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A MODIFIED DEFECT RELATION FOR
HOLOMORPHIC CURVES

BY PEICHU Hu

1. Introduction and main results.

By a holomorphic curve, we mean a holomorphic mapping
x:V—P,,

where V is an open Riemann surface and P, is the n-dimensional complex pro-
jective space. In 1927, R. Nevanlinna [3] created a new theory concerning the
distribution of values of a holomorphic curve f:C—P,. Nevanlinna’s main
result is that f assumes almost all values in P, “equally often”, and those
values that f fails to assume often enough have total “defect” at most 2. H.
Cartan [2] generalized this “defect relation” to holomorphic curves x:C—P,
counting how often x takes values in hyperplanes. L. Ahlfors [1] later ex-
tended Cartan’s result to holomorphic curves x:V—P,, which he cast in a
geometric form. H. Wu [5] reorganized Ahlfors’ theory in a modern fashion.
We freely use the symboles, notations and terminologies from H. Wu [5] except
for special declaration.

The purpose of this paper is to modify the Second Main Theorem for holo-
morphic curves, and furthermore, simplify the defect relation. Let ¢ be a har-
monic exhaustion on V and o=7++/—1 p be the special coordinate function.
By a theorem of Gunning and Narasimhan [5, p. 102], there is a holomorphic
function 7 on V whose differential vanishes nowhere. Thus in every sufficiently
small open subset of V, the restriction of 7 to it is a coordinate function.
Define

r
’
r

TYN=T w(r)+N:(r),

Partially supported by the National Science Foundation.

Key words and phrases. Holomorphic curves, Defect relation.
1980 Math. Subject Classification. 32A22, 30D35.

Received October 30, 1989; revised February 23, 1990.

349



350 PEICHU HU
1, if 0<¢=<k

(n—g)k+1)

’ 'f ;-\: é _1:
(=Ygt D)’ I k=g=nm

Then we obtain

THEOREM 1. Let x:V—P, be a nondegenerate holomorphic curve and V
admits a harmonic exhaustion, then for k=0, -, n—1

1 E@)+H@r)+Su(r)=Np1(r)—=2N,(#)+Ni1u(r)
2 Th1 2T+ T =H+(T)
and for k=1, -, n

k(k+1) (E()+Hr)+ 2 k=S (7).

®) Ni(r) =(k+1No(r) +

THEOREM 2. Let x:V—P, be a nondegenerate holomorphic curve and V
admits a harmonic exhaustion. Let{A?} be a finite system of g-dimensional pro-
jective subspaces of P, in general position. Then the generalized compensating
terms my(AY=m,(r, AY satisfy the following inequality

n\/n+1l,, ! )
) SmuAd=ef( [ ) (g T Not 5 (et Dn—H )+ (T

We also have the equality

® A T~ Nalr) 5 (ne+ n— RHCP)

= T~ Qun)— (et N RE).
where

Q=22 S G050+ B s,

Remark. If Z=(xo, -+, x,): V—C"** is a reduced representation of x, then
©6) Nn<r)=5’ n(t, W=0)dt ,
To

where W=W(x,, -+, x,) is the Wronskian determinant of x, (=0, ---, n) and
n(, W=0)=sum of the orders of zeroes of W in V[i].

Thus if V=C and k=0, (4) is just the Cartan’s Second Main Theorem [2], [4].
I learned about differential geometry and complex analysis from H. Wu and
Y.T. Siu, whom I wish to thank for sharing their insights with me.
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2. Proof of Theorem 1.

Given a holomorphic curve x:V—P,, with a reduced representation ¥=
(%0, ==+, xp): V>C™',  According to H. Wu [5] the quantity X% is defined as
follows: fix a coordinate neighborhood U in V and a coordinate function z
on U,

XE=EAZON o AZ®, k=0, -, 1,

where X!=%®=% and

i(i):(d‘xo d’xn)
dz*’ ' dz* /)’

Then the following results are well-known [5]

do\kk+1/2
(%9 k

™ x3=(%)" " Xb [5 p. 69]

_ 1 % T
®) T ()= 2ﬂgaymlogl){,l*d1‘ro—Nk(r) [5, p. 104]
) E@)+Se(#)+T 1-i(r)—2T p(r)+T p41(r)

1 X5 IXE g

_ESW e *dz-lro (5, p. 130]
(10) E+Sk+Tk_1—2Tk+Tk+1:ﬂ(T). [5, p. 132]

where (7) holds in V —V[r(z)]—{critical points of z}. Since »,=7(z) and an
integration always ignores finite point sets (the critical points of z are all iso-
lated), by (7) and (8), we have .

1
2

Consequently, (9) and (11) imply (1).
Note that N_,(r)=0. So upon (1) summing over 2 from 0 to j—1, we have:

11 S log | X%|+dt ! =Tk(r)—|—Nk(r)—lk(k—i—l)H(r).
ovt] To 2

(12) HE@+H)F 3 Sr)=Nfr)=N,-(r)—Nu(r)..
Upon summing over j from 1 to k2, we finally have (3). (1) and (10) imply (2).
q.e.d.

3. Preliminary lemmas.

To prove Theorem 2 we need some lemmas.

LEMMA 1[5, p. 131]. () If ¢=¢ off a compact set and ¢=¢, off a compact
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set, then ¢=up(p) implies = p(¢p,).
(i) If ¢=p(ep), then ¢p+01)=u(p).
(iii) If C is a positive constant and ¢p=u(¢), then
Co=p(p).
(iv) If ¢=plp) and ¢, is positive off a compact set, then
P—di=plp).
(V) Suppose ¢p=p(p) and ¢,=p(p). then P+d,=u(p).

Remark. We say ¢=p(p) for two continuous functions ¢ and ¢ if and
only if

S’ ds|’ exp{Kg®}dt<Co+C' 15, p. 131]
1‘0 TO
for some positive constants K, C and C’.

LEMMA 2. For k=0, -+, n—2,
13) (b DT =k +2)T8 + 3 (k- 1k +DH(T)
and for k=1, ---, n—1,

(14) (n—Rk)Th-1=(n—k+1Ti+ -;—(n—k)(n—k-H)H—Nn-i-y(T) .

Proof. By (2) and Lemma 1 (iii), we have

(15) (kH+1IXT -1 —2T+Th—H)=p(T)
and
(16) (n—kXT}-,—2T3+ T} —H)=p(T).

Upon (15) and (16) summing over %2 from 0 to k2 and & to n—1 respectively, and
using Lemma 1 (v), we get (13) and (14). q.e.d.

COROLLARY 1. If j=k, then
an (k+1)T3=(J'+l)T2+%—(]’—k)(k+l)(j+l)H+#(T).
If j<k, then
(18) (n—k) 3=(n—J')T2+%(k—J')(n—k)(n—j)H—(k—J')N,.-ha(T).

Proof. Straightforward induction from the lemma.
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COROLLARY 2. If
H(r)
TYr)

where we assume that V has an infinite harmonic exhaustion and that x is non-
degenerate, then there exists a positive constant ¢ such that

H,=lim sup <+,
T -0

(19) ITUN=T(r)=cTYr),
where T°(r)=max{Tr), ---, T3-«(r)}, and the sign “|” in front of an inequality
means that the inequality is only wvalid in [0, c0)—1I with Sld log t< e,
Proof. We know that ¢=pu(¢) implies
(20) lg(r)<2log (Co(r)+C")
for a constant A>1 ([5], (4.62)). Hence (17) and (18) imply
. 1, . .
[(e+1)THr)<(G+1THr)+ 7(J—k)(k+1)(1+l)H(r>

+2log (CT(r+C") if j=k

and
I(n—BYTXA<(n = )TK)+ 5 (k= Xn— kX~ HCr)
+2log (CT(r)+C’) if j<k.
Obviously, they together imply that for some positive constants ¢, and c,.
IT°(r)< e, T¥r)+c; log (CT(r)+C’)
Because T ,(r)— as r—oo, s0 T%r)—co as r—oo. Thus for sufficiently large 7,
¢ log (CT(r)+-C")> %T”(r).
Combining with the above inequalities, we obtain (19). q.e.d.

REMARK. If x is nondegenerate and V' has an infinite harmonic exhaustion
and

Ar= lim sup —Er)

A Sup Ty ST

we also have

(21) IT«(N=TT)=cTx(r). [5, p. 140]
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LEMMA 3. If y, are indeterminates over the ring Z and if y,=0 for j>n,
then we have the algebraic identity

B

-1

l
(22) Dk, [ 0)== B B RG =, 1=iX0smm =295 Yy
-1
=P k41, l+1)yk»—(Pq(n+1» l+1>—(1f1)(q—1»3’"

S I CRPRTRY (Renarial) El Y O () 18

where 0=<[<min(k, q). If [=q, then

@) Dk, g3 )= (nH)yk ( )7 “f{‘q l(q k+z+1>( o )y*

By definition,
Fuk, ”:(ZE)",zo(ziﬁlxqﬁz_—kj)’ (5, p. 182]

where (2) is defined for all integers by the binomial series

(1+x)“=ﬂ§w(2)xﬂ.

Proof. We often use the following identities :

(3 )+(B )= (“;1)’(2)20’ if A<0

BT me s

[

and
prgtr—j p+q+r+1

I (e (A S Gt B
which directly imply

0 if izl+1
(25) P(j—i, l—=)=1 /n+1

g+1)  if i<i—g
and

(k1IN m—k—1

(26) Pye-+1, 141~ Pk, D=, 1 )( i ). 5 p 19]

By (25), we can write
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27 Dy(k, 1; y)=D{k, l; y)+Di(k, 1;y),
where
n-1 4o
Dk, 1; y)=—2 2 PG—1, I—iXY;-1-1—2Y,-iF Y ;-141)
J=k 1=-00

and

D”(k l; y)—E 2 Pq(]—l, *Z)(y; -1- 1—2;\/; 1+3’; )
J=k 1=-00

Obviously,

n-1
Di(k, 1; y)= Z’Z(Pq(]"I‘l, I+1)y;—Py(j, Dy,41)
7=

+'ST S (PGHL, I—jH14+D—2P, [—j+i)+ Pli—1, I—j+i—1)y,

I=k 1=3+1

Change order summing, we obtain
Dy(k, 1; y)=Pk+1, I+1)y,—P(n+1, l+1)yn+ (a +b)y.,

where
a,=P(G+1, I+1)—P(G-1,1),

i-
bi= z}l (Pfi+1, I—j+i+1)—2P(i, [—j+i)+ Pli—1, I—j+i—1)).
Z

By definition,

Pt 0-P=1 0= 3{(4 )T D (D)

{<,+j+1>[gf;i,.>+<q_7:f_1>]—[<,+;;1>+<,:;j 16220
2 D)-(EG )

="(§)(Z—§)’

which and (26) imply
a,.=Pi+1, I+1)— PG, D+ P, )—PG—1, I’

()5 -G
=[(HZ-1>+(§)](n251)—(§)(;‘;’)

M

'VM
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. i1 NP
) 0y
By (26), we have

1 1
l{<l i—l-i_—z—f—l)(qnl-:—j ] l J+z<q H—J H—l

{[(l J-H—H) (l ]—i-z)](qfl-:j—l—z')

; 1 i1
—<l—zj—l-z')[(q—’ll-l—]z‘—z'-}-l)_l-(qZH’—j—i ]}
_ n—i—1 i n—i—1

_J::{(l—j:—i—l—l)(q—l-l-j—z' _<l—j+i)(q—l+j—z'+1 }

. i1 il
z(l—kf}-z‘—kl)(qfl-;k—i)_<l-{z—l)(nqil )

Hence we finally obtain

&
Il
"M“ M

(28) Dg(k, 1; y)=Fk+1, I+1)ys—P(n+1, I+1)y,

+z§+x{<l—k—f—i+l>(qfl—-:;1i)—(j)<z:§:} ..
In similar fashion, we have

(29) Dk, 1; y)—‘——Z‘, Z(Pq(z-i-l I—j+i+1)

1==00

—2Pi, I—j+ 1)+ P(i—1, I—j+i—1))y,

o " i . .
= +2°° JZ;{(z ;L+1)(qnz+zj i>'(1—3‘+z‘)(q—z:-j-z—z+1 b

- 7 —i—1
=—z=+¥w.72k1{|:(l ]+Z+l) (l ]—H)](Qzl‘:'f—i
1 —1
—(1_j+i)[(q—7+;—i+l +(qzl-iz—j—i)]}yl
n—i—1 ) n—i—1

z_t;ﬁw jg: «l—j-f—i-i—l)(q—l+j—i)~(l—-j+z')<q—l+j—i+1)}y’
" . i1 . i1
== tgw{(l—k:-i-}-l)(qil—l-}l-k ')—<l—nf|-z'+l)(q nz;n_i)}y"

""tﬁl-l(z--kiiu)(q an:k : z)y +(z ’—1)<q z)y" ’
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because

y.=0 if i>n,

(l—kf{—z‘+1)=0 if i<k—I-1,

(rl)=0 it isn-t.

Thus (27), (28) and (29) imply (22). q.e.d.

COROLLARY.
@ c=5 BRG— eo="gH wrn ()= ("))}

Proof. In Lemma 3 we let
{j if j<n
y ==
’ 0 if j>n,
then Dy(k, ¢; v)=0, so we have

(31) 1=§q-1(q—kii+l)(n;i;1)i:(Z-—:—_i)k*(2)"
In Lemma 3 we take
{f(f+1) if j<n
Yi=

0 if j>n.
Then
1 o nn+lny\  k(k+1)/n+1
where

Iz';'z 21 (- kiz+1)(n;i:l)i(i+1)

b 1 —i—1y.
=Tgl=:2.q-l(q—;eiz‘+1) nkz—z' )’

S TN LT Cnirts 0 N (LA Gty

By (31), we have

9 =5 e ()= G )= 2}

Thus (33) and (32) imply (30). g.e.d.

357
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4. Proof of Theorem 2.

We have the following inequalities [5]
n-1 ¢
(34) Zmy(A)=— EIJZ ZOP.,(J'——Z', g—iXE+S;-i+T ;-1
Al J=R 1=

-ZTJ—i+TJ—t+1)+/1(T2): lf quék [51 p. 193]
and

n-gq-1

> Puga(n—j—i—1, n—q—i—1XE+S;u

1=0

(5  Zmy(AY=—
P

M~

7

+Tj+z—1“2T;+i+Tj+z+1)+#(T2); if g=k. [5, p. 201]

Firstly, let us deduce (4) for the case 0=<¢<k. By (1) and Lemma 3, we
have

(36) 2imu(A)=Dy(k, q; T°)+ CiH+(T*)

=(Zi11 )Tg'(z)N"+,=éq_1(q_kiiﬂ)(";:l)(—ﬂ)
+CSH+ (T .

By Corollary 1 of Lemma 2 and (24), the sum of the right hand side of the
above identity equals

- , o
_“”é‘q-‘%(q——ki—ﬁl) ("o

e 3 () i DE

2 =iTg-1\g—k+i+ 1\ k—i
=— (e k=g (" )T,
where
A = (A (e
z%mé-:(q—giﬂ)(n;:l)
:%;—iz:%q(nfgil)(kiq):%(z:tll) (by (24))

and
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Féq_l(q—kiiﬂ)(n;:l)(k —a)i+D)

=(n—k)k— ‘1),-5% 1(q~—:,—-kli+1)(k:::)

=o—exe—0, 5 (7 7(7,)
—ox ")) or e
~tn—xi—o("T7).

Hence (30), (36) and Lemma 1 imply

_(n\/ntl ., 1 _ 2
(37) Sima(A0=( )G To Vot 5 (et Din— H)+ (T,

Next, we deduce (4) for the case g=k. Take y,=Tj5.,-, in Lemma 3.
Then (23) and (35) imply

(38) Emk(Aq)=Dn_q-1(n~k—l, n—q—1; y)+CiZiZiH+u(T?)
_(n+l Lk n—1—7 g
=(pr)m="E o),

(,=T2,=0). By Corollary 1 of Lemma 2 and (24), the sum of the right hand
side of the above equals

R G () (TN TR ) (A

g—k—1
ék n— l;e(Z 11 {)(é)N"+”(T)
= G g e X g )= (L ek,

e
OIS0 v e
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n—i‘, (J—kXn— ])(n 1- J)( )

=k
=(k+1Xg—k) é"( )(k-i;l)
~e+10-0(17,) oy @)

and

HSS)G)
:i+}e é (2 2 D(k—{-l)

=)= () evew

Hence (30), (38) and Lemma 1 imply

Y A

Now (4) follows from (37) and (39).
Finally, by (3), we have

n+1 (n+1Xn—Fk)
k+1 2

which implies (5). q.e.d.

(k+1)n+1)/ n )H—l—p(T’)

Sl _n—
(39)  Smy(AN=1]— 5 (q )

(n+1)Xn—~k)
2

(49) 7 Na(r)—Na(r)+ H(r)=—Qx(r)— E(r)

5. Discussion.

In this section, we assume that V has an infinite harmonic exhaustion and
the conditions in Theorem 2 hold. Define

. Q4(r) _ Nu(r)
Gu=limsupz 5 and €r=limsupryry.

For each ¢g-dimensional projective subspace A? of P,, we define the defects of
A? to be:

. am(r, A9) mu(r, A9
A9=lim inf "2 2 mar, £
0:(A9) lim in Tor) Rk

Clearly 0=<A,(A9<0,(AN=<1. If H,<+o, by Theorem 2, (20) and Corollary 2
of Lemma 2 we have

(1) ;Am)gez(’q’){

and A,(A9)=lim inf

n+l
k41

LS DS
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If X,<+ o, by Theorem 2, (20) and (21) we have

n\(n+1 (n+1Xn—Fk)
(42) Soan s Nyt g )

Let Z(%) be the set of zero points of |%|. Let v,(f) denote the order of
zero at p of a function f on V. Clearly, we see

vp(I X3)220,(121)—1,  if p=Z(X).
Define
{ the stationary index of x at p, if p is a critical point of x
Sp=

0 otherwise

and

L=y, (| X31)—2vp(1 2])—sp .
We can prove that

I,=0, if peV—-2(%).
Define

it)= S I, and 1<r)=S’ it .
PEVIH] o

Then
I(r)=Ny(r)—2Ny(r)—So(7) .
Hence (1) implies
(43) E(r)+H(r)=Ir).
If V=C or C—{0}, we can choose % such that Z(¥)=@, so

H(r)=—E(r).

If x is transcendental and Z(%) is a finite set, then

I(r) _

li =0,
PR T o(r)
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