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In this paper, we apply a new technique, namely local fractional variational itera-
tion transform method on homogeneous/non-homogeneous non-linear gas dynam-
ic and coupled KdV equations to obtain the analytical approximate solutions. The 
iteration procedure is based on local fractional derivative and integral operators. 
This method is the combination of the local fractional Laplace transform and vari-
ational iteration method. The method in general is easy to implement and yields 
good results. Illustrative examples are included to demonstrate the validity and 
applicability of the new technique.
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Introduction

The variational iteration method was first proposed by He [1, 2] and was applied to deal 
with Helmholtz equations in [3], Burger’s and coupled Burger’s equations in [4], Klein-Gor-
don equations in [5], in KdV in [6], the oscillation equations in [7], Schrodinger equation in 
[8], diffusion equation in [9], Bernoulli equation in [10], and others. The extended variational 
iteration method, called the fractional variational iteration method, was developed and applied 
to handle some fractional differential equations within the modified Riemann-Liouville deriv-
ative in [11-15]. More recently, the local fractional variational iteration method, initiated in 
[16], was used to find the non-differentiable solutions for the heat conduction equation, Poisson 
equation in [17], coupled KdV equation in [18], damped and dissipative wave equation in [19], 
Fokker-Planck equation in [20], and non-linear PDE in [21] with local fractional derivative 
operators.
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In recent years, a many of approximate and analytical methods have been utilized to 
solve the PDE with local fractional derivative operators such as the local fractional Adomian 
decomposition method in [22, 23], local fractional differential transform method in [24-26], 
local fractional series expansion method in [27], local fractional Sumudu transform method 
in [28], local fractional Laplace transform method in [29], local fractional reduced differential 
transform method in [30, 32], local fractional Laplace variational iteration method in [31].

The standard form of non-linear gas dynamic equation involving local fractional de-
rivative operators can be written:

 ( ) ( ) ( ) ( ) ( )
2, ,1 , 1 , , ,  0 1

2
u x y u x y

u x y u x y g x y
x y

α α

α α α
∂ ∂

+ − − = < ≤  ∂ ∂
 (1)

subject to the initial conditions

 ( ) ( )0,u y yφ=  (2)

The KdV equation describes the theory of water waves in shallow channels. It is a 
non-linear equation which exhibits special solutions, known as Solutions, which are stable and 
do not disperse with time. The coupled KdV equations involving local fractional derivative 
operators can be written:

 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

3

3

3

3

, , , ,
2 , 2 , 0

, , , ,
2 , 2 , 0

u x y u x y u x y u x y
u x y v x y

x y y y
v x y v x y v x y v x y

v x y u x y
x y y y

α α α α

α α α α

α α α α

α α α α

∂ ∂ ∂ ∂
+ + + =

∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
+ + + =

∂ ∂ ∂ ∂

 (3)

subject to the initial conditions

 
( ) ( )
( ) ( )

1

2

0,
0,

u y y
v y y

κ
κ

=
=

 (4)

In this paper, our aims are to present the coupling method of local fractional Laplace 
transform and variational iteration method, which is called as the local fractional variational 
iteration transform method, and to use it to solve the non-linear gas dynamic and coupled KdV 
equations with local fractional derivative. 

Analysis of the method 

We consider a general non-linear local PDE:

 ( ) ( ) ( ) ( ), , , , , 0 1L u x y R u x y N u x y g x yα α α α+ + = < ≤  (5)

where /n n
aL xα α= ∂ ∂ , n N∈  is the linear LFDO, Rα denotes a lower order LFDO,  Nα  represent-

ed the general non-linear LFDO, and  ( , )g x y  is the non-differentiable source term. 
Applying the Yang-Laplace transform (denoted by Lα ) on both sides of eq. (5), we 

get:

 ( ){ } ( ){ } ( ){ } ( ){ }, , ,  ,L u x y R u x y N u x yL L g xL yLα ααα αα α+ + =  (6)

Using the property of the Yang-Laplace transform, we have:
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 ( ){ } ( ) ( ) ( ) ( ) ( ) ( ) ( )11 2, 0, 0, 0,nn nn
x xs u x y s u y s u y u yL αα αα

α
− − −  − − −…− =

 ( ) ( ) ( ){ },   , ,  g x y R u x y N u x yLα α α= − −  (7)

or

 

( ){ } ( ) ( ) ( ) ( )

( ) ( ) ( ){ }

[( 1) ]
2

1 1 1, 0, 0, 0,

1 , , ,

n
x xn

n

u x y u y u y u yL
s s s

g x y R u x y N u x yL
s

α α
α α α α

α α αα

−= + +…+ +

+ − −  (8)

Operating with the Yang-Laplace inverse on both sides of eq. (8) gives: 
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( ) ( )

( )

( )
( ) ( )

( ) ( ) ( ){ }

1
1

1
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n
n

x x

n
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n
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s

αα
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αα α αα

α α

−
−  

−

= + +…+ +
Γ + Γ + −  

+ − −    (9)

Deriving both side eq. (9) with respect to x, we have:

 

( ) ( ) ( ) ( ){ }
( ) ( )

( )

( )
( ) ( )

1

2
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x x s
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n

α α

αα α αα α α

α
αα

α

−

−
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∂ ∂
− − − −  ∂ ∂
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 (10)

We now structure the correctional local fractional function in the form:

( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( ){ }
( ) ( )

( )

( )
( ) ( )
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1

2
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m mkx
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α
α α

ξ ξ

α

ξ
ξ ξ ξ

ξ ξλ ξ
ξ

α ξ
α

+

−

−
−

= + ⋅
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 ∂ ∂
− − − −   ∂ ∂ ⋅  Γ +  − −…− Γ + −   

∫  (11)

Making the local fractional variation, we get:

( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( ){ }
( ) ( )

( )

( )
( ) ( )
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1

1

2
( ) [( 1) ]0
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1

, 1  , , ,
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1
0, 0,

1 2

m m
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m mkx

n
n
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u x y u x y

u y
g y R u y N u yL L

s

u y u y
n

α α α

α α

αα α αα α α α
α

α
α α

ξ ξ

δ δ δ
α

ξ
ξ ξ ξ

ξ ξλ ξ
ξ

α ξ
α

+

−

−
−

= + ⋅
Γ +

 ∂ ∂
− − − −   ∂ ∂ ⋅  Γ +  − −… Γ + −   

∫  (12)

The extremum condition of 1( , )nu x y+  is given:
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 ( )1 , 0mu x yαδ + =  (13)

In view of eq. (13), we have the following stationary conditions:

 ( )
( )

( )
( )

( )

1 0, 0
1 1

xx

αα α

ξξ

λ ξ λ ξ
α α

==

 
+ = = 
Γ + Γ +  

 (14)

This is turn gives: 

 ( )
( )

1
1

αλ ξ
α

= −
Γ +

 (15)

Substituting eq. (15) into eq. (11), we obtained: 
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ξ ξ

α

ξ
ξ ξ ξ
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−
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− − − −   ∂ ∂ ⋅  

 − − − Γ + −   

∫


 (16)

Finally, the solution ( , )u x y  is given:

 ( ) ( ), lim ,mm
u x y u x y

→∞
=  (17)

Applications

Example 1. Consider the following homogeneous non-linear gas dynamic equation 
involving local fractional derivative operator: 

 ( ) ( ) ( ) ( )
2, ,1 , 1 , 0

2
u x y u x y

u x y u x y
x y

α α

α α

∂ ∂
+ − − =  ∂ ∂

 (18)

and the initial condition

 ( ) ( )0,u y E yα
α= −  (19)

In view of eqs. (16) and (18) the local fractional iteration algorithm can be written:

 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1

2
1

0

1, ,
1

, ,1 1 , 1 , d
2

n n

x
n n

n n

u x y u x y

u y u y
u y u yL L

s y

α αα
α

α αα α α α

α

τ τ
τ τ τ

τ τ

+

−

= − ⋅
Γ +

    ∂ ∂∂   ⋅ + − −       ∂ ∂ ∂      
∫  (20)

We can use the initial condition to select 0 ( , ) (0, ) ( )x y yu u E yα
α= = − . Using this se-

lection into the correction functional (20) gives the following successive approximations: 
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 ( ) ( )0 ,u x y E yα
α= −  (21)
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( ) ( ) ( ) ( ) ( )

( ) ( )

1 0

2
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0 0
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1
1
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α
α

α

α

τ τ
τ τ τ

τ τ

α

−

= − ⋅
Γ +

    ∂ ∂∂   ⋅ + − − =       ∂ ∂ ∂      
 

= − + Γ + 

∫

 (22)

 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2 1
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1 1
0

2
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1

, ,1 1 , 1 , d
2
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x

u x y u x y

u y u y
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x xE y

α αα
α

α αα α α α

α α
α

α

α

τ τ
τ τ τ

τ τ

α α

−

= − ⋅
Γ +

    ∂ ∂∂   ⋅ + − − =       ∂ ∂ ∂      
 

= − + + Γ + Γ + 

∫

 (23)

 ( ) ( ) ( )0

,
1

kn

n
k

xu x y E y
k

α
α

α α=

= −
Γ +∑  (24)

Finally, the solution ( , ) u x y  is given:

 ( ) ( ) ( ) ( )0

, lim ,
1

k

nn
k

xu x y u x y E y
k

α
α

α α

∞

→∞
=

= = −
Γ +∑  (25)

and in closed form:

 ( ) ( ) ( ) ( ),u x y E y E x E x yα α α α
α α α= − = −  (26)

Example 2. Consider the following non-homogeneous non-linear gas dynamic equa-
tion involving local fractional derivative operator:

 ( ) ( ) ( ) ( ) ( )
2, ,1 , 1 ,

2
u x y u x y

u x y u x y E x y
x y

α α
α α

αα α

∂ ∂
+ − − = − −  ∂ ∂

 (27)

with the initial condition:

 ( ) ( )0, 1u y E yα
α= − −  (28)

Applying eqs. (16) and (21), we obtain the correction function:

 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1

2
1

0

1, ,
1

, ,1 1 , 1 , d
2

n n

x
n n

n n

u x y u x y

u y u y
u y u yL L

s y

α αα
α

α αα α α α

α

τ τ
τ τ τ

τ τ

+

−

= − ⋅
Γ +

    ∂ ∂∂   ⋅ + − −       ∂ ∂ ∂      
∫  (29)
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We can use the initial condition to select 0 ( , ) , () 1 )(0u u yx y E yαα= = − −  Using 
this selection into the correction functional (29) gives the following successive approximations:

 ( ) ( )0 , 1u x y E yαα= − −  (30)

 

( ) ( ) ( )

( ) ( ) ( ) ( )

( )
( )

1 0

2
10 0

0 0

0

1, ,
1

, ,1 1 , 1 ,
2 d

x

u x y u x y

u y u y
u y u yL L

s y

E y

α αα

α αα α α α α

α α
α

α

τ τ
τ τ

τ ξ τ

τ

−

= − ⋅
Γ +

    ∂ ∂∂   + − − +      ∂ ∂ ∂  ⋅      
 + − 

=∫

 
( ) ( ) ( ) ( )

( ) ( ) ( )
0

11 d
1

1

E y E y

E y E x y E y

αα α α
α α

α α α α
α α α

τ τ
α

∞

 = − − − −  =
Γ +

= − − − − + − =

∫

 ( )1 E x yα α
α= − −  (31)

 

( ) ( ) ( )

( ) ( ) ( ) ( )

( )
( )

2 1

2
11 1

1 1

0

1, ,
1

, ,1 1 , 1 ,
2 d

x

u x y u x y

u y u y
u y u yL L

s y

E y

α αα

α αα α α α α

α α
α

α

τ τ
τ τ

τ τ τ

τ

−

= − ⋅
Γ +

    ∂ ∂∂   + − − +      ∂ ∂ ∂  ⋅   =    
 + − 

∫
 

 ( )1 E x yα α
α= − −  (32)

   
 ( ) ( ), 1nu x y E x yα α

α= − −  (33)

Finally, the solution ( , )u x y  is given:

 ( ) ( ) ( ), lim , 1nn
u x y u x y E x yα α

α→∞
= = − −  (34)

Example 3. Consider the system of local fractional coupled KdV equations with local 
fractional derivative:

 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

3

3

3

3

, , , ,
2 , 2 , 0

, , , ,
2 , 2 , 0

u x y u x y u x y u x y
u x y v x y

x y y y
v x y v x y u x y v x y

v x y u x y
x y y y

α α α α

α α α α

α α α α

α α α α

∂ ∂ ∂ ∂
+ + + =

∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
+ + + =

∂ ∂ ∂ ∂

 (35)

subject to the initial conditions:

 
( ) ( )
( ) ( )
0,

0,

u y E y

v y E y

α
α

α
α

= −

= −
 (36)
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Applying local fractional Laplace transform on eq. (35) and using the initial condi-
tions (36), we have:

   ( ){ } ( ) ( ) ( ) ( ) ( ) ( )3

3

, , ,1 1, 2 , 2 ,
u x y u x y u x y

u x y E y u x y v x yL L
s s y y y

α α α
α

α ααα α α α α

 ∂ ∂ ∂ = − − + + 
∂ ∂ ∂  

   ( ){ } ( ) ( ) ( ) ( ) ( ) ( )3

3

, , ,1 1, 2 , 2 ,
v x y v x y v x y

v x y E y v x y u x yL L
s s y y y

α α α
α

α ααα α α α α

 ∂ ∂ ∂ = − − + + 
∂ ∂ ∂  

 

Operating with the local fractional Laplace transform inverse on both sides of eq. (37) 
we obtain:

    

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

3
1

3

3
1

3

, , ,1, 2 , 2 ,

, , ,1, 2 , 2 ,

u x y u x y u x y
u x y E y u x y v x yL L

s y y y

v x y v x y v x y
v x y E y v x y u x yL L

s y y y

α α α
α

α αα α α α α

α α α
α

α αα α α α α

−

−

  ∂ ∂ ∂ = − − + +   ∂ ∂ ∂   
  ∂ ∂ ∂ = − − + +   ∂ ∂ ∂   

 (38)

Deriving both sides of eq. (38) with respect to x, we get:

   

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

3
1

3

3
1

3

, , , ,1 2 , 2 , 0

, , , ,1 2 , 2 , 0

u x y u x y u x y u x y
u x y v x yL L

x x s y y y

v x y v x y v x y v x y
v x y u x yL L

x x s y y y

α α α αα

α αα α α α α α

α α α αα

α αα α α α α α

−

−

   ∂ ∂ ∂ ∂∂  + + + =    ∂ ∂ ∂ ∂ ∂     
   ∂ ∂ ∂ ∂∂  + + + =    ∂ ∂ ∂ ∂ ∂     

 (39)

Making the correction function is given:

 

( ) ( ) ( )

( )
( ) ( ) ( )

( ) ( )
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1

3 2

3
1

0

1, ,
1

, ,
2 ,

, 1 d     
,
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m m

m m
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m

m
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u x y u x y

u y u y
u y

u y y y
L L

s u y
v x y

y

α α

α α αα
α

α αα α α α

α

α

τ τ
τ

τ
τ

τ τ τ

+

−

= − ⋅
Γ +

    ∂ ∂
 + +   ∂ ∂ ∂∂    ⋅ +     ∂ ∂ ∂     +     ∂    

∫

 

( ) ( ) ( )

( )
( ) ( ) ( )

( ) ( )
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1

3

3
1

0

1, ,
1

, ,
2 ,

, 1 d
,

2 ,

m m

m m
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m

m
m

v x y v x y

v y v y
v y

v y y y
L L

s v y
v x y

y

α α

α α αα
α

α αα α α α

α

α

τ τ
τ

τ
τ

τ τ τ

+

−

= − ⋅
Γ +

    ∂ ∂
 + +   ∂ ∂ ∂∂    ⋅ +     ∂ ∂ ∂     +     ∂    

∫
 

We can use the initial conditions to select 0 0,( , ) ( ) ( , ) ( )xu Ey x yy v E yα α
α α= − − = − − . 

Using this selection into the correction functional (40) gives the following successive approxi-
mations:

(37)

(40)
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 ( ) ( )0 ,u x y E yα
α= − −

 ( ) ( )0 ,v x y E yα
α= − −
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α

α

τ τ
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τ
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τ τ τ
−
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    ∂ ∂
 + +   ∂ ∂ ∂∂    ⋅ +     ∂ ∂ ∂     +     ∂    

∫
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( )
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3
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v y y y
L L

s v y
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α
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τ τ
τ

τ
τ

τ τ τ
−
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    ∂ ∂
 + +   ∂ ∂ ∂∂    ⋅ +     ∂ ∂ ∂     +     ∂    

=∫

 ( ) ( )
( ) ( )
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( )1

0

2 21 10 d  
1 2

x E y E y
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α αα
α α αα

α αα α α α
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τ
α τ

−
    − − − − +∂     = − − +     Γ + ∂ + −       

=∫

 ( ) ( )
( ) ( )

( )
( )1

0

2 21 10 d
1 2

x E y E y
E y L L

s E y

α αα
α α αα

α αα α α α
α

τ
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0
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1
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E y E y αα α
α α τ

α
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Γ + ∫
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0
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α α τ

α
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Γ
=

+ ∫
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1

1
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α

α
α α
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1

1
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α

α
α α

 
= − − + Γ + 
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Therefore, the series solutions can be written in the form:
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 (41)

Conclusions

In this work, local fractional variational iteration transform method has been success-
fully applied to finding the non-differentiable solution of non-linear gas dynamic and coupled 
KdV equations involving local fractional operator. The method is very powerful and efficient in 
finding analytical as well as numerical solutions for wide classes of linear and non-linear local 
fractional PDE. 
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