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Abstract: Shape similarity measurement model is often used to solve shape-matching problems in

geospatial data matching. It is widely used in geospatial data integration, conflation, updating and

quality assessment. Many shape similarity measurements apply only to simple polygons. However,

areal entities can be represented either by simple polygons, holed polygons or multipolygons in

geospatial data. This paper proposes a new shape similarity measurement model that can be used

for all kinds of polygons. In this method, convex hulls of polygons are used to extract boundary

features of entities and local moment invariants are calculated to extract overall shape features of

entities. Combined with convex hull and local moment invariants, polygons can be represented by

convex hull moment invariant curves. Then, a shape descriptor is obtained by applying fast Fourier

transform to convex hull moment invariant curves, and shape similarity between areal entities is

measured by the shape descriptor. Through similarity measurement experiments of different lakes

in multiple representations and matching experiments between two urban area datasets, results

showed that the method could distinguish areal entities even if they are represented by different

kinds of polygons.

Keywords: similarity measurement; geographical vector data; moment invariants; convex hull

1. Introduction

With the influences of data acquisition errors, map generalization, different application purposes

and people’s explanatory differences, there are inconsistencies in the expression of real-world objects in

different geospatial data [1–3]. Fast and accurate matching of the same entities from multi-source spatial

data is one of the key technologies for geospatial data integration, conflation, updating, and quality

assessment [4–8]. Commonly, all kinds of features will be used in matching entities. Matching

methods can be divided into geometric matching, topology matching and semantic matching. Small

differences of topological relations between two datasets may lead to different matching results, while

semantic matching heavily relies on consistency and completeness of data properties [9]. As a result,

geometric matching is used mostly. Commonly used geometric matching features include location,

size, orientation, and shape [10,11]. Compared with location, size, and orientation, shape is less

dependent on spatial position accuracy and it can distinguish objects more intuitively. Therefore, it is

important to study the method of shape similarity measurement.
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There are extensive methods of shape similarity measurement in image processing [12]. However,

only some of them are suitable for vector data, because shape representation of vector polygons is

different from images. Simply transforming vector polygons into images will introduce bias and require

additional computation. Thus, scholars pay more attention to researching similarity measurement

of areal entities in geographical vector data. Presently, commonly used shape description methods

for vector polygons include the tangent space shape description method [5,13], multi-level chord

length shape description function [14,15], shape context descriptor [16], and Fourier shape description

method [17,18]. The tangent space method describes shape through tangent values of vertex angles on

outlines of polygons. Not only can it realize shape matching between polygons, but also the matching

between vertices on the polygons. However, it heavily relies on the starting point. The multi-level chord

length method divides polygon contours by arc length. One dividing point and the vertexes on the

polygon contour compose a chord length function. The multi-level chord length function is composed

of several chord length functions and can be used to describe the shape. This method can measure

overall similarity or local similarity between shapes in geospatial data at different scales, but it is

time-consuming. The shape context descriptor extracts a global feature for each point on the boundary

of polygons. It is often used to find the corresponding points on two polygons, but this method requires

too many feature points. In Fourier shape description method, the distance from polygon contour to

the center of the polygon forms a discrete sequence. Then, the Fourier shape descriptor is obtained

by performing fast Fourier transform on the sequence. This method is simple and widely used, but it

is easily affected by noise. In geographical vector data, there are not only simple polygons, but also

complex polygons, such as holed polygons that are polygons with holes and multipolygons which

are composed of several disjoint polygons [19]. However, the above methods are mainly applied to

simple polygons, because they cannot describe relations between holes and relations between disjoint

polygons. Xu et al. [18] proposed a method using Fourier descriptors to describe the exterior contour

of holed polygons. Then, they described the structure of holes with position graph. Shape similarity

between holed polygons is measured by Fourier descriptors and position graph. Chen et al. [20]

proposed a hierarchical model to measure shape similarity between complex holed-region entities.

They divided a complex entity into three layers: A complex scene, a micro-spatial-scene, and a simple

entity. Then they calculated the similarity of three layers respectively. However, these two methods

can only measure shape similarity between holed polygons and cannot be applied to simple polygons

and multipolygons.

Areal entities have multiple representations in different geographical vector datasets. The same

areal entities can be represented by either a simple polygon, a holed polygon or a multipolygon. Thus,

it is necessary to find a similarity measurement that can apply to different kinds of polygons. Vector

polygons are represented by points on their contours. Thus, most shape description methods used in

Geographic Information System are contour-based. However, contour-based shape description may

not be suitable for complex shapes that consist of several disjoint regions such as multipolygons [21].

In the field of traditional image processing, the moment description method has a wide range of

applications in image matching, retrieval and identification [22]. This method can extract invariant

shape features under the transformation of translation, rotation, and scaling, and can describe global

shape features of overall areas which means it can describe all kinds of polygons [23]. Therefore,

this region-based shape description method is more suitable for areal entities than methods based on

shape contour description. Although shape representation of vector data is different from images,

vector data can also express shape feature of entities. In this paper, the moment description method

in the field of image processing is introduced to extract invariant moments of areal entities in vector

data. Considering inconsistencies caused by map generalization, we construct convex hull moment

invariant curves to make the shape description more robust. Then, shape descriptors are obtained

by fast Fourier transform on the curves to realize the similarity measure of areal entities. Specifically,

the contributions of this paper are summarized below.

• We extend the calculation of geometric moments from images to vector polygons.
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• Based on convex hull and moment invariants, we construct convex hull moment invariant curves

to describe shapes and extract shape descriptors from the curves.

• We validate our method by experiments of invariance, similarity, and matching. Experimental

results show that our shape descriptor is invariant to translation, rotation, and scaling. In addition,

it takes advantage of moment invariants and convex hull and can be used for vector data matching.

The rest of this paper is organized as follows. Section 2 introduces multiple representations of

areal entities in geographical vector data. Section 3 introduces moment-based method of describing

shape and discusses moment calculation method in geographical vector data. In Section 4, we propose

a shape similarity measurement model considering map representation differences in geospatial

datasets. Next, we apply the model to different experiments, then discuss and analyze the results in

Section 5. Finally, we conclude the study in Section 6.

2. Areal Entities in Geographical Vector Data

In geographical vector data, polygons are usually used to represent areal entities. However, areal

entities in the real world are complex in most cases. For example, the American territory includes

several disjoint regions which are the mainland of the United States, Alaska, and the Hawaiian islands.

There is a hole in the South African territory, because it completely contains Lesotho. Thus, simple

polygons are difficult to fully describe complex areal entities [24]. Clementini et al. [25] divided

polygons in geospatial data into simple polygons, holed polygons, and multipolygons. In addition,

they gave detailed mathematical definitions of three types of polygons. Based on their definitions, we

define polygons used in our paper as follows.

Definition 1. Simple polygon: A simple polygon is a counterclockwise closed point set with connected interior

and connected exterior. It can be expressed as S = {(x 0, y0), (x1, y1), (x2, y2), . . . , (xn, yn), (x0, y0)
}

.

Definition 2. Holed polygon: A holed polygon contains an outer contour and one or more inner contours.

The outer contour is represented by a counterclockwise closed point set, and the contour of internal holes are

represented by clockwise closed point sets. Thus, the holed polygon is expressed as H = {O ∪ I1 ∪ . . . ∪ In},

where O is the outer contour and I is the inner contour.

Definition 3. Multipolygon: A multipolygon is composed of more than two disjoint regions, each of which

consists of a simple polygon or a holed polygon, that is M = {S 1 ∪ S2 ∪ . . . ∪ Sm ∪ H1 ∪ H2 ∪ . . . ∪ Hn}, M

is a multipolygon, S is a simple polygon, and H is a holed polygon.

The same areal entities can be represented by different types of polygons (Figure 1). Thus, shape

similarity between areal entities can be divided into six cases. There are similarities between two

simple polygons, a simple polygon and a holed polygon, a simple polygon and a multipolygon, two

holed polygons, a holed polygon and a multipolygon, and between two multipolygons Contour-based

shape descriptors can only describe simple polygons, because they cannot describe holes in holed

polygons and disjoint regions in multipolygons. However, region-based shape descriptors can describe

simple polygons, holed polygons, and multipolygons with all of the cases above. Thus, region-based

shape descriptors are more suitable for areal entities.
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 S = {(x0, y0), (x1, y1), (x2, y2), … , (xn, yn), (x0, y0)}.

H = {O∪I1∪…∪In}

 M = {S1∪S2∪…∪Sm∪H1∪H2∪…∪Hn}

  
(a) (b) 

  
(c) (d) 

–

Figure 1. Qinghai Lake in multiple representations (a) Simple polygon, (b) holed polygon,

(c) multipolygon; and (d) Bing maps.

Affected by map generalization, shapes of the same areal entities may differ in multiscale data,

while their convex hulls change slightly compared with shapes (Figure 2). In addition, convex hulls

can combine disjoint regions into single region, which is convenient for the comparison between

multipolygons and simple polygons or multipolygons and holed polygons. Convex hull is also a basic

method of multi-scale representation of vector data [26]. Thus, we can use convex hull to extract

boundary feature of vector polygons. On the other hand, convex hull can only describe the rough

shape of polygons. Areal entities with totally different shapes may also have similar convex hull

(Figure 3). Thus, it is necessary to find a shape similarity measurement to combine region-based

shape descriptor with convex hull. Through the combination method, the same entities will have

a higher similarity while different entities will have a lower similarity. There are many investigations

in region-based shape description [27–29], while Hu moment invariants [30] is a simple and effective

region-based method. It can be calculated by the contour of shape [31], which is suitable for vector

polygons. In addition, it can extract global feature of different types of polygons and can be easily

connected with convex hull. By combining Hu moment invariants with convex hull, we can measure

shape similarity between areal entities.
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A B

C D

Figure 2. Same lakes at different scales and convex hulls of the lakes: (A) Polygon A is the lake in scale

of 1:10,000, (B) polygon B is the lake in scale of 1:50,000, (C) polygon C is convex hull of polygon A;

and (D) polygon D is convex hull of polygon B.

  
(a) (b) 

mpq=∬ xpyqf(x,y)dxdy
ζ

   p, q = 0,1,2…

ζ

μpq=∬(x-x0)p(y-y0)qf(x,y)dxdy
ζ

   p, q = 0,1,2…

x0,y0 x0 = m10/m00;  y0 = m01/m00

ηpq= μpq/μ00
1+(p+q) 2⁄

ηpq

{  
  
   
 C1:η20+η02                                                                                                                                       

C2:(η20-η02)2+4η11
2                                                                                                                          

C3:(η30-3η12)2+(3η21-η03)2                                                                                                                
C4:(η30+η12)2+(η21+η03)2                                                                                                                   
C5:(η30-3η12)(η30+η12)[(η30+η12)2-3(η21+η03)2]+(3η21-η03)(η21+η03)[3(η30+η12)2-(η21+η03)2]    
C6:(η20-η02)[(η30+η12)2-(η21+η03)2]+4η11(η30+η12)(η21+η03)                                                               
C7:(3η21-η03)(η30+η12)[(η30+η12)2-3(η21+η03)2]+ (η30-3η12)(η21+η03)[3(η30+η12)2-(η21+η03)2]   

Figure 3. Different areal entities with similar convex hulls: (a) the canals and (b) the canal with

two pools.

3. Moments and Moment Invariants

3.1. Hu Moment Invariants in Images

The definition of moments is derived from the theory of probability, which is a numerical feature

used to describe the distribution of random variables. Hu applied the theory of moments to image

analysis to obtain moment invariants. If gray values of each pixel in an image are regarded as

a two-dimensional density distribution function f(x,y), the (p + q)th order geometric moment of the

image is defined as follows:

mpq =
x

ζ

xpyqf (x, y)dxdy p, q = 0, 1, 2 . . . (1)

where ζ is the image region and f(x,y) is gray value of the pixel at xth row and yth column of the image.

The moments can be used to describe characteristics of an image, but they are affected by coordinate

transformation. Thus defining the (p + q)th order center moment of an image:
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µpq =
x

ζ

(x − x0)
p(y − y0)

qf (x, y)dxdy p, q = 0, 1, 2 . . . (2)

where x0, y0 are the center of the image, x0 = m10/m00; y0 = m01/m00.

Then, defining the (p + q)th order normalized center moment of an image:

ηpq= µpq/µ00
1+(p+q)/2 (3)

The normalized center moment ηpq has translational and scaled invariance, but does not have

rotational invariance. Hu obtained a set of moment invariants with translational, rotational and scaled

invariant features by linearly combining the lower order normalized center moments. The expressions

are as follows:











































C1 : η20+η02

C2 : (η20−η02)
2+4η11

2

C3 : (η30−3η12)
2+(3η21−η03)

2

C4 : (η30+η12)
2+(η21+η03)

2

C5 : (η30−3η12)(η30+η12)[(η 30+η12)
2−3(η21+η03)

2] + (3η21−η03)(η21+η03)[3(η 30+η12)
2−(η21+η03)

2
]

C6 : (η20−η02)[(η 30+η12)
2−(η21+η03)

2] + 4η11(η30+η12)(η21+η03)

C7 : (3η21−η03)(η30+η12)[(η 30+η12)
2−3(η21+η03)

2] + (η30−3η12)(η21+η03)[3(η 30+η12)
2−(η21+η03)

2
]

(4)

All the moments and moment invariants are defined in continuous domain. However, they

should be transformed to discrete domain in image processing. If the size of a discrete image f (x, y) is

M × N, then the (p + q)th order geometric moment in discrete domain is defined as follows:

mpq =
M

∑
x=1

N

∑
y=1

xpyqf (x, y) p, q = 0, 1, 2 . . . (5)

Center moments, normalized center moments and Hu moment invariants can be derived from

geometric moments in discrete domain.

3.2. Moments for Vector Polygons

Vector polygons defined in Section 2 are represented by point sets on their contours. Thus, we

cannot calculate moments of polygons by the discrete form in Equation (5). It is necessary to extend

the moment calculation method to vector polygons. In the continuous form of geometric moment,

we can simply get the density distribution function f(x,y) of a vector polygon V as follows:

f (x, y) =

{

0 ((x, y) /∈ ζ)

1 ((x, y) ∈ ζ)
(6)

where ζ is the region of polygon V.

Therefore, the (p + q)th order geometric moment of a vector polygon can be expressed as:

mpq =
x

ζ

xpyqdxdy p, q = 0, 1, 2 . . . (7)

Then, we need to calculate Equation (7) based on vertices on the polygon. Jiang et al. [31] proposed

a polygonal approximation method to calculate geometric moments in images. In their method, they

transform the double integral in Equation (7) into a line integral along the boundary of a simple polygon

by applying the Green’s formula. Then, the line integral can be calculated by vertices on the polygon.

Based on their method, we extend the geometric moment’s calculation method for different kinds of

vector polygons. Detailed derivations of geometric moments for simple polygons, holed polygons, and



ISPRS Int. J. Geo-Inf. 2018, 7, 208 7 of 19

multipolygons are given in the Appendix A. By modifying geometric moments of polygons, we can also

get center moments, normalized center moments, and moment invariants of vector polygons.

4. Shape Description Model for Areal Entities

Moment invariants of polygons can describe translation, rotation, and scaling invariant features

of the entire shape. However, it is easy to be influenced when describing the same entity at different

scales, because there is map generalization in different scales. In order to get robust shape features

under map generalization, we introduce convex hulls of polygons to construct the moment invariants

feature description model.

Convex hull of points is the smallest convex polygon that contains the points. It is a basic structure

that describes the shape of a spatial object. Additionally, it is usually less variable in the process of

map generalization. Therefore, it has a wide range of applications in map generalization [26,32].

In this paper, we use the local moment invariant proposed by Zhao et al. [33] to make the convex hull

vertices participate in the calculation of polygon’s moment invariants. Thus, we can obtain shape

features that combine convex hull and moment invariants. The features are stable under the process of

map generalization.

4.1. Local Moment Invariants of Complex Polygons

According to the definition of center moments, we can get moments that are invariant to

translation by moving the origin of coordinates to the centroid of a polygon (Figure 4). After this

transformation, geometric moments of the polygon are invariant to translation. Therefore, we can

also move the origin of coordinates to an arbitrary point P(xi,yi) to get translation moment invariants.

The arbitrary point P should be on the boundary of a polygon or on the boundary of the convex hull of

a polygon. Zhao et al. [33] define the moment calculated by this method as local moment and define

the point P as reference point of local moment. The (p + q)th order local moment relative to point P of

a polygon can be expressed as follows:

ωpq =
x

ζ

(x − xi)
p(y − yi)

qdxdy (p, q = 0, 1, 2 . . .) (8)
ωpq= ∬ (x-xi)

p(y-yi)
qdxdy

ζ

   (p, q = 0,1,2…)

  
(a) (b) (c) 

(x*,y*)
(x*,y*) {x*=x+xb

y*=y+yb
   (xb,yb are translation parameters)

ωpq
*=ωpq

(x-xi)
p(y-yi)

q

(x-xi)p(y-yi)
q=[ ∑ Cp

kxp-k(-xi)k
p

k=0
][ ∑ Cq

kyq-k(-yi)kq

k=0
]

x

y

o

x

y

o

x

y

o

P1

P2

P3

P4

Figure 4. Transformation method of center moments and local moments: (a) Original position of the

polygon, (b) moving the origin of coordinates to the centroid of the polygon; and (c) the red polyline

is the boundary of convex hull, moving the origin of coordinates to the point on the boundary of

convex hull.
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We can prove the local moment is also invariant to translation. If (x,y) belongs to the polygon,

and (x∗, y∗) belongs to the polygon after translation of coordinates, then we can get the relation

between (x,y) and (x∗, y∗):

{

x∗= x + xb

y∗= y + yb

(xb, yb are translation parameters) (9)

The reference point P is also satisfied by Equation (9). Thus, the (p + q)th order local moment of

the polygon after translation is Equation (10):

ωpq
∗= ωpq (10)

Equation (10) proves translation invariance of local moments. The same as Hu moment invariants

of polygons, we can get seven local moment invariants by normalizing and linearly combining the

low order local moments. They are also invariant under the transformation of translation, rotation,

and scaling.

According to the definition, we can calculate the local moments relative to arbitrary points by

geometric moments. Binomial decomposition of the integrand (x − xi)
p(y − yi)

q in Equation (8) is

as follows:

(x − xi)
p(y − yi)

q = [
p

∑
k=0

Ck
pxp−k(−xi)

k][
q

∑
k=0

Ck
qyq−k(−yi)

k] (11)

The relationship between local moment and geometric moment can be obtained by substituting

Equations (7) and (11) into Equation (8) respectively. Then, relationships between low order local

moments and geometric moments can be easily deduced:







































































ω00= m00

ω10= m10−xim00

ω01= m01−yim00

ω20= m20−2xim10+xi
2m00

ω11= m11−xim01−yim10+xiyim00

ω02= m02−2yim01+yi
2m00

ω30= m30−3xim20+3xi
2m10+xi

3m00

ω12= m12−2yim11+yi
2m10−xim02+2xiyim01−xiyi

2m00

ω21= m21−2xim11+xi
2m01−yim20+2xiyim10−xi

2yim00

ω03= m03−3yim02+3yi
2m01+yi

3m00

(12)

In the case of known geometric moments, by using Equation (12), we can quickly calculate local

moment invariants of polygons relative to arbitrary points.

4.2. Convex Hull Moment Invariant Curves

We can take every convex hull vertex as reference point of local moment invariants. Therefore,

every local moment invariant can extract global feature of polygons, and all of local moment invariants

reference to convex hull vertices can represent the structure of convex hull of polygons.

If X is convex hull of polygon C, it can be represented as a set of vertices {P 1, P2, . . . Pn}. Then

we can calculate seven local moment invariants taking the convex hull vertex Pi as the reference point.

If we take each vertex in X as the reference point successively, we can get seven sequences of local

moment invariants. Each sequence can form a curve, which is called the convex hull moment invariant

curve. Figure 5a is convex hull moment invariant curves of the polygon in Figure 4. Every point on

the curve is a local moment invariant. Figure 5b is centroid distance of vertices on the convex hull.

The centroid distance of vertices is the distance between the centroid of polygon and the convex hull

vertices. It can be found that the shape of every convex hull moment invariant curve is similar to the
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centroid distance curve. In addition, the convex hull moment invariant curve is invariant to translation,

rotation and scaling because of the invariance of every local moment invariant on the curve.

{  
   
   
   ω00=m00                                                                  

ω10=m10-xim00                                                       
ω01=m01-yim00                                                       
ω20=m20-2xim10+xi

2m00                                         
ω11=m11-xim01-yim10+xiyim00                               
ω02=m02-2yim01+yi

2m00                                         
ω30=m30-3xim20+3xi

2m10+xi
3m00                           

ω12=m12-2yim11+yi
2m10-xim02+2xiyim01-xiyi

2m00

ω21=m21-2xim11+xi
2m01-yim20+2xiyim10-xi

2yim00

ω03=m03-3yim02+3yi
2m01+yi

3m00                           

{P1,P2,…Pn}
Pi
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Figure 5. Convex hull moment invariant curves of the polygon in Figure 4: (a) Convex hull moment

invariant curves and (b) centroid distance of convex hull vertices.

For the same lakes at different scales (Figure 6), we can get two series of convex hull moment

invariant curves (Figures 7 and 8). In order to make the curves more comparable, we resample the

convex hull by arc length and take the logarithm of each local moment invariant. It can be found that

the two series of curves are similar overall but vary in detail. These characteristics are generated by

the method of combining moment invariants with convex hull. It can be used to measure the similarity

between areal entities. However, there is displacement on the two series of curves, which is caused by

the differences of the starting point on the convex hull. In addition, we can hardly get the similarity

value of two lakes only by comparing the curves qualitatively. It is necessary to measure the similarity

between areal entities quantitatively.

  
(a) (b) 

Figure 6. The lake at different scales: (a) the lake in scale of 1:10,000 and (b) the lake in scale of 1:50,000.
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Figure 7. Convex hull moment invariant curves of the lake in scale of 1:10,000.

 

Figure 8. Convex hull moment invariant curves of the lake in scale of 1:50,000.

4.3. Feature Similarity Calculation

In order to eliminate the dependence of starting point on convex hull and get shape descriptors,

we introduce the method of fast Fourier transform to extract features on convex hull moment invariant

curves. First, convex hull of a polygon is resampled by arc length in power of 2. We can get the

resampled vertices set {P 1, P2, . . . Pm}, where m equals 2n. Then, we can calculate seven local moment

invariant sequences by taking each point in the resampled vertices as reference point. Performing

fast Fourier transform to each sequence and selecting top k of the Fourier coefficient sequences after

transformation, we can get seven feature vectors. The feature matrix Tk×7 composed by seven feature

vectors is a shape descriptor of the polygon.

If Tk×7 and T′
k×7 are the descriptors of two polygons respectively, and tij and t′ij are the elements

in ith row and jth column of Tk×7 and T′
k×7. Then we can define the similarity between matrices to get

the similarity between polygons.

ST =
k

∑
i=0

7

∑
j=0

Stij
/(7k) (13)

where Stij
= min(tij, t′ij)/max(tij, t′ij).
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For the lakes in Figure 6, we resample the number of convex hull vertices to 256 and select top

seven of the sequences after fast Fourier transform. Thus, we can get two shape descriptors for the two

polygons (Figure 9). For visual comparison, we map the values of matrices to the color band. Higher

values are colored with red while lower values are colored with green. In addition, we index each

element in the matrix. The element with C1F1 means it is calculated by the first Hu moment invariant

C1 : η20+η02, and it is the first Fourier coefficient after fast Fourier transform. It can be found that the

two shape descriptors are extremely similar. Then, we can get the similarity between two areal entities

by Equation (13). The similarity between two lakes in Figure 6 is 0.8.

{P1,P2,…Pm} 2n

Tk×7

Tk×7 and T'
k×7 tij and t'

ij

Tk×7 and T'
k×7

ST= ∑ ∑ Stij/(7k)
7

j=0

k

i=0

Stij= min(tij,t'
ij)/max(tij,t'

ij)

C1:η20+η02

  
(a) (b) 

133.86 14.57 219.58 77.07 22.84 19.28 15.30 

1323.12 120.57 1108.72 83.77 360.90 100.13 249.34 

634.04 103.84 951.84 208.24 58.78 27.76 46.80 

246.98 23.46 896.85 249.56 141.14 47.08 89.59 

959.24 75.32 2049.78 438.56 362.56 33.48 183.75 

1082.06 35.38 1612.69 323.31 449.12 108.04 303.48 

2846.55 323.76 806.11 647.31 311.54 205.95 274.02 

F1 F2 F3 F4 F5 F6 F7

C1

C2

C4

C5

C6

C7

C3

366.42 34.11 222.53 78.22 23.72 20.29 16.03 

1910.06 110.99 1217.09 116.51 463.79 51.74 338.97 

1479.34 130.27 1013.56 209.40 87.18 37.69 45.94 

941.38 55.22 876.71 237.74 135.22 51.94 83.33 

2421.93 118.34 2047.24 405.74 358.83 63.55 164.92 

2053.30 104.60 1633.42 326.05 487.62 93.12 351.04 

4366.20 335.26 785.44 607.34 315.88 224.62 274.89 

F1 F2 F3 F4 F5 F6 F7

C1

C2

C4

C5

C6

C7

C3

Figure 9. Shape descriptor of lakes in Figure 4: (a) Shape descriptor of the lake in scale of 1:10,000 and

(b) shape descriptor of the lake in scale of 1:50,000.

5. Experiments and Discussion

5.1. Experiment of Invariance

In this paper, we select three areal entities of different countries to prove the invariance of shape

description methods. They are Switzerland, South Africa, and Japan. The first row in Figure 10 are the

countries represented by simple polygon, holed polygon and multipolygon respectively. The second

row in Figure 10 are transformational polygons by translating, rotating, and scaling the polygons in

the first row. Then, we can get seven Hu moment invariants of different polygons by the calculation

method we proposed in Section 3. The results are shown in Table 1. By comparing invariants between

a and d, b and e, and c and f, we can find that Hu moment invariants calculated by our method are

stable for coordinate transformation. In addition, the method is suitable for simple polygons, holed

polygons, and multipolygons. We also calculate shape descriptors of six polygons by our method

in Section 4. In the method, we set the parameter of sampling points number m to be 256, and set

the parameter of Fourier coefficients number k to be 2. Then, we can get fourteen features for each

polygon (Table 2). The result indicates that our shape descriptor is also stable under transformation of

different types of polygons. Compared with Hu moment invariants, the shape descriptor requires two

parameters. Less sample points result in incomplete description of shape and more number of Fourier

coefficients may introduce high frequency noise. Thus, the shape descriptor only has translation,

rotation and scaling invariance within a certain parameter range.
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(a) (b) (c) 

   
(d) (e) (f) 

 

− − − − − − − − −

 − − − − − − − − −

− − − − − − − − −

 − − − − − − − − −

e − − − − − − − − −

f − − − − − − − − −

Figure 10. Three countries represented by different types of polygons: (a) Switzerland, (b) South Africa,

(c) Japan, (d) Switzerland after transformation, (e) South Africa after transformation; and (f) Japan

after transformation.

Table 1. Hu moment invariants of six polygons.

C1 C2 C3 C4 C5 C6 C7

a 2.462 × 10−1 3.001 × 10−2 5.989 × 10−4 7.151 × 10−5 −1.355 × 10−9 −6.198 × 10−6 1.474 × 10−8

b 2.132 × 10−1 1.419 × 10−2 4.689 × 10−4 5.192 × 10−5 9.138 × 10−10 −1.832 × 10−6 −8.048 × 10−9

c 8.181 × 10−1 5.197 × 10−1 1.008 × 10−1 1.375 × 10−2 −1.481 × 10−4 −5.535 × 10−3 4.903 × 10−4

d 2.462 × 10−1 3.001 × 10−2 5.989 × 10−4 7.151 × 10−5 −1.355 × 10−9 −6.198 × 10−6 1.474 × 10−8

e 2.132 × 10−1 1.419 × 10−2 4.689 × 10−4 5.191 × 10−5 9.125 × 10−10 −1.833 × 10−6 −8.048 × 10−9

f 8.181 × 10−1 5.197 × 10−1 1.008 × 10−1 1.376 × 10−2 −1.481 × 10−4 −5.536 × 10−3 4.903 × 10−4
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Table 2. Shape descriptor of six polygons.

C1F1 C2F1 C3F1 C4F1 C5F1 C6F1 C7F1 C1F2 C2F2 C3F2 C4F2 C5F2 C6F2 C7F2

a 9.89 × 101 6.36 × 101 9.17 × 101 1.20 × 102 2.13 × 102 1.16 × 102 2.27 × 10−2 2.44 × 100 2.63 × 100 3.11 × 100 5.93 × 100 1.46 × 101 7.08 × 100 2.31 × 100

b 8.32 × 101 3.39 × 101 3.15 × 101 5.42 × 101 2.76 × 101 3.37 × 101 1.78 × 10−1 3.48 × 100 1.79 × 100 4.10 × 10−1 3.62 × 100 1.92 × 100 2.35 × 100 6.25 × 10−1

c 3.52 × 102 1.15 × 103 7.69 × 103 8.27 × 103 1.85 × 106 4.14 × 104 1.20 × 103 8.91 × 101 6.53 × 102 5.31 × 103 5.60 × 103 1.72 × 106 3.38 × 104 1.52 × 103

d 9.89 × 101 6.36 × 101 9.17 × 101 1.20 × 102 2.14 × 102 1.16 × 102 2.40 × 10−2 2.44 × 100 2.63 × 100 3.09 × 100 5.92 × 100 1.46 × 101 7.07 × 100 2.31 × 100

e 8.32 × 101 3.39 × 101 3.15 × 101 5.42 × 101 2.76 × 101 3.37 × 101 1.77 × 10−1 3.48 × 100 1.79 × 100 4.19 × 10−1 3.62 × 100 1.94 × 100 2.36 × 100 6.26 × 10−1

f 3.52 × 102 1.16 × 103 7.69 × 103 8.28 × 103 1.86 × 106 4.15 × 104 1.21 × 103 8.91 × 101 6.53 × 102 5.31 × 103 5.61 × 103 1.72 × 106 3.39 × 104 1.53 × 103
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5.2. Experiment of Similarity

We choose three different lakes as study of areal entities to calculate the similarity between

polygons to validate our shape description model. Each lake is represented by three different polygons

at multiscales. Thus, we can get nine polygons as shown in Figure 11. The last column in Figure 11 are

images of the three lakes on Bing maps. We found that the lake can be represented by either simple

polygon or holed polygon or multipolygon. This multi-interpretation brings challenge to the similarity

measurement between areal entities. Polygons representing the same lake are similar in boundaries.

However, multipolygons have several disjoint boundaries and it is difficult to compare them with

other types of polygons. Convex hull can extract boundary information of multipolygons. Moreover,

convex hulls of different types of polygons can be comparable. However, different areal entities may

also have similar convex hulls such as lake B and C.

 

A1 A2 A3

B1 B2 B3

C1 C2 C3

Figure 11. Three different lakes represented by nine polygons at multiscales.

In this paper, we take two similarity measurements as the comparison methods of ours. In the

first comparison method, we use Zernike moments proposed in reference [21] to measure similarities

of areal entities. Due to the complicated form of Zernike moments, it is difficult to derive calculation

method for vector polygons. Thus, we transform vector polygons into binary images and then

calculate the lower order Zernike moments of binary images. The similarity between polygons can

be represented by the similarity between binary images. Transformation from vector polygons to

images may introduce bias to the similarity measurement. In order to reduce the bias, we set the

spatial resolution of images to 0.1 meter and also set the positional accuracy of vector polygons to

0.1 meter. In the second comparison method, we used Fourier descriptors proposed in reference [17]

to measure similarities of convex hull. Thus, the similarity between areal entities can be represented

by the similarity between convex hulls. Then, we measured the similarities between nine polygons

in Figure 11 and we could get similarity matrix for different similarity measurements (Figure 12).

The value of cells in the matrices are similarities between polygons. Values on the diagonal line of

matrices are 1 because they are similarities between the same polygons. In order to make comparisons

visually, we mapped the value of similarity to the color band. The red cells mean they have higher

similarity value while the green cells mean they have lower similarity value. It can be observed that

Zernike moments similarity measurement can distinguish different shapes while it isolates A1 from A2
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and A3, and isolates B1 from B2 and B3. Fourier descriptors of convex hull can distinguish polygons

of lake A while mix polygons of lake B and C. Our method can distinguish different lakes well. All of

three methods can measure similarity between different types of polygons. However, shape similarity

between areal entities is different from that of polygons. Because map generalization affects shape

representation of areal entities. Different polygons representing the same areal entity are only similar

in rough boundary features. The same areal entities with similar boundary features but different

internal structures may differ in shape. Thus, Zernike moments isolate simple polygons from holed

polyogns and multipolygons although they represent the same areal entities. On the other hand,

different areal entities may have similar boundary features. Therefore, Fourier descriptors of convex

hull mix different areal entities that have similar convex hull. Our method uses convex hull to identify

same areal entities and uses moment invariants to distinguish different areal entities that have similar

convex hull. It combines similar characteristics of convex hull and difference in shape features of

polygons. Besides, we transform vector polygons into high resolution binary images to reduce bias in

the method of Zernike moments. However, this transformation may increase the calculation of Zernike

moments. Our method calculates moment invariants directly and has no bias. Fourier descriptors of

convex hull can be calculated simply and directly. However, they are not invariant to scaling.

   
(a) (b) (c) 

A1 A2 A3 B1 B2 B3 C1 C2 C3

A1 1 0.62 0.54 0.52 0.58 0.57 0.58 0.59 0.6

A2 0.62 1 0.86 0.62 0.6 0.6 0.56 0.58 0.54

A3 0.54 0.86 1 0.63 0.65 0.64 0.51 0.53 0.51

B1 0.52 0.62 0.63 1 0.79 0.81 0.76 0.77 0.72

B2 0.58 0.6 0.65 0.79 1 0.95 0.72 0.73 0.75

B3 0.57 0.6 0.64 0.81 0.95 1 0.74 0.75 0.75

C1 0.58 0.56 0.51 0.76 0.72 0.74 1 0.95 0.91

C2 0.59 0.58 0.53 0.77 0.73 0.75 0.95 1 0.9

C3 0.6 0.54 0.51 0.72 0.75 0.75 0.91 0.9 1

A1 A2 A3 B1 B2 B3 C1 C2 C3

A1 1 0.9 0.92 0.42 0.45 0.41 0.4 0.39 0.4

A2 0.9 1 0.88 0.45 0.48 0.43 0.42 0.41 0.42

A3 0.92 0.88 1 0.41 0.44 0.4 0.39 0.38 0.39

B1 0.42 0.45 0.41 1 0.95 0.97 0.89 0.89 0.91

B2 0.45 0.48 0.44 0.95 1 0.93 0.88 0.87 0.88

B3 0.41 0.43 0.4 0.97 0.93 1 0.91 0.91 0.93

C1 0.4 0.42 0.39 0.89 0.88 0.91 1 0.97 0.92

C2 0.39 0.41 0.38 0.89 0.87 0.91 0.97 1 0.94

C3 0.4 0.42 0.39 0.91 0.88 0.93 0.92 0.94 1

A1 A2 A3 B1 B2 B3 C1 C2 C3

A1 1 0.84 0.89 0.45 0.38 0.41 0.46 0.46 0.47

A2 0.84 1 0.88 0.48 0.4 0.43 0.47 0.46 0.47

A3 0.89 0.88 1 0.48 0.41 0.44 0.48 0.47 0.48

B1 0.45 0.48 0.48 1 0.81 0.87 0.69 0.69 0.59

B2 0.38 0.4 0.41 0.81 1 0.87 0.67 0.67 0.59

B3 0.41 0.43 0.44 0.87 0.87 1 0.69 0.7 0.61

C1 0.46 0.47 0.48 0.69 0.67 0.69 1 0.94 0.81

C2 0.46 0.46 0.47 0.69 0.67 0.7 0.94 1 0.8

C3 0.47 0.47 0.48 0.59 0.59 0.61 0.81 0.8 1

Figure 12. Shape similarity results of three different lakes: (a) shape similarity matrix by Zernike

moments, (b) shape similarity matrix by Fourier descriptors of convex hull; and (c) shape similarity

matrix by our method.

5.3. Experiment of Matching

We also applied our method to the matching of two urban area datasets in different scales (Figure 13).

The matching strategy we used is a similarity-based method proposed by Tang et al. [11]. In addition,

we took their similarity measurement as a comparison method of ours. Then, we used precision, recall,

and F1-score that are defined in the paper [10] to assess the matching results. The matching results of two

methods are shown in Table 3. The method of Tang et al. uses a shape description function to measure

shape similarity. It describes the shape by contour of polygons and can only be applied to simple polygons.

Thus, there are many unmatched pairs in their method. Our method can be applied to simple polygons,

holed polygons and multipolygons. Therefore, it can be found that our method has a higher precision and

recall. Besides, the shape description function needs to match starting points on the boundary of polygons

firstly. Mismatching of starting points will affect shape similarity between polygons. Our method is

independent on starting points through fast Fourier transform and more robust to noise.

Table 3. Matching result for the methods.

Method Described in Correct Wrong Unmatch Precision Recall F1-Score

Tang et al. [11] 21 1 11 95.45% 65.63% 77.78%
Ours 30 1 2 96.77% 93.75% 95.24%
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(a) (b) 

Figure 13. Urban area datasets in different scales: (a) dataset A in scale of 1:100,000 and (b) dataset B in

scale of 1:500,000.

There are two parameters in our shape similarity measurement. They are the number of sampling

points of convex hull and the number of Fourier coefficients. A large number of sampling points can

describe the convex hull accurately, but require more calculations. Additionally, noise components may

be located in the higher frequencies, it is necessary to select the first k Fourier coefficients to measure the

similarity. Thus, we calculate F1-score of our method under different value of parameters (Figure 14).

It can be observed that the number of sampling points larger than 256 and the number of Fourier

coefficients larger than seven can reach a stable value of F1-score. Considering the computational

efficiency, we chose 256 sampling points and top seven Fourier coefficients in our method.
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Figure 14. F1-score of our method under different value of parameters.

6. Conclusions

Matching of areal entities is a key problem in geospatial data processing. Shape is one of the

basic features for the matching of areal entities. Based on the idea of describing shape feature by

moment invariants, this paper proposes an approach to describe shape feature by combining convex
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hull with moment invariants. The method uses convex hull to calculate local moment invariants of

a polygon and then constructs convex hull moment invariant curves to describe the shape of polygon.

By fast Fourier transform, the shape descriptor of the polygon can be extracted from the curves and

can be used to measure shape similarity between different polygons. The experiments indicate that our

shape descriptor is invariant under the transformation of translation, rotation, and scaling. In addition,

our shape similarity measurement takes full advantage of moment invariants and convex hull. It can

distinguish different areal entities even though they are represented by different kinds of polygons

and vary in shape. Moreover, the method is applicable to the matching of areal entities in multi-scales.

Although the method is believed to be useful, there are issues for further investigation.

The proposed method requires some parameters. We need to test a range of values to find the

optimal parameters, which is time consuming. In addition, multi-representation of areal entities is

a complicated problem. Areal entities represented by different polygons are not only similar in shape

but also similar in direction, position, size, semantics, and topological relationships. In future research,

we will investigate the comprehensive similarity measurement model that combines geometric features,

topological features and semantic features for areal entities.
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Appendix A

Geometric moments of a simple polygon are two-dimensional integral. However, vector polygons

only have contour information. According to the Green’s formula, we can transform the double

integral into a line integral along the boundary of a polygon.

Green’s formula: The closed area D is surrounded by a piecewise smooth curve L. P(x,y) and Q(x,y) are

functions that have first-order continuous partial derivatives on D, then:

x

D

(
∂Q

∂x
−

∂P

∂y
)dxdy =

∮

L

Pdx + Qdy (A1)

where L is the positive boundary curve of D.

Substituting P = 0; Q = xp+1yq/(p + 1) into the Green’s formula, we can get the equation

as follows: x

D

xpyqdxdy =
∮

L

(xp+1yq)/(p + 1)dy (A2)

For a simple polygon S, if L is the positive boundary curve of S, dividing L into line segments that

are connected end to end with each other. It can be represented as L0, L1, . . . . . . , Ln, where Li represents

the line segment connected by (xi,yi) and (xi+1,yi+1). Combining Equation (A2), we can get the (p + q)th

order geometric moment of S:

mpq =
∮

L

(xp+1yq)/(p + 1)dy =
n

∑
i=0

Mi(p, q)/(p + 1) (A3)

where Mi(p, q) is the contour integral of Li, Mi(p, q) =
∫

Li xp+1yqdy.

When Li is not perpendicular to the x-axis, it can be represented as follows:

Li: y = aix + bi xi ≤ x ≤ xi+1 (A4)

where ai= (yi+1 − yi)/(xi+1 − xi), bi= yi − aixi.
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Substituting Equation (A4) into Mi(p, q) and applying Binomial Theorem, we can get the equation

as follows:

Mi(p, q) =
q

∑
j=0

C
j
qai

j+1bi
q−j(x

p+j+2
i+1 −x

p+j+2
i )/(p + j + 2) (A5)

When Li is perpendicular to the x-axis, Mi(p, q) can be calculated directly:

Mi(p, q) =
∫

Li

xi
p+1yqdy = xi

p+1(y
q+1
i+1 −y

q+1
i )/(q + 1) (A6)

For a holed polygon H = {O ∪ I1 ∪ . . . ∪ In}, we can also use the Green’s formula to convert

integral of the holed polygon region into line integral of rings:

x

H

xpyqdxdy =
∮

O

(xp+1yq)/(p + 1)dy +
n

∑
i=1

∮

Ii

(xp+1yq)/(p + 1)dy (A7)

For a multipolygon M = {S 1 ∪ S2 ∪ . . . ∪ Sm ∪ H1 ∪ H2 ∪ . . . ∪ Hn}, we can easily derive the

equation of line integral form as follows:

x

M

xpyqdxdy =
m

∑
i=1

∮

Si

(xp+1yq)/(p + 1)dy +
n

∑
i=1

∮

Hi

(xp+1yq)/(p + 1)dy (A8)

each summation in Equations (A7) and (A8) can be calculated by the method of a simple polygon.
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