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Abstract. We study a modal logic of knowledge and action, fo- e tests do not modify the environment;

cussing on test actions. Such knowledge-gathering actions increage tests are reliable;

the agents’ knowledge. We propose a semantics, and associate an ax-every proposition can be tested successfully.
iomatics and a rewriting-based proof procedure. Database querying is a basic example of such tests.

What do we test? We can test objects of the world, for example a
battery or a computer program. Here, we will be interested rather in
testing factstest if the battery is defective. A test plan is a (possi-
In order to be able to evolve in her/his environment, an intelligentbly conditional) sequence of tests. In our logic validating a test plan
agent must interact with the latter. For instance, imagine a robot thatomes down to studying the validity of a logical formula.
wants to open a door that might be locked. If the robot is shrewd Tests are actions. We shall integrate tests consequently into a logic
enough, it starts by checkingwhether the door is effectively locked oiof action. In order to be able to reason about the interactions between
not. This action enables it to know truth or falsehood of the formulaknowledge and actions, our logic comprises an epistemic component
“the door is locked”. We calilest such an action. and a dynamic component.

For us, the concept of test is strongly attached to the concept of In section 2 we give the necessary background on the logic EDL
knowledge acquisition. There is a significiant amount of related workproposed in [6]. In Section 3 we extend EDL to EDo as to han-
about the interactions between action and knowledge. Combininglle explicit tests of the formtest whether a given formula is true or
knowledge and action in a logical framework comes back to the worknot; we give the axioms and the semantics of EDland propose
of Moore [12] who provided a theory of action including knowledge- a rewriting procedure. In Section 4, we propose an alternative (and
producing actions. Building on this theory, Scherl and Levesque [13}equivalent) definition of tests. Section 5 discusses related work.
represent knowledge-producing actions in the situation calculus by
means of an explicit accessibility relation between_situat_ions, trea_te_@ Thelogic EDL
as an ordinary fluent, that corresponds to our epistemic accessibil-
ity relation. Levesque [9] then uses this knowledge fluents to repreln [6] we presented a dynamic-epistemic logic called EDL for plan
sent complex plans involving, like ours, observations and branchingyerification in the presence of partial observability. EDL allows for
(and also loops, that we did not consider). He points out that thed large variety of actions (some of them change the world and some
executability of a plan requires that the ageatds to know how do not, some of them bring some new information and some do not,
to execute it, which implies that branching conditions must involve with all possible mixtures of these). EDL combines a fragment of
knowledge and not objective facts whose truth may not be accessibleropositional dynamic logic (PDL) and the epistemic logic S5. The
to the agent. language is built from a set of atomic formullIL,, a set of atomic

There are many domains where we learn the truth value of a givectionsACTo, the classical logic operators, A, V, =, the action op-
formula. Consider a logical circuit with six componeats....,cs. If ~ €rators), if then else, }", the modal operatdf] and the epistemic
the circuit is broken down, several configurations of faulty compo-operatorkK. We read the formulaKp A —K-p “the agent neither
nents are possible. Suppose that there are only three possible confighowsp nor —p”. As usual,{«) A is an abbreviation ofi[a]-A.
urations:e1: components:, c2 andca are broken down (and only We say that a formula frorRML is objective if it contains no oc-
these ones)p,: components::, co andcs are broken down (and currence ofK.
only these ones)ys: componentg; andcs are broken down (and Our axiomatisation contains a modal logic for knowledge aKd a
only these ones). modal logic for actions. We take the logic of knowledge tdHe

Which test sequences enable us to know in which configuration we

1 Introduction

are? Testing components andcs, for instance, enables us to know N(K) AA
in which configuration we are; hence we should be able to prove thak(K) (KAANK(A = () = KC
this sequence is sufficient. T(K) KA— A
A test is a particular interaction between the agent and the world5(K) -KA - K-KA
It is one-sided form of communication: the agent acquires knowl-N([«]) ﬁ

edge about the environment, but does not change the environmeq&.([a])

We make the following simplifying assumptions (la]A A[a](4 = ©) = [a]C

Acq(e],K) K[a]C — [«]KC

¢ the world does not evolve while the test is carried out; Def()) [NA = A
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The semantics is in terms of possible states. We interpret th8.2 Testsare...
knowledge of the agent at a possible warldby a set of worlds asso- ) ]
ciated tow. Actions are interpreted as transition relations on Worlds.3-2-1 ... purely informative

We define a model as a quadruglé = (W, Rx,{Ra : a burely inf . . h h fth d. th
ACTy}, V) whereW is a set of possible world&x C W x W and urely informative actions never change the state of the world, they

everyR. C W x W is an accessibility relation, arid associates just changethe_knowledge.Mcllraith [1_0] speaks almoatintrusive
to each world an interpretation. We require tests and van Linder et al. [11] abqéssivetests.

Ry{w} = {w}; PI(?7?) C — [A?7]C if C is an objective formula.
Ra;ﬁ = R.,o0 Rﬁ;

Rif A thena elses

= {(w,w") | if =,w AthenwR w' elsewRsw'};
o R,oRk gRKORa-

Semantically, this corresponds to the condition

o if wiRarrws thenVy,, =V,

The truth conditions are defined as usual, in particular: 322  deterministic and executable

o Farw KA [=ar, Aforevery state E/RK(W) Test are always executable and every execution in a given state al-
o =umw [a]ATf [=a,.0 Afor every statev’ € Ra(w) ways lead to the same result.

We call EDL our basic epistemic dynamic logic. EDL is sound and Det(??) (AINC = [AT7]C
complete.

Exec(?)  [A?7]C — (A?7)C
3 Adding explicit teststo EDL

+ Both axioms can be gathered together i@ ?)C' « [A?7]C.
31 EDL Semantically, Def(*?) and Exec(?) correspond to the condition

Now we ext(_end EDL to EDE so as to |ncluo!e explicit tes_,ts. Such Razz (w) is a singleton.
tests are actions of the form “test whether a given formula is true”, ex-

pressed by a new action operatot: We read the formulgA?7]K A The assumption that tests are always executable may look restric-
“after testing ifA, the agentknows”. This languageis very expres- tjve at first glance, because it may be the case that a given test has an
siVe Since |t a”OWS for testingny forrmla, even fOrmUlaS inVOlVing app“cab”ny Condition. We propose to express app“cab'“ty Condi_
tests themselves, which leads to the possibility of expressing nestegbns this way: if the testt?? has an applicability conditiofifond A
tests. However, practically, only elementary tedt&, where A is  wjthout which the execution of the test does not produce any result,
modality-free, are relevant to Al applications such as diagnosis ofye can replacet?? by “if Cond . thenA?? elser”.
decision making.

EDL™should be able to express for instance that after testing

cq4 andes — cq4, the truth value of, is known. This means thatthe 3.2.3 ... idempotent
following formulajcs V ¢477;cs — ¢477](Keq V K—eq) should be ) ) L
a theorem of EDL . Performing a test twice has no more effects than performing it once.
The language of EDLis defined as followsE' M L andACT de-

note respectively the set of all well-formed formulas of Eind the 40°7) [AT7]C — [A77][ATT]C
set of all actions of EDLE. These two sets being definbg mutual ) ] o o
recursion: Semantically, this corresponds to the transitivity of the accessibil-
F ML is the smallest set containing ity relation R aze:

e pforallp € FMLy; )

o A, AVB,ANB,A— Bforall A,B € FML; o if wi Razrwz andwz Razrws thenwi Rarrws

o KAforallA e FML; o

o [@]Aforalla € ACT andallA € FML. Proposition 1
ACT is the smallest set containing e Theformula [A?7?][A??]C « [A??]C is provable from Det(?7),

¢ the empty action; Exec(??) and Idem(?7?).

e aforalla € ACTy;

e a;pforalla, g € ACT; ] - )

o if Athena elses forall A € FML andalla,f € 324 .. insensitiveto negation

ACT, . . . . .
o A77forall A e FML Testing whether a formula is true or not is equivalent to testing

whether its negation is true or not:
In the following paragraph we give a list of axioms for tests.
EDL*is obtained by gathering all these axioms and adding them tNeg(?) [A77]C = [-A?7]C
the basic EDL . However, this list should be understood as modular,
namely, it is possible to build weaker logics by not including some  semantically, this corresponds to the condition
of these axioms. Accordingly, we give each axiom together with its
corresponding semantical condition. o Rarr=R_ ar.



325 ..reliable 3.4 Automated theorem proving

We suppose that testing when A is true always makes the agent For the rest of the paper, we call models of Ehe models of EDL

knowing A. satisfying all the semantical conditions of Section 3. The axiomatics
_ of EDL"is that of EDL plus axioms of Section 3.

Reliab(?) A — [A?77]KA

. . . . Proposition 4 The following equivalencesare theoremsof EDL T.
Semantically, this axiom corresponds to the condition

_ , 1. [A77)(C1 A C2) = ([A?7]Ch A [AT?]CL)
o if Faw Aandw(Rar o Rx)w' then=as,ur A 2. [A??](C) v Cy) = ([A?7]Ch V [A?7]Cs)
Bronosition 2 3. [A77]-C = —[A?7]C
roposition 4. [ATKC = (A — K(A — [A77]0)) A (=4 — K(-A -
1. [A?7)(KAV K~A) is provablefrom Reliab(??) and Neg(??). [Avejey
[A??7]C = Cif C isobjective.

2. ([A??]KA) < A is provable from Reliab(??), Neg(??) and 5.
Exec(?7?).
Proof: 1isprovablewith axiomK([«]), 2 with determinism Det(?7?),
(1) means that tests are always informative: after testing whethe3 With determinismand executability Exec(??). For 4 we need pre-
A, the agent will always know the truth value of. Its proof  dictability Pred(??, K) and insensivity to negation Neg(??). Finally
goes as follows: using insensitivity to negation, we derivé —  for SweusePI(??) and Det(?7). o
[A??]K—A, which together withd — [A??]K A gives[A??](K AV Hen(_:e we can ‘push down’ the modal_operator of test from the left
K—A). (2) means that tests are correct, i.e., they never tell the age#® the right through all the other connectiiés—, A, V. When[A77]
a false statement. It is derived fromA — [A??]K—A above and ~ réaches an objective formula then we can agaly?]C’ = ¢ and
executability. thus eliminate one modal operator of test from the formula.
Iterating these rewrite steps we can obtain formulas without test
operators. It is easy to prove that this rewriting system is confluent
326 .. pred|Ctab|e and terminating.
A consequence of Proposition 4 is that we can reduce the problem
of proving theorems in our logic to that of proving theoremsin
The reduction is done by rewrite rules.

If A is true then testing ifA eliminates exactly those accessible
worlds whereA is false. For Scherl and Levesque [13] this is the
basic axiom for knowledge-gathering axioms.

Pred(?, K) A — ([A77]KC = K(A — [A?7]C)) Proposition 5 SupposeACT, = 0. For every formula A thereexists
Y o - . aformula A’ without action operatorssuchthat A = A’ isatheorem
of EDL*.

Semantically, this corresponds to the condition

' '
If w Razz w” then fic(w') = U . Rar(v) 35 Soundnessand completeness
vERK (w),Ear, v A Il Ear WA
Proposition 6 EDL*is sound.

Proposition 3 Let C' be an objective formula. Then the proposition

KC — [A??]KC isprovablein EDL* from PI(??) and Acg([], K). Proof: Each of the axiomsis valid, and the inferencerules preserve
validity. o
This proposition expresses that positive knowledge persists. The above theorem gives us completeness for the fragment of

EDL*where there are no other primitive actions than tests.
33 Example Proposition 7 Suppose ACT, = §. Then EDLTis complete.
Now we can handle our running example in our logic. A possible plan
ism™ = c377;c477 i.e. 1o first test component and then component Proof:Let A be consistent. According to theorem 5 of section 3.4
ca. We must prove that for every state of affairs, if the agent executethere existsa formula A" without action operatorssuchthat A = A’
7 then she knows the configuration of breakdown. In other wordsjs a theorem. Hence A’ is consistent. Now A’ isin the language of

we must prove that 5, and given that the axiomatics of our logic contains that of the
epistemic logic S5, A’ isaswell consistent in 5. Via the complete-
T = [7](Ke1 VK2 VKes) ness of Sb there must therefore exist a S5-model containing a state
] w where A’ is true. Then it is straightforward to extend that model
is a theorem of EDE, where to an EDL-model where A’ istruein w. Finally, given that (dueto
soundness) the equivalences that we have used to rewrite formulas

T ={K((me1 Ame2 Ameg Aea Aes Acg) = @), arevalid, that model must also satisfy A in w. o

(
K(("Cl N e AN —cqg ANes A es A C6) — QOQ)7
K(("Cl N —cg ANca ANcg Nca N 05) — g03)7
K(p1 Va Vsl 4 An alternativetest action

T — [7](Ke1 vV Kga V Kes) is provable in EDLY, which is In this section we rewrite the test action as a hondeterministic com-
intended. position of uninformative actions.



4.1 Thelogic EDLY

We introduce into our langage a “check that” operatbmapping a
formula to an action. We read? as “establistA” or “check thatA
is true”.

Itis then possible to define the actigh?? of testing if A as an ab-

breviation of the complex action of nondeterministic composition of

“check thal
Def(?7)

" and “check that-A”". This corresponds to the axiom
[A77]C = ([A?]C A [~A7]C)

This formally expresses that testing whethes true or not amounts
to nondeterministically choose between trying to establishAteatid
trying to establish that A.

The other way round we can choo$&’'to be primitive. In this
case we can defin&" by

Def(?) [A?]C = [A??])(A — C).

We give the following axiomatics for?".

Det(?) (ANYC — [A7C

PI(?) C — [A?]Cif C is an objective formula
Exec() A= (AT

Reliab¢) [A?]KA

Perm(, K) (A?KC — K[A?]C

The logic EDLY is obtained by adding the five axioms above

to the inference rules i]), N([«]) and the axioms KK), T(K),
K([«]), Def()), Def(;) and Def(if).

Det(?), PI(?), Exec(), Reliab() respectively stand fodetermin-
ism, purelyinformative, executability, reliablility. The first three have
the same semantical constaint than ff' Reliab(?) corresponds to

o if w(Rar o Rx)w' thenf=yy 0 A
The last axiom says that tegf ‘are uninformativé

Proposition 8 EDLT plus Def(?) is equivalent to
Def(7?).

EDLY plus

Proposition 9 EDL issound and complete.

4.2 Automated theorem proving and complexity

Proposition 10 The following equivalencesare theoremsof EDL

7=C = (A = —[A7]C)
7(Cy A Cy) = ([A?]C) A [A?]Ca)
\ 02) = ([A?]Cl \ [A‘?]CQ)

([A?7]L v K[A7]C)
= (A — () if Cisanobjective formula

Proposition 11 The validity problem in the fragment of EDL
where (i) ACT, = 0 and (ii) only non-nested tests are considered, is
coNP-complete.

5 Related work

Several logics of knowledge and action exist in the literature. Clos-
est to ours is the work of Gerbrandy and Groeneveld [2, 4, 5]. Their
Dynamic Epistemic Logic has two sorts of tests, the first of which is
denoted by? A and is the standard dynamic logic test: it “succeeds
[...] when A is true, and fails otherwise”. Consequenthi]C' is

an abbreviation oA — C. The second one is notédr and “cor-
responds to [the] agent.[.] learning that program has been exe-
cuted”. (We have slightly adapted notations.) This means that agents
acta priori unconsciously and must explicitly learn about the execu-
tions of their actions?

U? Ais similar to ourA?. More precisely, our logic can be mapped
into Gerbrandy’s logic [2]: our actiod? can be translated into their
?A;UTA.

In[2] an axiomatics is given, which is similar to ours. Nevertheless
there are subtle differences. We already mentioned the first one: there
is a non-epistemic testA supplementing the epistemic tést A.

The second main difference is that there, the logic of knowledge
is K, while ours is at leastS5 . Hence there is no axiom K). It
seems to be problematic to add these axioms to the logic. This will
be detailed after our next point.

The third main difference is that there, instead of axiom EXec(

A — —[A7]-A there is an equivalencé = —[A?]-A (axiom 5 in

[2]). This means that an agent can always successfullylearn about the
execution of test. This leads to difficulties at least if we suppose that
the epistemic notion under concern satisfies a consistency require-
ment as expressed by the modal axionKDE A — —-K—A (that

is a consequence of axiomK{). Indeed, suppogeis an atom. Then
[U7?p]Kp is derivable in their logic, as well d&&—p — [U7p]|K-p.

But from these two we can deril€ —p — [U?p]K(p A —p). While

in our logic this means that the test action fails, in theirs theltégt
always succeeds. Therefore axiomE)(cannot be added to their
logic as it stands.

Finally a more technical difference are the respective complete-
ness proofs. While ours basically uses a reduction to a modal logic
without tests, theirs is a (much longer) Henkin type proof. Never-
theless, our technique also applies to their logic, and permits thus to
obtain a much simpler proof. To witness, the K-axiom o] to-
gether with the above equivalende= —[U«]— A permit to pass the
modal operatofU «] through conjunction, disjunction, and negation,
and their axiom TUa]K A = Kla][Ua]A permits to pass through
the epistemic operatd. Finally their axiom 6 permits to eliminate

The proof of these equivalencesis similar to that of proposition 4. the[U«] operator from formulas. Thus one can follow the same line

This result implies that the fragment of Eplwhere tests are of reasoning as in our completeness proof. This has been done in [3].
non-nested has a complexity not higher than the complexity of epis-
temic logic. Indeed, in this case our rewriting procedure is a polyno- In a series of articles Segerberg has developed a logic of belief
mial transformation into the epistemic logic. Hence the problem ofand action called Doxastic Dynamic Logic (DDL) [15, 14]. There
deciding theoremhood in that fragment has the same complexity adre three types of modalitieisA, — A, and«A the first of which cor-
in epistemic logic. responds to ourt?. He discusses axioms ferA that are similar to

The problem of deciding whether a given S5-formula is a theorenPurs, but nevertheless closer to Gerbrandy and Groeneveld’s work.
is coNP-complete, it follows that

3 The authors consider several agents and groups of agents. We abstract from
2 An action o is uninformative [6] if and only if (o)KA — Klo]A that here.
holds for every formulad. This expresses that afteris performed, the  * This leaves more flexibility than our language, for instance they can express
agent cannot observe anything that he could not predict. It is simpler thatagentlearns that agentlearned thati has been tested (y.U,? 4).
than Pred{?, K ). Semantically, the axiom corresponds to the condition ® This makes it also possible to write the preservation axiord)Ri§ an
if Ro(w) # 0 andw; Rk o Raws themuy Ry 0 Rxws equivalence.




To witness, he also considers that tests are always executable amdlows for plan verification it canndtnd test plans. This might be

deterministic, i.e. he has the axiop A]-C = —[+A]C (his ax-

achieved in a way similar to the approach in [1]. Second, it would

iom 13), as well as a preservation axiom in terms of equivalence (hide interesting to bring closer our work to logics of dynamic logics of
axiom 10). Therefore our above remarks also apply to this approachprobability so as to handle stochastic effects of actions. This would

Van Linder et al. [11] propose two formalizations of the conceptbe relevant for modelling unreliable tests whose probability of relia-
of test, respectively in S5 and KT. They show that the tests can bility is known.

seen on the one hand as operators of epistemic update, and on the

other hand as operators of knowledge expansion. In both cases, “ﬁEFERENCES

knowledge of the agent after the execution of a test is obtained by
minimizing the changes between the ol and the new state of knowl-[1]
edge.

Another line of research has been developped in the Al field of [
reasoning about actions around the concept of knowledge gatherings3]
actions [13, 9, 7, 10] (see [6]).
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6 Conclusion
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logic allows to reason about the evolution of knowledge by tests and

Marcos A. Castilho, Olivier Gasquet, and Andreas Herzig, ‘Formaliz-
ing action and change in modal logic I: the frame probleiournal of
Logic and Computation, 9(5), (1999).

Jelle Gerbrandy, ‘Dynamic epistemic logic’, Technical report, ILLC,
Amsterdam, (1997).

Jelle GerbrandyBisimulation on Planet Kripke, Ph.D. dissertation,
ILLC, Amsterdam, 1999.

Jelle Gerbrandy and Willem Groeneveld, ‘Reasoning about information
change’)J. of Logic, Languageand Information, 6(2), (1997).

Willem Groeneveld,Logical investigations into dynamic semantics,
Ph.D. dissertation, ILLC, 1995. ILLC Dissertation Series 1995-18.
Andreas Herzig, ddme Lang, Dominique Longin, and Thomas Po-
lacsek, ‘A logic for planning under partial observability’, Proc.
AAAI’ 2000, Austin, (August 2000).

Gerhard Lakemeyer and Hector Levesque, ‘AOL: a logic of acting,
sensing, knowing, and only knowing’, Rroceedingsof KR’ 98, (1998).
Jérdme Lang and Pierre Marquis, ‘Two forms of dependence in propo-
sitional logic: controllability and definability’, ifProc. AAAI’ 98, Madi-

son, (July 1998).

Hector J. Levesque, ‘What is planning in the presence of sensing?’, in
Proceedingsof AAAI'96, (1996).

Sheila Mcllraith, ‘Generating tests using abduction’Piroceedings of

KR 94, pp. 449-460, (1994).

John-Jules Meyer, Wiebe van der Hoek, and Berndt van der Linder,
‘Test as epistemic updates’, Rroceedingsof ECAI’ 94, (1994).

R.C. Moore, ‘A formal theory of knowledge and action’ farmal The-
ories of the Commensense World, Norwood, (1985).

Richard Scherl and Hector Levesque, ‘The frame problem and
knowledge-producing actions’, Proceedings of AAAI-93, (1993).

Krister Segerberg, “Two traditions in the logic of belief: bringing them
together’. to appear.

Krister Segerberg, ‘Belief revision from the point of view of doxastic
logic’, Bulletin of the IGPL, 3, 534-553, (1995).



