
 Open access  Journal Article  DOI:10.1007/S00211-021-01201-Y

A multilevel Monte Carlo method for asymptotic-preserving particle schemes in the
diffusive limit — Source link 

Emil Løvbak, Giovanni Samaey, Stefan Vandewalle

Institutions: Katholieke Universiteit Leuven

Published on: 10 Jul 2019 - arXiv: Numerical Analysis

Topics: Monte Carlo method, Limit (mathematics) and Stability (probability)

Related papers:

 A Multilevel Monte Carlo Asymptotic-Preserving Particle Method for Kinetic Equations in the Diffusion Limit

 Multilevel Monte Carlo with Improved Correlation for Kinetic Equations in the Diffusive Scaling

 Multilevel Asymptotic-Preserving Monte Carlo for Particle Simulations.

 Asymptotic-Preserving Monte Carlo methods for transport equations in the diffusive limit

 
Multilevel asymptotic-preserving Monte Carlo for kinetic-diffusive particle simulations of the Boltzmann-BGK
equation

Share this paper:    

View more about this paper here: https://typeset.io/papers/a-multilevel-monte-carlo-method-for-asymptotic-preserving-
23a0ldzy6c

https://typeset.io/
https://www.doi.org/10.1007/S00211-021-01201-Y
https://typeset.io/papers/a-multilevel-monte-carlo-method-for-asymptotic-preserving-23a0ldzy6c
https://typeset.io/authors/emil-lovbak-1ufj7yv1cy
https://typeset.io/authors/giovanni-samaey-29rko8l082
https://typeset.io/authors/stefan-vandewalle-nnnxxlb4qh
https://typeset.io/institutions/katholieke-universiteit-leuven-j400mi90
https://typeset.io/journals/arxiv-numerical-analysis-36dm9vah
https://typeset.io/topics/monte-carlo-method-15rzfqou
https://typeset.io/topics/limit-mathematics-3ekkdssz
https://typeset.io/topics/stability-probability-2lavu761
https://typeset.io/papers/a-multilevel-monte-carlo-asymptotic-preserving-particle-3h7styfdfs
https://typeset.io/papers/multilevel-monte-carlo-with-improved-correlation-for-kinetic-36wz5c2uxw
https://typeset.io/papers/multilevel-asymptotic-preserving-monte-carlo-for-particle-3bjc2c6zcb
https://typeset.io/papers/asymptotic-preserving-monte-carlo-methods-for-transport-muoqz2vjgs
https://typeset.io/papers/multilevel-asymptotic-preserving-monte-carlo-for-kinetic-3ql1wwf39q
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/a-multilevel-monte-carlo-method-for-asymptotic-preserving-23a0ldzy6c
https://twitter.com/intent/tweet?text=A%20multilevel%20Monte%20Carlo%20method%20for%20asymptotic-preserving%20particle%20schemes%20in%20the%20diffusive%20limit&url=https://typeset.io/papers/a-multilevel-monte-carlo-method-for-asymptotic-preserving-23a0ldzy6c
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/a-multilevel-monte-carlo-method-for-asymptotic-preserving-23a0ldzy6c
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/a-multilevel-monte-carlo-method-for-asymptotic-preserving-23a0ldzy6c
https://typeset.io/papers/a-multilevel-monte-carlo-method-for-asymptotic-preserving-23a0ldzy6c


Multilevel Monte Carlo
Asymptotic-Preserving Particle Method
for Kinetic Equations

Emil Løvbak, Stefan Vandewalle and Giovanni Samaey

KU Leuven, Department of Computer Science, NUMA Section

July 3, 2018



Kinetic equations

◮ Individual particles in position-velocity phase space (Xt, Vt, t)

◮ Evolution of distribution follows kinetic equation

∂tf(x, v, t) + v∂xf(x, v, t) = Q(f(x, v, t))
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Kinetic equations

◮ Individual particles in position-velocity phase space (Xt, Vt, t)

◮ Evolution of distribution follows kinetic equation

∂tf(x, v, t) +
v

ε
∂xf(x, v, t) =

1

ε2
Q(f(x, v, t))

◮ Velocity jump process

dXt =
Vt

ε
dt, Vt = Vn, t ∈ [tn, tn+1),

Vn ∼ M(v), tn+1 − tn ∼ E(1/ε2)
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◮ ε → 0: Time between collisions tn+1 − tn → 0

◮ Brownian motion

Xn+1 = Xn +
√

2∆t
√

Dξn, ξn ∼ N (0, 1)

◮ Interested in moments u(x, t) =
∫

m(v)f(x, v, t)dv

◮ Examples: Density, Flux, Variance, . . .

ρ(x, t) =

∫

f(x, v, t)dv

◮ Limiting macroscopic equation for ε → 0 : ∂tρ = ∂xxρ
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Kinetic equations

◮ Applications:
• Nuclear fusion
• Chemotaxis
• Fluid dynamics
• . . .

◮ Often multiscale in nature
• Short mean free path
• Slow macroscopic dynamics

⇒ computationally expensive

KU Leuven Dept. Mech. Engineering; Wikipedia; Linkedin article Rahul Krishnan (Boeing)
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Background: Asymptotic-Preserving Particle Schemes

◮ Goldstein-Taylor model:







∂tf+ +
1

ε
∂xf+ =

1

ε2

(
ρ

2
− f+

)

∂tf− − 1

ε
∂xf− =

1

ε2

(
ρ

2
− f−

)
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◮ In density flux representation:

ρ = f+ + f−, j =
f+ − f−

ε







∂tρ + ∂xj = 0

∂tj +
1

ε2
∂xρ = − 1

ε2
j

◮ Under limit ε → 0:
∂tρ = ∂xxρ
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Background: Asymptotic-Preserving Particle Schemes

◮ Goldstein-Taylor model:







∂tf+ +
1

ε
∂xf+ =

1

ε2

(
ρ

2
− f+

)

∂tf− − 1
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◮ Modified equation via IMEX method:
[Dimarco, Pareschi, Samaey, 2018]







∂tf+ +
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ε2 + ∆t
∂xf+ =
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ε2 + ∆t

(
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2
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− f−

)

◮ Model bias O(∆t)

◮ ε → 0 ⇒ Diffusion
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Correlating Particle Pairs: Transport-diffusion Step

Xn,1
∆tl

= Xn,0
∆tl

± ε

ε2 + ∆tl

+
√

2∆tl

√

∆tl

ε2 + ∆tl

ξn,0
l , ξn,0

l ∼ N (0, 1)

n−1, M −1 n, 0 n, 1 n, 2
. . .

n, M −1 n+1, 0 n+1, 1
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Correlating Particle Pairs: Collision Step

◮ Probability of collision is different for different ∆t

◮ Implementation: If αn
l > ε2

ε2+∆tl

, αn
l ∈ U [0, 1] then collision
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Applying MLMC to AP scheme: Results
Maximum variance of mean position per level, ε = 0.1
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Applying MLMC to AP scheme: Results

Slide removed due to containing wrong results. We refer to future
publications on this topic for a correction.
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Applying MLMC to AP scheme: Results

4Vl+1Cl+1 > Ṽl+1C̃l+1 [Giles, 2015]
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Applying MLMC to AP scheme: Results

◮ Variance increases for ∆t ≫ ε2 and decreases for ∆t ≪ ε2

◮ For small ∆t, general theory behind MLMC applies

◮ For large ∆t, it seems that extra levels increase overall cost

◮ Proposed strategy:
• Level 0 at roughest possible time step
• Level 1 correlates roughest time step with ε2

• Levels 2 . . . L are a geometric series of time steps
• Optimal geometric factor ∈ 2, 3, 4 and depends on ε and the

simulation length

◮ Experimental verification of strategy in progress
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