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A Mueller-Matrix Formalism for Modeling
Polarization Azimuth and Ellipticity Angle

in Semiconductor Optical Amplifiers
in a Pump–Probe Scheme
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Abstract—This paper presents a Mueller-matrix approach to
simulate the azimuth and ellipticity trajectory of a probe light in
a tensile-strained bulk semiconductor optical amplifier (SOA) in
a conventional pump–probe scheme. The physical mechanisms for
the variations of polarization azimuth and ellipticity angle of the
probe originate from the significant nonuniform distributions of
carrier density across the active region in the presence of an in-
tense pump light. Due to this carrier-density nonuniformity, the ef-
fective refractive indexes experienced by transverse-electric (TE)
and transverse-magnetic (TM) modes of the probe are differ-
ent. This results in a phase shift between TE and TM modes
of the probe upon leaving the SOA. Simulations of the carrier
distributions along the cavity length at different pump-light levels
are demonstrated using multisection rate equations, which take
into account the longitudinal nonuniform carrier density. The
optical gain is considered via the parabolic band approximation.
The influences of the spontaneous recombination and carrier-
dependent material loss on the amplifier performance are in-
cluded. The Mueller-matrix formalism is utilized to predict the
variations of azimuth and ellipticity angle, which greatly reduces
the complexity of the simulations in comparison with Jones-matrix
formalism. The suggested approach is beneficial to experimen-
tal investigations due to the fact that during the optical-tuning
process, Stokes parameters are virtually measurable on the
Poincaré sphere, and the Stokes vector of the incoming probe can
be adjusted by a polarization controller and monitored by a polar-
ization analyzer. Based on these carrier-induced nonlinearities in
SOAs, an optical AND gate with extinction ratio larger than 14 dB
and Q-factor larger than 25 is presented at a bit rate of 2.5 Gb/s.

Index Terms—Azimuth, ellipticity, modeling, Mueller matrix,
semiconductor optical amplifier (SOA), Stokes parameters.

I. INTRODUCTION

THERE HAS been considerable recent progress in the
exploitation of optical nonlinearities in semiconductor

optical amplifiers (SOAs) [1]–[3]. Much attention has been paid
to the carrier-induced nonlinearities, which lead to nonlinear
polarization rotation in SOAs either in the co- or counter-
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propagation scheme. The main reason for the effort is that:
This nonlinear phenomenon is a mixture of cross-phase and
cross-gain-modulation (XGM) effects in an SOA causing non-
linear polarization rotation of a probe in the presence of an
intense pump light [4] and shows great potential of applications
in optical networks [5]–[8]. Several models have been pub-
lished to simulate the carrier-induced nonlinearities in SOAs.
Alvarez et al. [9] demonstrated the confinement-factor differ-
ence between transverse-electric (TE) and transverse-magnetic
(TM) mode on the dependence of the carrier density in a bulk
SOA, whereas Zhao et al. [10] predicted the polarization varia-
tions of the probe light as a function of its power level and the
bias current of SOAs, but no pump light was involved in their
model. Soto et al. [11] investigated the phase-shift efficiency in
terms of pump- and probe-light polarization in a pump–probe
scheme, and Dorren et al. [6] extended the theory and applied it
to all-optical flip-flop memories. To the best of our knowledge,
no model has yet utilized Mueller matrix and Stokes vectors to
investigate the nonlinear polarization rotation, which is caused
by the carrier-induced nonlinearities in SOAs. Compared with
Jones-matrix approach, the superiority of Mueller-matrix for-
malism lies in its simplicity and easy measurement in the form
of Stokes parameters. In this paper, we report theoretical and
experimental investigations of nonlinear polarization rotation
in a tensile-strained bulk SOA, which answers the question we
raised in [5]. The phase “nonlinear polarization rotation” is used
throughout this paper in the sense of the changes of polarization
azimuth and/or ellipticity angle.

This paper gives results from a detailed multisection-rate-
equation model to approximate the carrier-induced nonlineari-
ties in SOAs with a manageable parabolic function of the carrier
density, which contributes to the refractive-index difference
between TE and TM mode of a probe light. The variations of
Stokes vectors are treated by Mueller-matrix formalism, and
the polarization azimuth and ellipticity angle are predicted.
Experimental measurements of the ellipticity-angle variations
are performed, showing good agreement with the model predic-
tions and validating the impacts of nonuniform carrier density
on TE/TM refractive index.

This paper is organized as follows: In Section II, a detailed
multisection-rate-equation model is presented, focusing on the
nonuniform distributions of carrier density as a function of
pump-light levels. The refractive-index difference between TE
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Fig. 1. Schematic diagram of a pump–probe scheme employing an SOA as
nonlinear medium. Counter propagation is demonstrated and the ellipticity
variation of the probe is detected by a polarizer.

and TM mode, which results from this nonuniform carrier den-
sity, is estimated, and the variations of azimuth and ellipticity
of the probe are treated by the Mueller-matrix formalism.

In Section III, the simulation results are demonstrated in
comparison with experimental investigations. The comparison
highlights the simplicity and efficiency of using the Mueller
matrix, instead of the Jones matrix, when modeling the polar-
ization variations of a probe light in pump and probe geometry.

As an important application of this nonlinear effect, optical
AND gate is demonstrated in Section IV, showing high Q-factor
and large extinction ratio. Some interesting points related to the
system performance are made in Section V, and conclusions
reached in this paper are summarized in Section VI.

II. THEORY

A conventional pump–probe scheme employing an SOA as
nonlinear medium is depicted in Fig. 1. Counter propagation is
used, and the ellipticity variation of the probe is detected by a
polarizer at the output of the SOA. One of the great strengths
of the pump–probe technique is that it can be used, with
essentially no change in the experimental setup, to measure
pump-induced refractive-index nonlinearities [12].

The nonlinear polarization rotation of a probe light in SOAs
is caused by different refractive index of TE and TM mode,
and this difference is due to intrinsic birefringence [13] and
optically induced birefringence in SOAs [5]. The induced bire-
fringence is closely related to nonuniform carrier density in the
amplifier cavity. Therefore, we first solve the rate equation of
the SOA, compute the carrier density, and determine the refrac-
tive index for TE and TM mode. With the help of the Mueller-
matrix approach, we simulate the azimuth and ellipticity angle
of the probe.

A. Rate-Equation Model

The intricate relationships between carrier density, light in-
tensity, and SOA physical parameters are usually described by
a rate equation. At any axial point in the cavity, the rate at which
carriers recombine must be balanced with the injection current
and pump-light intensity. The steady-state rate equation used
in the model is given in (1), which is based on the standard
equations used by, e.g., [14] and [15], with the inclusion of a
few details to account for SOA active region of bulk material in
the presence of spontaneous emission

dn

dt
=

η · J
q · d − n

τ
− g · Iav

E
− gmp · Ssp (1)

where

n carrier density;
J current density;
d active-layer thickness;
q electronic charge;
τ carrier recombination lifetime;
g optical gain coefficient;
E photon energy;
gmp material-gain coefficient at peak wavelength.

In (1), η is the current-injection efficiency due to the possible
existence of leakage currents. Iav represents the average inten-
sity of the input light along the cavity length. Ssp is the photon
density due to the amplified spontaneous emission (ASE).

The gain spectrum is assumed to be parabolic, and the
material gain, which depends on the carrier density in the active
region, can be approximated by [14]

gm = a1(n− n0) − a2(λ− λp)2 (2)

where a1 and a2 are the material-gain constants. λp is the peak
gain wavelength and depends on carrier density n [14]

λp(n) = λ0 − a3(n− np) (3)

where λ0 and np are the peak gain wavelength and the carrier
density at the original threshold of the amplifier, respectively.
a3 is a material-gain constant. Therefore, the carrier-density-
dependent optical gain can be expressed by

g = Γgm − α (4)

where Γ is the optical confinement factor, and α is the material-
loss coefficient.

Instead of treating it as a constant, the material-loss coeffi-
cient α is modeled as a linear function of carrier density [16],
taking into account of longitudinal nonuniformity, as expected
from the relationship

α(n) = α1 + α2n (5)

where α1 is the loss coefficient due to the transitions between
the split-off band and the acceptor level, which is almost con-
stant for carrier density n [17], and α2 is the loss coefficient due
to the transitions between the split-off and heavy-hole valence
band and is the constant proportionality connecting the carrier
density n with α.

The average light intensity Iav can be estimated by [18]

Iav = Iinput
Gs − 1

gL
(6)

where L is the cavity length, and Gs is the single-pass gain,
which is given by

Gs = exp [(Γgm − α) · L] . (7)

It has been reported that the bimolecular and Auger recom-
bination are important phenomena in InGaAsP/InP material
system [19]. To include their influences on the performance of
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the amplifier, a detailed recombination model is used, in which
both are included

τ =
1

A + Bn + Cn2
(8)

where A is the so-called Schockley–Read–Hall (or leakage) co-
efficient, and B is the bimolecular-radiative-rate coefficient that
for high carrier densities, becomes carrier-density-dependent.
Experimentally, it has been shown that

B(n) = B0 −B1n (9)

where B0 and B1 are coefficients determined by the
pump–probe measurements [19], [20]. However, an accurate
mathematical description of this carrier-density-dependent co-
efficient is an involved task that is beyond the scope of this pa-
per. Therefore, for the ease of analysis, B is assumed constant.
C is the Auger-recombination coefficient due to many different
forms of Auger-recombination process [21]. In this paper, we
simply take C as a constant to represent the main nonradiative
recombination process in SOAs [23]

Ssp =
β ·R(n)

2(Γgm−α)

·
[
(R1+R2)(Gs−1)2+2(1−R1R2Gs)(Gs−1)

L(Γgm−α)(1−R1R2G2
s )

−2
]
. (10)

The amplified spontaneous photon density Ssp, averaged
over the amplifier cavity length, is given in (10), where R(n)
is the spontaneous emission rate assuming bimolecular recom-
bination Bn2, R1 and R2 are facet reflectivity of the amplifier,
and β is the spontaneous emission factor. We acknowledge
that β is not a constant [22], since the spontaneous emission
is not uniformly distributed among the various cavity modes.
In a more detailed analysis, β can be written as the product
of a geometric spontaneous emission factor βg and a spectral
spontaneous emission factor βs [24]. βg gives the probability
that a spontaneously emitted photon is captured by the mode
of interest, whereas βs is a function of the parameters that
describe the material properties of the active region and gives
the fraction of the spontaneous emission that has the mode
energy and polarization. However, it is beyond the scope of this
paper to go into a detailed discussion of this topic and for the
sake of brevity of simulation, in the rate-equation analysis, β is
approximated as a constant. This is justified for traveling-wave
(TW)-type SOAs or SOAs with very low facet reflectivities.

B. Multisection Steady-State Solutions

In the SOA active region, the carrier density and photon
density are not uniform along the amplifier cavity length since
the photon number increases strongly within the amplifier while
the carrier density decreases owing to stimulated emission [25].
Meanwhile the optical gain and spontaneous emission rate are
all functions of position in the amplifier. For TW amplifiers or
amplifiers with very low facet reflectivities, the nonuniformity
of the carrier density and photon density along the cavity length

has to be considered. A sectioning approach is used to solve
(1), taking into account the longitudinal variations of the carrier
density. The amplifier is, therefore, divided into a number of
longitudinal sections, which are considered as having a uniform
carrier density

dni

dt
=

η · J
q · d − ni

τi
− gi · Iavi

E
− gmp · Sspi (11)

where index i refers to different amplifier sections.
Thus, each section in the SOA can now be treated as an

individual TW-type SOA cavity and the rate equations are
solved numerically to find the steady-state characteristics for a
given pump-power level. The carrier density ni can be obtained
in each section from numerical solutions of (2)–(8), and (10),
and the outputs of each section are just the inputs of next
section. The pump power is increased by small increments and a
Newton–Ralphson method is used iteratively to find the carrier
and photon densities at each value of the pump power. This
approach is valid as long as the starting point of the pump power
is not less than −10 dBm and the increments are kept small.

C. Phase Shift of the Probe Light in a Pump–Probe Scheme

In pump and probe geometry, when an intense pump light is
coupled into the SOA, the effective refractive indexes for TE
and TM propagation along the semiconductor waveguide are
given by [4]

NTE =NTE0 + ΓTE · n ·
(

dNTE

dn

)
(12)

NTM =NTM0 + ΓTM · n ·
(

dNTM

dn

)
(13)

where N0 is the effective refractive index of the waveguide
for zero carrier density, and (dN/dn) is the rate of change
of the active-layer refractive index with the carrier density n
(differential refractive index). N0 is different for TE/TM mode,
owing to the TE/TM asymmetry in semiconductor waveguide
[13]. In our previous work [5], we have demonstrated that
this pump-induced TE/TM index nonlinearity leads to a sig-
nificant relative phase shift between TE and TM propagation
of the probe light traveling inside the SOA, which can be
expressed as

∆ϕ = k · L · (NTE −NTM) (14)

where k = 2π/λprobe is the propagation constant of the probe
light in a vacuum.

As stated in Section II-B, because of carrier depletion due
to stimulated emission, the carrier density along the SOA
waveguide is not uniform (n is a function of position z along
the cavity length). Therefore, NTE and NTM in (12) and (13),
respectively, not only depend on the carrier density in the
amplifier cavity but also the position of interest along the cavity
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length. The local effective refractive indexes for TE and TM
mode vary linearly with n(z) as

NTE(z) =NTE0 + ΓTE · n(z) ·
(

dNTE

dn

)
(15)

NTM(z) =NTM0 + ΓTM · n(z) ·
(

dNTM

dn

)
. (16)

Therefore, the overall phase shift should be a summation of
local phase shift in each individual section in the amplifier.
Following the multisection solutions for carrier density n(z),
which we discussed in (11), the total phase shift of the probe
light upon leaving the SOA can be obtained by the following
integration over the cavity length of the amplifier:

∆ϕ = k

L∫
0

[NTE(z) −NTM(z)] dz. (17)

Quite clearly, ∆ϕ is closely related to the longitudinal carrier
density n(z), which is a result of multisection solutions solved
by (2)–(8), (10), and (11). In what follows, we will define the
polarization-azimuth and ellipticity-angle variations with the
carrier density in the SOA cavity.

D. Mueller Matrix

The state of polarization (SOP) of the output light from
the SOA is generally elliptical (a linear polarization can be
seen as a special case of the elliptical polarization). It can be
described by a Stokes vector. Azimuth, ellipticity, amplitude,
and absolute phases are all closely related to Stokes parameters.
The representation of the SOP of a fully polarized light on
the Poincaré sphere is displayed in Fig. 2. As we previously
demonstrated in [26], in a pump–probe scheme, the optical-
tuning process can be virtually guided by a moving polarization
trace on the Poincaré sphere and Stokes parameters are given
simultaneously, which can be used for numerical simulations.

Given the Stokes parameters S (S0, S1, S2, and S3) of
the incoming probe light and S ′ (S ′

0, S ′
1, S ′

2, and S ′
3) of the

transmitted probe light upon leaving the SOA, the two Stokes
vectors are related by the Mueller matrix

S ′ = M · S (18)

where M is the Mueller matrix of the SOA.
Physically, the SOA can be treated as a polarization element,

which alters the polarization state of the probe by changing the
amplitude and the phase of its electric-field vector. Since optical
gain and loss in SOAs are different for TE/TM propagation,
the amplitudes of the electric-field vector of TE/TM mode of

Fig. 2. Poincaré sphere representation of the SOP of a fully polarized light.
θ: polarization azimuth. ε: ellipticity angle.

the probe are changed by different amounts. In this sense, the
SOA works as a diattenuator. Meanwhile, the TE/TM mode of
the probe experience different refractive index, as discussed in
Section II-C, which results in different phase shift upon leaving
the SOA. In this sense, the SOA behaves as a phase shifter.
In a simplified but physically useful picture, the SOA can be
treated simultaneously as a diattenuator and a phase shifter and
its optical behavior can be described by a Mueller matrix given
in (19), shown at the bottom of the page, which is originally
constructed for an anisotropic absorbing retarder [27]. GTE/TM

is a single-pass gain for TE/TM propagation, and ∆ϕ is the total
phase shift given in (17).

In a polarization-insensitive SOA, optical gain for TE and
TM mode are identical, GTE = GTM can be assumed within
the SOA gain bandwidth. Therefore, the calculations of the po-
larization azimuth θ and the ellipticity angle ε of the transmitted
probe light can be greatly simplified. They can be expressed in
terms of the Stokes parameters S (S0, S1, S2, and S3) of the
incoming probe light, and the phase shift ∆ϕ caused by the
pump light in the SOA

tan 2θ =
S2 · cos ∆ϕ + S3 · sin ∆ϕ

S1
(20)

sin 2ε =
−S2 · sin ∆ϕ + S3 · cos ∆ϕ

S0
. (21)

So far, given the Stokes parameters of the incoming probe light
and the Mueller matrix of the SOA, the polarization azimuth
and ellipticity angle of the probe upon leaving the SOA can be
simulated.

M =
1
2




G2
TE + G2

TM G2
TE −G2

TM 0 0
G2

TE −G2
TM G2

TE + G2
TM 0 0

0 0 2GTEGTM cos ∆ϕ 2GTEGTM sin ∆ϕ
0 0 −2GTEGTM sin ∆ϕ 2GTEGTM cos ∆ϕ


 (19)
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TABLE I
LIST OF PARAMETERS USED IN THE MODEL

III. SIMULATIONS AND EXPERIMENTAL RESULTS

Based on the discussions in Section II, a program was
developed to generate the carrier distribution in SOA active
region. The carrier-density-dependent refractive index for TE
and TM propagation are estimated, and the variations of az-
imuth and ellipticity angle of the probe light with varying
pump-light power are predicted. This section examines some
of the basic properties of these simulations. The comparisons
with experimental investigations are also demonstrated. Table I
displays the value of the parameters used in the simulations.
The parameters are mostly taken from Kamelian Ltd. and [16].
Some other values are taken from the literature, since they are
widely accepted and can be applied to most SOA structures
based on InGaAsP/InP material system.

A. Nonuniform Distributions of Carrier Density
Based on Multisection Model

The SOA in this paper is a commercially available pigtailed
SOA (Kamelian, OPA series), employing a tensile-strained bulk
InGaAsP/InP active region. The polarization sensitivity is less
than 0.42 dB, and the gain ripple is around 0.25 dB. The
active layer consists of a rectangle active region and taper
regions at each end. For the sake of simple computation, we
estimated the mean length of the active region by following
the assumption made in [16], which is 920 µm in the case
of Kamelian SOA. This is a rough approximation, but it is
evidently an approximation in the real physical scenario within
an SOA active region and allows consideration of carrier-
density nonuniformity owing to poor mobility.

Fig. 3. Simulated carrier density along the SOA cavity at different input
pump-light levels.

Fig. 3 shows the computer-generated plots of carrier density
along the cavity length with varying pump-light power. This is
a 40-section simulation, and the pump power is from −10 to
10 dBm. When the pump power is low (e.g., −8 dBm), at the
SOA input facet, the photon density and stimulated recombi-
nation rate are low. Therefore, the carrier-density distributions
close to the input facet are most uniform. As the photon density
increases along the cavity length, stimulated recombination
increases and eventually reaches its maximum. As a result, the
carrier density is greatly reduced. For a large pump power (e.g.,
8 dBm), the situation becomes simple. Since the photon density
is high at the SOA input facet, the stimulated recombination
rate is high (the effective carrier lifetime is short), the carrier
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density is reduced dramatically near the input facet and reaches
a steady state very quickly toward the SOA output facet. These
two situations described above are depicted schematically in
the three-dimensional (3-D) plot of Fig. 3, together with some
intermedial transitions from low to high pump power, showing
longitudinal carrier-density distributions. In what follows, we
will find that these nonuniform carrier distributions have great
impacts on the discrepancy of refractive index between TE and
TM propagation and are of practical importance in investigating
and modeling the nonlinear polarization rotation of the probe
light in a pump–probe scheme.

Before any further analysis, we first address another practical
issue: How many sections are needed, or appropriate, for an
accurate prediction in a multisection model?

B. Number of Sections in a Multisection Model

A number of models were developed to account for the
longitudinal nonuniformity by multisection approach in the
past years. Among them, Talli and Adams [28] proposed an
eight-section model to simulate the ASE spectrum in SOAs.
Durhuus et al. [29] treated the TW amplifier as a succession
of ten sections, allowing the consideration of the longitudinal
nonuniformity. Whereas, Soto and Erasme [30] used a ten-
section model to analyze the switching response of SOAs and
claimed no significant difference compared with a 50-section
model in their modeling.

In order to demonstrate the importance of sectioning number
being used in the model and prove our reasoning of choice,
phase shift of the probe light as a function of pump-light level is
estimated, which serves as a criterion for choosing the number
of sections. The simulations are illustrated in Fig. 4. The pump
power is from −8 to 8 dBm with 0.5-dBm increment, in com-
pliance with our experimental investigations. For a five-section
model, as shown in Fig. 4, the variation of phase shift from
−8 to 8 dBm is 195.3◦. As the number of sections increase,
the plots move downward and converge to a certain point. The
last one in Fig. 4 is a 50-section model and the phase variation
is 234.1◦.

A more detailed computation reveals that as the number
of sections increases, the variations of phase shift increase
gradually and eventually converge to 232.2◦ of a 35-section
model and no significant deviations for models with sectioning
number larger than 35. This convergence is depicted clearly in
the inset of Fig. 4. Thus, for amplifier cavity length of 920 µm
and bias current of 200 mA, 25 sections or more are needed
in the numerical modeling to correctly predict the variations
of this phase shift. If small sectioning number is used, such
as ten sections in Fig. 4, the nonlinear effects are considerably
underestimated, leading to an incorrect prediction.

In this modeling work, the maximum sectioning number
that has ever been used is 184. The computation time, based
on MATLAB 6.0, is less than 6 s, and the phase shift shows
little difference from a 40-section model. Therefore, 40 sections
are used in the modeling without losing the significance of
nonlinear effects or paying too much simulation time.

It is necessary to point out that the decision of how many
sections should be used in the modeling work is closely related

Fig. 4. Simulations of induced phase shift as a function of pump-power level.
The numbers next to each plot indicate how many sections are used in the
modeling. The inset displays the convergence of phase-shift variations as the
sectioning number increases.

to the physical parameters of the SOA, such as amplifier
cavity length, waveguide structure, bias current, operation tem-
perature, and which nonlinear activities being modeled. The
approach presented in Fig. 4 can serve as a general guidance
and is easy to extend to other sectioning modeling.

C. Mueller-Matrix Approach

Given the Stokes parameters of the incoming probe light,
based on (12)–(21), we predict the variations of azimuth and
ellipticity angle of the probe light with varying pump power.
The trajectories are displayed in Fig. 5 for two different ini-
tial Stokes parameters. In Fig. 5(a), the initial value is S =
[1 0.68 −0.71 0.03]. As the pump power increases, the
azimuth and ellipticity angle trace out two sine-wavelike trajec-
tories and both cross 0◦. As we will demonstrate in Section IV,
in a typical pump–probe setup, it is crucial to tune the ellipticity
angle close to 0◦ because it can guarantee the polarizer to find a
null position in the similar principle of ellipsometry technology
[13]. This crossing-zero position, which is highlighted by a
dotted line in Fig. 5(a), is more profound when trying to
achieve high extinction ratio in the applications of wavelength
conversion [5] and optical logic gate [31]. Unlike ellipticity
angle, it is not necessary to make azimuth angle to cross 0◦

since one can always adjusts the principal axes of the polarizer
to match the polarization azimuth of the probe. The situation
in Fig. 5(b) is just the opposite, with initial Stokes parameters
S = [1 0.43 0.42 −0.80] tracing out two cosine-wavelike tra-
jectories. It is worth to note that the ellipticity angle also crosses
0◦, indicated by a dotted line, which assumes a better extinction
ratio in a pump–probe scheme. In some extreme cases, when
the initial Stokes parameters are chosen improperly, although
the trajectories still follow a sine or cosine wave, the ellipticity
angle does not go to 0◦, which leads to a poor extinction
ratio and degrades the system performance. It deserves some
careful consideration when initializing the incoming probe



416 JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 25, NO. 1, JANUARY 2007

Fig. 5. Simulated trajectories of azimuth and ellipticity angle with varying pump power for two different initial Stokes parameters of the probe light.
(a) S = [1 0.68 −0.71 −0.03]. (b) S = [1 0.43 0.42 −0.80].

Fig. 6. Experimental setup for the pump and probe geometry in a counter-
propagating scheme.

polarization. Fortunately enough, the initial Stokes parameters
can be adjusted by a polarization controller, and crossing zero
trajectories can somehow always be realized.

D. Experimental Investigations

From an application point of view, the variation of elliptic-
ity angle is more important than that of azimuth angle in a
pump–probe scheme since this phase variation can be virtually
detected by a linear polarizer and be converted into intensity
variation. Therefore, in the following experimental demonstra-
tions, we will focus on the dependence of ellipticity angle on
pump-power levels. The experimental setup is shown in Fig. 6.
A polarization controller is placed right after the probe light to
adjust the SOP of the probe. A bandpass filter (1 nm) is placed
before the polarization analyzer to sufficiently suppress the
spontaneous noise from the SOA. Throughout the experiment,
polarization-maintaining (PM) fibers are used. The power of
the probe coupled into the SOA is around −8 dBm, and the
power of the pump light coupled into the SOA is modified by
an attenuator.

Generally, the exact input polarization is difficult to mea-
sure, since the SOA has a pigtail of standard single-mode
fiber. In practice, the input polarization is adjusted by using

a polarization controller before the SOA. Significant changes
of ellipticity angle but with different amounts are observed
for different input polarizations, indicating input-polarization
sensitivity of the pump–probe scheme. This is shown in
Fig. 7(a) and (b) for two different initial Stokes parameters:
1) [1 0.73 −0.46 0.13] and 2) [1 0.75 −0.4 0.37].
The increment of pump power is 0.5 dBm in both cases. Solid
lines in the plot are theoretical predictions, while asterisks are
experimental results.

One of the uncertainties associated with the measurement lies
in the insufficient knowledge of pump power coupled into the
SOA. During the experiments, we experienced some difficulties
in coupling more pump power beyond 7 dBm into the SOA.
This is probably due to the limited maximum output power
from Santec laser source and erbium-doped fiber amplifier
(EDFA) used. Other optical losses include coupling loss and
accumulated losses from the components in the experiment.
Meanwhile, when the pump power in the cavity is too low,
carrier-density depletion is not significant. This situation is
shown in Fig. 3 in association with carrier longitudinal distribu-
tion. Low-power pump light cannot induce any refractive-index
nonlinearity, and the pump–probe scheme lost its significance.
Therefore, no experimental observations can be made. This is
the case in Fig. 7(a) and (b) when pump light is less than
−7 dBm. For pump power between −7 and 7 dBm, the rolloff
of the ellipticity-angle trajectories as predicted by the model
are in good agreement with the experiments, which prove the
validity of our simulations.

Although the simulation gives a good prediction, shown in
Fig. 7(a), there exist some discrepancies between the experi-
ments and simulation results, as shown in Fig. 7(b). These can
be attributed to the sensitive nature of polarization rotation in
SOAs. The degree of sensitivity in the pump–probe scheme



GUO AND CONNELLY: MUELLER-MATRIX FORMALISM 417

Fig. 7. Ellipticity angle variations as a function of pump light power. Stokes parameters of the incoming probe is (a) [1 0.73 −0.46 0.13] and
(b) [1 0.75 −0.4 0.37]. Solid line: Simulation. Asterisk: Experimental result.

Fig. 8. Experimental setup for optical AND gate with truth table. BPF: bandpass filter. ODL: optical delay line. PC: polarization controller. EDFA: erbium-doped
fiber amplifier.

has yet to be fully investigated but will be a subject of future
work. Meanwhile, it is interesting to note that the measured
SOP is not exactly that of the SOA, e.g., the optical trace
demonstrated in [5] in the form of Poincaré sphere. It also
contains contributions from the circulator and bandpass filter
after the SOA. In practice, it is the overall evolution of the
polarization variation that is of practical importance in the
applications of all-optical signal processing.

IV. APPLICATIONS

Previously, we reported wavelength conversion based on the
carrier-induced nonlinearities in SOAs [5]. In this section, we
present an optical AND gate operating at a bit rate of 2.5 Gb/s
by the same physical principle. The setup is displayed in Fig. 8
along with a truth table.

In this paper, the bias current of Kamelian SOA is 200 mA
and operation temperature is maintained at 20 ◦C. The power of
continuous-wave probe signal, at a wavelength of 1555.6 nm, is
about −8 dBm at the SOA input. The pump light, at 1545.6 nm,
is modulated at a bit rate of 2.5 Gb/s via a LiNbO3

Mach–Zehnder modulator. Data 1 and data 2 are obtained by
splitting the pump light into two data trains by a PM splitter.
The application of an optical delay line (ODL) in data 1 is to
produce “1001” pulse trains, which is different from “0011”
trains of data 2 in the other arm. After being combined by a
PM combiner, data 1 and data 2 are amplified by an EDFA

Fig. 9. Optical AND operation.

and are coupled into the SOA by an optical circulator. A 1-nm
bandpass filter is placed after the circulator to sufficiently
suppress the spontaneous noise from the SOA. Throughout
this paper, PM fibers, a PM splitter, and a PM combiner are
used. The optical output data is measured on an HP83480A
digital communications analyzer with a 20-GHz O/E plug-
in module (HP83485A). Fig. 9 presents the operation of
optic AND gate.
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Fig. 10. Optical traces displayed on the digital communications analyzer with
the value of Q-factor and extinction ratio. (a) 200 ps/div. (b) 800 ps/div.

The principles of AND operation can be described as follows:
During the logic operation, the absence of both data 1 and data 2
does not change the SOP of the probe. One data alone could
not change the SOP dramatically, and the small change cannot
be detected by the polarizer before the digital communications
analyzer. When both data 1 and 2 are presented inside the SOA,
due to high light intensity, the polarization azimuth and elliptic-
ity angle of the probe will be modified, and an optical polarizer
can eventually detect the difference and convert the variations
of ellipticity angle into intensity variations. Therefore, optical
AND gate is realized. Fig. 10 demonstrates the realization of
the AND function. The optical traces are directly recorded
from the digital communications anaylzer with 1) 200 ps/div
and 2) 800 ps/div. The difference between logic “1” state and
logic “0” state is > 160 µW. This amplitude is large enough to
distinguish the two levels. As shown in Fig. 10, high extinction
ratio (14.4 dB) with better Q-factor (25.7) is achieved, indicat-
ing the superiority of this optical logic gate.

The advantage of this new approach of optical-logic-gating
scheme is its immunity against small-signal distortion in the “0”
state and a potentially large extinction ratio improvement with
high Q-factor. These result from the fact that XGM takes place
simultaneously with refractive-index nonlinearity in the SOA.
By carefully choosing the operation scheme, the XGM effect
can actually enhance the difference between logic “1” state and

logic “0” state [5], which leads to a much improved extinction
ratio. It should be noted, however, that careful control of input
polarization is required in this new scheme due to the pump and
probe polarization sensitivity, which may be disadvantageous
in some circumstances, but this approach could be extended
to more practical applications with some polarization-diversity
scheme.

V. DISCUSSIONS

A. Degree of Polarization (DOP)

In this paper, we noted that the DOP of the probe light,
either before or after the SOA, is not exactly 100%. Most of the
time, it is around 95%. Up to now, no experimental indications
are found in published works for a partially polarized light in
pump and probe geometry and detailed studies of the ellipticity
variations of a partially polarized light in pump–probe scheme
have not yet been made.

It has previously been pointed out that only the polarizer
and improper rotation matrices do not decrease the DOP for
any input Stokes vectors [32]. Therefore, the partially polarized
light is most likely from the Santec laser itself. Our concern lies
in the treatment of SOP variations by Mueller matrix, which
is based on a fully polarized light. However, measurements
of ellipticity variations are in good agreement with model
predictions in this paper, which gives a reasonable description
of the dependence of ellipticity variation with carrier density, at
least for probe light with DOP larger than 95%.

B. Multiple-Quantum-Well (MQW) SOAs

SOAs have been known for decades now to benefit from the
use of MQWs. Specific advantages include

1) enhanced differential gain associated with reduced (2-D)
density of states;

2) fast gain-recovery time, typically on the order of 10 ps or
less [33];

3) enhanced differential refractive index, as much as 1.8
greater than that of conventional bulk structure [34];

4) broad gain bandwidth by well/barrier engineering [35];
5) suppression of Auger recombination achieved via band-

structure engineering; and
6) large saturation output power and high characteristic

temperature.

Due to the multilayered nature of MQWs, the optical gain
in MQWs SOAs is strongly wavelength-dependent [36]. Mean-
while, the effective refractive index is a complicated function
of multilayered structure, which can be solved by the so-called
“zero-transfer matrix-element method” [37] with the help of
“effective-index method” [13].

Inspection of (19) shows that, for MQWs SOAs, the Mueller
matrix is also a function of TE and TM gain since GTE =
GTM is not valid for broad gain spectrum and cannot be
abstracted and further eliminated from the expressions of (20)
and (21). As a result, the azimuth and ellipticity angles of the
transmitted probe light are also TE- and TM-gain-dependent.
In comparison with bulk SOAs, this complicates the present
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analysis considerably. It is beyond the scope of this paper to
go into a detailed discussion of this topic, and the modeling
of employing MQWs SOAs as a nonlinear medium in pump
and probe geometry can be considered a matter of ongoing
research.

VI. SUMMARY

Multisection steady-state solutions of the rate equations for a
TW-type tensile-strained bulk SOA are presented in this paper.
The significant nonuniform carrier density across the active
region is demonstrated from sectioning calculations of the
carrier and photon densities as a function of pump-power levels.
This numerical approach is more appropriate than generalized
analytic equations for predicting nonuniform distributions of
carrier density in amplifier cavity.

We have investigated the carrier-density-dependent refractive
indexes for TE and TM propagation. The existing differences
on carrier density nonuniformity lead to the variations of az-
imuth and ellipticity angle of a probe under varying pump
power. The variations are predicted by Mueller-matrix for-
malism, which greatly simplifies the variation analyses. Good
agreement between theoretical and experimental results on the
variations of ellipticity angle is obtained in the presence of
intense pump light, supporting the validity of the model. An
optical AND gate is realized based on this nonlinear mechanism
in SOAs. Although the model in this paper is developed for bulk
SOAs by following the discussion we made in Section V-B,
it can be extended to MQWs SOAs, with some modifications
in (19)–(21) to take into account the multilayered waveguide
structure.

In comparison with the Jones matrix, the Mueller-matrix
approach shows a lot of advantages in terms of simplicity and
accuracy. Perhaps the biggest benefit lies in the fact that during
the optical-tuning process, Stokes parameters of the probe can
be monitored by a polarization analyzer and readily compared
with numerical modeling. While the problems could be treated
using the amplitude formulation, the use of the Mueller-matrix
formalism greatly simplifies the simulation herein.
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