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A MOMENT PROBLEM
AND A FAMILY OF INTEGRAL EVALUATIONS

JACOB S. CHRISTIANSEN AND MOURAD E. H. ISMAIL

This paper is dedicated to Olav Njastad on the occasion of his seventieth birthday.

ABSTRACT. We study the Al-Salam—Chihara polynomials when ¢ > 1. Several
solutions of the associated moment problem are found, and the orthogonality
relations lead to explicit evaluations of several integrals. The polynomials are
shown to have raising and lowering operators and a second order operator
equation of Sturm-Liouville type whose eigenvalues are found explicitly. We
also derive new measures with respect to which the Ismail-Masson system
of rational functions is biorthogonal. An integral representation of the right
inverse of a divided difference operator is also obtained.

1. INTRODUCTION

In this work we shall follow the notation of Gasper and Rahman [I0] or Andrews,
Askey, and Roy [3] for basic hypergeometric series and use the theory of the moment
problem as described in Akhiezer [I]. Other useful references are [19] and [21]. A
modern treatment is in the interesting article by Simon [20].

The best example of an indeterminate moment problem on the real line is the
moment problem studied by Ismail and Masson in [I3]. The corresponding orthog-
onal polynomials, usually denoted h,,(x|q), are called the ¢~ *-Hermite polynomials
and satisfy the three-term recurrence relation

(1.1) 2zhy (x|q) = hng1(zlq) +¢7" (1 — ¢") hn—1(x|g), n >0,

with initial conditions h_; = 0 and hg = 1.
Askey [2] was the first to give an explicit weight function for the polynomials
{hn(z|q)}. Using the Askey—Roy ¢-beta integral [5],

o0 _ _ . ab, ¢°, l—c;
/ tc—l((atv bQ/tvq)oo dt — ( q,9q Q)OO ™
0

—t,—q/t;q) o (g,a97¢,bq% q) , sinmc
(¢>0,lal < ¢ [b] < q7°),

(1.2)
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4072 JACOB S. CHRISTIANSEN AND MOURAD E. H. ISMAIL

he proved that
/ > By (sinhy|q)hy, (sinh y|q)
oo (—qe?, —qem;q)

Whenever y occurs we shall always assume that

n+1

dy =108 ¢ (; @)oo (@; g (2 )5m,n.

(1.3)

z = sinhy.

In 1994 Ismail and Masson [13] considered the ¢~ !-Hermite polynomials in de-
tails. They established the generating function

45
(1.4) Z (s_—q)hn(ﬂq)t” = (—te¥,te™¥; q)oo , teC,
n=0 bl n
as well as the Poisson kernel
43 o
(1.5) Z (@) hon(z]q)hy (2'|q)
= (4 9)n
(—tev V' —te=v=Y tev=Y te ¥tV )

= .t < Ve

(t?/¢:4) 0
Moreover they proved that

. H1§j<k§4 (_tjtk/q; Q)oo
(titatstsa/q®;q) o

o 4
(1.6) / I (—tie*.tie5q)  dv(x)
o

whenever 1 is a solution to the moment problem. Since the integrand is the product
of four generating functions for {h,(z|q)}, the integral in (L6) now plays the role
played by the Askey—Wilson integral in the study of the continuous g¢-Hermite
polynomials.

The Nevanlinna matrix was also computed in [I3], and it is remarkable that all
the N-extremal solutions were found explicitly. They have the form
(1.7) v, = L i a*™ (14 a*¢™") " De @, ¢<a<l

. a — n 9 =

(—a?,—q/a®,q;q) o

1 1
Zn(a) = 5 (ﬁ - aq")

and e, denotes the measure having only a unit mass at the point z. In addition,
the absolutely continuous solutions with densities

where

(18)  w(wja) = — (~a@, —q/aa,a/a, qa/a, ¢;9) o ’
i |(ae¥, —ae~Y, —qe¥ /a,qe=V /a; q) . |?

x =sinhy € R,
were derived along with more complicated solutions. To begin with, the parameter
a in (L8) belongs to the set
{re |r>0 0<0<m/2yU{re? |0<r<1, 6 =m/2},
but since w(z;aq) = w(x;a), it suffices to consider
ac{re’ |qg<r<1,0<6<n/2}.

We stress that no value of a gives the Askey weight function appearing in (L3]).
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A MOMENT PROBLEM 4073

In the Nevanlinna parametrization, which gives a one-to-one correspondence
between the set of Pick functions (including co) and the set of solutions to an inde-
terminate moment problem on the real line, the N-extremal solutions correspond
to the Pick function being a real constant (or co). When the Pick function is a
complex constant (in the open upper half-plane), the corresponding solutions are
known to be absolutely continuous; see [6] and [I3]. The solutions in (LJ) are
exactly of that kind.

The continuous g-Hermite polynomials belong to the Askey-scheme as a special
case of the Askey—Wilson polynomials when all four parameters are zero; see [17].
Halfway between Askey—Wilson and continuous ¢-Hermite we find the Al-Salam—
Chihara polynomials with two free parameters. These polynomials are studied in [4]
and when ¢ > 1, the associated moment problem is determinate or indeterminate
depending on the parameters. In the indeterminate case the Nevanlinna matrix was
computed in [9] but no explicit solutions were derived. In this paper we restrict
ourselves to the symmetric case of the Al-Salam—Chihara polynomials when ¢ > 1.
The analysis in the symmetric case simplifies a great deal, and a simple weight
function for the polynomials can be found directly from the Nevanlinna matrix.

The paper is organized as follows. In Section 2lwe present the Al-Salam—Chihara
polynomials and consider the symmetric case when ¢ > 1. For convenience, we set
p = 1/q and besides p there is only one parameter left. This parameter will be
called 8, and we point out how two special values, namely 5 = 0 and § = 1/p, lead
to the polynomials {h,(z|q)}. In Section Bl we give an explicit expression for the
Nevanlinna matrix based on the results in [9]. On one hand the Nevanlinna matrix
remains too complicated to give us the N-extremal solutions, as will be explained
in Section @ On the other hand, the Nevanlinna matrix is simple enough to lead
to an explicit weight function, the function v(x; 3) in (5.1), and the corresponding
orthogonality relation is given in Section Bl In the same section we derive a new
family of absolutely continuous solutions to the ¢~ !-Hermite moment problem.

When x € R, we use the parameterization x = sinhy. When f is a function
defined on R, one can think of f(z) as a function of e¥. We denote by f the
function

o

f(e’) = f(),
and the divided difference operator D, given by

_ [(g"?ev) — f(g7!/%eY)
(1.9) (Dgf)(x) = (q¥/% — ¢~1/2) coshy

was introduced by Ismail in [TT]. Note that if we set e(z) = x, then the denominator
can also be written as

é(ql/zey) - é(q_l/Zey).

It was proved in [I1] that D, is a lowering operator for the ¢~!-Hermite polynomials.

We find a family of weight functions that lead to the same raising and lowering
operators for the polynomials {h,(z|q)}. Combining the lowering and raising op-
erators one can obtain a ¢g-Sturm-Liouville equation from which the orthogonality
follows using Ismail’s g-analogue of integration by parts [11]. Besides the Askey
weight function (in (L3))), the family also contains the special case § = 1/p of the
weight function v(z; 3).
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In Section 6l we construct a family of discrete solutions from the weight function
v(z; B). These solutions are not N-extremal, though they are supported on the
same p-quadratic grid as the N-extremal solutions to the ¢~ !-Hermite moment
problem. A possible way to verify this is through the Poisson kernel which we shall
derive from a bilinear generating function established in Section [7

One way of reaching the Al-Salam—Chihara polynomials when ¢ > 1 is to start
out with the ¢~ !-Hermite polynomials and use a simple procedure of attaching
generating functions to measures. This procedure is explained in [7], and the next
step takes us to the biorthogonal rational functions with four parameters studied
by Ismail and Masson in [13]. In Section [§ we show how solutions to the moment
problem lead to biorthogonality relations for the rational functions when certain
restrictions on the last two parameters are fulfilled.

In Section [9 we obtain a p-Sturm-Liouville equation from lowering and raising
operators. The weight function v(z; ) appears in the raising operator, but the
p-Sturm—Liouville equation can be written in a form independent of v(x;3). We
use this form to derive a system of n nonlinear equations satisfied by the zeros
of the polynomials. This is a typical example of Bethe Ansatz equations; see the
Bethe Ansatz for the XXZ model in [I8] and [I2]. In Section [I0] we consider the
divided difference operator D, as a bounded operator on the L?-spaces of the N-
extremal solutions. The right inverse D ! is identified as an integral operator, and
we find the kernel explicitly. This is the ¢ > 1 version of a result in [8]. The kernel
for the inverse of the Askey-Wilson operator over the L2-space weighted by the
Askey-Wilson weight function is in [14].

2. THE AL-SALAM—CHIHARA POLYNOMIALS

The Al-Salam—Chihara polynomials Q,(x) := Q,(z;a, b|q) are generated by the
three-term recurrence relation

20Qn (%) = Qui1(z) + (a+ )" Qn(x) + (1 — ¢"*) (1 — abg" ") Qu-1(x), n >0,

with initial conditions Q_1 = 0 and @y = 1; see for example [I7]. They are
orthogonal with respect to a positive measure (with bounded support) on R if
a+beR,ab<1and0 < g < 1. In the case ¢ > 1, the polynomials are orthogonal
on the imaginary axis (for suitable values of a and b), so we replace x by iz in order
to obtain orthogonality on the real line. Indeed, with p = 1/¢, the polynomials

(P;p)n

satisfy the three-term recurrence relation

(1 - pn+l) ©n+1(x) = (—i(a+0b) —zp") @n(w) - (—ab +pn_1) @nfl(x)

and are therefore orthogonal with respect to a positive measure on R when a +b €
iR, ab < 0 and 0 < p < 1. The polynomials in (2] are a special case of the
polynomials v, (z) studied in [4] and [9]. The parametrization, however, is slightly
different, and we have to identify a and b from [4] and [9] with —i(a 4+ b) and —ab,
respectively. The parameter c is set to be —1 here.

In this paper we will study the special situation where a = —b = /3 for some
B > 0. The motivation is simply to obtain symmetry. It is convenient to replace x

(21) @n(x) = Qn(ix/Q;aaMp)
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A MOMENT PROBLEM 4075

by —2z, so our starting point is the polynomials @, (z;3) generated by the three-
term recurrence relation

(22) 22p"Qn(2;8) = (1—p""") Quia(@;8) + (B+ 0" ") Qu-r(2;8), n >0,

with initial conditions @_; = 0 and Q¢ = 1. In accordance with [7] (set t; = —to =
iqy/B and replace q by p), the polynomials Q,,(x; 3) are explicitly given by

Qe ) = B (5 ), (7 T | o =ip/er)

(P;P)n i/ Bev [pn—1
C(CYBpn ( a\te, k (] e/ VB, —ie?//Bp),
(P (Z\/B) ,;)( Y M,, (=1/B5p)k

where x = sinhy. Since the polynomials

o 8) = (p;{i;” Qula: )
p 2

satisfy the three-term recurrence relation

20k (% 3) = hng1(z;8) + (P72 1B+ p7") (1= p"*) hoor (23 B),

we immediately see that the special case § = 0 of our polynomials is {h,(z|p)}.
Furthermore, we observe that the special case 8 = 1/p corresponds to the polyno-
mials {hn(x|p2)} Throughout the paper we shall always try to have these special
cases in mind. Certainly, this will throw more light on the ¢~ !-Hermite polynomials
as well.

3. THE NEVANLINNA MATRIX

According to Theorem 3.2 in [4], the moment problem associated with the poly-
nomials @, (z; 3) is indeterminate for 8 > 0. The entire functions from the Nevan-
linna matrix were computed in [9]. The first step in the computation was to estab-
lish the generating functions

> -Y _toY-

(3.1) S Qulas By = (t‘z%—t;%p)m It < 1/v/B,
n=0 ) 00

and

> te=Y, —teY,p
(3.2) Q)" = 6 ( | )
,;) 1+t2ﬁ3 * \ipty/B, —ipt\/B

t —t
*%Z O s ey <1V

2
n=0 tﬁp n+1

where Q% (z; 3) denotes the numerator polynomials, that is, the polynomials gen-
erated by the three-term recurrence relation (Z2]) with initial conditions Qf = 0
and Q7 = 2p/(1 — p). Darboux’s method was then applied to find the asymptotic
behavior of @,, and @}, as n — oo. In our case, the expressions for the functions
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4076 JACOB S. CHRISTIANSEN AND MOURAD E. H. ISMAIL

A, B, C, and D reduce to

Awi ) = B 5(0)S (a)sin (1) — 10)).
Blas) = ~ = L5E= 5(0)R(w) cos () = 1(0).
Clai) = LB RO)S(2) cos (1) ~ G(0).
D(as6) = —57 P (o) ()i (6(0) — 6(0).
where
R()eic = 8/ \/Z; —;26;’:) VBip) o
and

S(x)e®) = 5, (ie—y/\/ﬁ,;iey/\/ﬁ p,p)

Z Ze /B, —ie? [/ B; p) npn

(0% 0%)n

n=0

for x € R. Tt is assumed that {(z),n(x) € R and R(z), S(x) > 0. In particular, we

have
_ (YB0)s - 1/6, Ju . (CPI57)
ROV =" ey nz::o i)
and
¢(0) =n(0) =0.

So the expressions reduce further to the more convenient forms

gy 2 PP oy

i B) = —7@2;{)2)00 x) cos(((x

N (7 R .

C(x;8) = (—p/ﬁ;pz)ms( ) cos(n(z)),
PN (3 R

for x € R. Hence, the Stieltjes transform of the solution i, corresponding to the
Pick function ¢ in the Nevanlinna parametrization is given by

63 [ o

_ S(x) 4(=p/B, 0% p?)  sin(n(@))(z) + 2v/B (=1/8, p; p?)  cos(n(x))
R(x) B(=1/8,p;p?) s sin(((x)) — 2v/B (—p/ B, p% p?) o cos(C(x))p(x)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



A MOMENT PROBLEM 4077

4. N-EXTREMAL SOLUTIONS

In the search for the N-extremal solutions ugﬁ ), t € RU{oo}, it is convenient to

write the parameter ¢ as

D(u; B)

B(u; 3)
for u belonging to, say, the interval (—z1, 1], where x; is the smallest positive zero
of B. With this parametrization, the Stieltjes transform in (3.3) takes the form

/ Lo = 2 S(x) sin(n(x)) sin(¢(u)) + cos(n(x)) cos(¢(u))
rt—az " x/_R( ) sin(C(x)) cos(¢(u)) + cos(¢(x)) sin(C (u))
S(x) cos (n(x) = ((u))

\/_R( ) sin (C() + ¢(u))

so the N-extremal solution 1/75’6 ) is supported on the set of real z’s for which

((x) = ¢(u) € 7Z.

In other words, if we set u = sinh v, then = sinh y belongs to the support of vy,
if and only if

(8)

(ie‘y/\/_, —ie™"/\/B, —iey/f,ie”/\/ﬁ;p) eR.

(o]
However, it seems impossible to solve the above equations explicitly except for the
trivial solution & = w. In the special case u = 0, for instance, we have to know

exactly when
(ie*y/\/ﬁ, —ie? /\/B; p) €R
and even for § = 1, this comes to find the values of ¢ € iR, for which
Im ((t,1/t;p)oo) = 0.
5. ABSOLUTELY CONTINUOUS SOLUTIONS

For one particular Pick function we are able to find the corresponding solution
explicitly. Observe that

R() = (—e®/B, —6‘22/[3;172)00
(P%0?) %

so that B? and D? can be written as

1

B*(z;3) = m (—€e*/B,—e"%Y/B;p ) cos®({(x))

and )

2

D*(x; ) = b__irY)y _ (—e®/B,—e 2/ B;p%) _ sin®(((x)).

2
4 (=p/B,0%p?)5,
For the particular choice
_ VB (=1/8,p:p?)
2 (—p/B.p%1%)
the absolutely continuous solution f;, with density

v/
D?(x; 8) + 72 B%(x; 3)’

reR,
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4078 JACOB S. CHRISTIANSEN AND MOURAD E. H. ISMAIL

has the form dp;y = v(x; 8) dz, where

o 0750 (1/8;D)oe 2
(5.1) v(z; f) = 7)) B (—e2/B3,—e /B p?)]

x = sinhy € R. We state this result as a theorem.

Theorem 5.1. The polynomials Q,(x; 3) are orthogonal with respect to the weight

function
1

(—e2/B,—e=2/B;p?)
and the orthogonality relation is

/ @n(sinh y; 3)Qm (sinh y; B)

—€ y/ﬁ _8_2y/67 )
_ B (5P =1/ Bip)n s
(—1/B:p)oc (0%0%)e P (DiD)n "

Proof. We only have to check that the orthogonality relation is correct. It follows
from the three-term recurrence relation (22]) that the polynomials

x =sinhy € R,

cosh y dy

) P 0) =\ Gt @)

are orthonormal. As a matter of fact, they satisfy the three-term recurrence relation

VA —p ) (B +p") VA —p") (B+p" )

z P (z; 8) = o1/ Poya(z; 8) + =12 Po_1(z; B)
with initial conditions
2
Po(w:f) =1 and Py f) = VP
(I-p)(1+5)

Therefore, we have the orthogonality relation

/anﬁ ﬂiﬂ) (x,ﬂ)dmzénm

or, equivalently,

B"(=1/6: )
(i P)n

and the result follows immediately. O

nm:

/]R Q'rL(33§ ﬂ)Q'rrL(x; 5)U($§ 5) dr =

The special case 8 = 1/p of (&) leads directly to an absolutely continuous
solution to the ¢~ !'-Hermite moment problem. Replace p? by ¢ to obtain the density
121 (69 2

T (VT D% (—v/ae®, —/ae 2v;q)

Moreover, if we set 3 = cp?® for fixed ¢ € (0,1] and let n — oo, we obtain the
densities

(5.3) w(z) = ,  x =sinhy.

1 (¢%4%) 2(—1/c, —cq; q)oc
T (¢56%) (—e?Y/c,—ce¥q?, —e=2 ¢, —ce=2q?; ¢%)

(5.4) we(z) =

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



A MOMENT PROBLEM 4079

after replacing p by q. To see this, note that

1 (=1/cp®;p) oo
Vep?n (=€ [ep®, —e2 [ep?mip?)
_ 1 (—1/¢:p)os (=1/cp®;p),,
Ve (—e¥ /e, —e=20 [e;p?)  pn (—eV [ep™, —e=2 [ep™; p?),,
_ b (=1/¢;p) oo (=cp;p)an
Ve (=e/e,—e 2 [eip?)  (—ce?¥p?, —ce 2vp?ip?),,
1 (=1/¢, —cpip)oo

Ve (= e —e e, ey, —ce B pP)
as n — 00. By construction, we have weg(z) = we(z) (or weq(r) = we/q(x)) and
since
a(—1/a,—aq;q)eo = (—a,—q/a;q)e for a#0,
we also have wy/.(x) = w.(x). Therefore, it suffices to consider the case ¢ <c < 1.
Note that we(z) reduces to w(x) when ¢ = /g (or 1/,/q).

The probability densities w.(z) are not new solutions. They are special cases of
the densities w(z;a) in (L8). Set a = ig'/* to obtain the density w(z) and note
that the densities w.(x) exactly correspond to w(x;a) when a = 4y with ¢ <y < 1.

The orthogonality relation in (IL3]) contains the probability density

(5 5) ~( ) 1 2eY
. w(xr) =
log q 1((12(])00 (—€2ya—q€ 2y§Q)oo

and the similarity to w(z) in (@3] is striking. It turns out that

(5.6) s (o10) = ~ 5Dy [ @haala)) .m0,

for f = w as well as f = @; cf. Theorem below. So both w(z) and w(zx) give
rise to a raising operator for the g~!'-Hermite polynomials. With respect to the

inner product
/ uc 1+ mQ

on L? (R, 1/vV1+ 1:2), the following rule for integration by parts applies

(5.7) (Dyf.9) = = (S, /122D, (9(@)/V1+2%) )

see [II] for details. Combining the raising operator in (5.6) with the lowering
operator

, « =sinhy,

—nyj2l—
(5.8) Dyhn(z|q) = 2¢11—™/2 . n-1(zlg), mn >0,

which can be obtained from the generating function in ([4]), we are led to the
g-Sturm—Liouville equation

(5.9) Dy (f (2)Dyhn(xlq)) +4q 2f( z)hn(zlg) =0, n=0.

( )

Again, f = w or f = . The eigenvalues 4q(1 — ¢")/(1 — q)? are distinct and
positive. This indicates that the operator T defined by

To(z) = —ﬁ D, ((2)Dyd(x))
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4080 JACOB S. CHRISTIANSEN AND MOURAD E. H. ISMAIL

is positive on the weighted Hilbert space L?(R, f(x)). Indeed this follows from
®.3).

The fact that the ¢~!-Hermite polynomials are orthogonal with respect to w(x)
and w(z) can now be obtained from (59) just by using integration by parts as
described in (B.7). For more details, the reader is referred to the proof of Theorem
2.4 in [I1].

We shall now describe a more general set up.

Theorem 5.2. Let f. denote the function given by
ey(2cfl)

(—q' €, —q°e™?: q)oo

For each c € R, we have the following raising operator for the ¢~ '-Hermite polyno-
mials

fe(w) =

, z=sinhy e R.

1—
ha1(2l0) = — 5 s P (el@ha(ela)) s n 20

Proof. We have to prove that (5.0]) remains valid when f is replaced by f.. This is
more or less a repetition of the proof of Theorem 2.1 in [I1]. From the generating
function in ([A4]) a straightforward computation gives

fe(x) nz:% @
2q3/2

- t(1—q) {(—tey\/&, te™Y\/q; Q)oo - (_tey/\/g7 te Y/ \/q; q)oo}

an (fe(z)hn(z]q))

fe(z) Z

= (@ D)n

T 1-g nz:% (4 9)n
2q3/2§: q

(¢ Q) -

"Dy (folx)hn(2]q))

ho(2]g)t" (q”/2 - q*”/Q)

n?%/2—n

S erd - (alo)t

Pt (z|g)t"

1—q

Equating the coefficients of t"*! now leads to the desired raising operator. O

Corollary 5.3. The absolutely continuous measure with density

c1—eSinTe  (gq)oo 2¢y(2e=1)
q

,  « =sinhy,
T (¢%q %) o (—g' e, —qte™2Y;q)

ve(x) =

is solution to the ¢~ '-Hermite moment problem.

Proof. Since v, satisfies the g-Sturm-Liouville equation (5.9)), it is only left to verify

that
/ ve(x)dx = 1.
R
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A MOMENT PROBLEM 4081

By the Askey—Roy ¢-beta integral (L2]), we have
/ 263/(20—1) 4 / erc _|_e2y(c—1) J
= = T = = — Y
R (—q' e, —qe=2;q) R (—q' e, —qfe=W;q)
1 oo tcfl _|_tcf2
:5/ —gl=ct. —ac/t: dt
0 ( q y —q / 7q)oo

1—c.
c(e—1) T (qc’q C’q)oo
sinTe (¢;¢)oo

because the integral

oo tc—2 oo Sic
/ T dt = / T ds
o (=t —q°/tiq) o (=q'7¢/s,—q°5;q)

is symmetric in ¢ and 1—c¢. So v, is indeed the density of a probability measure. [

Since ve41 = v, it suffices to consider v, for 0 < ¢ < 1. Besides the special cases
¢ =1 and ¢ =1/2, which lead to @w(z) and w(x), the family of solutions presented
in Corollary [£.3] are new. We note that the integral in (6] takes the form

4

e2cy + eQ(c—l)y
_t.0Y +.07Y.
(5'10) /R (7qlfc€2y’ 7qcef2y; q)oo J];[l ( tJe 7t.76 ’q)oo dy

c(e—1) T (qcvql_c§q)oo H1§j<k§4 (—tite/qq) o
sinme  (¢39)o0 (titatsts/q3;q) oo

=4q

when dy = v.(z)dz.
It is known that the Pick function being equal to the constant

Ve (/e —cd®.q:¢%)

2 (—q/c,—cq: % ¢*)
in the open upper half-plane corresponds to the solution with density (5.4) in the
Nevanlinna parametrization. Therefore, the Pick function corresponding to the

density w(z) equals the constant
.3 (—2¢% —4°/2,4:4°)
2v2 (—2¢,-4/2,¢% ¢*)
in the open upper half-plane. It seems to be hard to determine the Pick functions
corresponding to solutions from Corollary when ¢ # 1/2.

6. DISCRETE SOLUTIONS

Recall from the proof of Theorem [B1] that the orthogonality relation has the

form B7(—1/8:p)
. ) ) _ P72 /PP
/RQn(x, ﬂ)Qm(xa 5)”(1:7 5)d1‘ - pn(p;p)n é

According to Proposition 1.1 in [7] and the ¢g-binomial theorem [10, II. 3], we thus
have

n,m-

(6.1) /R S Q@A S Qul: B)toe; ) de = 3 LI gy
n=0 m=0

— (2P

_ (—=t1t2/PiP)oo
(tit2B/p;P)oo’
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whenever [t1], |t2] < v/p/B. In view of B and since the right-hand side of (6.1])
only depends on tit9, a positive measure p is solution to the moment problem if

and only if
/ (tle_ya _tleyv t26_y7 _t26y7p)00 d/j“(x)
(6.2) R
(—t1t2/p;p)oo 2 2 2
= ————— (110, —130; , |t <1
GtaB ) 1T e [tata/p)
For a > 0 consider the discrete measure A{” supported on {z,(a) | n € Z} and
defined by
1+22(a) .
MO ({ra(@h) = Y25 0, nes,
L(a)
where

o(x; 0) =

(—e2/B,—e=2/3;p?) = sinhy €K,
and L(a) is a certain constant so that AY) becomes a probability measure. As we
shall see below, these measures turn out to be discrete solutions to the moment
problem. It is remarkable that they are constructed in the same way as one can
obtain the N-extremal solutions to the ¢~ !-Hermite moment problem from the
weight function in (L3) or any other function from Theorem

Direct computations lead to

/ (tle_y, —t1e¥, tae” Y, —tgey;p)oo d)\gm (x)
R

_ 1 i 1(L+ n) (trap™, —t1/ap™, taap™, —ta/ap™;p)

L(a) ap” (=1/a?p®B, —a?p* /B;p?)

1 (tia,~t1/a,taa, —ta/a;p)

2L(a)  (=1/a?B,—a?/B3;p%)

y i (14 a?p™) (=a®/B:p®),,  (=ti/ap", —ta/ap™;p), 1

(—=1/a?p*"3;p?), (tia, t2a;p),, ap”

2

n=—oo

n=—oo

and due to Bailey’s g6 sum [10, II. 33], we have

i (1 +a2p2n) (_a2/ﬁ;p2)n (—tl/ap”7—t2/ap”;p)n 1

= (=1/a?p*"B;p?), (tia,t2a;p), ap™
_ 1+ a? i (—a2p277a2/ﬂ;p2)n (7ap/t1,fap/t2;p)n (t . 5/ )n
a (—a2,—a?p?3;p?),, (tra,t2a;p), 1RP/P

n=—oo
1+a® (—a®p, —p/a®, —pB, —tita/p,p;p) . (—138,—135;p%)
a (tia,—t1/a,tra, —ta/a, t1ta3/p; p), (—a?p?B, —p?B/a?;p?)
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for |t1t28/p| < 1. Consequently,

R
— 1+a2 (70’2]93 7p/a277pﬂap;p)oo
= QCLL(a) (_QZ/B’ _:l/a/Zﬂ7 _a2p26’ _pQB/aQ;pQ)OO

(—tit2/B;p) g 424 4242
“(ttaB/pip) (05~

and with

1+ a2 (—a®p,—p/a®, —pB,p;p)
2a (_az/ﬁa_l/a2ﬂ7 _a2p257 _p2ﬂ/a2;p2)oo’

the following result is obtained.

L(a) =

Theorem 6.1. The discrete measures

)\(5) _ (_ 2 257_ 25/0’2;]9 i 2/5 p)

2n n 2, 2n n?
o = B (1+ap™) p" es,(a
( a2 7]7/@2 7pﬂapa —a pQﬂ p ) ( ) (@)

0 n=—o00
are solutions to the moment problem.

Since )\((5,) = )\t(f), it suffices to consider p < a < 1. In the special case g = 0,
the measures in Theorem reduce to
1 o0

6.3 Vg = 1+a2 2n n(2n—1)&_m .
( ) (7a277q/a2’q;q)00 nz ( ) n(a;q)

=—00

if we replace p by ¢. That is, we obtain the N-extremal solutions to the ¢~ !-

Hermite moment problem. So for a moment one may believe that the solutions

)\((f ) are N-extremal. However, the special case 8 = 1/p reads
1 = >

6.4 = 1+a?p®™) p"™ ey (a:
(6:4) Ya 2 (—a?, —p?/a?, p% p?) nz o (L4 a)p mleip)
and since

> 2 >0 2

Z (1_|_a2 2n) pn —nEzn(a;p) — Z 4n (1+a2 4n) p4n _anzn(a;pQ)
n=—oo n=—oo

e 2
+ Z a4n+2 (1 + a2 4n+2) p4n +2n€x"(ap;p2),
n=—oo

we see after replacing p? with ¢ that

1
Vg = 5 (Va"i'l/a\/ﬁ)v

where v, is defined in (63) (or ([LT)). It is plausible that the supports of the
N-extremal solutions in some way should depend on (.
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7. A BILINEAR GENERATING FUNCTION

In this section we shall derive a bilinear generating function for the polynomials
Qn(x; 8). In particular, an expression for the Poisson kernel will be obtained. We
follow more or less the same procedure as Ismail and Stanton in [I5] and [16]. Unless
otherwise stated, it is assumed that 3 > 0.

Lemma 7.1. The polynomials Q,(x;3) have the p-integral representation
(_1)npn (p; p)n Q (ﬁﬂ) _ (_62y/57 —6*2?//5;102)00 (p;p2)oo
(=1/B:p)n ’ 2ipVB(=1/Bip)s  (P*1P%)se
1 VB (it)NB, =it/ Bip)
X —— t - dyt.
L=pJ ipyp (te¥/pB,—te ¥ /pB;ip)
Proof. By definition of the p-integral, we have

1 i (it/V/B, —it/\/B;p) »
L—p ) ipys (te¥/pB,—te=v/pBip),, "

_{; nt1 2 (= M) n+1\k
- e

. n+1 X (karla_karl;p)oo 1y
CoVs) L Coronaresvan. )

i7" (r*7°) iV /B, —ieVNB |
= (inv7) {(z’ey/m Ciev/VBp) ! ( —p ‘ ne >
o (r*:9%) —ieV/\/Byie VINB | i
) e E ) L (" ) )
o VBT () iV NB,~ie" /B |
=) (—iey/\/ﬁ,ie‘y/ﬂ;p)m{QQSl( p ’p’p )
VB e VBp) (=i NBL i VB |
ey (iev/v/B, —ie‘y/\/ﬁ;p)m2¢1< -p 'p’p >}
According to [I0) III. 31], the combination of 5¢1’s in the bracket reduces to
(_pn/ﬁ7 _Lp)oo ipey\/ﬁa 7p17n5 iey
(—ipre=v/ VB, —ipeyx/ﬁ;p)ooml< ievp'="/3 ’p’ /\/B>
2(=1/B,—p;p)so (—ie™¥/V/B;p),
(—ie=v/V/B,—ipev\/Bip) . (=1/Bip)n

. _ 1l
Xop1 (zpey\/B, P 3 b ‘Paiey/\/g>,

Z'eypl—n

and by Heine’s transformation formula [10, ITL. 3], the above 2¢; can be written as
—ipe?/B;p) N —jeY .
o (7 o Y | i /B)
(iev/\/Bip) ievpl=n\/B

Recalling the explicit form of the polynomials @, (x; ), the representation follows
easily. O
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Theorem 7.2. For|z| < 1, the polynomials Q,(x; B8) satisfy the bilinear generating
function

Z K 7 57 Qu(:8)Qu (a': 8) (/8)"

nO

= (_Zey/\/—’ Ze_y/\/B’ izeyl/\/B7 _ize_y//\/ﬁ; p)oo
2(=1/B;p)oo
pap)

(p’p )oo ¢ ( Z‘ey/\/Ba 7ieiy/\/ﬁvzafz
3
+ a similar term with y replaced by —y and y' replaced by —y’.

X
(2%0%) izeV' [\/B, —ize™¥' [\/B,—p
Proof. By the previous lemma, we have

— _ (p;p)n n
Z( 5 On(wi A)Qn ('30) (2/9)
(=B, e Bip) L (0507)
o 2ipVB(-1/Bip)ee (0% p)oonz;)Qn
L (/B it/ VBip) dyt.
L—p /) ipys (te?/pB,—te™¥/pBip),,

i 8) (—=/pB)"

Interchanging the order of summation and integration, the above sum reduces to

w3 (it] /B, —it/\/Bi).
—/ ipyB (t€¥ /DB, —te=¥ [pB;p) ;,Q”
1 inV/B (zt/\/_ B, —it/\/B, zte? /pﬁ,—zte‘y//pﬁ'p)
- I—/Wf (tev/pB, —te=v/pB,izt/pv/B, —izt/pv/Bip)

i 8) (—zt/pB)"d

= dpt

for |zt/p| < v/B. Here the p-integral can be written as

O T
+zp\/_nz;) nHZp ezj;:z;pTLeyy;\/\/: ZZZ; ’e—jp/\’/?:) - 4
=0V = e
i85 (oot B it B | P7)

+ a similar term with y replaced by —y and 4’ replaced by —1/,

and the theorem is proved. (I
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Corollary 7.3. For |z| < 1/p, the Poisson kernel is given by
(—iev//B,ie”¥ /\/B,izpe’ | /B, —izpe ¥ /\/B;p)o
2(=1/B;p) oo
(PP i’ /v/B,—ie™¥ [\/B, 2p, —2p o
(22p%;p?) oo izpe' [\/B, —izpe™V' [\/B,—p |
+ a similar term with y and y' replaced by —y and —1y'.

> Pulw; B)Py (25 8) 2" =
n=0

In particular, we have

oy (€28, =" /B:p?) e (9310
2 Falwif) = (=1/B3P) oo (p?; p?) o

1 +p2n/ﬂ "
D e )t e g

Proof. The first part follows immediately from (B2). With z = 1 and 2’ = z, the
Poisson kernel reduces to
(=e*/B, =" /B;p*) oo (P31%)o0
2(=1/B;p)oo (P% %) o

0 pn pn
> { A iprer /B A+ e /vB) | (Lt iprer[B) 1 —ipnev/ D) }

— (_62y/ﬂ7 _e_Qy/ﬁ;pZ)oo (p,pQ)oo i 1 +p2n/6 pn
(=1/8;p)o 1 +p2n€2y/ﬂ)(l +p2ne—2y/ﬂ)
and this proves the second part. 0

With an explicit expression for the Poisson kernel at hand one should be able to

explain that the discrete solutions )\((1’6 ) in Theorem are not N-extremal. Recall
that the masses of the N-extremal solutions are given by the function
-1

= <i Pﬁ(x;ﬁ)) , xzeR.
n=0

When x = 0, the value is
-1
(%0700 (=0/B5PY) o0 [ D"
P00 = (p P*)oo (=1/8;1%)o0 (; 1+p2”/6> ’
and hence

Lo
p(0;8)  p(0;1/8)
) [ (=1/850%) oo (=67 oo
_(p2;p2)oo< (=p/0;p? Z1er2”/5 (=PB; P?)oo Zl+p2”ﬂ>

By Ramanujan’s 111 sum [I0, II. 29], we have

—  (=1/B;pM)n , _ (0%0)% (—p/B,—pBip?) s
(1) D e e W oyl e ey e e

n=—oo
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and thus
(—p/B;p")ee 1 N (—pBip*)ee 1
(=p?/B:p%)o0 p(0; B) ~ (=P?B5P?)s0 p(0;1/3)
_ () <1+ #* 93 (/B —pB:ip?)o >
(P 0?) oo (p;p?)% (=p*/B, —p*B;p?) oo
_ P 040 (=P/B, —PBi PP
(%00 (BP0 (=P8, —P?05p%) o0

(7.2)

On the other hand,

8) _ (p%)so (—PB50%) oo

MTH0N = (%00 (—PB;P?) oo

so that
(—p/B;P%) s 1 (—pB3; P?) oo 1
73 (=P?/B5 %) AP ({0}) ST NSRRIt
_ 2(p2;p2)00 (7p/6> 7pﬂvp2)oo
(05000 (=0%/B, —P%*6; )00

Since

> 1,

—  (=1/B8:p®)n
2 (—p*/B: 02’

n=—oo
we get from () that
(=p/B,—pBip*) e (31°)%
(=p%/B,—p*B;p*) ~ (P%P?)3
and as a consequence, the expression in (2] is < the expression in ([Z3). So for
each 3 > 0, we either have

p(0; 8) > A7 ({0})
p(0;1/8) > ATP ({0}).

In particular, this means that p(0;1) > /\(11)({0}) and at least when 8 = 1, the

solution )\gﬁ ) is not N-extremal.

8. SOME BIORTHOGONAL RATIONAL FUNCTIONS

In [7] Berg and Ismail have shown how to systematically build the classical g-
orthogonal polynomials from the g-Hermite polynomials using a simple procedure
of attaching generating functions to measures. As an example, the attachment
procedure for the ¢~ '-Hermite polynomials leads to the polynomials

(—gqe ¥ /t2;q)n n g ", qev [ty
GOn (—t2/q)" 201 ( tyey Jgn q, —tley>

which are special cases of the Al-Salam—Chihara polynomials v, (x) (corresponding
to ¢ > 1) from [4]. If we set t; = —ty = igy/B for some 3 > 0 and replace ¢ by p,
the polynomials in ([8J]) reduce to @, (x;3). At the second stage, the attachment

(8.1) Un(x;t1,t2) =
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procedure is applied to {u,} and leads to the biorthogonal rational functions

(8.2) on(z3t1,ta, t3,t4) = 4¢3 (

q ", —titaq" "2, —tits/q, —tita/q g
—tieY, tre Y, titatats/q? ’

studied by Ismail and Masson in [13].
It is known that the rational functions ¢, (x;t1,ts, t3,t4) are biorthogonal with
respect to any measure p of the form

4
(8.3) dp(x) = H(tje_y, —tje’; q)oodt) (),

where 1) is a solution to the ¢~ !-Hermite moment problem. In this section we show
how solutions to the moment problem associated with the polynomials Q,,(x; ) lead
to biorthogonality relations for the special case t3 = —t4 = ig\/B of the rational
functions in (82).

Theorem 8.1. Suppose that v is a positive measure such that

P (D5 P)n

n,m:-

[ @ulas )@ s av(a) =
Then the rational functions

p " it1/ B, —it1/ B, —titap™ 2

Tity,l2,0) =
on(x;t1,t2,8) = 4¢3 ( —t1eY, tre7 Y, t1taB/p

P»p>

are biorthogonal with respect to the measure p given by
2
dp(x) = [[ (e, —tie¥; @)odv (),
j=1

and the biorthogonality relation is

L+ titop™ 2 (=1/8,p;p)n(t1t2/p)"
n(T;t1, L2, m (2312, 11, 6)d =
/]RSD (:C 1,12 ﬂ)@ (:C 2,01 ﬂ) ,U,(:C) 1+t1t2p2”_2 (hhﬁ/p;p)n

y (—t1tap™ 1 p)oo (=138, —135; p?) o
(t1t28/D;P) o

Proof. To show the biorthogonality, it is sufficient to prove that

On,m.-

ity t
/ (pyi(aj, 1,t2,0) du(z) =0 for 0<m<n.
g (t2e=Y, —t2e¥; D)

According to ([6.2)), we have

/(tlpke_y, —t1pFeY top™e Y, —tap™e¥; p)oodr ()
R

(—t1top™™ i D)ae . 90 ok 24 2m. 2
= (tthﬁpl%Fmil;p)oo (_tlﬁp a_t2ﬁp mvp )oo
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and thus

/ on(x;ty,ta, ) du(z) = . (p_"vitn/ﬁa—itl\/ﬁ,—tltzp"_Q;p)kpk
R (t2e7Y, —t2e¥;p)m (t1t28/p, P )k

k=0
x [ (tipFe ¥, —tipFeY, top™e Y, —tap™e¥; p)oodr ()
R
(=t1itop™ D)oo, o 25 2m. 2
= —tiB3, —t38p™";p
(tltzﬁpm_l;p)oo( v P7)oo

n

Z (p~™, —titap™ 2, tthﬁpmfl;P)kpk
(t1t2B/p, —titap™ L, pi )

By the g-Saalschiitz sum [10, IT. 12], the above sum is equal to

(" ", —1/B;p)n
(=titop™ =1, p2="/t1ta B35 p)r,

k=0

and
(p™ " tp), =0 for 0<m<n.

The case m = n reads
@n(x;tlvt%ﬁ) _ (pa_]-/ﬁ»p)n
d‘LL(ZL') - 1 2
R (f2e7Y, —t2e¥;p), (=titapm =1, p2=" [t1taB;p)n

(—t1t2pn71§p)oo 2 20 2n. 2
(=113, —t38p""; p )
(titaBp" 15 p)oo (=16~ Joo

and the biorthogonality relation is established after multiplication by

(b~ ", it2/B, —itay/B, —tltzp"”;p)npn
(t1t28/p,p;p)n

d

The special cases dv = v(z; 8)dx and v = ,\Ef) are not leading to new measures

of biorthogonality for the rational functions ¢, (x;t1,t2,t3,t4). In the first case, u
is of the form B3) with dyy = wg(x)dz, see (L), and in the second case, a more
general result without the restrictions on t3 and ¢4 is contained in Theorem 4.2 in
[13].

9. A p-STURM-LIOUVILLE EQUATION

The main result in this section is the p-Sturm-Liouville equation in Theorem [0.3l
As an application, we give an easy proof of the fact that the polynomials Q,(z; )
are orthogonal with respect to the weight function

1
o(x: B) = = sinh R
W h) = g e e TS ER
and the discrete measures
o0
)\,(f) = Z (zn(a); B)V1+2%(a) ez, (a),

where
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But we also use the p-Sturm-Liouville equation to derive a Bethe Ansatz-type
relation satisfied by the zeros of @, (x; ().
The first step is to establish a lowering operator.

Lemma 9.1. A lowering operator for Qn(z; 3) is given by

2pn/2
(9.1) Dp@n1(2;8) = 7= an(ﬂc; B/p), n=0.

Proof. Apply D, to both sides of the generating function in (B1J) to get

DDyl O = 1703 Qula b
n=0

n=0
Equating the coefficients of "1 now leads to (@.]). O
The next step is to find an appropriate raising operator.

Lemma 9.2. A raising operator for Q,(x;3) is given by

1 5 gy = 2" —p7" )
(92) mpp(v(xvﬂ)Qn—l( 75)) - ﬁ(l _p)

Proof. A direct computation using the generating function in ([BI)) shows that

Qn(z; Bp), n=>1.

ZD (5 8)Qn1(x; B))t""

and ([@.2) follows by equating the coefficients of ¢"~1. O

n=1

Combining the lowering and raising operators in Lemma and Lemma [0.2] we
get the following result.

Theorem 9.3. The polynomials Q,(z;3) satisfy the p-Sturm—Liouville equation

©3) Dy (0w B/p)DyQue: ) + PP )50 310w ) =0, >0,

A1 —p)?
An alternative proof of the first statement in Theorem (.l now goes as follows.
Set
4\/_ 1—p"
9.4 h,, =
O ER—

and note that this sequence is strictly decreasing in n. According to [{3J), we have
(o= ) [ Qs B)Qua: 93 )
/ D, (505 5/p) Dy Q@ (3 ) Q@ (: B)
/ Dy (023 /) Dy Qun (w3 )) Qu (a: B)der

— (D (5(w3 8/p)Dp@u(w; 9)), VH—WMW
— (D (@3 8/p)DyQun (3 8)), V1 + 22Qu(: B)),
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and using integration by parts as described in (&), this expression reduces to

(83 B/p)DyQu(a: ), VI + 27Dy Qi (w3 6) )
+ (93 B/p)DyQu (1 ), V1 + 27Dy Qu (w3 9))
= [ DyQuli D, )il /)

- /R Dy Qo (3 8Dy Qn (3 B)3(x: 5/p)d =

Since h,, # h,, for n # m, it is proved that @, (x; ) are orthogonal with respect

to v(z; ).
Let Z, denote the set {zx(a) | k € Z}. Since Z,, = Z,, we only consider the
case p < a < 1. With respect to the inner product

Z f(xk(a))g(xk(a)) 1+ (a)

k=—o00
on ¢?(Zq, /1 + x2), integration by parts can be carried out by following the rule:
<Dpf7 g>a = - <fv ng>a\/5 .

Hence, the p-Sturm-Liouville equation ([@3) leads to

oo

m) D> Qu(@r(a); B)Qu(zk(a); B)d(zx(a); B)/1+ 23 (a)

k=—o00
= <Dp (ﬂ(:c;ﬂ/p)Dan(:c;m),Qm(f;ﬂ)L
— (D (903 B/2)DyQu (3 8)), Qi B))
= (90 /)Py Q03 5), D@ w3 0))
{

+ (01 B/p)DyQu (3 8), DyQu(w: B)) =0,

aVp

and we have proved that @, (z;3) are orthogonal with respect to Xﬁf ), Exactly the
same method can be used to prove that the polynomials h,(z|g) are orthogonal
with respect to the discrete measures in ([LT).

The essence of Theorem is the fact that the polynomials @, (z; 3) are eigen-
functions of the operator 7 defined to act on functions in L?(R, v(x;3)) by

Tf(@) = —=——=D, (5(a: B/p)Dy (x))-
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The corresponding eigenvalues are given in ([@.4]). The operator 7T is clearly positive
since

(T f() /D (z:8/p)Dpf (x)) f(z)dx
= (D, (00 8/p)D, (@) VT a2 (0))
:<f)(x' B/p)Dyf(x), 1+x2Dpf(w)>
/|Dpf (; 8/p)dz > 0.

However, the polynomials Q,(z;3) are not dense in L2(R,v(x;3)) because the

absolutely continuous solution with density v(x; ) is not N-extremal. Therefore,

we do not have an explicit orthonormal basis for the Hilbert space L?(R,v(z;3)).
The average operator A, is defined to act on functions on R by

Apf(a) = o (F2en) + Fo2em)),

where again f (e¥) = f(x). The reason for introducing A, is to obtain the p-Leibniz
rule

Dyfg=DypfApg + ApfDpg,
which follows from the fact that

(a+b)(c—d)+ (a—Db)(c+d) =2(ac—bd) for a,b,c,deR.
It is straightforward to see that

4
Dyo(a; B) = —Wf_p)ﬁ(x;]?ﬁ)

and 00 11
Apt(z; 8) = ( P 1)27(96;1?5)7

so the p-Sturm—Liouville equation (@3) can be written as

(9.5) (26%+1+ 9)D2Qu (53 ) ~ {2 A,D, Q3 ) + 4V§§f;§W)Qn@uﬂ>=o

Note that the weight function v(m; B) has disappeared completely and, as such,

[@3) is more general than ([@3)).

We are now in a position to derive Bethe Ansatz equations satisfied by the zeros

of Qn(x;B); cf. [18].

Theorem 9.4. Let x; = sinhyi,...,x, = sinhy, denote the n simple zeros of
Qn(x;8). If we set p = €27 and B = €27, then the following n equations are
satisfied:

ﬁ sinh (X532 + 1) COSh(yj;yi +n) o2, cosh(y; +7) i=1 .

bl smh(yJ Yi _,,7) COSh(% _77) COSh(yj _,y)a yeeey N

l?fj

Proof. Let ¢, denote the leading coefficient of @, (x; 8) and define

n

£(2) == - Qu(wi ) = [ [(@ - 1),

i=1
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A tiresome computation shows that
Dy f ()| o=a;
(VB-1/B)°\ Ve B /b e[ eiyp J et
and similarly
ApDyp f ()] w=a,
(M) D)

BV VA T B YN R TYN B
According to ([@3]), we thus have
2

(VP —1/yD)’
% (HZ(W%ME(W%)) 2

(225 + 1+ )

evi/p—e Yi/\/p evi/\/p—eYi\p |eY¥i+e Vi

_ 41/_.]\/1—j 1 Hi(eyjpfgfyj /p o LL',L) - Hi(eyj/pgefyjp o .I',L)
1—p p—1/\/p

evi/p — e_yj/\/l_j eyj/\/ﬁ_ e Yi\/p

or
<62yj +e~2vi N ﬁ) Hl(w _ xl) N HZ(M _ 331)
2 evi/p—e Y /\/p evi/\/p— e Yi\/p
_ e2Vi _ o—2j HZ(M _ xl) - Hz(% _ xl)
2 evi\/p—eYi/\/p evi/\Jp—eYip |
Hence,
m Yip — e~ Yi
(e2s +5)(eyj/\/‘5_~_efu1 1:[1(6 4 26 /P xl)
n Yj — e Y
= (e~ +B)(e¥ /b + e Y [ /D) H(e /P e ’p Jii)7
=1
that is,

ﬁ (¥p—e i /p) /2 —mi _ (e +B)(e" b+ e ¥/ \p)

eya/pfe yjp)/Q—xi N (e2vs +5)(eyj/\/p?+e—yj\/§) ’

With p = e?” and 8 = €27, the above expression can be written as

i=1

ﬁ sinh (L5% 4 1) cosh (L3 + 1) " cosh(y; + ) cosh(y; + 1)
s sinh (452 — p) cosh (234 — ) cosh(y; — ) cosh(y; —n)’

and the theorem is proved once we remove the factor corresponding to i = j. [

For more information about the connection between ¢-Sturm-Liouville problems
and Bethe Ansatz equations, the reader is referred to [12].
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10. A RIGHT INVERSE TO THE DIVIDED DIFFERENCE OPERATOR D,

In Section [fl and Section [@l we have seen that the divided difference operator D,
(or D,) is a lowering operator for the polynomials h,(z|g) and Q. (z;5). In this
section we establish a right inverse D L (or D, 1) on appropriate L?-spaces.

For an indeterminate moment problem on the real line it is well known that the
polynomials are dense in L?(R, p) if and only if the measure u is N-extremal. So
in the case of the ¢~ !-Hermite moment problem, the polynomials

qn(n+1)/4
Po(z) = Whn(ﬂ@

form an orthonormal basis for L?(R,v,) exactly when v, has the form (7)) (which
we shall assume). Any function f € L?(R,v,) can thus be written as

(10.1) i

for some sequence (f,,) € ¢? and since

DyP(w) =~ P @),

we see that

Dy f(x) ~ \/a_l/\[anH\/l—Q”HP

In other words, we can think of D, as a bounded operator on L?(R,v,). It is readily
seen that D, is onto, for if g € L?(R, v,) has the form

(10.2) 9(@) ~ 3 gaPu(a)
n=0

then D, f(z) = g(x) with f as in (I0.I]) and
VI—1/Vi g
2 VI=—q™
But D, is clearly not one-to-one. So we can only have hope of finding a right inverse
to Dy, that is, an operator Dq_l on L?(R,v,) so that

fn:_

D,D; ' =1.
It is straightforward how to define Dq’l. With ¢ as in (I0.2]), the operator Dq’l is
given by
-1 \/6 - 1/\/_ In—1
D, g(x) ~ Z T—g Py (z)

RSN > Jed@)Prr @)@
1 —q" "

_1/ - nl Pn
_‘Jf\@/}R nz::l )n %) o),

VI—q®
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and this means that D 1is an integral operator with kernel

TL2

(10.3) K(z,a’ :Z 12; Z hn (@) hin—1 (2] q)-

Since (P,(z)) € £2 for all z € C, the kernel in (I0.3) is convergent in L*(R,v,) as
a function of z’. The change of summation and integration can therefore easily be
justified.

Theorem 10.1. The kernel in (I03) is explicitly given by

>z

n2

b (2]q) hn—1(2'|q)

n:l
_ 2(—ﬂey+y’, —Vae VY A G )
(:9)
x Z (; )2n(sinhy — ¢"*1/2sinh g/ )g"*+1/2

(CV/gev ™V, —Jge v wey—ycﬂe‘“y/;ﬂnﬂ‘

Proof. The idea of the proof is to apply D, with respect to ' to the Poisson kernel.
Applying D, (wrt. 2’) to the left-hand side in (LX) leads to

7 2 gzq/) (@l @hna ()"
or
N 1/\f{H$ oit/q) — H(z,2';1)}
if we set

n

o (2|Q) 1 (2| )2"

o0
xact Z

Applying D, (wrt. z’) to the right-hand side gives, after some computations,
-2 2t t
_ (sinh y — — sinh y’)
vi-1/vava Vi

(t\/@ey“/ ft\/geyy t\/—eyy t\/ﬁeyﬂl Q@)oo
(/¢ 90)oo

In other words,

H(z,2';t/q) — H(z,2';t)
2t

T Va

(—If\/aey“/7 —t\/cje_y_y/ , t\/éey_y/ , t\/cje_y“/ 1 Q) oo
(t2/4;9) oo ’

(sinh Yy — % sinh y')
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and since H(x,2';0) = 0, we have
H(xz,2';t) Z{Hx a'stq" ") — H(z,2';tq")}

o0
Z (sinhy — tq" /2 sinh g/ )tqg" /2

(_tqn+1/2€y+y” _tqn+1/2€—y—y’ , tqn+1/2ey—y/ , tqn+1/26—y+y’ Q@)oo
(t2¢*" 1 q) o0
2(—t\/§ey+y/, —t\/@efyfy/, t\/aeyfy/ , t\/gefyﬂ/; q) oo
B (t2q'q)
> (t2q; @)an_o(sinhy — sinh y')tq
z_: t\/_eU“/ —t\/qe= V=Y t\/ﬁey vot/qe vt q)n

X

g 1/2 n—1/2

It is only left to set ¢ = 1 and shift the summation. O

For the moment problem associated with the polynomials @,,(x; 3), the situation
is almost the same. However, since

\[

Po(x;8) = Pr1(z; 8/p),

ﬂ+1 "

the operator D, maps L?(R, V(ﬁ)) into Lz(]R7 l/c(bﬁ/p)), and the right inverse D' is
defined on L2(R, v{*/?)) as the integral operator with kernel

(10.4) K(z,2';8) = Z P"(mﬂ\)/];n;;(:/;ﬂ/p).

Theorem 10.2. The kernel in ([[04) is explicitly given by

o~ P, (z;3)Po1(2'; B/p)

2 vI=p"

i/ (—ie¥/\/Boie”" |V/B,iy/peY [v/B, —iv/Pe Y /VB)oo (9117
2 (—p/B;P)ocy/1 +1/8 (% 1?) oo

y i (% p)n o Zn: (ie?/ VB, ~ie V[ \/Bip)k
(iv/pev' /V/B, —iy/pe V' [VB)n" = (P*: )k
+ a similar term with y replaced by —y and 1y’ replaced by —1y'.

n=1

Proof. The same procedure as in the proof of Theorem [0l can be carried out.
The details are left to the reader. O

If we compare D, (or D,) with differentiation d/dz, it is remarkable that D,
is bounded on L?*(R,v,) whereas d/dz is unbounded. Also, the Askey—Wilson
operator is known to be unbounded on the L2-space weighted by the weight function
for the Askey—Wilson polynomials.

Since Dy is a g-analogue of differentiation, we can think of D ! as a g-analogue
of integration. Thus, for f € L?(R,v,) we have the following g-analogue of the
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definite integral:

b
7 q—1/va
[ sdgn = I | ) (K b) — K, 0)) o),
where the kernel K is computed in Theorem [I0.1]
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