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A MULTI-LEVEL CORRECTION SCHEME
FOR EIGENVALUE PROBLEMS

QUN LIN AND HEHU XIE

ABSTRACT. In this paper, a type of multi-level correction scheme is proposed
to solve eigenvalue problems by the finite element method. This type of multi-
level correction method includes multi correction steps in a sequence of finite
element spaces. In each correction step, we only need to solve a source problem
on a finer finite element space and an eigenvalue problem on the coarsest finite
element space. The accuracy of the eigenpair approximation can be improved
after each correction step. This correction scheme can improve the efficiency
of solving eigenvalue problems by the finite element method.

1. INTRODUCTION

The purpose of this paper is to propose a type of multi-level correction scheme
based on the finite element discretization to solve eigenvalue problems. The two-
grid method for solving eigenvalue problems has been proposed and analyzed by
Xu and Zhou in [25]. The idea of the two-grid method comes from [23]24] for
nonsymmetric or indefinite problems and nonlinear elliptic equations. Since then,
there have existed many numerical methods for solving eigenvalue problems based
on the idea of the two-grid method (see, e.g., [116L 10,18, T921]).

In this paper, we present a type of multi-level correction scheme to solve eigen-
value problems. With the proposed method, solving the eigenvalue problem will
not be much more difficult than the solution of the corresponding source problem.
Our method is some type of operator iterative method (see, e.g, [12L25127]). The
correction method for eigenvalue problems in this paper is based on a series of fi-
nite element spaces with different approximation properties which are related to
the multi-level method (cf. [22]).

The standard Galerkin finite element method for eigenvalue problems has been
extensively investigated, e.g., Babuska and Osborn [2,[3], Chatelin [5] and refer-
ences cited therein. And many high efficient methods have also been proposed and
analyzed for different types of eigenvalue problems (see, e.g., [6} 711,14} A5 17HI9]
211125]) based on the superconvergence theory (cf. [I7HI9L2I] and the “comosol
guide”), the extrapolation technique (cf. [7IIT4LI5L17]) and the two-grid method
(cf. [6L25]). Here we adopt some basic results in these papers to give the error
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estimates of the type of multi-level correction scheme that is introduced here. It
will be shown that the convergence rate of the eigenpair approximations can be
improved after each correction step.

The multi-level correction procedure can be described as follows: (1) solve the
eigenvalue problem in the coarsest finite element space; (2) solve an additional
source problem in an augmented space using the previously obtained eigenvalue
multiplying its associated eigenfunction as the load vector; (3) solve the eigenvalue
problem again on the finite element space that is constructed by combining the
coarsest finite element space with the obtained eigenfunction approximation in step
(2). Then go to step (2) for the next loop.

Similarly to [25], in order to describe our method clearly, we give the following
simple Laplace eigenvalue problem to illustrate the main idea in this paper with
the multi-grid implementation method (see Section 5).

Find(\, u) such that

—Au = Adu, inQ,
(1.1) u = 0, on 0,
Jqu?dQ = 1,

where Q C R? is a bounded domain with Lipschitz boundary 02 and A denotes
the Laplace operator.

Let Vg denote the coarsest linear finite element space defined on the coarsest
mesh 7y. Additionally, we also need to construct a series of nested finite element
spaces Vp,, Vh,, -+, V3, which are defined on the corresponding series of meshes
Th, (k= 2,3,---n) such that Vg C V}, C --- C Vj,, (cf. [4RE]). Our multi-level
correction algorithm can be defined as follows (see Sections 3 and 4):

(1) Solve an eigenvalue problem in the coarsest space Vi:
Find (Ag,up) € R x Vi such that ||ug|lo =1 and

/V’U,HV’UHdQ = )\H/ UHUHdQ, Yvg € Vg.
Q Q
(2) Set hy =Hand Dok=1,---,n—2:

e Solve the following auxiliary source problem:
Find tp,,, € Vh,,, such that

/ Vﬂhk+1Vvhk+1dQ = )\hk / uhkvhHldQ, Vﬂhw—l S th+1'
Q Q
e Define a new finite element space Vi n,,, = Vg + span{up,, } and

solve the following eigenvalue problem:
Find (Anyyys Unyy,) € R X Vi, such that |jup,  |lo =1 and

/ vuhk+1va,hk+1dQ = )\hk+1 / uhk+1vH7hk:+1dQ7 VUH,hk+1 € VH7hk+1‘
Q Q
end Do

(3) Solve the following auxiliary source problem:
Find wy, € Vj,, such that

/Vuh"Vvh"dQ = Ahnfl/uhn—lvhnd97 Yun, € Vi,
Q Q
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Then compute the Rayleigh quotient
_ IV, Il
lln, I3
If, for example, Ay is the first eigenvalue of the problem at the first step and € is

a convex domain, then we can establish the following results (see Sections 3 and 4
for details):

An

n

IV (u—un,)

o = O(;th"k) and |Ap, — Al = @(éhihﬂ(nk)).

These two estimates means that we can obtain asymptotic optimal errors by taking
H = {/h, and hy = H* (k= 1,--- ,n — 1). This result is different from the two-
grid method [25] (H = v/h,) and the extended two-grid method [10] (H = v/h,,),
since we can choose different n to control H under the condition of fixed h,,.

In this method, we replace solving the eigenvalue problem in the finest finite
element space by solving a series of boundary value problems in a series of the
nested finite element spaces and a series of eigenvalue problems in the coarsest
finite element space. It is well known that there exists the multi-grid method
that can solve boundary value problems efficiently. So this correction method can
improve the efficiency of solving eigenvalue problems.

An outline of the paper goes as follows. In Section 2, we introduce the finite
element method for the eigenvalue problem. A type of one correction step is given
in Section 3. In Section 4, we propose a type of multi-level correction algorithm
to solve the eigenvalue problem by the finite element method. In Section 5, some
numerical examples are presented to validate our theoretical analysis and some
concluding remarks are given in the last section.

2. DISCRETIZATION BY FINITE ELEMENT METHOD

In this section, we introduce some notation and error estimates of the finite
element approximation for eigenvalue problems. In this paper, the letter C' (with
or without subscripts) denotes a generic positive constant which may be different
at different occurrences. For convenience, the symbols <, 2 and ~ will be used in
this paper. That x1 < y1,22 2 y2 and z3 = y3, mean that z; < Cry1, T2 > coys
and c3r3 < y3 < Csx3 for some constants C1, ¢o, c3 and C3 that are independent of
mesh sizes.

Let (V|| - ||) be a real Hilbert space with inner product (-,-) and norm || - ||,
respectively. Let a(-,-), b(+,-) be two symmetric bilinear forms on V' x V satisfying

(2.1) a(w,v) < w|lllvll, Yw eV and Vv €V,

(2.2) lw|* < a(w,w), YweV

and

(2.3) 0 < b(w,w), Yw eV, and w # 0.

From (1) and (Z2), we know that || - [|q := a(-,-)*/? and || - || are two equivalent
norms on V. We assume that the norm || - || is relatively compact with respect to
the norm || - ||, := b(-,-)*/? in the sense that any sequence which is bounded in || - ||,
one can extract a subsequence which is Cauchy with respect to || - || We shall use
a(-,+) and || - || as the inner product and norm on V in the rest of this paper.
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Set
W := the completion of V' with respect to || - ||

Thus W is a Hilbert space with the inner product b(-,-) and compactly imbedded

in V. Construct a “negative space” by V' = the dual of V' with a norm || - ||_,
given by
(2.4) lw—a = sup  b(w,v).

veVi[lvfla=1

Then W C V' compactly, and for v € V, b(w,v) has a continuous extension to
w € V' such that b(w,v) is continuous on V' by Hahn-Banach theorem (cf. [9]).
We assume that V;, C V is a family of finite-dimensional spaces that satisfy the
following assumption:

For any w € V,

2. li inf — =0.
(2.5) Jim, it fw — vfl, =0

Let Py, be the finite element projection operator of V onto V}, defined by

(2.6) a(w — Ppw,v) =0, Yw €V and Yv € Vj,.
Obviously,

(2.7) |Puwla < lollay Ve V.

For any w € V, by (21]) we have

(2.8) lw— Prw|ls = o(1), ash—0.
Define 7n,(h) as

(2.9) (k)= sup inf |TF = vl

FEVIflla=1YEVR

where the operator T': V/ +— V is defined as

(2.10) a(Tf,v) = b(f,v), VfeV andVoe V.
In order to derive the error estimate of eigenpair approximations in the negative
norm ||-|| =4, we need the following negative norm error estimate of the finite element

projection operator Pj.

Lemma 2.1 ([3] Lemma 3.3 and Lemma 3.4]).

(2.11) no(h) = o(l), ash—0
and
(2.12) [w—Puwl-a < nah)|w—Puwle, YweV.

In our methodology description, we are concerned with the following general
eigenvalue problem:
Find (A, u) € R x V such that b(u,u) = 1 and

(2.13) a(u,v) = Ab(u,v), YveV.
For the eigenvalue A, there exists the following Rayleigh quotient expression (see,
e.g., [2B1125])
au, u)
2.14 A=
(2.14) b(u, u)
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A MULTI-LEVEL CORRECTION SCHEME FOR EIGENVALUE PROBLEMS 75

From [3,5], we know the eigenvalue problem (2I3]) has an eigenvalue sequence
{n}

O< A <A< <X <o, lim A, = o0,
k—oc0
and the associated eigenfunctions
UL, Uy~ 5 Uyt

where b(u;,u;) = 0;;. In the sequence {);}, the \; are repeated according to their
geometric multiplicity.

Now, let us define the finite element approximations of the problem (2I3]). First
we generate a shape-regular decomposition of the computing domain ¢ R? (d =
2,3) into triangles or rectangles for d = 2 (tetrahedrons or hexahedrons for d = 3).
The diameter of a cell K € T, is denoted by hx. The mesh diameter h describes
the maximum diameter of all cells K € 7. Based on the mesh 7}, we can construct
a finite element space denoted by Vj, C V. In order to do the multi-level correction
method, we start the process on the original mesh 7y with the mesh size H and
the original coarsest finite element space Vg defined on the mesh 7.

Then we define the approximation of eigenpair (A, u) of (ZI3)) by the finite
element method as:

Find (A, up) € R x V}, such that b(up,up) =1 and

(215) a(uh,vh) = )\hb(uh,vh), Yoy, € Vj.
From (2I3), the following Rayleigh quotient expression for A, holds (see, e.g.,
[213,125])
a(up, up)
2.16 Ap = —=.
(2.16) h D un)

Similarly, we know from [3/[5] the eigenvalue problem (2I3]) has eigenvalues
0<Ain< don <o < An < o- < AN ks
and the corresponding eigenfunctions

UL by U2,k """ s Uk byt s UNY, ks
with b(w; p, wjn) = 8i5,1 < 4,5 < Np, (N}, is the dimension of the finite element
space Vj,).

From the minimum-maximum principle (see, e.g., [2,[3]), the following upper

bound result holds

Aié)‘i,ha 7;:1527"'5Nh'
Let M();) denote the eigenfunction set corresponding to the eigenvalue \; which
is defined by

M) = {w € V :w is an eigenfunction of (2.I3) corresponding to \;
(2.17) and |lw||y = 1}.
Then we define
(2.18) O0p(Ni) = sup inf |Jw — v,

weM(\;) vEV]

For the eigenpair approximations by the finite element method, there exist the
following error estimates.
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Proposition 2.1 (|2 Lemma 3.7, (3.29b)], [l p. 699 and Section 9] and [3]).
(i) For any eigenfunction approzimation w;p of ZID) (i =1,2,---,Np), there is
an eigenfunction u; of ZI3) corresponding to X\; such that ||u;||p = 1 and

(2.19) luwi —winlla < Cidnp(Ni).
Furthermore,
(2.20) wi = winll-a < Cina(h)|lu; — wiplla-

(ii) Assume A;p, is the smallest eigenvalue approzimation of the multiple eigen-
value \; and the corresponding eigenfunction approximation is u;p. Then there is
an eigenfunction u; such that |lu;l|p =1 and

(2.21) lui —uinlla < Ci weij\%i) Uienvfh [w—vla
and
(2.22) lui — uinll-a < Cina(h)l|wi — winla-

(iii) For each eigenvalue, we have
(2.23) A < /\i7h <\ + Cléi(/\z)

Here and hereafter, C; is some constant depending on i but independent of the mesh
size h.

3. ONE CORRECTION STEP

In this section, we present a type of correction step to improve the accuracy of
the current eigenvalue and eigenfunction approximations. This correction method
consists of solving an auxiliary source problem in the finer finite element space
and an eigenvalue problem on the coarsest finite element space. For simplicity of
notation, we set (A, u) = (Aj, ;) (i =1,2,--- ,k,--- ) and (Ap, upn) = (Aip, win) (6=
1,2,---, Np) to denote an eigenpair of problem ([2I3)) and (2I7]), respectively.

To analyze our method, we introduce the error expansion of eigenvalue by the
Rayleigh quotient formula which comes from [2[BL17][18]25].

Theorem 3.1. Assume (A, u) is the true solution of the eigenvalue problem (2ZI3),
0#Y e V. Let us define

<~ _a®,v)
(31 A0,
Then we have
N a(“‘¢,U—7/1) b(U—¢aU—¢)
. A=A = - A .
(32) b0 ) o )

Assume we have obtained an eigenpair approximation (Ap,,un,) € R X Vj,.
Now we introduce a type of correction step to improve the accuracy of the current
eigenpair approximation (Ap,, un, ). Let V3, C V be a finer finite element space such
that Vi, C Vj,. Based on this finer finite element space, we define the following
correction step.
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Algorithm 3.1. One Correction Step:

(1) Define the following auziliary source problem:
Find up, € Vj, such that

(33) a(ﬂhz,vhz) = )\hlb(uhl,vh2), V?)hz S th.

Solve this equation to obtain a new eigenfunction approzimation Uy, € Vi, .
(2) Define a new finite element space Vi, = Vi + span{uy, } and solve the
following eigenvalue problem:
Find (Any,uhy) € R X Vi p, such that b(up,,up,) =1 and

(34) a(uhz,vgh?) = )\hzb(uhQ,vH,M), V/UH,hQEVH,hZ‘

The eigenpair approzimation (An,,un,) obtained in Step (2) is the output of this
algorithm which is denoted by (Ap,,un,) = Correction(Vi, An,, tny s Vay)-

Remark 3.2. If the concerned eigenvalue A is multiple, we choose the smallest eigen-
value approximation of A as Aj, and its associated eigenfunction approximation as

up, which has the biggest component in the direction of 4y, .

Remark 3.3 (J20]). We would like to consider the conditions of the eigenvalue prob-
lem B4). It is well known that the condition for eigenvalues of symmetric matrices
is 1 (see [20] p. 71]). Since the condition for the eigenvector v corresponding to the
eigenvalue A of symmetric matrices is (see [20 p. 74])

1

dv) = ———————
cot (U) mil’l)\ﬁg)\|>\—>\j|,

then the conditions of eigenvalue problem (B4 in each correction step are almost
the same as the eigenvalue problem defined on the coarsest finite element space.
Furthermore, the obtained eigenpair approximations also give very good prelimi-
nary information for the next correction step. For example in the multi-space way
of Example [6I] the CPU time of eigenvalue solving is 0.063119s on the coarsest
mesh and 0.014806s for the first correction when H = 1/16.

Theorem 3.4. Assume there exists an exact eigenpair (\,u) of 2I3) such that
the current eigenpair approzimation (Ap,,up,) € R X Vi, has the following error

estimates:

(3.5) lu—unlla S en (),

(3.6) w—unll-a < na(H)uw—un,la
(3.7) A=Al S en ()

Then after one correction step, there exist an exact eigenpair (A, u) of (ZI3) such
that the resultant approzimation (Ap,, un,) € R X Vi, has the following error esti-

mates:

(38) Ha_ uthU« 5 ahz()‘)’

(3.9) @ —unsll—a < Na(H)llu—un, |l
(3'10) |)‘_)‘h2| 5 6}27,2()\)’

where epy (A) := 1o (H)en, (N) + 5%1 (A) +6ny (A).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



78 QUN LIN AND HEHU XIE

Proof. From problems ([2.0), 213), and (33), and B3], 36), and B1), the fol-

lowing estimate holds:
”ahz - thu”Z a(ahz - Ph2u’ ﬂh2 - thu) = b()\hluhl - /\u7ah2 - Ph2u)

||)‘h1uh1 - )‘u”*aHahQ - Ph2uHa

(IAny = Allluny [[—a + Allun, —ull—a)l[Un, = Proulla

(6]211 (A) + 77a(H)5h1 ()‘)) ||77h2 - Ph2u||a~

I ARIAR VAR

Then we have
(3.11) [an, = Pryulla S ehy (A) + 10 (H)en, (A).
Combining (BI1]) and the error estimate of finite element projection

Hu_thuHa S 5}12()‘)7

~

we have
(3.12) n, —ulla S en,(A) +na(H)en, (X) + 64, (A).

Now we come to estimate the error of the eigenpair solution (Ap,,un,) of B4).
Based on the error estimate theory of eigenvalue problem by finite element method

(see, e.g., [213]), @2I)-222) and Remark B2 there exists an eigenfunction @ €
M () such that the following estimates hold (if A is simple, we have u = @):

313 fa-unle S nf e v S o=
and

(3.14) 1@ —unyll-a < Ta(H)llu— un,|la,

where

(3.15) Ma(H) = sup inf ||Tf —vlla <na(H).

FEVIflla=1VEVH hy

From (312), B13), BI4), and (BI5), we can obtain B.8) and ([39). The estimate
(BI0) can be derived by Theorem Bl and B.8)). O

Remark 3.5. The Algorithm [3] adopts the two-grid method to construct One
Correction Step. In [I0], the authors provide an extension of the two-grid method.
We can also use this extended two-grid method to construct another One Correction
Step by replacing the auxiliary source problem (33) by

(316) a(ﬁh2,vh2) — )\hlb(ﬂh2,vh2) = Ahlb(uhl,wh2)7 V’Uh2 € Vh2.

Under the same conditions of Theorem [3:4] and the given eigenpair approximation
(A, s up, ) has the error estimates (3.5)), (B.6]), and (3.7), the resultant approximation
(Ahys un, ) by the new correction step has the error estimates [B.8), (3.9), and (B.I0)
with s, (A) := na(H)e} (X) + 6ny (A).

4. MULTI-LEVEL CORRECTION SCHEME

In this section, we introduce a type of multi-level correction scheme based on the
One Correction Step defined in Algorithm Bl This type of correction method can
improve the convergence order after each correction step which is different from the
two-grid methods in [T0,[25].
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A MULTI-LEVEL CORRECTION SCHEME FOR EIGENVALUE PROBLEMS 79

Algorithm 4.1. Multi-level Correction Scheme:

(1) Construct a coarse finite element space Vi and solve the following eigen-
value problem:
Find (Ag,ug) € R x Vg such that b(ug,uy) =1 and

(41) a(uH,vH) = )\Hb(uH,vH), Yog € V.

(2) Set hy = H and construct a series of nested finite element spaces Vi, -+ ,
Vh,, such that ng(H) 2 0p,(A) > Opy(A) > -+ > p,, (A).

(3) Dok=1,---,n—2
Obtain a new eigenpair approximation (An,,,,Un, ) € R X Vi, by a
correction step

(4.2) (Mjess> Unypy) = Correction(Vig, Ay uny, Vigyy)-

end Do
(4) Solve the following source problem:
Find up,, € Vi, such that

(4.3) a(tn,,vn,) = An,_b(Vh, 1 Vh, ), VUR, € Vi,
Then compute the Rayleigh quotient of up,, :

a(un,,, un,)

(4.4) Ah bun. un.)’

n

Finally, we obtain an eigenpair approzimation (A, ,un,) € R X V.

Theorem 4.1. After implementing Algorithm [T, there exists an eigenpair (A, u)
of @I3) such that the resultant eigenpair approzimation (A, ,up, ) has the follow-
ing error estimates:

(4.5) lun, —ulla < en,(N),
(4.6) Ao, = A S e, (N,
where en, (A) = 35 na(H)" *on, (A).
k=1
Proof. From ng(H) Z dp,(A\) > 0py(A) > -+ > 05, (A) and Theorem [B4] we have
(47) Ehpyr (>‘) S Wa(H)ahk (/\) + 6hk+1 (/\)a for 1 < k <n-— 2.

Then by recursive relation, there exists an eigenfunction v € M(X) of (ZI3)) such
that the following estimate holds:

||uhn71 - uHG 5 Ehn_1 ()‘) 5 na(H)Ehn72 (A) + 6’7471.71 ()‘)
S na(H)?en, 5 (A\) + 0 (H)6n, ,(A) + 0, _, (V)
n—1
(4.8) S D na(H)"F o, (V)
k=1
and
(4.9) un, ., —ull-a < na(H)lun, , — vl
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Based on the proof in Theorem B4 and (48])-([@.3), the final eigenfunction approx-
imation wp, has the error estimate

lun, —ulla < eh, (A +1a(H)en,_,(A) + 6r, (A)
(4.10) S D na(H)"Fon, (N,
k=1

This is the estimate (£1]). From Theorem [3Iland ([@I0]), we can obtain the estimate
E8). O

Remark 4.2. Using the One Correction Step defined in Remark and replacing
the source problem (£3)) by
(411)  a(un,,vn,) = An,or b(Un, v, ) = Any 0V, 1V, ), YR, € Vi

n?

we can construct a new Multi-level Correction Scheme which has the error estimates
3n—k_1

@H) and (@B with 5, (\) = ki na () 5 0, ()%

5. THE APPLICATION TO SECOND ORDER ELLIPTIC EIGENVALUE PROBLEM

In this section, for example, the multi-level correction method presented in this
paper is applied to the second order elliptic eigenvalue problem. We also discuss
two possible ways to implement the multi-level correction Algorithm [l The first
way is the “two-grid method” of Xu and Zhou introduced and studied in [25]. The
second one proposed and studied by Andreev and Racheva in [T}[T9] uses the same
mesh but higher order finite elements.

In (213), the second order elliptic eigenvalue problem can be defined by

a(u,v) = / Vu - AVudSl, b(u,v) = / puvdQ,
Q Q

where Q € R? (d = 2,3) is a bounded domain, A € (WLOO(Q))dXd a uniformly
positive definite matrix on Q and p € W% () is a uniformly positive function
on 2. We pose Dirichlet boundary condition to the problem and it means here
V = H}(Q) and W = L?(Q). In order to use the finite element discretization
method, we employ the meshes defined in Section 3.

Here, we introduce two ways to implement the multi-level correction Algorithm
M1l The first way uses finer meshes to construct the series of nested finite element
spaces. The advantage of this approach is that it uses the same finite element
method and does not require higher regularity of the exact eigenfunctions (see [19]).
The second way is based on the same finite element mesh but using higher order
finite elements. In order to improve the convergence order, the higher regularity of
the exact eigenfunctions is required.

Let us discuss the methods to construct the series of finite element spaces V;,, (k =
2,3,---,n) for implementing the multi-level correction method.

Way 1. (“Multi-grid method”): In this case, V4, (k = 2,3,---,n) is the same
type of finite element as Vi and is defined on the finer mesh 75, with a smaller
mesh size hy. Here Tp, is a finer mesh of Q that can be generated by the (e.g.,
regular or bisectional) refinement just as in the multi-grid method(see, e.g., [25])
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A MULTI-LEVEL CORRECTION SCHEME FOR EIGENVALUE PROBLEMS 81

from Tp,_, such that hy = n4(H)hr_1. Assume the computing domain 2 is a
convex domain. Then n,(H) = O(H) and 65, = O(hy) = O(H*) (k=1,2,--- ,n),
and we can obtain the following error estimate for (Ap, , un, ):

(5.1) A= | S na(H)T2E (V) = O(H™) = O(hy),

(5-2) lu=un,lla S na(H)""6r(N) = O(H") = O(hn).

From the error estimates above, we can find that the multi-level correction scheme
can obtain the accuracy the same as solving the eigenvalue problem directly on the
finest mesh 7}, . This improvement costs solving the source problems on the finer
finite element spaces Vi, (k = 2,3,---,n) and the eigenvalue problems in coarse
spaces Vi, (k=2,3,---,n—1). Thisis better than solving the eigenvalue problem
on the finest finite element space directly, because solving the source problem needs
much less computation than solving the corresponding eigenvalue problem.

Remark 5.1. If we use the multi-level correction described in Remark [.2] the mesh
size of 7p, can be chosen as

sk_1

(5.3) he=H=, k=2 n

s L. . 1
It means H = h;, ~' which is a weaker requirement than H = hj .

Way 2. (“Multi-space method”): In this case, V3, is defined on the same mesh
Tu but uses a higher order finite element than Vj, ,. In order to describe the
scheme simply, we suppose the exact eigenfunction has sufficient regularity. We use
the linear finite element space to solve the original eigenvalue problem (ZI3) on
Vi, and solve the source problem (B3] in higher order finite element space with
the way that the order of V}, is one order higher than Vj, ,. Then we have the
following error estimates for the final eigenpair approximation (A, ,up,, ):

(5:4) A= An| S na(H)P 205 (V) = O(H*"),
(5:5) lu—un,lla < na(H)""'0m(A) = O(H").

~

The improved error estimates above just cost solving the source problems on the
same mesh but in higher order finite element spaces and eigenvalue problems in the
lowest order finite element space.

Remark 5.2. If we use the multi-level correction described in Remark [£.2] the order

k .
of V3, can be chosen as % For example, we can choose fourth order finite

element for V},, and thirteenth order finite element for V.

6. NUMERICAL RESULTS

In this section, we give two numerical examples to illustrate the efficiency of the
multi-level correction algorithm proposed in this paper.

6.1. Model eigenvalue problem. We solve the model eigenvalue problem (L))
on the unit square Q = (0,1) x (0, 1).

Multi-space way. Here we give the numerical results of the multi-level correc-
tion scheme in which the finer finite element spaces are constructed by improving
the finite element orders on the same mesh. We first solve the eigenvalue problem
(I in the linear finite element space on the mesh 7. Then do the first correction
step with the quadratic element and the cubic element for the second correction
step.
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Here, we adopt the meshes which are produced by the regular refinement from
the initial mesh generated by Delaunay method to investigate the convergence be-
haviors. Figure[[lshows the initial mesh. Figure[2lgives the corresponding numerical
results for the first eigenvalue A\; = 272 and the corresponding eigenfunction. Fig-
ure Bl gives the numerical results for the first 6 eigenvalues: 272, 572, 572, 872, 1072
and 1072,

09p ]

0.8f ]

05

0.4p §

0.1F 1

0 . . h .
0 02 0.4 0.6 0.8 1

FIGURE 1. Initial mesh for multi-space way

Errors by Multiple Corrections: multi-space way Errors by Multiple Corrections: multi-space way

T 10 T T T
*\kh‘—kl *IIV uh‘fV uH0
-1
el = \khz—}\l 1 107 gV uhE—V ully|4
I =Ml IVu -Vull
-Q- h > -Q- h, 0
0l +=+= slope=-1| | 0 ---- slope=-05 |1
<= = slope=-2 <= = slope=-1
‘== slope=-3 107k ‘= - slope=-1.5
12} »
S10°t 18
w w o
107 E
10° 1 \
107 1
-10
10 1 1 0-67 |
-12 -7
10 L 10 L L L
10° 10° 10" 10° 10° 10° 10* 10°
Number of elements Number of elements

FIGURE 2. The errors for the eigenpair approximations by multi-
level correction algorithm for the first eigenvalue 272 and the cor-
responding eigenfunction with multi-space way

From Figures 2 and Bl we can find that each correction step can improve the
convergence order by two for the eigenvalue approximations and one for the eigen-
function approximations with the multi-space way when the exact eigenfunction is
smooth enough.
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Errors by Multiple Corrections: multi-space way

—+-E

=
_e_ Err,

== slope=-1

=~ slope=-2|

‘=~ slope=-3

Errors
o

Number of elements

F1GURE 3. The errors for the eigenvalue approximations by multi-
level correction algorithm for the first 6 eigenvalues with multi-
space way, where the error is defined by Errg = 25:1 [Xjho — Ajls

Erry = 300 [Ajn, — Aj| and Erry = 350 (A, — Al

TABLE 1. The comparison of the first eigenvalue approximations
obtained by the multi-level correction method and the extended
two-grid method

h | Errors of initial | Errors of the extended | Errors of multi-level
approximations two-grid method correction method
1/2 1.2261E+01 1.2819E-01 2.1362E-07
1/4 3.1266E+00 6.5478E-04 7.7200E-11

We also compare the results of the multi-level correction method with those
of the extended two-grid method. The linear finite element is used to obtain the
initial eigenvalue approximations and the fourth order element is applied to do the
extended two-grid correction method (see [I0]). For the aim of comparison, we use
the multi-level correction method stated in Remark to do two corrections. The
linear finite element is also adopted to obtain the initial eigenvalue approximations
and the fourth order element is applied to do the first correction. In order to
eliminate the effect of the machine error, we only use the eighth order element
to do the second correction even the thirteenth order element can be used in the
second correction as predicted in Remark

The results of the comparison are presented in Table[Il From Table[Il we can find
that the multi-level correction method can obtain better results than the extended
two-grid method.

Multi-grid way. Here we give the numerical results of the multi-level correction
scheme where the finer finite element spaces are constructed by refining the existed
mesh. We first solve the eigenvalue problem (1)) in the linear finite element space
on the mesh 7y. Then, as an example,we chose the regular way to refine the
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mesh such that the size of the resultant mesh hy = O(H¥) to obtain the mesh
Th, (k=2,---,n) and solve the auxiliary source problem ([B3) in the linear finite
element space V},, defined on 7, and the corresponding eigenvalue problem (3.4)
in VH,hk-

FigureH gives the corresponding numerical results for the first eigenvalue A = 272
and the corresponding eigenfunction on the uniform meshes. Figure [0 gives the
numerical results for the first 6 eigenvalues: 272, 572, 572, 872, 1072 and 1072,

) Errors by Multiple Corrections: multi-grid way ; Errors by Multiple Corrections: multi-grid way
10 T T 10 T T
* D\h‘—M
10’ Eo SN
2
, _e_ D»hs—M 10° ]
10 1
+=+ = slope=-1
== slope=-2|
10" ‘== slope=-3| |
o ) * IVu -Vull
s S 107} oo ]
w o, i}
10 1 IVu -Vull
=l h, 0
10 1 . e v unz-v ul
1074 1
‘‘‘‘‘ - slope=-0.5
_4
10 R IR - slope=-1
s JTT - slope=-1.5
10 : : 10 :
10° 10’ 10° 10° 10° 10’ 10° 10°
Number of elements Number of elements

FIGURE 4. The errors for the eigenpair approximations by multi-
level correction algorithm for the first eigenvalue 272 with multi-
grid way

Errors by Multiple Corrections: multi-grid way

10 T z
-+
=

10% .~ _Q_Err3 i

i == slope=-1

‘== slope=-2,

10' == slope=-3|
[
°
I

10’ :

107" :

1072 :

10' 10° 10°

Number of elements

FIGURE 5. The errors for the eigenvalue approximations by multi-
level correction algorithm for the first 6 eigenvalues with multi-
grid way, where the error is defined by Errg = 2?:1 [Xjho — Ajl,

Erry = 320 [Ajn, — Mgl and Erry = 3501 [N, — Ayl
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From Figures ] and Bl we can also find that each correction step can improve
the convergence order by two for the eigenvalue approximations and one for the
eigenfunction approximations with the multi-grid way.

6.2. Eigenvalue problem on L-shape domain. In the second example, we
consider the model eigenvalue problem on the L-shape domain = (—1,1) x
(—=1,1)\[0,1) x (—1,0]. Since 2 has a re-entrant corner, the singularity of eigen-
functions is expected. The convergence order for the eigenvalue approximation is
less than 2 by the linear finite element method which is the order predicted by the
theory for regular eigenfunctions.

We investigate the numerical results for the first eigenvalue. Since the ex-
act eigenvalue is not known, we choose an adequately accurate approximation
A = 9.6397238440219 as the exact first eigenvalue for our numerical tests. We give
the numerical results of the multi-level correction scheme in which the sequence
of meshes Ty, Thy, -+, Th, is produced by the adaptive refinement (cf. [21L126]).
Figure 6] shows the initial mesh and the one after 12 adaptive iterations. Figure [7]
gives the corresponding numerical results for the adaptive iterations. In order to
show the accuracy of the multi-level correction method more clearly, we compare
the results with those obtained by the direct adaptive finite element method. From
Figure[ll we can find the multi-level correction method can also work on the adap-
tive family of meshes and obtain the optimal accuracy. Furthermore, the initial
mesh has nothing to do with the finest one which is different from the two-gird [25]
and the extended two-grid method [I0]. The multi-level correction method can be
coupled with the adaptive refinement naturally.

Initial mesh Mesh after 12 iterations

FIGURE 6. The initial mesh and the one after 12 adaptive itera-
tions for Example 2
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Eigenvalue errors
10 . .

Eigenfunction errors

=¥- errors of multi-level correction ) =¥~ errors of multi-level correction
-©-error of direct AFEM .\ -©-error of direct AFEM
0 . ‘= =slope=-1 : ‘= =slope=-1/2

Errors

. . . 10 . . .
10° 10* 10° 10° 10 10° 10* 10° 10°
Number of elements Number of elements

10

FI1GURE 7. The errors of the smallest eigenvalue approximations
and the a posteriori errors of the associated eigenfunction approxi-
mations by multi-level correction method and direct adaptive finite
element method for Example 2

7. CONCLUDING REMARKS

In this paper, we give a type of multi-level correction scheme to improve the
accuracy of the eigenpair approximations. Comparing with the superconvergence
method (for example PPR in [I821]), we would like to say the superconvergence
method has better efficiency when the mesh is structural and the exact eigenfunc-
tion has higher regularity. As the multi-grid method relative to the supercon-
vergence technique in solving boundary value problems, the multi-level correction
method also has its value in solving eigenvalue problems.

We can use the better eigenvalue and eigenfunction approximation (A, ,un, )
to construct an a posteriori error estimator of the eigenpair approximations for
the eigenvalue problems (see, e.g., [7,[16]). Furthermore, our multi-level correction
scheme can be coupled with the multi-grid method to construct a type of multi-grid
and parallel method for eigenvalue problems (see, e.g, [26]). It can also be combined
with the adaptive refinement technique for the singular eigenfunction cases. These
will be our future work.
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