌☞✑✖✳❃✖✘✄ ✒✓☞✕✁P✆ ➇ ➋ ✳✴✄ ✁✌☞✺✁✌☞✑✖✘✄ ✗✴✪✑✔✣✆✌✩✘✛☛✬ ✖✙✢✮◆✓✖✘✗P✆✾✄ ✠✓✔❣◗☛✡ ➋ ◗✑✔✣✛☛✯✰✖✘✬ ✭✵❯✌☞✶❇➁♠✓❍✘❩✘❩✘❩✫❍✎✍ ❬
➇ ➋ ❇ ✡ ➋✏ ✸✑ ✹ ❳ ✡ ✑

❍ ❧✓✒✔✡ ➋ ✒❽♠✥❩
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4 Robert and Rousseau
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3. Convergence of the posterior distributions for Beta mixtures
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Bayesian Goodness of Fit 7�✂✁☎✄✆✄✞✝✠✟✞�❣✖✫✁ ✗ ❏ ✜ ❭➅❪ ☞✑✖✘✗✌✖✍✖✫❜✧✄✝✆✚✁P✆✦✛⑧✲✑✄ ✖✙✩✫✖✘✳✴✄✝✆✾✖❖✩✫✠✓✔✣✆✚✁P✛☛✔✕✁✶✎✿✪✑✔✣✩✹✁✌✄ ✠✓✔ ✹✗ ✆✾✪✣✩P☞➑✁✌☞✣✛✷✁☛✡ ✟ ✗ ✬ ✠✓✒ ✗✤➈✹✗ ✬ ✠✓✒ ✹✗✷✟ ➓ ❲ ✘ ✻ ❭ ⑦❫✖✜✩✘✛☛✔✦✯✰✠✓✗✌✖✘✠✷◆✓✖✘✗✥✄ ✯✰✲✡✠✕✆✾✖☎✳✴✬ ✠✓✒❞✁✌☞✣✛✷✁ ✹✗ ❯✿❲ ❬ ❇ ✏✌☞✍ ✹ ❳ � �✏✎✒✑✔✓ ✍ ◗❀✳✴✄ ✁✌☞ ✏✌☞✍ ✹ ❳ ✓ ✍ ✟ ✕ ✍ ✟ ❇♠❞✛☛✔✣✢ ✕ ✍ ❇ ❯✱❅ ✍ ➉✗✖ ✍ ❍✥❅ ✍ ➈ ✖ ✍ ❬✹❭✕✟✠✷✳➅✩✫✠✓✔✣✆✾✄✝✢✧✖✘✗ ✗✒✘ ❯✿❲ ❬ ❇ ✏ ☞✍ ✹ ❳ ✓ ✍ ❯➞❥✘✖ ✍ ❬ ☎ ✍ ❯✿❲ ❬ ◗✑✳✴☞✑✖✘✗✌✖☞☎ ✍ ❯✿❲ ❬ ✄✝✆✴✛✰✻❃✖✫✁P✛✰✢✧✖✘✔✣✆✾✄ ✁✚✭ ❭ ⑦❫✖❞☞✣✛✽◆✓✖☞➊ ✍ ✹ ❳ ✡ ✍✚✙ ❯➞❥✘✖ ✍ ❬ ✬ ✠✓✒✣✡ ✍ ➉❚➔ ✎✒✑ ✬ ✠✓✒✜✛ ☞➊
✣ ✹ ❳ ✓ ✣ ❯➞❥✘✖ ✣ ❬ ☎ ✣ ❯✿❲ ❬☎✢ ➓ ❲✤✣

✒ ☞➊ ✍ ✹ ❳ ✡ ✍ ✖ ❯➞❥✘✖ ✍ ❬ ✬ ✠✓✒✣✡ ✍ ➉❚➔ ✎✒✑ ✬ ✠✓✒☎❷ ✓ ✍ ❯➞❥✘✖ ✍ ❬ ☎ ✍ ❯✿❲ ❬ ❹ ➓ ❲ ✘
❇➁➉ ☞➊ ✍ ✹ ❳ ✡ ✍ ➔ ✎✒✑ ✬ ✠✓✒☎❷ ❯➞❥✘✖ ✍ ❬ ☎ ✍ ❯✿❲ ❬ ❹ ➓ ❲❂❩

⑤ ✄ ✔✣✩✫✖✱✳❃✖❄✩✘✛☛✔✍✳❃✠✓✗✌❤✦✠✓✔✍✖✙✛✓✩P☞ ✕ ✍ ✆✾✖✘✲✣✛☛✗P✛✷✁✌✖✘✬ ✭✓◗✑✳❃✖❄✢✧✗✌✠✓✲✤✁✌☞✑✖❴✆✾✪✑✞✣✆✌✩✫✗✌✄ ✲✧✁✦✥▼✎✿✠✓✗✜✆✾✄ ✯✰✲✑✬ ✄✝✩✫✄ ✁✚✭ ✶ ✆✟✆✌✛☛❤✓✖ ❭⑦❫✖✟✲✑✗✌✠✷◆✓✖❃✁✌☞✣✛✷✁✙◗✕✞❀✭✰✩P☞✑✠❀✠✕✆✾✄ ✔✑✒✱✩✘✛☛✗✌✖✫✎✿✪✑✬ ✬ ✭✱✁✌☞✑✖ ✱ ✶ ✆❃✛☛✔✣✢ ✳ ✶ ✆☎❯❛✁✌☞✑✖☎✲✣✛☛✗P✛☛✯✰✖✫✁✌✖✘✗P✆❅✠☛✎❦✁✌☞✑✖☎✻❃✖✫✁P✛✱✢✧✖✘✔✣✆✾✄ ✁✌✄ ✖✙✆ ❬ ◗✳❃✖❢✠✓✞✧✁P✛☛✄ ✔
➔ ✎✒✑ ✬ ✠✓✒☎❷ ✟ ✕ ✍ ✟ ☎ ✍ ❯✿❲ ❬ ❹ ➓ ❲✺❇ ✟ ✕ ✍ ✟✤✧☛★ ❯✚♠ ❬ ❩ ❯✸⑩ ❬

➥✑✠✓✗✼✖✙✛✓✩P☞ ✍❴❏⑧❯✸❧✑❍✘♠ ❬ ❯❛❁✑❜✧✖✙✢ ❬ ◗✧✁✌☞✑✖❞✔✑✠✓✗✌✯✶✛☛✬ ✄✝✆✾✄ ✔✑✒✰✩✫✠❀✖✫★✦✩✫✄ ✖✘✔✕✁✴✠☛✎❝✁✌☞✑✖✱✻❃✖✫✁P✛✰✢✧✄✝✆✚✁✌✗✌✄ ✞✑✪✧✁✌✄ ✠✓✔✍✆✌✛✷✁✌✄✝✆✚❁✣✖✙✆
✧✮❯✲✱ ✍✧❍✽✱❃❯✚♠✟➉✑✍ ❬✾❬ ❇ ✩ ❯✲✱ ❬✩ ❯✲✱ ✍ ❬ ✩ ❯✲✱❃❯✚♠✟➉✑✍ ❬✾❬❇ ✱✫✪ ➎ ✭ ✪✆✬ ❥ ✓ ❇ ✱❯✲✱ ✍ ❬ ✪ ✌ ➎ ✭ ✪ ✌ ✬ ❥ ✓ ❇ ❯✲✱ ✍ ❬ ❯✲✱❃❯✚♠✟➉✑✍ ❬✾❬ ✪✤✭ ❳ ✭ ✌✯✮ ➎ ✭ ✪✤✭ ❳ ✭ ✌✯✮ ✬ ❥ ✓ ❇ ❯✲✱❃❯✚♠✴➉✑✍ ❬✾❬ ❯✚♠ ➈✱✰ ❯✾❯✲✱ ✍✑❯✚♠✟➉✑✍ ❬✾❬ ✭ ❳ ❬✾❬

❇ ❷ ✍ ✌ ❯✚♠✴➉✑✍ ❬ ❳ ✭ ✌ ❹ ✭ ✪✆✬ ✱ ✍✑❯✚♠✴➉✑✍ ❬↔ ❥ ✓ ❯✚♠ ➈✲★ ❯✚♠ ❬✾❬ ❍
✛✓✆✪✱▼❍✽✱ ✍✧❍✽✱❃❯✚♠☎➉ ✍ ❬✴✳ ✣❸◗✡✞❀✭ ⑤ ✁✌✄ ✗✌✬ ✄ ✔✑✒ ✶ ✆✴✎✿✠✓✗✌✯❄✪✑✬✝✛ ❭✟➡ ✠✓✗✌✖✘✠✷◆✓✖✘✗✙◗✧✬ ✖✫✁✵✖ ❇ ❅✍❇ ★ ❯✚♠ ❬ ◗✶✖ ❇ ❯✚♠✟➉ ❅ ❬ ❇ ★ ❯✚♠ ❬ ◗✛☛✔✣✢ ✍✱❇ ❅❨◗✑✁✌☞✑✖✘✔
➔✲✷✹✸✆✺✷ ✭ ✺ ✬ ✠✓✒☎❷ ❲ ✪ ✷ ✭ ❳ ❯✚♠✴➉❫❲ ❬ ✪✤✭ ❳ ✭ ✷ ✮ ✭ ❳ ❹ ➓ ❲❇ ❯✲✱ ❅✶➉➑♠ ❬ ❯✾❯✱❅ ➈ ✖ ❬ ✬ ✠✓✒☎❯✱❅ ➈ ✖ ❬ ➉➜❯✱❅✰➉✗✖ ❬ ✬ ✠✓✒☎❯✱❅✶➉✗✖ ❬ ➉❶❥✘✖ ❬➈ ❯✲✱❃❯✚♠✴➉ ❅ ❬ ➉➑♠ ❬ ❯✾❯✚♠✴➉❈❅ ➈ ✖ ❬ ✬ ✠✓✒✜❯✚♠✴➉❈❅ ➈ ✖ ❬ ➉➜❯✚♠✴➉❈❅✰➉✗✖ ❬ ✬ ✠✓✒☎❯✚♠✟➉❈❅✰➉✗✖ ❬ ➉❶❥✘✖ ❬❇ ❯✲✱ ❅✶➉➑♠ ❬ ✖✿❥✘✖❝✬ ✠✓✒ ❅ ➈ ✦✘✖☎✻

✮✯❅ ➙ ➈✱✰✽✼ ✖ ❍❅ ✻✿✾ ✘
➈ ❯✲✱❃❯✚♠✴➉❈❅ ❬ ➉➑♠ ❬ ✖ ❥✘✖❝✬ ✠✓✒☎❯✚♠✴➉❈❅ ❬❝➈ ✦✘✖ ✻

✮✣❯✚♠✼➉❈❅ ❬ ➙ ➈✱✰ ✼ ✖ ❍❯✚♠✴➉❈❅ ❬ ✻✿✾ ✘ ❩
❪ ☞✑✖✘✗✌✖✫✎✿✠✓✗✌✖✓◗❀✳✴☞✑✖✘✔ ✱❫❇ ★ ❯❀✖ ✭ ❍ ❇ ❯✱❅❣❯✚♠✴➉❈❅ ❬✾❬ ➙ ❬ ◗ ✱ ❅✑❍✽✱❃❯✚♠✟➉❈❅ ❬❁✳ ✣❸◗
➔ ✎ ✬ ✠✓✒☎❷ ❯➞❥✘✖ ❬ ☎❂❯✿❲ ❬ ❹ ➓ ❲ ❇ ❥✘✖ ✖ ✦✘✖ ✻ ✱

✮✯❅❣❯✚♠✴➉❈❅ ❬ ➉❫✬ ✠✓✒☎❯✱❅❣❯✚♠✟➉❈❅ ❬✾❬❝➈ ✬ ✠✓✒ ↔ ✱❖➉ ✬ ✠✓✒❃❥ ✓❥ ➈ ✬ ✠✓✒☎❯➞❥✘✖ ❬❂➈✲★ ❯✚♠ ❬ ✘



8 Robert and Rousseau✛☛✔✣✢❫❯✸⑩ ❬ ✄✝✆✴✆✌✛✷✁✌✄✝✆✚❁✣✖✙✢✺✛✓✆✼✆✾✠❀✠✓✔✺✛✓✆
✦✘✖ ✻ ✱

✮✯❅❣❯✚♠✴➉❈❅ ❬ ➈ ✬ ✠✓✒ ↔ ✱⑧❇➜✬ ✠✓✒☎❯✱❅❣❯✚♠✟➉ ❅ ❬ ➉❫✬ ✠✓✒☎❯➞❥✘✖ ❬❂➈ ✬ ✠✓✒☎❯➞❥ ✓ ❬❥ ❩
❪ ☞✑✖✘✗✌✖✏✖✫❜✧✄✝✆✚✁P✆❣✛✴✆✾✠✓✬ ✪✧✁✌✄ ✠✓✔☎✁✌✠✴✁✌☞✑✄✝✆❨✖✙➠✕✪✣✛✷✁✌✄ ✠✓✔❣◗✙✳✴☞✑✄✝✩P☞❢✄✝✆❣✖✙✆✌✆✾✖✘✔✕✁✌✄✝✛☛✬ ✬ ✭✟✠☛✎❀✠✓✗P✢✧✖✘✗ ✰ ❯❀✖ ✭ ✻ ❅❣❯✚♠✓➉✪❅ ❬✠✟ ✬ ✠✓✒ ✖ ❇ ❯✱❅❣❯✚♠✟➉❈❅ ❬✾❬ ✟ ❬✛☛✔✣✢ ❪ ☞✑✖✘✠✓✗✌✖✘✯③♠❢✄✝✆✴✲✑✗✌✠✷◆✓✖✙✢ ❭ ✁

⑦❫✖❢✁✌☞✑✖✘✔✺☞✣✛✽◆✓✖✜✁✌☞✑✖❢✎✿✠✓✬ ✬ ✠✷✳✴✄ ✔✑✒❴✗✌✖✙✆✾✪✑✬ ✁✟✠✓✔✮✁✌☞✑✖❞✲✡✠✕✆✚✁✌✖✘✗✌✄ ✠✓✗✴✢✧✄✝✆✚✁✌✗✌✄ ✞✑✪✧✁✌✄ ✠✓✔❣①★✄✩ ✝❇✂✆✟✒✝✫✪✄✂✧✮✰✯ q✫✉✥✠▼❳✽❍✘❩ ❩ ❩ ❍✡✠ ❙ ✲Pq ✙❛❾ ✗✓q ✕✣q✫❾ ✗✓q✫❾✣✉❂♦✷❾ ✗✆✙✲✗✓q✫❾✣✉✄✙✸tP♦✆☎✭☎ ♣✞✗✚✙✝r✹✉➞✇✺✙✳✲ ✁ ✉❡q✘✗✜✇✷✝ ✛✆✝✆☎ r s ✇✌✈✆✫ ✗ ❼❞❏✗✜ ✝
✝ ✈✷❾✑r✺✙✲✗✓q✫✇✟✉✱✰✑q☛✕❦✇✺✙✸✈✷✇ ✓ ❳✜r✘♦✷✉✄✙✝r s ♣✚✙❛❾ ✺❄✉✱✰✑q✜♦ ✲P✈✚✛✷q❢tP✈✷❾ ✗✚✙❛✉✄✙✸✈✷❾✑r✝☞✚♦ ✔✟✞✪☞ ✗ ✔✻✮❝✉✱✰✑q✫❾✮✉✱✰✑q☛✕✣✈✽r✹✉❡q✫✇✺✙✸✈✷✇✆✗✚✙✝r✹✉➞✇✺✙✳✲ ✁ ✉✄✙✸✈✷❾✈ s ✓ tP✈✷❾ ✛✷q✫✇✌✺✕q✹r✞✙❛❾❖✉✱✰✑q s ✈✆☎✭☎ ✈ ✳ ✙❛❾ ✺✮r✹✉➞✇✌✈✷❾ ✺✶r✘q✫❾✑r✘q✡✠ ✥✥✍ ✖ ❧ ✮

✓ ❷ ☛✁✌✓❯ ✗ ❼ ❬✠✟ ✠▼❳✽❍✘❩✘❩✘❩✘❍✡✠ ❙ ❹ ✳ ♠✓❍ ✗ ❼✺♦✷❩ ☛✓❩ ❯✸⑨ ❬
❪ ☞✑✖❖✩✫✠✓✔✣✆✾✄✝✆✚✁✌✖✘✔✣✩✫✭❚✠☛✎✜✁✌☞✑✖❖✲✡✠✕✆✚✁✌✖✘✗✌✄ ✠✓✗✰✯✰✖✙✛☛✔➜✠☛✎✜✁✌☞✑✖❖✢✧✖✘✔✣✆✾✄ ✁✚✭➅❯✿✳✴☞✑✄✝✩P☞➜✄✝✆✦✛❶✆✚✁P✛☛✔✣✢✑✛☛✗P✢❿✻✼✛✽✭✓✖✙✆✾✄✝✛☛✔✖✙✆✚✁✌✄ ✯✶✛✷✁✌✖✜✎✿✠✓✗✼✁✌☞✑✖✱✢✧✖✘✔✣✆✾✄ ✁✚✭ ❬ ✎✿✠✓✬ ✬ ✠✷✳✟✆❃✎✿✗✌✠✓✯ ❯✸⑨ ❬ ✄ ✔✮✁✌✖✘✗✌✯✶✆✴✠☛✎❂✁✌☞✑✖✱➒✟✖✘✬ ✬ ✄ ✔✑✒✓✖✘✗✟✢✧✄✝✆✚✁P✛☛✔✣✩✫✖ ➓ ❭�✂✁☎✄✆✄✞✝✠✟ ❪ ☞✑✖✰✲✑✗✌✠❀✠☛✎▼✠☛✎▼✁✌☞✑✄✝✆✜✁✌☞✑✖✘✠✓✗✌✖✘✯ ✄✝✆❢✠✓✞✧✁P✛☛✄ ✔✑✖✙✢✵✪✣✆✾✄ ✔✑✒ ❪ ☞✑✖✘✠✓✗✌✖✘✯ ♠✰✠☛✎✼✻✼✛☛✗✌✗✌✠✓✔❣◗ ⑤ ✩P☞✑✖✘✗✌◆❀✄✝✆✾☞❫✛☛✔✣✢⑦⑧✛✓✆✌✆✾✖✘✗✌✯✶✛☛✔❫❯✚♠✙⑨✓⑨✓⑩ ❬ ✩✱✰✑q✫✇✌qP♦ s ✉❡q✫✇❢♥✌☞ ✄●✶P◗✣✳✴☞✑✄✝✩P☞✤✳❃✖❢✗✌✖✙✩✘✛☛✬ ✬❨✄ ✔ ✚ ✲✑✲✡✖✘✔✣✢✧✄ ❜ ✚ ❭❪ ✠⑧✞✡✖✘✒✓✄ ✔➜✳✴✄ ✁✌☞❣◗❃✳❃✖✺✲✑✗✌✠✷◆✓✖✺✩✫✠✓✔✣✢✧✄ ✁✌✄ ✠✓✔❊❷ ✚ ♠✫❹☎✄ ✔ ❪ ☞✑✖✘✠✓✗✌✖✘✯ ♠✺✠☛✎❢✻ ⑤ ⑦ ❭ �❣✖✫✁ ✗ ❼⑧❇ ✗✒✘ ◗❃✳✴☞✑✖✘✗✌✖

✙❈❇ ❯ ➇ ❼✓❍✎✍❖❍✾✡ ✍ ❍✽✱ ✍ ❍ ✻ ✍ ❍✯✥✙✒ ✍ ❬✹❭ ⑤ ✠❖✳❃✖✶❁✣✗P✆✚✁❴✩✫✠✓✔✣✆✾✄✝✢✧✖✘✗❄✛✺❁✣✔✑✄ ✁✌✖✮✯✰✄ ❜❀✁✌✪✑✗✌✖✦✠☛✎☎✻❃✖✫✁P✛❖✢✧✄✝✆✚✁✌✗✌✄ ✞✑✪✧✁✌✄ ✠✓✔✣✆ ❭❪ ☞✑✖✘✔ ✓ ❯ ✏☞✌ ❬ ✖ ✓ ❯ ✏ ✸✌ ❬ ◗❀✳✴☞✑✖✘✗✌✖✞✏ ✸✌ ✄✝✆✥✁✌☞✑✖✜✆✾✖✫✁❃✠☛✎❂✢✧✖✘✔✣✆✾✄ ✁✌✄ ✖✙✆▼✄ ✔✶✏☞✌✷◗✕✁✌☞✣✛✷✁✼✛☛✗✌✖✟✯✰✄ ❜❀✁✌✪✑✗✌✖✙✆▼✠☛✎ ✍ ✻❃✖✫✁P✛✢✧✄✝✆✚✁✌✗✌✄ ✞✑✪✧✁✌✄ ✠✓✔✣✆ ❭❪ ✠✮✠✓✞✧✁P✛☛✄ ✔❖✩✫✠✓✔✣✢✧✄ ✁✌✄ ✠✓✔❿❷ ✚ ♠✫❹❅✄ ✔ ❪ ☞✑✖✘✠✓✗✌✖✘✯ ♠✱✠☛✎▼✻ ⑤ ⑦➁◗✡✳❃✖❄✲✑✗✌✠✷◆✓✖❢✁✌☞✣✛✷✁☎✁✌☞✑✖✘✗✌✖❄✖✫❜✧✄✝✆✚✁P✆ ✖ ✖ ❧✮✆✾✪✣✩P☞✁✌☞✣✛✷✁ ✟ ✙➜➉ ✙✎✍ ✟ ✘ ✖✮✄ ✯✰✲✑✬ ✄ ✖✙✆✜✁✌☞✣✛✷✁ ✂ ✘✑✏ ❏✷✏✓✒✹◗❂✛☛✔✣✢✵✁✌☞❀✪✣✆ ✓ ❯ ✏✓✒ ❬ ✖ ✓ ❷ ❉ ✟ ✙➑➉✌✙✎✍ ✟ ✘ ✖✕▲✘❹ ❭✶❪ ☞✑✖✶✲✑✗✌✄ ✠✓✗✢✧✖✘✔✣✆✾✄ ✁✚✭✦✞✡✖✘✄ ✔✑✒✦✆✚✁✌✗✌✄✝✩✹✁✌✬ ✭✦✲✡✠✕✆✾✄ ✁✌✄ ◆✓✖✓◗❀✁✌☞✑✖✱✛☛✞✡✠✷◆✓✖❢✲✑✗✌✠✓✞✣✛☛✞✑✄ ✬ ✄ ✁✚✭✶✳✴✄ ✬ ✬❨✁✌☞✑✖✘✔✺✞✡✖✱✆✚✁✌✗✌✄✝✩✹✁✌✬ ✭✦✲✡✠✕✆✾✄ ✁✌✄ ◆✓✖ ❭⑦❸☞✑✖✘✔✜✍➆✄✝✆❝❁✑❜✧✖✙✢❨◗☛✁✌☞✑✖✼✯✰✠✧✢✧✖✘✬✑✄✝✆❅✛✜✲✣✛☛✗P✛☛✯✰✖✫✁✌✗✌✄✝✩▼✯✰✠✧✢✧✖✘✬ ❭ ✚ ❪ ✛✽✭❀✬ ✠✓✗❝✖✫❜✧✲✣✛☛✔✣✆✾✄ ✠✓✔❄✠☛✎✡✬ ✠✓✒ ✗✒✘✑✏ ✛☛✗✌✠✓✪✑✔✣✢
✙➜✬ ✖✙✛✓✢✑✆❃✁✌✠

✟ ✬ ✠✓✒ ✗✒✘✑✏ ❯✜✆ ❬ ➉❫✬ ✠✓✒ ✗✒✘ ❯✜✆ ❬✠✟ ✒✕✔❈❯✚♠ ➈ ✬ ✠✓✒ ✆ ❬✠✟ ✙❶➉ ✙ ✍ ✟ ❍
✛☛✔✣✢✦✁✌☞❀✪✣✆✘◗

✒✟❯ ✗✒✘ ❍ ✗✒✘✑✏✸❬ ✒✖✔ ✟ ✙❚➉ ✙ ✍ ✟ ➔
❳
❼ ❷ ♠ ➈ ✬ ✠✓✒ ✆✣❹ ✆ ✭✘✗ ❯✚♠✟➉ ✆ ❬ ✭✘✗ ➓ ✆ ✒✙✔ ✍ ✟ ✙❚➉ ✙ ✍ ✟ ❩�❣✖✫✁❝✪✣✆❝✩✫✠✓✔✣✆✾✄✝✢✧✖✘✗❝✆✾✠✓✯✰✖▼✢✧✖✘✔✣✆✾✄ ✁✚✭ ✗ ❼❞❏✗✜❫✠✓✔✮❷ ❧✑❍✘♠✫❹ ❭❂❪ ☞✑✖✘✠✓✗✌✖✘✯❈♠✥✄ ✯✰✲✑✬ ✄ ✖✙✆❣✁✌☞✣✛✷✁ ✥✥✍ ✖ ❧✑◗✙✁✌☞✑✖✘✗✌✖▼✖✫❜✧✄✝✆✚✁P✆

✙➑❇ ❯ ➇ ❼✓❍✎✍❖❍✾✡ ✢ ❍✌➏ ✢ ❍P➐ ✢ ❍✎✤❴❇➁♠✓❍✘❩ ❩ ❩ ❍✎✍ ❬ ✆✾✪✣✩P☞✮✁✌☞✣✛✷✁ ✒✟❯ ✗ ❼✓❍ ✗✒✘❣❬ ✒✷✍ ❇ ❥ ❭✛✚ ✆✾✄ ✔✑✒✰✁✌☞✑✖✱✛☛✞✡✠✷◆✓✖❞✩✘✛☛✬✝✩✫✪✑✬✝✛✷✁✌✄ ✠✓✔✣✆✘◗✳❃✖❞✢✧✖✙✢✧✪✣✩✫✖❢✁✌☞✣✛✷✁✴✎✿✠✓✗✟✛☛✔❀✭✦✆✾✪✣✩P☞ ✗ ❼❞❏✗✜✜◗✣✩✫✠✓✔✣✢✧✄ ✁✌✄ ✠✓✔⑧❷ ✚ ♠✫❹❂✄✝✆✴✆✌✛✷✁✌✄✝✆✚❁✣✖✙✢ ❭⑦❫✖❞✔✑✠✷✳➅✩✫✠✓✔✣✆✾✄✝✢✧✖✘✗✟✩✫✠✓✔✣✢✧✄ ✁✌✄ ✠✓✔⑧❷ ✚ ❥✽❹ ❭ ⑦❫✖✱✩✫✠✓✔✣✆✚✁✌✗✌✪✣✩✹✁✴❆ ❙ ✄ ✔✮✁✌☞✑✖❢✎✿✠✓✬ ✬ ✠✷✳✴✄ ✔✑✒✰✳✼✛✽✭❦①
❆ ❙ ❇❊❉ ✗✒✘ ➟✎✍ ✒✌✧ ✩ ❇ ✬ ✠✓✒ ✩✏❍✞✧ ❙ ✘➜➏ ✢ ❍P➐ ✢ ✘✢✜ ❙ ❍✎✤❴❇❊♠✓❍✘❩ ❩ ❩ ❍✎✍❶▲✕❍

✳✴✄ ✁✌☞✣✜ ❙ ❇ ✩ ✣ ◗✡✳✴✄ ✁✌☞✥✤ ✣➁♠ ❇ ❋✹❼❄✛☛✔✣✢✡✧ ❙ ❇❊❥ ➎ ✭✧✦✩★ ◗✡✳✴☞✑✖✘✗✌✖✗❋✹❼ ✖ ❧✶✄✝✆☎✢✧✖✫❁✣✔✑✖✙✢✍✞❀✭⑧❯✲✮ ❬✹❭☎❪ ☞✑✖✘✔❖✆✾✄ ✯✰✲✑✬ ✖✩✘✛☛✬✝✩✫✪✑✬✝✛✷✁✌✄ ✠✓✔✣✆❃✄ ✯✰✲✑✬ ✭✦✁✌☞✣✛✷✁ ✓ ❯✿❆ ✿❙ ❬ ✒ ➎ ✭ ❙ ✮ ◗❀✎✿✠✓✗☎✆✾✠✓✯✰✖ ✫ ✖ ❧ ❭�❣✖✫✁✌✪ ❙ ❇❊❉ ✗✬✫✡✭ ✮ ❍✣❧✙✘✬✧ ❙ ✒➜➏✡❍P➐▲✒✢✜ ❙ ▲✕◗✓✳✴☞✑✖✘✗✌✖ ✗✬✫✡✭ ✮ ✄✝✆▼✛✱✻❃✖✫✁P✛❞✢✧✖✘✔✣✆✾✄ ✁✚✭❴✳✴✄ ✁✌☞✦✲✣✛☛✗P✛☛✯✰✖✫✁✌✖✘✗P✆✏➏✰✛☛✔✣✢➐☎✛☛✔✣✢✰✯✦❇➁❯✸➏✡❍P➐ ❬ ❏❶❷ ✧ ❙ ❍✱✜ ❙ ❹ ➙ ❭



Bayesian Goodness of Fit 9➤ ✖✘✔✑✠☛✁✌✖✗❅❖❇ ❯✱❅✽❳✷❍✥❅ ➙ ❬ ◗✁�✯✍❇➁➏ ➈ ➐✽◗✂�❅❖❇ ❅✽❳ ➈ ❅ ➙ ◗ ✧✮❯ ✯ ❬ ✞✡✖❄✁✌☞✑✖❄✗✌✖✘✔✑✠✓✗✌✯✶✛☛✬ ✄✝✆✾✄ ✔✑✒✦✩✫✠✓✔✣✆✚✁P✛☛✔✕✁✜✠☛✎✏✁✌☞✑✖✻❃✖✫✁P✛✶✢✧✖✘✔✣✆✾✄ ✁✚✭✤✳✴✄ ✁✌☞❖✲✣✛☛✗P✛☛✯✰✖✫✁✌✖✘✗ ✯✤❇ ❯✸➏✡❍P➐ ❬ ✛☛✔✣✢☎✄ ✛☛✔✣✢✝✆✮✞✡✖❄✒✓✖✘✔✑✖✘✗✌✄✝✩❢✲✡✠✕✆✾✄ ✁✌✄ ◆✓✖❄✩✫✠✓✔✣✆✚✁P✛☛✔✕✁P✆ ❭ ➥✑✠✓✗✜✛☛✬ ✬✯ ✍ ❇ ❯ ✯ ✍❳ ❍✱✯ ✍➙ ❬ ❏❶❷ ✯❄➉❈❅✑❍✱✯ ➈ ❅❀❹
✗✟✞ ✏ ❯✜✆ ❬ ✒ ✗✟✞ ✭ ✷ ❯✜✆ ❬ ✧✮❯ ✯❴➉❈❅ ❬✧✮❯ ✯ ➈ ❅ ❬ ❇ ✗✡✠ ❯✜✆ ❬ ❩

⑦❫✖❞✔✑✠✷✳➅✢✧✖✫✁✌✖✘✗✌✯✰✄ ✔✑✖✱✩✫✠✓✔✣✢✧✄ ✁✌✄ ✠✓✔✣✆✼✠✓✔ ❅✽❳✜✛☛✔✣✢ ❅ ➙ ✆✾✪✣✩P☞✮✁✌☞✣✛✷✁➔ ✗ ✠ ❯✜✆ ❬ ➓ ✆✺❇ ✧✮❯ ✯❴➉❈❅ ❬✧✮❯ ✯ ➈ ❅ ❬ ✒➅♠ ➈ ✖✷❍ ❯✚♠✙❧ ❬
✚ ✆✾✄ ✔✑✒✶✆✾✄ ✯✰✲✑✬ ✖✱✩✘✛☛✬✝✩✫✪✑✬✝✛✷✁✌✄ ✠✓✔✣✆✼✠✓✔✤✬ ✠✓✒ ✩ ❯✿❲ ❬ ◗✣✳❃✖❢✠✓✞✧✁P✛☛✄ ✔✮✁✌☞✣✛✷✁❯✿✄ ❬ �✂✎✏➏✡❍P➐✄✘➜❥✧◗✤✥✏❇➁♠✓❍P❥

✬ ✠✓✒ ✼ ✩ ❯✸➏✱➉❈❅✽❳ ❬ ✩ ❯➞➐▼➉❈❅ ➙ ❬✩ ❯✸➏ ➈ ❅✽❳ ❬ ✩ ❯➞➐ ➈ ❅ ➙ ❬ ✾ ➈ ✬ ✠✓✒ ✼ ✩ ❯☛�✯ ➈ �❅ ❬✩ ❯☛�✯❄➉☞�❅ ❬ ✾ ✒ ❥✆❅✽❳➏✱➉ ❅✽❳ ➈ ❥✆❅ ➙➐❃➉❈❅ ➙
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4. Estimation of Beta mixtures
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Fig. 3. Monitorings of the convergence of the birth and death sampler for an equidistributed se-

quence of ✾✿✻✍✻✍✻ points: (upper left) histogram of � ; (upper center) sequence of the simulated � ’s;

(upper right) histogram of the P ■✂✁✐■ ’s; (central left) histogram of ❄✠✬ for �☎✄✕✻ and sequence of the

log-likelihoods; (central center) histogram of the ✆ ■ ’s; (central right) plot of the ✴✵P ■ ✜ ✁✐■ ✶ ’s for the three

most likely values of �✝✄❦✻ ; (lower left) histogram of the P ■ ’s; (lower center) histogram of the ✁❿■ ’s;

(lower right) plot of the ✴✵P ■✂✁✐■ ✜✞✆ ■ ✶ ’s for the three most likely values of �✟✄ ✻ .
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Fig. 4. Histogram of the equidistributed sequence of ✾✿✻✍✻✍✻ points and averaged density estimator.
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Fig. 5. Monitorings of the convergence of the birth and death sampler for a random sample of ✾ ➊ ✻✍✻
points (same legend as Figure 3).
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Fig. 6. Histogram of a random sample of ✾ ➊ ✻✍✻ points and averaged density estimators. The curve

with the fatter tails corresponds to the average of the densities over the MCMC simulations and the

curve with the thinner tails corresponds to the plugg-in estimate of the density where the parameters

✴ ❄ ■ ✜❅P ■ ✜ ✁✐■ ✶ are replaced by their estimates. These two curves are estimated conditional on � ✔ ✾ .



18 Robert and Rousseau

Number of components

k

0 5 10 15 20

0
.0

0
0
.1

0
0
.2

0
0
.3

0

0 2000 4000 6000 8000 10000

0
2

4
6

8
1
0

Number of components

k

αε

αε

0 5 10 15 20

0
.0

0
0
.0

5
0
.1

0
0
.1

5
0
.2

0

Uniform weight & likelihood

p0

0.0 0.2 0.4 0.6 0.8 1.0

0
5

1
0

1
5

2
0

2
5

3
0

ω

ω

0.0 0.2 0.4 0.6 0.8 1.0

0
.0

0
.5

1
.0

1
.5

2
.0

0 10 20 30 40

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

α

ε

α

α

0 50 100 150 200 250

0
.0

0
0
.0

2
0
.0

4
0
.0

6

ε

ε

0.0 0.2 0.4 0.6 0.8 1.0

0
1

2
3

4
5

6

0 5 10 15 20 25

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

αε

ω

Fig. 7. Monitorings of the convergence of the birth and death sampler for a random sample of ✾✁� ➊ ✻
points (same legend as Figure 3).
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Fig. 8. Histogram of a random sample of ✾✁� ➊ ✻ points and averaged density estimators conditional

on � ✔✂� (same legend as Figure 6).
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5. Test of Goodness of Fit
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Fig. 9. Distribution of the Hellinger distance
❚ ✴✁�✑✜❿✾✙✶ for an equidistributed sequence of ✾✿✻✍✻✍✻ points

(left) and corresponding distributions conditional on � ✄ ✻ (right).
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Fig. 10. Distribution of the Hellinger distance
❚ ✴✁�✑✜❿✾✙✶ for a sequence of ✾ ➊ ✻✍✻ random points corre-

sponding to the histogram of Figure 5.
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Fig. 11. Distribution of the Hellinger distance
❚ ✴✁�✑✜❿✾✙✶ for a sequence of ✾✁� ➊ ✻ random points corre-

sponding to the histogram of Figure 7, conditional on the most likely values of � .
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✞✠✟☛✡ ✄✿✁ ✡✌☞ ✎ ✄✞✝✎✍✑✏✤✁ ✁☎✄✓✒❽q✫✉✼♦✆☎ ✝ ✁ ✎ ✠✆✠✆✠ ☎ ① ✯ q✫✉ ☛✁✌ ✲Pq❄♦✕✔❄q✽☎✭☎ ✙❛❾ ✺✕q✫✇❞❾❦q ✙ ✺✻✰ ✲P✈ ✁ ✇✎✰✑✈✙✈ ✗✺✈ s ✂✽❼✦✉✱✰✑q✱✉➞✇ ✁ q✗✓q✫❾✑r✺✙❛✉➞♣✻✮✴✳ ✰✑✙✸t✹✰ ✙✝r ✗✓q✳✴✥❾❦q✘✗✒✙❛❾✣☞❨qPt✫✉✄✙✸✈✷❾✌☞✗✖☛✝✙✘ ✔ ✝ ✄ ❾ ✗✓q✫✇❄tP✈✷❾ ✗✚✙❛✉✄✙✸✈✷❾✑r ✠✗✎⑧♦✷❾ ✗ ✠ ✔ ✮ s ✈✷✇❄q ✛✷q✫✇✹♣✄✍ ✖ ❧ ✮
✬ ✄ ✯❙✛✚ ✦ ✓ ❯ ☛✁✌ ✟ ❘ ✭ ❙ ✮ ❬ ❇➁♠✪✢ ✛ ❭ ✆ ❭


