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Abstract. Conflict between parties is a common issue in construction projects. In the present article, the conflicts be-
tween contractor and employer in delayed Design-Bid-Build projects have been studied. Defining a case study, a dispute 
resolution method has been proposed. This case has been considered as a MCDM problem. This problem has been as-
sumed as a discrete zero-sum two-person matrix game with grey numbers. Among the four alternatives available for con-
tractor and employer in the proposed case study, termination is the last alternative that decision makers choose. Based 
on different risk values, authors determined the optimal solution for both parties. This article integrates some linguistic 
criteria together with time and cost, providing the better conditions to avoid lengthy bargaining.
Keywords: MCDM, construction delay, dispute resolution, game theory, ADR, grey number.

Introduction

Successful implementation of the projects is a vital issue for 
stakeholders as well for construction companies. Conflict is 
a common issue between different participants in a project, 
regardless of project’s delivery system. As different parties 
follow their own interests, even conflict between them might 
be beneficial in fulfilling project’s main aims. Different re-
searchers agree in the core idea that interest conflict is not a 
concern for the project, until it ignites the dispute between 
parties of a project (Gardiner 2005; Sunindijo, Hadikusumo 
2014) such research has not been done in the construction 
industry particularly by considering the influence of socio-
cultural norms. Data were collected using questionnaire sur-
veys from project managers and engineers (PMEs). Dispute 
can affect project’s scope, make it more costly, prolong it 
or reduce its final quality. Also, more disputes in a project 
may cause some subtle effects, as rising tensions between 
the parties. Usually when finding a resolution for a dispute is 
prolonged, decision-makers have to choose more expensive 
Dispute Resolution Method (DRM) (Kassab et al. 2010; 
Chen et al. 2014). Different DRMs have been proposed. 

Alternative Dispute Resolutions (ADRs) are the methods 
that parties try to settle the disputes with them unofficially 
and without litigation. Negotiation, Mediation, Partnering, 
Adjudication, Dispute Review Boards, Arbitration, and Con-
ciliation are the most accepted ADRs in different researches 
(Kassab et al. 2006; Chong, Zin 2012; Song et al. 2014; 
Lee et al. 2016). Choosing the most appropriate ADR for 
a project is complicated. A project is composed of numer-
ous elements having trade-offs between economical, qualita-
tive and socio-political issues (Peldschus et al. 2010). That 
makes calculation of project stakeholders’ payoffs complex 
or sometimes incomputable. From this point of view, differ-
ent researchers used different multi-criteria decision-making 
methods for ADRs in different cases (Šostak,Vakrinienė 
2011; Šostak, Makutėnienė 2013a, 2013b; Yousefi et al. 
2016). Dispute resolution problems require multi-criteria 
decision-making methods, decision-makers’ judgments and 
evaluations about alternatives performance regard to mul-
tiple criteria. Also, in all of the dispute problems decisions 
should be made for a change in future, and the decisions re-
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lating to future always have some uncertainty in their nature. 
Theory of Grey numbers proposed by Deng (1982, 1989) 
to deal with uncertainty and incomplete information.In gen-
eral, dispute resolution is concerned with situations where 
the payoffs of two or more parties depend on their actions, 
and the final outcomes are not defined by no-single party.

Game theory is a resolution method (Peldschus, Za-
vadskas 2011) when rational and strategic decision-makers 
have conflicts among their interests. It provides a math-
ematical process for selecting an optimal strategy (Turskis 
et al. 2009; Medineckiene et al. 2011). Fang et al. (2010) 
suggest that grey extension of game theory methods is fea-
sible. So, in this situation, a disputed problem between par-
ties could be defined as discrete zero-sum matrix game with 
grey criteria values.

Based on the timing of decision making, games are 
being divided into two types: static and dynamic. In a 
static game, players act without any information about 
other players’ decision; while in dynamic games, any ac-
tion of a player result in the reaction originating from 
other players in the next round. In other words, in static 
games players act simultaneously. For this reason, static 
games are usually being depicted in matrix form, while 
tree-like diagrams (extensive form) are the normal depic-
tion of dynamic games.

Delay is a common source of dispute in different pro-
jects. Any parties of a project might be responsible for the 
delay cause (Chan, Kumaraswamy 2002; Assaf, Al-Hejji 
2006; González et al. 2014; Kadry et al. 2016). So, when a 
problem relating to delay is being settled, these different par-
ties must decide about their share in delay occurrence. When 
focusing on DBB projects, both of contractor and employer 
have a trade-off in delayed cases. In a delayed project, the 
employer will have less profit because of late operation, also 
for some socio-political reasons he will bear a social pres-
sure. In addition, a contractor must pay the delay penalty, 
so he may provide his claim relating to inflation and in-
creased overhead costs resulting from the prolongation of 
the project. During the delay resolution process, debilitation 
of their relation will be probable. This will affect the repu-
tation of the both employer and contractor in any bids in 
future. Therefore, both parties intend to reduce the delay. So, 
during finding the proper ADR relating to delay, the conflict 
between their payoffs will occur (Khanzadi et al. 2016). 
Fang et al. (2010) introduced the concept of information loss 
into the classic game theory as grey game theory. Grey game 
theory might be applied to the disputed situations with un-
certainty about future and limited or poor knowledge. So, it 
is feasible to extend game theory methods with grey values.
This paper is organized as follows. A literature review of dis-
pute resolution and the problem of delay in construction pro-
jects is first presented as the introduction to define the scope 
of this research. Based on the literature review, the proposed 
framework as a ADR is explained. Then, the employer-con-
tractor relationship of the DBB projects in Iran is presented, 
and the proposed case study of a project facing the problem 
of delay is defined. This real case dispute resolution study is 

considered as a discrete zero-sum two-person matrix game 
with grey numbers. Defining the initial game matrix, criteria 
and alternatives of the players are proposed. Then, weight 
factors of the criteria are determined by AHP method and 
the solutions are calculated with grey number rules. Finally, 
conclusions are presented based on the obtained results.

1. Previous studies

We divide the literature review into two parts: Dispute 
resolution methods and Grey number theory.

1.1. Dispute resolution methods
Numerous researches have been done to realise the nature of 
disputes in a construction project. They can be categorized 
in three main branches: finding the causes of the disputes 
(Jaffar et al. 2011), proposing the procedures to decrease 
or avoid the disputes (Harmon 2003; Song et al. 2104) and 
dispute resolution methods (Cheung et al. 2010; Yousefi 
et al. 2010; Chou 2012). Researchers used different tools 
for dispute resolution presentation. In Kassab et al. (2006), 
a graph model based conflict resolution DSS was presented 
as GMCR II that investigate the owner-contractor interac-
tions. They used this DSS in different articles (Kassab et al. 
2010, 2011; Hipel et al. 2011). Gebken and Gibson (2006) 
proposed a dispute resolution framework based upon the 
concepts of risk management. Chan et al. (2006) present-
ed a dispute resolution selection model based on AHP and 
MAUT. Also, Cheung and Suen (2002) proposed their dis-
pute resolution strategy selection model using multi-attrib-
ute utility. Ng et al. (2007) proposed a conflict management 
system for large-scale design and construction projects us-
ing dynamics of system. El-adaway and Kandil (2010) have 
simulated disputes and proposed a dispute resolution sys-
tem in construction projects using logical algorithms. Some 
researchers studied the most appropriate dispute resolution 
for their countries (Chong, Zin 2012; Chan, Suen 2005). 
Reviewing the above-mentioned papers, uncertainty has 
been applied to them as an element while deciding about 
the future. 

Also, game theory has been applied to the problems 
of disputes between participants in construction projects 
during the recent years. Ho and Liu (2004) proposed a 
unique game theoretic model for opportunistic bidding. 
Also, Ahmed et al. (2016) studied the winner’s curse; a 
situation may happen for a contractor with winner bid. 
Kassab et al. (2010) used game theory to study the con-
flicts between participants of the construction projects, 
under uncertainty. Other researchers (Ho 2006; Tserng 
et al. 2012, 2014; Javed et al. 2014; De Clerck, Demeule-
meester 2016; Li et al. 2017) used game theory to fa-
cilitate the condition of public-private partnership. Shen 
et al. (2007), Chen et al. (2012), Lv et al. (2015) proposed 
recommendations to ease the bargaining process in BOT 
projects. Ho (2005) proposed a model for contractors, 
when the bid preparation is costly. In another research, 
the contracts with heterogeneous bidders were studied, 
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using game theory. Ho and Hsu (2014), Unsal and Tay-
lor (2011), Asgari et al. (2014) proposed resolutions for 
sub-contractors’ conflicts. Hsueh and Yan (2011) used 
game theory for a profit-sharing scheme in joint ven-
tures. Naderpajouh et al. (2014) used it in risk manage-
ment between developer and opposition in infrastructure 
developments. Also, game theory has been used in the 
payment problems (Wu et al. 2011), renewal of construc-
tion objects (Antuchevičiene et al. 2006), cooperation 
during project delivery (He et al. 2016), and post-disas-
ter management (Eid et al. 2015). Even some researchers 
have used game theory in studying the delayed projects 
(Castro et al.2007; Estévez-Fernández 2012). Khanzadi 
et al. (2016) proposed a mathematical model for analysis 
of the interactions between the contractor and employer 
of a DBB project.

1.2. Grey number theory 
Grey theory is a technique for performing prediction, 
relational analysis and decision-making in many areas. 
Consider an MCDM problem that consists of evaluation of 
a set of m alternatives (strategies) regard to a set of n at-
tributes. These judgments are a subject of uncertainty. This 
methodology originally is proposed under crisp data in the 
LEVI-4 software. However, uncertainty and fuzziness in 
many situations are indubitable properties of decision-mak-
ing problems in construction due to uncertainty or lack of 
information. Thus, it makes the use of crisp numbers prob-
lematic in decision-making. Decision-makers do not have 
complete information about alternatives or their conditions 
regard to a certain attribute. Decision-makers are usually 
more comfortable providing intervals for specific model in-
put parameters. Grey systems theory is a powerful tool when 
solving similar problems. Deng (1982) developed the Grey 
system theory and presented grey decision-making systems 
(Deng 1989). A grey number (Lin et al. 2004) is a number 
whose exact value is unknown, but a range within which the 
value lies is known. 

There are several types of grey numbers:
 – Grey numbers with only lower limits x⊗ ∈ [α, ∞) or 
with only upper limits x⊗ ∈ (–∞, β] called the black 
numbers which means without any meaningful in-
formation.

 – Interval grey number is the number with both lower 
limit α of x⊗  and upper limit β of x⊗ : 

 [ ] { }, | ,  and  xx xα β α β α β= = ≤ ≤⊗ ∈  .   (1)

Else if α β= , then x⊗  is called the white number 
which means with complete information.

 – Continuous grey numbers and discrete grey num-
bers. The grey numbers taking a finite number of 
values or a countable number of values in an interval 
are called discrete. The continuously taking values, 
which cover an interval, are continuous.
Nevertheless, the obtained information from the real 

world is always uncertain or incomplete. Hence, extend-
ing the applications from white numbers (crisp values) 

to grey numbers is necessary for real-world applications. 
The basic definitions and operations of grey number de-
scribed as follows.

Let +, –, × and ÷ denote the operations of addition, sub-
traction, multiplication and division, respectively. According 
to the interval of confidence (Kaufman, Gupta 1985), some 
main operations of positive grey numbers 1n⊗  and 2n⊗  
can be expressed as follows (Turskis, Zavadskas 2010):

 ( )1 2 1 2 1 2,n n n n n nα α γ γ⊗ +⊗ = + + , Addition; (2)

 ( )1 2 1 2 1 2,n n n n n nα γ γ α⊗ −⊗ = − − , Substraction; (3)

 ( )1 2 1 2 1 2,n n n n n nα α γ γ⊗ ×⊗ = × × , Multiplication;  (4)
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 of grey numbers if k is possitive real number. (6)

2. Research methodology

The core idea in this study is presenting a dispute resolu-
tion for construction projects with a problem, delay. As 
an ADR, a game theoretic comparison method is pro-
posed to prioritise the different alternatives available for 
contractor and employer of a project, when they face a 
dispute in a delayed project. A new extension of two-
person zero-sum discrete matrix Game theory is proposed 
where the decision-maker’s judgments are expressed as 
grey numbers to consider the vagueness of dispute, two 
sides’ opinion and importance weight of attributes in this 
paper. Like original LEVI-4 software’s methods, the grey 
attributes weight vector is determined and alternatives are 
ranked according to their weighted values. Application 
of the proposed method is illustrated in a real numerical 
example in which is solved dispute problem.The expert 
team was formed to describe criteria set, determine crite-
ria values, and weights.

The situation is considered as an MCDM problem 
and the proposed framework (Fig. 1) is used with the 
following steps:

 – Defining the possible alternatives available for the 
decision-makers;

 – Choosing the criteria affecting the MCDM problem, 
based on literature review;

 – Criteria’s weight factor determination using the AHP 
pair-wise comparison based on experts’ judgement;

 – Criteria value calculation in cooperation with both 
parties’ ideas;

 – Priority ranking of the alternatives through resolv-
ing a zero-sum two-person matrix game with grey 
numbers.
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3. Case study

A brief description of the DBB projects is presented in 
the following section; then the proposed case study is 
described.

3.1. DBB projects
Design-Bid-Build (DBB), also known as the traditional 
method is a project delivery system in which the em-
ployer (owner) of a project contracts with the general 
contractor(s) for the construction phase, and consultant(s) 
for the design phase, separately. This delivery system is 
usually more disputed than other delivery systems like 
Design-Build; because different parties engage during the 
design and construction phase which leads to lack of co-
ordination.

Iran is the largest industry market in the Middle 
East. A large number of implemented construction pro-
jects fall over a wide range, from housing section to 
oil field development. State (public sector), the major 
employer in Iran’s construction industry, uses different 
project delivery systems. Design-Bid-Build is the most 
widely used system.

Iran has its own uniform DBB projects’ contract 
agreement, “Sharayet Omoomi Peyman” (Management 
and Programing Organization of Iran 1999), which has 
not been revised lately. Irrationality is a major problem 
of this agreement. In the numerous clauses of it, risks 
have not been allocated logically among the project par-
ticipants and most of them to contractor. This unrealistic 
risk allocation may lead to some undesirable changes in 
the project. As a concrete result, when a contractor has to 
manage these risks, he may affect quality or duration of 
a project. Consequently, the probability for unfavourable 
situations such as opportunistic bidding, higher transac-
tion costs, wastage of parties’ relations and jeopardizing 
parties’ public reputation will rise. All of these situations 
can intensify the disputes between the participants in a 
project and lead to hostile situations. For this unfair risk 
allocation, the range of dispute among the DBB projects 
in Iran is high. So, rational suggestions should be devised 
to decrease or resolve these disputes. During the recent 
years, a trend for rectification of this vulnerable condi-
tion has arisen. Hence, the tendency to other delivery sys-
tems has been increased, and government tries to keep 
the friendly atmosphere in dealing with the contractors 
and treat more rationally with them. But still, DBB is the 
most common project delivery system for public projects 
in Iran. So, authors believe that proposing the appropriate 
ADR for DBB projects in Iran is in priority.

In the present article, we intend to investigate a wide-
spread problem, delay. In a DBB project facing delay, with 
any delay cause, employer and contractor must find the best 
resolution for the dispute. In the previous article (Khanzadi 
et al. 2016) the different options both of the parties have as 
the solutions to this problem was presented. In a delayed 
project and according to the solutions that “Sharayet Omoo-
mi Peyman” is presented, parties have six different options. 
They are as follows: 1– Continuation of the delayed project 
with the current trend; 2 – Contractor’s own decision for 
delay reduction, without any request from the employer; 3 – 
Compensation of the total delay, when the employer asks for 
it; 4 – Agreement between two parties about compensation 
of a part of the delay; 5 – Contract termination; and 6 – 
Contract cancellation. 

It should be noted that according to “Sharayet Omoo-
mi Peyman” when the owner decides to cancel the project, 
contractor’s bank guarantee related to the contract will be 
confiscated in the interest of the owner. In fact the major dif-
ference between termination and cancellation is the confis-
cation of contractor’s guarantee in the cancellation (Khanza-
di et al. 2016; Management and Programing Organization of 
Iran 1999). In this article, we will propose the best solution 
that is the best for both parties among the above-mentioned 
options with a case study. Hence, at first, we would find the 
effective criteria affecting the best solution for the delay dis-
pute. The weight factors are determined by AHP pair-wise 
comparison. In the next step and by calculating the value of 
criteria for all of the available options, the optimal solution 
for both parties is defined with different game theory rules.

It is worth mentioning that the agreement of a con-
tract is the core subject while studying the disputes in 
projects. So, any dispute resolution proposition for any 
project in any situation should be in compliance with the 
governing agreement of the project. The possible alterna-
tives for the decision-makers are mentioned in the con-
tract, and they should choose the most appropriate de-
cision among them. Although the proposed framework 
(Fig. 1) is suitable for DBB project in Iran, it is possible 
to be applied to the projects which two decision-making 
parties face a dispute problem. Updating this framework 
for those projects, available alternatives for decision-
makers should be defined based on the contract. Also, 
the criteria effective in decision-making should be re-
evaluate for the conditions of those projects.

3.2. Problem description
In 2008, Ministry of Roads & Urban Development of Iran 
intended to construct a highway in Tehran province. After 
a positive feasibility study, a consulting engineers group 

1.
Define the 
alternatives

2.
collect the criteria 
affecting the 
problem

3.
Set up an expert 
team

4.
Determine the 
weight factors of 
the criteria

5.
Determine the values 
of alternatives for all 
the criteria

6.
Rank the alterna-
tives 

7.
Make the 
decision

Fig. 1. The proposed dispute resolution framework for delayed construction projects 
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was asked to conduct the designs. Based on the consult-
ing engineers’ estimates, it was a 95 kilometres highway 
project, with a value of around $150 million, consisting 
of different tasks, such as earthwork, pavement and civ-
il activities. Employer (Ministry) decided to choose the 
contractor based on the competitive bidding. So, differ-
ent contractors submitted their bids and the contract was 
awarded to the contractor with the lowest bid of $146 
million. 

The initial duration of the project was 60 months. 
Tracking the cost and time deviations, project control 
had been done by the consulting engineers since the start 
of the project. Based on a project control report at the 
53rd month of the project, employer concluded that the 
project would have an 8-months delay. It was the third 
report in a row that showed the probable delay. Then, 
employer intended to ask the contractor to find a reso-
lution for the delay problem. Regardless of the causes 
of the delay occurrence, they found four possible op-
tions (alternatives) they might have for a delay resolu-
tion. First option: when the meeting started, contractor 
declared that his company is the cause of a part of the 
delay. So, the contractor would compensate 3.2 months 
of the delay. But, causes of the remaining 4.8 months are 
the factors out of contractor’s authority. Second option: 
on the other hand, the employer believed that contrac-
tor should compensate the total delay. Third option: as 
the required conditions in the contract for the contract 
termination was satisfied, employer could terminate the 
project. It should be mentioned that contractor could not 
ask for a termination, as he was not entitled the permis-
sion by the contract. Fourth option: both parties contin-
ue their negotiations about a resolution for the problem. 
As a result, contractor declared that he might compensate 
4.4 months of the delay if an employer would ignore the 
delay fine. Contractor and employer concluded that these 
four options are the available alternatives for the resolu-
tion of the problem. So, we represent them as: A1 (first 
option): Delay reduction by the contractor; A2 (second 
option): Compensation of the total delay by the contrac-
tor; A3 (third option): Compensation of a part of delay; 
A4 (fourth option): Contract termination.

Besides, each of the above-mentioned options may 
have adjunct payoffs that are hard to calculate, such as 
prestigious costs for both parties when they choose an op-
tion and etc. (Khanzadi et al. 2016). In the next section, 
we propose different criteria relating to the problem. As it 
was discussed in the introduction, the payoffs relating to 
the above-mentioned alternatives are different. In the next 
sections, we will discuss these payoffs more detailed.

3.3. Defining the criteria set
In order to have an accurate resolution for the delay prob-
lem, it is necessary to define all possible criteria affecting the 
decision making. The criteria were defined after a two-stage 
selection procedure. At the first step, authors listed the most 
important dispute resolution criteria that have been men-

tioned in the literature (Keršuliene et al. 2010; Khanzadi 
et al. 2016). Then, this list was presented to an expert team. 
This expert team consisted of six people with construction 
experience as contractor or owner. This team choose eight 
most important criteria in the present dispute resolution 
problem. They believed that these criteria can probably re-
flect the total payoff for parties involved in the dispute. In 
Table 1 these criteria are shown. Cost (x1) shows the amount 
of direct cost incurred to each party for the alternatives  
(A1–A4). We discuss this criterion in the next sections. Delay 
duration (x2) shows how long each of the alternatives makes 
the project longer. The total payoff for each party consists of 
some direct and indirect values. Criteria x3–x8 are linguistic 
criteria to calculate the indirect payoff. Each party calculates 
his own criteria value for the alternatives because he is the 
most knowledgeable individual familiar with his own situ-
ation. The uncertainty of the information (x3) was defined 
because the values have some degrees of uncertainty. Each 
alternative has some effect on the relations between both 
parties. The criterion x4 shows how much an alternative af-
fects the amicable relations between parties in the future. 
Prestigious costs (x5) have a different meaning for each party. 
For the contractor, it shows how much choosing each alter-
native may damage his prestige in the eyes of the employers 
in future. Also for employer, it shows how much choosing 
each alternative may jeopardize owner’s reputation for ina-
bility in a promotion of the objectives and completion of the 
project on time and also weaken his position against other 
contractors. The criterion x6 shows how much each party 
would be satisfied if an alternative is chosen. The criterion 
x7 shows how much each party’s authority is free to solve the 
problem during the negotiation with the opposite side. The 
criterion x8 shows the possibility to appeal if a party would 
not be satisfied with the selected dispute resolution. Authors 
believe that these eight criteria can estimate the real payoff 
relating to each alternative with an acceptable accuracy.

3.4. Determining the criteria weights
There are different criteria weight estimation methods, 
for example decision maker’s preferences, Delphi, Fuzzy 
weighted average, DEMATEL, ANP, AHP, etc. In this re-
search, Analytic Hierarchy Process (AHP) (Saaty 1980) 
has been used for this purpose. It is a widely used method 
for criteria weighting not only used in construction projects 
(Lee 2015; Nguyen et al. 2015; Plebankiewicz, Kubek 2015; 
Polat 2015; Wang et al. 2016), but also in other branch-
es. It is an easily implemented method that can detect and 
even unite the inconsistent data assessed by different experts 
(Wang et al. 2016). In this research, experts are asked to do 
a pair-wise comparison between the criteria available in Ta-
ble 1. Their comparison was based on the judgement scale 
available in Table 2.

It should be noted that as the criteria in this research 
have different values for both parties, it is preferred to 
determine two weight factors for every criterion, each for 
one of the parties. An expert team consisted of 7 mem-
bers with at least 10 years of experience in DBB projects 
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of Iran were set up to find the weights. In Table 3, you 
can find the criteria weights calculated with AHP.

It is worth mentioning that the weights of Table 3 are 
in accordance with real condition of the construction indus-
try in Iran. Weights of x1 (Cost) show the importance of 
direct cost for each party. As the productivity is lower in 
public sector, the main employer of construction projects in 
Iran, and for the reason that employer is not responsible for 
the cost over-run based on contractor’s low productivity and 
also for the fact that cost over-run is a prevalent problem in 
Iran the expert team defined employer’s weight for x1 really 
low comparing with contractor’s. But focusing on x2, it is a 
different case. Mostly, employer’s loss due to late operation 
of the project is less than the fine that contractor must pay 
in the case of delay. This can be a reason explaining parties’ 
x2 weights. Based on experts’ idea, uncertainty seems to be 
more important in the employer’s conditions because the 
weight experts defined for employer’s x3 is more than con-
tractor’s. Contractors usually try more to protect the amica-
ble relations between parties. But the difference between 

two parties is not very high. It is interesting that experts 
believe that prestigious costs for employers are significantly 
higher than contractors. Usually, there are less responsible 
persons in contractor’s side that should decide the proper 
dispute resolution, so the freedom of the responsible per-
son solving the dispute is more important for employer. 
Also, it can be concluded that based on experts’ responses 
x1 has the lowest weight for the employer. It could be for the 
reason that government is the routine owner of the projects, 
so as a less efficient sector the final project cost is less im-
portant in comparison with other factors like government’s 
public image. It is worth mentioning that we allocate a grey 
weight for each criterion. Different conditions may affect the 
criteria weights. So, researchers can use the appropriate cri-
teria weight estimation method among the possible options 
to revise these weights for future cases. We recommend the 
weights with a range. Also, the sum of each limit should be 
equal to one.

3.5. Calculating criteria’s value for alternatives
In the next step, the cost relating to any of the alternatives 
was calculated. Here, we only consider direct cost. In Ta-
ble 4.A and 4.B, you can find the elements consisting the 
costs of both parties in different alternatives. The delay du-
ration for A1, A2 and A3 are 4.8, 0 and 3.6, respectively. The 
delay duration in the case project terminates would be 8 
months. This duration includes terminating the current con-
tract and choosing another contractor. Then both parties 
were asked to score their own values for x3 to x8, with a 
value among 1 (very low), 2 (low), 3 (medium), 4 (high) 
and 5 (very high). Criteria values of the alternatives can be 
found in Table 5. In Khanzadi et al. (2016), further delinea-
tion about the calculation of parties’ direct cost is presented.

Table 4.A. Elements consisting employer’s costs for different 
alternatives (in million$)

Delay 
fine

Loss due to deprivation 
from project’s timely 

utilization

Cost of 
holding 
another 
tender

Employer’s 
total direct 

cost

A1 +4 –10 – –6
A2 – – – 0
A3 – –7.2 – –7.2
A4 – –10 –4 –14

4. Proposing the solution

Each of the contractor and employer, decision-makers in 
the proposed problem, has their own criteria weights and 
values. Also, some incompletion of information exists 
here, such as uncertainty about the future. We believe 

Table 1. Criteria of the dispute resolution of the delay problem

Criteria Unit of 
measurement Optimal

Cost (x1) Million $ Min.
Delay duration (x2) Month Min.
Uncertainty of the information (x3) Scores (1 to 5) Min.
Preservation of the amicable  
relations between parties (x4)

Scores (1 to 5) Max.

Prestigious costs (x5) Scores (1 to 5) Min.
Satisfaction of parties with 
outcome of the dispute (x6)

Scores (1 to 5) Max.

Authority freedom of the person 
solving the dispute (x7)

Scores (1 to 5) Max.

Possibility to appeal against the 
decision concerning the dispute 
(x8)

Scores (1 to 5) Max.

Table 2. AHP judgement scale

Judgement Score
Equal 1
Barely superior 2
Moderately superior 3
Definitely superior 4
Strongly superior 5
Very strongly superior 6
Absolutely superior 7

Table 3. Criteria weights

x1 x2 x3 x4 x5 x6 x7 x8

For contractor 0.385 0.229 0.039 0.061 0.051 0.061 0.082 0.091
For employer 0.035 0.352 0.053 0.044 0.125 0.094 0.172 0.125
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that all of these values are with some degrees of ambigu-
ity. So, we choose grey game theory to solve this MCDM 
problem.

As it can be seen, the problem is taken as a discrete 
zero-sum two-person matrix game with grey numbers. The 
players are contractor and employer of the delayed project 
and all of the values are the grey numbers with preferences 
of both parties as the limits. Below is presented description 
of the game.

4.1. Case study analysis
The first stage is grey decision-making matrix (GDMM) 
forming. In the GMCDM of the discrete optimisation 
problem any problem to be solved is represented by the 
following DMM of preferences for m reasonable alterna-
tives (rows) rated on n attributes (columns):
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where: m – number of alternatives; n – number of attrib-
utes describing each alternative; ( ),ij ij ijx x xα β⊗ = ⊗ ⊗ = 
– grey value representing the performance value of the i 
alternative in terms of the j attribute.

Usually, the performance values ijx⊗  and the at-
tributes weights jw⊗  (denotes the relative significance 
of the attribute) are viewed as the entries of a DMM.
Table 5 provides the basic data needed for the resolution. The 
values in the first row are the criteria weights proposed by the 
expert team. 

As the criteria values have different dimensions, they 
must be dimensionless to be used in matrix game theory. So 
different transformation formulas have been tested (Zavad-
skas et al. 2003). 

In the second stage the initial values of all the attrib-
utes are normalized – defining values ijx⊗  of normalised 
decision-making matrix X⊗ : 

 

01 0 0

1

1

;

0, ; 1, .

j n

i ij in

m mj mn

x x x

x x xX

x x x

i m j n

⊗ ⊗ ⊗ 
 
 
 ⊗ ⊗ ⊗⊗ =  
 
 ⊗ ⊗ ⊗  

= =

 

    

 

    

 

 (8)

The linear transformation results in more rational 
values. They are normalised with Eqns (9)–(10), when 
optimum is maximum or minimum, respectively.
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Table 4.B. Elements consisting contractor’s costs for different alternatives (in million $)

Delay fine Crash cost Increased cost due to 
contractor’s poor performance

Loss due to deprivation from 
next payments of this project

Contractor’s 
total direct cost

A1 –4 –0.9 –5.9 – –10.8
A2 – –9.8 –5.44 – –15.24
A3 – –3.1 –5.8 – –8.9
A4 – – –5 –7 –12

Table 5. Weight factors, criteria and alternatives of the proposed zero-sum two-person matrix game of the delayed project

1x⊗ 2x⊗ 3x⊗ 4x⊗ 5x⊗ 6x⊗ 7x⊗ 8x⊗

Α β α β α β α β α β α Β α β Α β

w

0.
03

0.
38

5

0.
22

9

0.
35

2

0.
03

9

0.
05

3

0.
04

4

0.
06

1

0.
05

1

0.
12

5

0.
06

1

0.
09

4

0.
08

2

0.
17

2

0.
09

1

0.
12

5

A1 10.8 6 4.8 4.8 2 2 3 5 2 2 2 3 2 4 4 5
A2 15.25 0 0 0 2 1 2 5 1 1 3 5 2 5 5 5
A3 8.9 7.2 3.6 3.6 3 3 3 3 2 2 4 4 3 3 3 3
A4 14 12 8 8 4 4 3 3 2 3 3 3 2 5 2 4
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In Table 6, the normalized decision-making matrix 
is shown. 

4.2. Rules for games with grey numbers
Laplace’s solution is proposed when all probabilities of the 
other player are equal (Bernoulli 1738). His solution is *

1S  
in Eqn (11):
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Hurwicz believed that the optimal strategy lies be-
tween the best and the worst result. He proposed Eqn (12) 
(Hurwicz 1951). The λ value defines the different opti-
mism degrees of the solution. When λ =1, the solution 
would be the most pessimistic (Werner’s rule). Also, λ = 
0 can result in the solution with the highest risk:

 
{
( )

( )

*
2 2 2 2| max min

1 max min

1 max 0 1 .

i i i i ijii

ij ijij

ij
j

S S S S h h x

x x

x

α

β

λ

λ λ

= ∈ ∩ ∩ = ⊗ +

− ⊗ = +

− = ∩ ≤ ≤ 


 (12)

It is possible to evaluate the attributes with weights 
0 1jw< ⊗ < . But if applying the different weights of the 
criteria, Bayes (Arrow 1949) and Hodges and Lehmann 
(1952) proposed different rules. 

For this reason, is defining normalized-weighted ma-
trix – only well-founded weights should be used because 
weights are always subjective and influence the solution. 
The values of weight jw⊗  are usually determined by the 
expert evaluation method. The sum of weights jw  would 
be limited as follows:
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Normalised-weighted values of all the attributes cal-
culated as follows:

 
ˆij ij jx x w⊕ = ⊗ ⊗ ; ˆij ij jx x wα α α= ;

  , ; 1, ; 1ˆ ,ij ij jx x w i m j nβ β β= = = , (15)

where jw  is the weight (importance) of the j attribute 
and ijx⊗  is the normalized rating of the j attribute. 

In Eqn (16) as Bayes’s rule, *
3S  determines the maxi-

mum expected value when the probabilities for opponent’s 
strategies are given:
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In Hodges-Lehmann’s rule (Eqn (17)), λ expresses 

the confidence degree of the solution. Λ = 0 means no 
confidence (Wald’s rule), while λ=1 shows the highest 
confidence (equals Bayes’s rule):
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Table 6. The normalized alternative-criteria matrix 

1x⊗ 2x⊗ 3x⊗ 4x⊗ 5x⊗ 6x⊗ 7x⊗ 8x⊗

α β α β α β α β α β α β α β α β
w 0.03 0.385 0.229 0.352 0.039 0.053 0.044 0.061 0.051 0.125 0.061 0.094 0.082 0.172 0.091 0.125
A1 0.29 0.607 0.400 0.400 0.667 0.667 0.333 1.000 0.500 0.500 0.000 0.333 0.000 0.667 0.667 1.000
A2 0.000 1.000 1.000 1.000 0.667 1.000 0.000 1.000 1.000 1.000 0.333 1.000 0.000 1.000 1.000 1.000
A3 0.416 0.528 0.550 0.550 0.333 0.333 0.333 0.333 0.500 0.500 0.667 0.667 0.333 0.333 0.333 0.333
A4 0.082 0.213 0.000 0.000 0.000 0.000 0.333 0.333 0.500 0.000 0.333 0.333 0.000 1.000 0.000 0.667



832 M. Khanzadi et al. A model of discrete zero-sum two-person matrix games with grey numbers...

4.3. Calculation results
Calculations were made applying Eqns (11)–(17). Ta-
bles 7 and 8 show the results of Laplace’s, Hurwicz’s, 
Bayes’s and Hodges-Lehman’s rules. It should be men-
tioned that in these rules criteria weights are assumed 
equal in Table 7, and criteria weights have been applied 
in Table 8. Also based on different λ values in Hurwicz’s 
and Hodges-Lehman’s rule, different solutions are pro-
posed for several risk levels.

According to the calculations related to the proposed 
case study, it can be inferred that A2 (Compensation of 
the total delay by the contractor) was the suggested alter-
native regardless of the applied rule. It was the suggested 
alternative while incurs the highest cost to the contractor, 
among all of the alternatives. The reason is that based 
on the logic of the applied rules, any input value was 
a range with limits of contractor and employers’ priori-
ties. But then, A4 (Contract termination) was always in 
the last rank. Focusing on the different states of Table 8, 
the alternative ranking is as A2, A3, A1 and A4, respec-
tively. It should be noted that weight factors are applied 
in the rules of Bayes and Hodges-Lehmann. But using 
rules of Laplace and Hurwicz, without the weight fac-
tors, the place of A1 and A3 are changed (Table 7). This 
difference in ranking relates to application of different 
risk levels. The present research consolidates the fact that 
both parties usually try to continue the project, as much 
as possible. Also, they do not consider the termination of 
the contract as an optimal solution for its high side costs. 

5. Discussion

In the present research, players have opposing interests 
about each criterion. So, weights and values of the cri-

teria are different for them. Solving these types of prob-
lems with crisp numbers, push the decision makers away 
from reality. So, grey numbers are suggested to prepare 
the chance for using the values in the shape of a range. 
With reference to calculation results, an attractive ability of 
grey numbers has been used for the integration of decision 
makers’ ideas in a dispute. In the proposed game and using 
the expert judgement, indirect payoffs of the players result-
ed from the factors as information uncertainty, prestigious 
cost, etc. were applied in decision making. So, players’ total 
payoff formed the higher and lower limits of criteria values. 
Also, importance degree for each criterion has been applied 
with a grey number to handle the vagueness. The selected al-
ternative for the studied case was related to the projects’ con-
ditions. Contract type, project location and other factors may 
change the available alternatives, and also how much each 
of the criteria affects the final solution. For this purpose and 
also a generalization of the results, further researches in fu-
ture would be necessary to understand the trade-offs between 
the participants of the projects. Although, AHP is an easy to 
use and useful tool for uniting experts’ ideas, but exerting 
experts’ opinions in the fuzzy form may lead to more reliable 
results. So, comparison between AHP and fuzzy-AHP may 
be useful. Of course, fuzzy calculations should be computer-
ised for enhancing its usability for manager decision makers. 
Result generalisation and exact applicable suggestions would 
be sensible when the above-mentioned points are taken into 
consideration. Dispute problems are repetitive in nature. Al-
though we proposed a dispute resolution method to the par-
ties, they are not protected against the dispute renewal. In 
that case, parties can reuse the proposed resolution method 
or based on future researches some dynamic methods should 
be found for repetitive dispute resolution proposals. This 
could be achieved with some tools like System Dynamics.

Table 7. Results of the Laplace’s and Hurwicz’s rules

Laplace’s rule
Hurwicz’s rule (ranks)

λ = 0 λ = 0.25 λ = 0.50 λ = 0.75 λ = 1 (Werner’s)
A1 0.502 (2) 0.167 (3) 0.333 (2) 0.500 (2) 0.667 (2) 0.833 (2)
A2 0.750 (1) 0.500 (1) 0.625 (1) 0.750 (1) 0.875 (1) 1.000 (1)

A3 0.440 (3) 0.333 (2) 0.417 (2) 0.500 (2) 0.583 (3) 0.667 (3)

A4 0.237 (4) 0.000 (4) 0.125 (4) 0.250 (4) 0.375 (4) 0.500 (4)
Note: Variants’ ratings are indicated in brackets.

Table 8. Results of the Bayes’s and Hodges-Lehman’s rules

Bayes’s rule
Hodges-Lehman’s rule (ranks)

λ = 0 (Wald’s) λ = 0.25 λ = 0.50 λ = 0.75 λ = 1 (Bayes’s)
A1 0.415 (3) 0.010 (3) 0.111 (3) 0.213 (3) 0.314 (3) 0.415 (3)
A2 0.651 (1) 0.017 (1) 0.176 (1) 0.334 (1) 0.493 (1) 0.651 (1)

A3 0.456 (2) 0.015 (2) 0.126 (2) 0.236 (2) 0.346 (2) 0.456 (2)

A4 0.166 (4) 0.000 (4) 0.041 (4) 0.083 (4) 0.124 (4) 0.166 (4)
Note: Variants’ ratings are indicated in brackets.
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Conclusions

A dispute is a common issue in construction industry that 
participants of a project should resolve it operatively. Dis-
pute problem is usually multi-dimensional MCDM with 
discrete alternatives of the solution. Information for such 
problems is vague, and cannot be described by crisp cri-
teria values. Also, the problem has two sides as decision-
makers with different vague weight for each side and 
different vague values for criteria. So, grey numbers are 
very suitable for such problems having uncertainty .Due 
to ambiguity in the problem, grey values have been ap-
plied. A new hybrid MCDM model of discrete zero-sum 
two-person matrix games with grey numbers is devel-
oped as a framework to solve dispute problems. Based 
on expert judgments, grey value criteria weights are de-
termined by AHP; and alternatives are ranked.Case study 
results show that proposed model determines the optimal 
solution based on different risk values. This allows the 
decision makers to choose their best, according to their 
risk attitude. This model integrates some linguistic cri-
teria together with time and cost, also with grey criteria 
values for them. As a result, direct and indirect payoffs 
for parties are calculated more realistic.

A real case study of dispute resolution determina-
tion illustrates the proposed dispute resolution frame-
work. Four possible discrete alternatives and eight criteria 
(cost, delay duration, and some linguistic criteria) have 
been defined. Then, decision makers calculated the crite-
ria values with grey values and the alternatives have been 
prioritised in different situations, using the grey number 
rules. Results indicate that two parties prefer to compen-
sate the total delay. Also, termination is the last alter-
native that decision makers choose. It means that they 
prefer to reach an agreement as soon as possible to avoid 
lengthy bargaining or litigation. 

In conclusion, the proposed model is easy to apply 
and develop for similar conditions.
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