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✹✳ ▼♦❞❡❧ ❈❛❧✐❜r❛t✐♦♥ ✾✾
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✹✳✸✳ ❈❛❧✐❜r❛t✐♦♥ ♦❢ ❈❛♣s ✐♥ t❤❡ ❚✇♦✲Pr✐❝❡ ❛♥❞ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❙❡tt✐♥❣ ✳ ✳ ✳ ✳ ✳ ✶✶✽
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❆♣♣❡♥❞✐❝❡s ✶✸✶

❆✳ ❈❛❧✐❜r❛t✐♦♥ ❘❡s✉❧ts ♦❢ ▼♦❞❡❧ ❋r❛♠❡✇♦r❦ ✭■✮ ✶✸✼

❇✳ ❈❛❧✐❜r❛t✐♦♥ ❘❡s✉❧ts ♦❢ ▼♦❞❡❧ ❋r❛♠❡✇♦r❦ ✭■■✮ ✶✸✾

❈✳ ❈❛❧✐❜r❛t✐♦♥ ❘❡s✉❧ts ✐♥ t❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❙❡tt✐♥❣ ✶✹✶

❇✐❜❧✐♦❣r❛♣❤② ✶✺✶
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❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❋✐rst ❛♥❞ ❢♦r❡♠♦st✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② ❛❝❛❞❡♠✐❝ t❡❛❝❤❡r ❛♥❞ s✉♣❡r✈✐s♦r Pr♦❢✳ ❉r✳
❊r♥st ❊❜❡r❧❡✐♥✳ ❍❡ ✐♥tr♦❞✉❝❡❞ ♠❡ t♦ t❤❡ t♦♣✐❝ ♦❢ ▲é✈② t❡r♠ str✉❝t✉r❡ ♠♦❞❡❧s ❛♥❞ ❛r♦✉s❡❞
♠② ✐♥t❡r❡st ❢♦r t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ t✇♦✲♣r✐❝❡ t❤❡♦r②✳ ❋✉rt❤❡r♠♦r❡✱ ❤✐s
✈❛❧✉❛❜❧❡ ❛❞✈✐❝❡ ❛♥❞ s✉♣♣♦rt ✐♥ ♦✉r ♣❧❡❛s❛♥t ❞✐s❝✉ss✐♦♥s ❤❛✈❡ ❜❡❡♥ ❡ss❡♥t✐❛❧ t♦ ✜♥✐s❤ t❤✐s
t❤❡s✐s✳
■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② t❤❛♥❦s t♦ ♠② ❞❡❛r ❝♦❧❧❡❛❣✉❡s ❛t t❤❡ ❉❡♣❛rt♠❡♥t ♦❢

▼❛t❤❡♠❛t✐❝❛❧ ❙t♦❝❤❛st✐❝s ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❋r❡✐❜✉r❣ ❢♦r ♠❛❦✐♥❣ t❤❡ ♣❛st ❝♦✉♣❧❡ ♦❢
②❡❛rs s♦ ❡①❝✐t✐♥❣ ❛♥❞ ✈❛❧✉❛❜❧❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ ♠❡♥t✐♦♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧
❛♥❞ ♥♦♥✲♠❛t❤❡♠❛t✐❝❛❧ ❞✐s❝✉ss✐♦♥s ✇✐t❤ Pr♦❢✳ ❉r✳ ❚❤♦rst❡♥ ❙❝❤♠✐❞t✱ Pr♦❢✳ ❉r✳ ▲✉❞❣❡r
❘üs❝❤❡♥❞♦r❢✱ Pr♦❢✳ ❉r✳ ❍❛♥s ❘✉❞♦❧❢ ▲❡r❝❤❡✱ Pr♦❢✳ ❉r✳ ❊✈❛ ▲üt❦❡❜♦❤♠❡rt✲❍♦❧t③✱ ❉r✳
❱♦❧❦❡r P♦❤❧✱ ❉r✳ ❊r♥st ❆✉❣✉st ❋r❤r✳ ✈✳ ❍❛♠♠❡rst❡✐♥✱ ❉r✳ ❆♥❞r❡❥ ❉❡♣♣❡rs❝❤♠✐❞t✱
❉r✳ ❉♦♠✐♥✐❦ ❙t✐❝❤✱ ❉r✳ ❱✐❝t♦r ❲♦❧❢✱ ❉r✳ ❙✇❡♥ ❑✐❡s❡❧✱ ❇❡♥❡❞✐❦t ❑ö♣❢❡r✱ P❡t❡r ❈③✉♣♣♦♥✱
❇❡♥❡❞✐❦t ❱♦❣t ❛♥❞ ✭t❤❡ ❣♦♦❞ s♦✉❧ ♦❢ ♦✉r ❞❡♣❛rt♠❡♥t✮ ▼♦♥✐❦❛ ❍❛tt❡♥❜❛❝❤✳ ❙♣❡❝✐❛❧ t❤❛♥❦s
❣♦ t♦ ❉r✳ P❛tr✐❝❦ ❇ä✉r❡r✱ ❏♦♥❛t❤❛♥ ❆♥s❛r✐✱ ▼❛r❝✉s ❘✉❞♠❛♥♥ ❛♥❞ ❋❡❧✐① ❍❡r♠❛♥♥ ❢♦r
t❤❡✐r ✈❛❧✉❛❜❧❡ ❝♦♠♠❡♥ts ♦♥ t❤❡ ♠❛♥✉s❝r✐♣t✳ ■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ s❤♦✇ ♠② ❣r❛t✐t✉❞❡ t♦
❆♥♥❦❛tr✐♥ ❇✉r❦❛rt ❢♦r t❤❡ ❧✐♥❣✉✐st✐❝ ❛❞✈✐❝❡✳
❋r♦♠ t❤❡ ❜♦tt♦♠ ♦❢ ♠② ❤❡❛rt✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② ❢❛♠✐❧② ❛♥❞ ❢r✐❡♥❞s ❢♦r t❤❡✐r

❧♦✈❡❧② s✉♣♣♦rt ♦✈❡r ❛❧❧ t❤❡ ②❡❛rs✳ ❊s♣❡❝✐❛❧❧②✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡♠♣❤❛s✐s❡ ♠② ♣❛r❡♥ts ❆♥♥✐
❛♥❞ ❍✉❜❡rt✱ ♠② ❜r♦t❤❡r ❇❥ör♥ ✇✐t❤ ▼❛r✐♦♥✱ ▲♦✉✐s ❛♥❞ ❏✉❧❡ ❛♥❞ ♠② ♦t❤❡r ❜r♦t❤❡r ❏✉❧✐❛♥✳
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■♥tr♦❞✉❝t✐♦♥

■♥ ❛♥s✇❡r t♦ t❤❡ ❝❤❛♥❣❡s ✐♥ ✜①❡❞ ✐♥❝♦♠❡ ♠❛r❦❡ts ❞✉❡ t♦ t❤❡ ❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ✐♥
t❤❡ s✉♠♠❡r ♦❢ ✷✵✵✼✱ ♣r❛❝t✐t✐♦♥❡rs ❛♥❞ r❡s❡❛r❝❤❡rs ❡st❛❜❧✐s❤❡❞ t❤❡ s♦✲❝❛❧❧❡❞ ♠✉❧t✐♣❧❡✲
❝✉r✈❡ ❛♣♣r♦❛❝❤✳ ❇❛s✐❝❛❧❧②✱ t❤❡ ♣♦st✲❝r✐s✐s ♠❛r❦❡t s✐t✉❛t✐♦♥ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❛❦✐♥❣
✐♥t♦ ❛❝❝♦✉♥t ❝r❡❞✐t ❛♥❞ ❧✐q✉✐❞✐t② r✐s❦✳ ❇✉t ✐♥st❡❛❞ ♦❢ ❞❡✈❡❧♦♣✐♥❣ ❛ ❝♦♠♣❧✐❝❛t❡❞ ❛♥❞
s♦♣❤✐st✐❝❛t❡❞ ♠♦❞❡❧ t❤❛t ❝♦♥s✐❞❡rs ❝r❡❞✐t ❛♥❞ ❧✐q✉✐❞✐t② ❡✛❡❝ts✱ ♦♥❡ ♣r❡❢❡rs ✉s✐♥❣ t❤✐s
♠♦r❡ ♣r❛❝t✐❝❛❧ ❛♣♣r♦❛❝❤✳

❚❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❞✐s❝♦✉♥t
❝✉r✈❡ ❛♥❞ ❛s ♠❛♥② t❡r♠ str✉❝t✉r❡s ♦❢ ✐♥t❡r❡st r❛t❡s ❛s ♦❝❝✉rr✐♥❣ t❡♥♦rs✳ ❚❤❡ t❡r♠
str✉❝t✉r❡ ♦❢ ✐♥t❡r❡st r❛t❡s✱ ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ②✐❡❧❞ ❝✉r✈❡✱ ✐s t❤❡ ❢✉♥❝t✐♦♥ t❤❛t r❡❧❛t❡s t❤❡
②✐❡❧❞ ♦♥ ❛ ③❡r♦✲❝♦✉♣♦♥ ❜♦♥❞ t♦ ♠❛t✉r✐t② ✭❝♦♥t✐♥✉♦✉s❧② ❝♦♠♣♦✉♥❞❡❞ r❛t❡ ♦❢ r❡t✉r♥ ❢r♦♠
❤♦❧❞✐♥❣ ❛ ③❡r♦✲❝♦✉♣♦♥ ❜♦♥❞ ♦✈❡r ❛ ♣❡r✐♦❞ ♦❢ t✐♠❡❀ ❝❛❧❧❡❞ ②✐❡❧❞✲t♦✲♠❛t✉r✐t②✮✳ ❆ t❡♥♦r
r❡♣r❡s❡♥ts t❤❡ ❞✉r❛t✐♦♥ ♦❢ ❛ ❝♦♠♣♦✉♥❞✐♥❣ ♣❡r✐♦❞✳ ❇② t❤❡ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡
❜❡t✇❡❡♥ t❤❡ ❜♦♥❞ ♣r✐❝❡ ❛♥❞ ✐ts ②✐❡❧❞✲t♦✲♠❛t✉r✐t②✱ t❤❡ t❡r♠ str✉❝t✉r❡ ♦❢ ✐♥t❡r❡st r❛t❡s ❝❛♥
❜❡ r❡♣r❡s❡♥t❡❞ ❡✐t❤❡r ❜② t❤❡ ②✐❡❧❞ ❝✉r✈❡ ♦r ❜② t❤❡ ❢✉♥❝t✐♦♥ t❤❛t r❡❧❛t❡s t❤❡ ❜♦♥❞ ♣r✐❝❡
t♦ ♠❛t✉r✐t② ✭❜♦♥❞ ♣r✐❝❡ ❝✉r✈❡✮✳ ■♥ t❤✐s t❤❡s✐s✱ ❡❛❝❤ t❡r♠ str✉❝t✉r❡ ✐s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡
❜♦♥❞ ♣r✐❝❡ ❝✉r✈❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♦❢t❡♥ ✉s❡ t❤❡ t❡r♠ ❝✉r✈❡ ❛s ❛♥ ❛♥❛❧♦❣② ❢♦r t❤❡ ♥♦t✐♦♥ ♦❢
t❡r♠ str✉❝t✉r❡✳

■♥ t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ s❡tt✐♥❣✱ ✐♥t❡r❡st r❛t❡s ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ ❞✐✛❡r❡♥t r✐s❦ ❝❧❛ss❡s ❞❡✲
♣❡♥❞✐♥❣ ♦♥ t❤❡✐r r❡❧❛t❡❞ t❡♥♦r ✭✜①❡❞ ✐♥❝♦♠❡ ♠❛r❦❡t s❡❣♠❡♥t❛t✐♦♥✮✳ ❚❤✐s ♠❡❛♥s t❤❛t
❡❛❝❤ t❡♥♦r✲r❡❧❛t❡❞ t❡r♠ str✉❝t✉r❡ r❡✢❡❝ts t❤❡ r❡s♣❡❝t✐✈❡ ✭❝r❡❞✐t ❛♥❞ ❧✐q✉✐❞✐t②✮ r✐s❦ ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ t❡♥♦r✲❞❡♣❡♥❞❡♥t ✐♥t❡r❡st r❛t❡s✳ ❚❤❡ ❞✐s❝♦✉♥t ❝✉r✈❡ ✐s s♣❡❝✐✜❝❛❧❧② ✉s❡❞ t♦
❞❡t❡r♠✐♥❡ t❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ ❛ ✭❢✉t✉r❡✮ ♣❛②♦✛✳ ■t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ r✐s❦✲❢r❡❡
❝✉r✈❡✳

■♥ t❤❡ ♣♦st✲❝r✐s✐s s✐t✉❛t✐♦♥✱ ❛ ❜♦♦tstr❛♣♣✐♥❣ t❡❝❤♥✐q✉❡ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❞✐❢✲
❢❡r❡♥t ✐♥✐t✐❛❧ ❝✉r✈❡s ✇❛s ❞❡✈❡❧♦♣❡❞✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ q✉❡st✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ st♦❝❤❛st✐❝
♠♦❞❡❧❧✐♥❣ ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✈❛r✐♦✉s t❡♥♦r✲❞❡♣❡♥❞❡♥t ✐♥t❡r❡st r❛t❡s ❛r✐s❡s✳ ❆ ❧♦❣✐❝❛❧❧②
s✐♠✐❧❛r ♠❡t❤♦❞ t♦ t❤❡ ♦♥❡ ✉s❡❞ ❢♦r t❤❡ ✐♥✐t✐❛❧ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❝♦♥str✉❝t✐♦♥ ✇❛s ❛♣♣❧✐❡❞✳
●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ t❤❡ ✐♥t❡r❡st r❛t❡ ❝✉r✈❡s ❛r❡ ♠♦❞❡❧❧❡❞ ❥♦✐♥t❧② ❜✉t ❞✐st✐♥❝t❧②✳ ❈♦♥s❡✲
q✉❡♥t❧②✱ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ s❤♦rt✲r❛t❡ ♠♦❞❡❧s✱ ❍❡❛t❤✲❏❛rr♦✇✲▼♦rt♦♥✲❜❛s❡❞ ♠♦❞❡❧s ❛♥❞
♠❛r❦❡t ♠♦❞❡❧s r❡❧❛t❡❞ t♦ t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤ ✇❡r❡ ❞❡✈❡❧♦♣❡❞✳ ❲❡ r❡❢❡r t♦ t❤✐s
t②♣❡ ♦❢ ♠♦❞❡❧s ❛s ♠✉❧t✐♣❧❡✲❝✉r✈❡ ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧s✳

❲❡ ♣r❡s❡♥t ❛ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❍❡❛t❤✲
❏❛rr♦✇✲▼♦rt♦♥✳ ❆ ❞✐s❝♦✉♥t ❝✉r✈❡ ❛♥❞ ❛ ✜♥✐t❡ s❡t ♦❢ r✐s❦② ❝✉r✈❡s ✇❤✐❝❤ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
❝r❡❞✐t ❛♥❞ ❧✐q✉✐❞✐t② ✐ss✉❡s ❛r❡ ♠♦❞❡❧❧❡❞✳ ❲❡ ✉s❡ t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ▲é✈② ♣r♦❝❡ss❡s ❛s
❞r✐✈✐♥❣ ♣r♦❝❡ss❡s ♦❢ t❤❡ ♠♦❞❡❧✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡✐r ❣❡♥❡r❛❧✐t② r❡❧❛t❡❞ t♦ t❤❡ t❤❡♦r②
♦❢ s❡♠✐♠❛rt✐♥❣❛❧❡s ❛r❡ ♦❢ s♣❡❝✐❛❧ ✐♥t❡r❡st ❢r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ t❤❡s❡ ♣r♦❝❡ss❡s ❛r❡ ❛❧s♦ ❛♣♣r♦♣r✐❛t❡ ❢♦r ♣r❛❝t✐❝❛❧ ♣✉r♣♦s❡s ❜❡❝❛✉s❡ ♦❢ t❤❡✐r
❞✐str✐❜✉t✐♦♥❛❧ ✢❡①✐❜✐❧✐t② ❛♥❞ r❡❧❛t✐✈❡❧② s✐♠♣❧❡ ❤❛♥❞❧✐♥❣✳

✶



❚❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❝✉r✈❡s ♦r✐❣✐♥❛t❡ ❢r♦♠ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ✐♥❝❧✉❞❡❞ r✐s❦s✳ ■♥
❣❡♥❡r❛❧✱ ❝✉r✈❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❧❛r❣❡r t❡♥♦rs r❡♣r❡s❡♥t ♠♦r❡ ❝r❡❞✐t ❛♥❞ ❧✐q✉✐❞✐t② r✐s❦
t❤❛♥ ❝✉r✈❡s r❡❧❛t❡❞ t♦ s♠❛❧❧❡r t❡♥♦rs✳ ❚❤✐s ❢❛❝t ❧❡❛❞s t♦ ❛ ❝r✉❝✐❛❧ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥
♦❢ t❤❡ ❝✉r✈❡s✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❧❛r❣❡r t❤❡ r❡❧❛t❡❞ t❡♥♦r ✭t❤❡ r✐s❦✮ ♦❢ ❛ ✭✜❝t✐t✐♦✉s
r✐s❦②✮ ❜♦♥❞ ✐s✱ t❤❡ ❝❤❡❛♣❡r ✐t ✐s✳ ❚❤❡ ❞✐s❝♦✉♥t ❜♦♥❞ ✐s t❤❡r❡❢♦r❡ t❤❡ ♠♦st ❡①♣❡♥s✐✈❡ ♦♥❡✳
❖♥❡ ♦❢ ♦✉r ❦❡② ♦❜❥❡❝t✐✈❡s ✐s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ♠♦❞❡❧ ❢r❛♠❡✇♦r❦ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s t❤✐s
♠♦♥♦t♦♥✐❝✐t②✳ ❲❡ ❞❡r✐✈❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♠♦❞❡❧ q✉❛♥t✐t✐❡s✱ ✇❤✐❝❤ r❡s✉❧ts
✐♥ ❛❞❞✐t✐♦♥❛❧ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳
❋✉rt❤❡r♠♦r❡✱ ❧✐q✉✐❞✐t② r✐s❦ ❝❛♥ ❝❛✉s❡ ❛ ❧❛r❣❡ s♣r❡❛❞ ❜❡t✇❡❡♥ ❛s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡s ♦❢

❛ ❞❡r✐✈❛t✐✈❡✳ ❚❤✐s s✐t✉❛t✐♦♥ ✐s ❛❧s♦ ♦❜s❡r✈❡❞ ✐♥ ✜①❡❞ ✐♥❝♦♠❡ ♠❛r❦❡t ❞❛t❛ ❞✉r✐♥❣ t❤❡
✜♥❛♥❝✐❛❧ ❝r✐s✐s✳ ❖♥ t❤✐s ❛❝❝♦✉♥t✱ ✇❡ ❛♣♣❧② t❤❡ t✇♦✲♣r✐❝❡ t❤❡♦r② ❜❛s❡❞ ♦♥ ❛❝❝❡♣t❛❜✐❧✐t②
✐♥❞✐❝❡s t♦ ♦✉r ♠✉❧t✐♣❧❡✲❝✉r✈❡ ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧✳ ❆s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡s ♦❢ s♦♠❡ ✜♥❛♥❝✐❛❧
♣r♦❞✉❝ts ❛r❡ ❞❡r✐✈❡❞ ❛♥❞ ✇❡ ♣r❡s❡♥t ❛ ♠❡t❤♦❞ t♦ ❡✈❛❧✉❛t❡ t❤❡♠ ♥✉♠❡r✐❝❛❧❧②✳
❚❤❡ q✉❡st✐♦♥ ❤♦✇ t♦ ❝❛❧✐❜r❛t❡ ♦✉r t✇♦✲♣r✐❝❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ♠♦❞❡❧ t♦ ♠❛r❦❡t ❞❛t❛ ❛r✐s❡s✳

❆ ❣❡♥❡r❛❧ ❝❛❧✐❜r❛t✐♦♥ ♣r♦❝❡❞✉r❡ t❤❛t ❞❡❛❧s ✇✐t❤ t❤✐s ❢❛❝t ✐s ❞❡s❝r✐❜❡❞✳ ❚♦ ✐❧❧✉str❛t❡ t❤✐s
✐ss✉❡✱ ✇❡ ❝❛❧✐❜r❛t❡ t❤❡ ♠♦❞❡❧ t♦ ♠❛r❦❡t ❞❛t❛ ❢♦r ❞❛t❡s ❜❡❢♦r❡ ❛♥❞ ❞✉r✐♥❣ t❤❡ ❣❧♦❜❛❧
✜♥❛♥❝✐❛❧ ❝r✐s✐s✳ ❚❤❡ ❝❛❧✐❜r❛t✐♦♥ r❡s✉❧ts ❛r❡ ❛❧s♦ ❞❡♠♦♥str❛t❡❞ ✐♥ ❞❡t❛✐❧✳

❖✈❡r✈✐❡✇ ✲ ❙②♥♦♣s✐s

❚❤✐s t❤❡s✐s ❝♦♥s✐sts ♦❢ ❢♦✉r ❝❤❛♣t❡rs ❛♥❞ t❤r❡❡ ❛♣♣❡♥❞✐❝❡s✳ ■t ✐s ♦r❣❛♥✐s❡❞ ❛s ❢♦❧❧♦✇s✿
❈❤❛♣t❡r ✶ ❞❡❛❧s ✇✐t❤ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s ❛♥❞ ❝♦♥❝❡♣ts t❤❛t ❛r❡ ♥❡❡❞❡❞ ✐♥ ♦r❞❡r
t♦ ❞❡✈❡❧♦♣ ♦✉r ♠♦❞❡❧✳ ❲❡ r❡✈✐❡✇ t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ▲é✈② ♣r♦❝❡ss❡s ✇❤✐❝❤ ✇❡ ✉s❡
❛s ❞r✐✈✐♥❣ ♣r♦❝❡ss❡s ♦❢ t❤❡ ♠♦❞❡❧✳ ❚❤❡ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ❢♦r t❤✐s t♦♣✐❝ ✐s ❣✐✈❡♥
❜② ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻❪✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ♦❢
❝r❡❞✐t r✐s❦✳ ❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡♥❧❛r❣❡♠❡♥ts ♦❢ ✜❧tr❛t✐♦♥s ❛♥❞ t❤❡ ♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡
♣r♦♣❡rt②✳ ❇❛s❡❞ ♦♥ t❤❡s❡ ✐ss✉❡s✱ ✇❡ st✉❞② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❝♦♥❞✐t✐♦♥❛❧❧② ✐♥❞❡♣❡♥❞❡♥t
❞❡❢❛✉❧t t✐♠❡s ✇✐t❤ r❡❣❛r❞ t♦ ♦✉r ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤✳ ❚❤❡ ✇♦r❦s ♦❢ ❇ré♠❛✉❞ ❛♥❞
❨♦r ❬✶✻❪✱ ❏❡❛♥❜❧❛♥❝ ❛♥❞ ▲❡ ❈❛♠ ❬✺✾❪ ❛♥❞ ❇✐❡❧❡❝❦✐ ❛♥❞ ❘✉t❦♦✇s❦✐ ❬✶✷❪ ❛r❡ ❝r✉❝✐❛❧ ❢♦r t❤✐s
st✉❞②✳
■♥ ❝❤❛♣t❡r ✷✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ t❤❡♦r② ♦❢ t✇♦ ♣r✐❝❡s ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛❝❝❡♣t❛❜✐❧✐t②

✐♥❞✐❝❡s✳ ❆s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡s ❢♦r ✜♥❛♥❝✐❛❧ ♣♦s✐t✐♦♥s r❡❧❛t❡❞ t♦ ❛ st❛t✐❝ ♣❡r✐♦❞ ♦❢ t✐♠❡ ❛r❡
❞❡r✐✈❡❞✳ ❲❡ ✉s❡ t❤❡ ♣❛♣❡r ♦❢ ❈❤❡r♥② ❛♥❞ ▼❛❞❛♥ ❬✷✷❪ ❛♥❞ ❊❜❡r❧❡✐♥ ❛♥❞ ▼❛❞❛♥ ❬✸✺❪ ❛s
♠❛✐♥ r❡❢❡r❡♥❝❡✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r② ♦❢ ✐♥t❡r❡st r❛t❡ t❡r♠ str✉❝t✉r❡
♠♦❞❡❧❧✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤ ✐s ♠♦t✐✈❛t❡❞ ❜② ♠❛r❦❡t ❞❛t❛ t❤❛t
❛r❡ ♦❜s❡r✈❡❞ s✐♥❝❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ✐♥ t❤❡ s✉♠♠❡r ♦❢ ✷✵✵✼✳
❲❡ ❡①t❡♥s✐✈❡❧② ❡①♣❧❛✐♥ t❤✐s ♠♦❞❡r♥ ♠♦❞❡❧ ❛♣♣r♦❛❝❤✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ t✇♦✲♣r✐❝❡
t❤❡♦r② t♦ t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤ ✐s ❛❧s♦ ❞❡s❝r✐❜❡❞✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t ❛ ❣❡♥❡r❛❧
❝❛❧✐❜r❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥ t❤✐s t✇♦✲♣r✐❝❡ ❛♥❞ ♠✉❧t✐♣❧❡✲❝✉r✈❡ s❡tt✐♥❣✳

✷



❈❤❛♣t❡r ✸ ✐♥tr♦❞✉❝❡s ♦✉r ♠✉❧t✐♣❧❡✲❝✉r✈❡ ▲é✈② ❢♦r✇❛r❞ r❛t❡ ♠♦❞❡❧✳ ❚❤✐s ♠♦❞❡❧ ❛♣✲
♣r♦❛❝❤ ❜❛s❡s ♦♥ t❤❡ ✇♦r❦ ♦❢ ❊❜❡r❧❡✐♥ ❛♥❞ ❘❛✐❜❧❡ ❬✸✽❪✱ ❊❜❡r❧❡✐♥ ❛♥❞ ❑❧✉❣❡ ❬✸✸❪ ❛♥❞
❈ré♣❡②✱ ●r❜❛❝✱ ❛♥❞ ◆❣✉②❡♥ ❬✷✸❪✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛♣♣❧② t❤❡ t✇♦✲♣r✐❝❡ t❤❡♦r② t♦ t❤✐s ♠♦❞❡❧✳
❱❛❧✉❛t✐♦♥s ❢♦r♠✉❧❛s ❢♦r s♦♠❡ ✐♥t❡r❡st r❛t❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❡st❛❜❧✐s❤❡❞✳
■♥ ❝❤❛♣t❡r ✹✱ ✇❡ ❝❛❧✐❜r❛t❡ ♦✉r ♠♦❞❡❧ t♦ ♠❛r❦❡t ❞❛t❛ ❢♦r ❞❛t❡s ❜❡❢♦r❡ ❛♥❞ ❞✉r✐♥❣ t❤❡

✜♥❛♥❝✐❛❧ ❝r✐s✐s✳ ❚❤❡ ❛❝❝✉r❛t❡ ❢r❛♠❡✇♦r❦ ❛♥❞ t❤❡ ❝❛❧✐❜r❛t✐♦♥ r❡s✉❧ts ❛r❡ st❛t❡❞✳
■♥ t❤❡ ❛♣♣❡♥❞✐❝❡s✱ ✇❡ ♣r❡s❡♥t t❤❡ ❝❛❧✐❜r❛t✐♦♥ r❡s✉❧ts ✐♥ ❢♦r♠ ♦❢ t❤❡ r❡❧❛t✐✈❡ ❡rr♦rs

❜❡t✇❡❡♥ ♠❛r❦❡t ❛♥❞ ♠♦❞❡❧ ♣r✐❝❡s✳

Pr❛❝t✐❝❛❧ ■♠♣❧❡♠❡♥t❛t✐♦♥

❋♦r ♣r❛❝t✐❝❛❧ ♣✉r♣♦s❡s✱ ✇❡ ❛♣♣❧② t❤❡ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t ❘ ❢♦r
t❤❡ ❣r❛♣❤✐❝s ❛s ✇❡❧❧ ❛s ❢♦r t❤❡ st❛t✐st✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s✳ ❚❤❡ ✉s❡❞ ♣❛❝❦❛❣❡s
❛r❡ ♠❡♥t✐♦♥❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ t❤❡s✐s✳ ❚❤❡ ♣r❡s❡♥t❡❞ ❞❛t❛ s❡ts ♦❢ t❤✐s ✇♦r❦ ❛r❡ ❜❛s❡❞
♦♥ ❞❛t❛ ♣r♦✈✐❞❡❞ ❜② ❇❧♦♦♠❜❡r❣✳

✸





❈❍❆P❚❊❘

❖◆❊

▼❆❚❍❊▼❆❚■❈❆▲ P❘❊▲■▼■◆❆❘❨

■♥ t❤✐s ❝❤❛♣t❡r✱ s♦♠❡ ❜❛s✐❝ ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s ❛♥❞ ❝♦♥❝❡♣ts t❤❛t ❛r❡ ♥❡❡❞❡❞ t♦ ❞❡✲
✈❡❧♦♣ ♦✉r ♠♦❞❡❧ ❛r❡ st❛t❡❞✳ ❲❡ ✜rst ✐♥tr♦❞✉❝❡ t❤❡ ❞r✐✈✐♥❣ ♣r♦❝❡ss t❤❛t ✇❡ ✇✐❧❧ ✉s❡✿
❚✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ▲é✈② ♣r♦❝❡ss❡s✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ❢♦r t❤❡s❡ ♣r♦❝❡ss❡s ✐s ❡s✲
s❡♥t✐❛❧❧② ❞❡✈❡❧♦♣❡❞ ❜② ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻❪✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♠❛✐♥❧② ❛❞❛♣t t❤❡ ♥♦t❛t✐♦♥
♦❢ t❤❡s❡ ❛✉t❤♦rs✳ ❚❤❡ ✉s❡ ♦❢ t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ▲é✈② ♣r♦❝❡ss❡s ✐♥ ✜♥❛♥❝✐❛❧ ♠♦❞❡❧s ✐s
❥✉st✐✜❡❞ ❜② t❤❡✐r ❣r❡❛t ❞✐str✐❜✉t✐♦♥❛❧ ✢❡①✐❜✐❧✐t② ✭❝❢✳ ❊❜❡r❧❡✐♥ ❛♥❞ ❑❡❧❧❡r ❬✸✷❪✱ ❊❜❡r❧❡✐♥
❛♥❞ ❘❛✐❜❧❡ ❬✸✽❪✱ ❊❜❡r❧❡✐♥ ❬✷✾❪✱ ❊❜❡r❧❡✐♥ ❛♥❞ ❑❧✉❣❡ ❬✸✹❪✱ ❊❜❡r❧❡✐♥✱ ●r❜❛❝✱ ❛♥❞ ❙❝❤♠✐❞t
❬✹✷❪ ❛♥❞ ❊❜❡r❧❡✐♥✱ ●r❜❛❝✱ ❛♥❞ ❙❝❤♠✐❞t ❬✹✶❪✮✳

❲❡ ❛❧s♦ ❛❞❞r❡ss t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ♦❢ ❝r❡❞✐t r✐s❦✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❞❡❛❧
✇✐t❤ t❤❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥s ❛♥❞ t❤❡ ♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt②✳ ❚❤✐s t♦♣✐❝ ✐s
✐♥t❡♥s✐✈❡❧② st✉❞✐❡❞ ❜② ❇ré♠❛✉❞ ❛♥❞ ❨♦r ❬✶✻❪✱ ❏❡❛♥❜❧❛♥❝ ❛♥❞ ▲❡ ❈❛♠ ❬✺✾❪ ❛♥❞ ❇✐❡❧❡❝❦✐ ❛♥❞
❘✉t❦♦✇s❦✐ ❬✶✷❪✳ ❚❤❡♥✱ ✇❡ ♣r❡s❡♥t ❛ ♠❡t❤♦❞ ❢♦r t❤❡ ❝❛♥♦♥✐❝❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ ❝♦♥❞✐t✐♦♥❛❧❧②
✐♥❞❡♣❡♥❞❡♥t ❞❡❢❛✉❧t t✐♠❡s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ♦❢ ♣❛rt✐❝✉❧❛r ✐♠♣♦rt❛♥❝❡ ❢♦r ♦✉r t②♣❡ ♦❢
♠✉❧t✐♣❧❡✲❝✉r✈❡ ❍❡❛t❤✲❏❛rr♦✇✲▼♦rt♦♥ ♠♦❞❡❧✳

✶✳✶✳ ❉r✐✈✐♥❣ Pr♦❝❡ss ♦❢ t❤❡ ▼♦❞❡❧

▲❡t T ∗ ∈ R+ := [0,∞) ❜❡ ❛ ✜♥✐t❡ t✐♠❡ ❤♦r✐③♦♥ ❛♥❞ B := (Ω,G ,F = (Ft)t∈[0,T ∗], P ) ❜❡
❛ st♦❝❤❛st✐❝ ❜❛s✐s t❤❛t s❛t✐s✜❡s t❤❡ ✉s✉❛❧ ❝♦♥❞✐t✐♦♥s ✭♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✐s ❝♦♠♣❧❡t❡✮ ✐♥ t❤❡
s❡♥s❡ ♦❢ ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻✱ ❉❡✜♥✐t✐♦♥ ■✳✶✳✷ ❛♥❞ ❉❡✜♥✐t✐♦♥ ■✳✶✳✸❪✿

• ❚❤❡ st♦❝❤❛st✐❝ ❜❛s✐s B ✐s ❞❡✜♥❡❞ ❛s ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,G , P ) ❡♥❞♦✇❡❞ ✇✐t❤ ❛♥
✐♥❝r❡❛s✐♥❣ ❛♥❞ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② F = (Ft)t∈[0,T ∗] ♦❢ s✉❜✲σ✲✜❡❧❞s ♦❢ G ✳ ❚❤❡
❢❛♠✐❧② F = (Ft)t∈[0,T ∗] ✐s ❝❛❧❧❡❞ ✜❧tr❛t✐♦♥ ❛♥❞ B ✐s ❛❧s♦ ♥❛♠❡❞ ❛s ✜❧t❡r❡❞ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡✳ ❇② ❝♦♥✈❡♥t✐♦♥✱ ♦♥❡ ✉s✉❛❧❧② s❡ts FT ∗ = G ✳

• ❚❤❡ st♦❝❤❛st✐❝ ❜❛s✐s B ✐s s❛✐❞ t♦ s❛t✐s❢② t❤❡ ✉s✉❛❧ ❝♦♥❞✐t✐♦♥s ✭♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✐s

✺



✶✳ ▼❛t❤❡♠❛t✐❝❛❧ Pr❡❧✐♠✐♥❛r②

❝❛❧❧❡❞ ❝♦♠♣❧❡t❡✮ ✐❢ t❤❡ σ✲✜❡❧❞ G ✐s P ✲❝♦♠♣❧❡t❡ ❛♥❞ ✐❢ ❡✈❡r② Ft ❝♦♥t❛✐♥s ❛❧❧ P ✲♥✉❧❧
s❡ts ♦❢ G ✳

❆s ❞r✐✈✐♥❣ ♣r♦❝❡ss✱ ✇❡ ❝♦♥s✐❞❡r ❛ d✲❞✐♠❡♥s✐♦♥❛❧ t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ▲é✈② ♣r♦❝❡ss
L = (L1, . . . , Ld)T ♦♥ B ✇✐t❤ Li = (Li

t)t∈[0,T ∗] ❢♦r ❡✈❡r② i ∈ {1, . . . , d} ✇✐t❤ d ∈ N✳
❚❤✐s ♠❡❛♥s t❤❛t L ✐s ❛♥ F✲❛❞❛♣t❡❞ ♣r♦❝❡ss ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t ✐♥❝r❡♠❡♥ts ❛♥❞ ❛❜s♦❧✉t❡❧②
❝♦♥t✐♥✉♦✉s ❝❤❛r❛❝t❡r✐st✐❝s ✭❛❜❜r❡✈✐❛t❡❞ ❜② P■■❆❈✮ ❞❡✜♥❡❞ ♦♥ B ✭s❡❡ ❊❜❡r❧❡✐♥✱ ❏❛❝♦❞✱
❛♥❞ ❘❛✐❜❧❡ ❬✸✾❪ ❛♥❞ ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻❪✮✳ ❙✉❝❤ t②♣❡ ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐s ❛❧s♦
❦♥♦✇♥ ❛s ❛❞❞✐t✐✈❡ ♣r♦❝❡ss ✭s❡❡ ❙❛t♦ ❬✽✶❪✮✳ ❲❡ ❡♠♣❤❛s✐s❡ t❤❛t L ✐s ❛ d✲❞✐♠❡♥s✐♦♥❛❧
s❡♠✐♠❛rt✐♥❣❛❧❡ ✭s❡❡ ❛❧s♦ ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻✱ ➓✺✳❪✮✳

❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡ ♣❛t❤s ♦❢ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ L ❛r❡ ❝à❞❧à❣ ✭❝♦♥t✐♥✉❡ à ❞r♦✐t❡

❛✈❡❝ ❞❡s ❧✐♠✐t❡s à ❣❛✉❝❤❡✮✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡s❡ ♣❛t❤s ❛r❡ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❛♥❞ ❛❞♠✐t
❧❡❢t✲❤❛♥❞ ❧✐♠✐ts ✭❛❧♠♦st s✉r❡❧②✮✳ ❲❡ ❛❧s♦ ♣♦st✉❧❛t❡ t❤❛t ❡❛❝❤ ❝♦♠♣♦♥❡♥t Li st❛rts ✐♥
③❡r♦✳ ❚❤❡ ❧❛✇ ♦❢ Lt ✐s ❞❡t❡r♠✐♥❡❞ ❜② ✐ts ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥✿

E[ei〈u,Lt〉] = exp

(

∫ t

0

[

i〈u, bs(h)〉 −
1

2
〈u, csu〉

+

∫

Rd

(

ei〈u,x〉 − 1− i〈u, h(x)〉
)

Fs(dx)
]

ds

)

(u ∈ R
d).

✭✶✳✶✮

❍❡r❡✱ h ✐s ❛ tr✉♥❝❛t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ C d
t ✱ bs(h) = (b1s(h), . . . , b

d
s(h))

T : [0, T ∗] → R
d✱

cs = (cijs )i,j≤d : [0, T ∗] → R
d×d ✇❤♦s❡ ✈❛❧✉❡s ❛r❡ ✐♥ t❤❡ s❡t ♦❢ s②♠♠❡tr✐❝ ♥♦♥♥❡❣❛t✐✈❡✲

❞❡✜♥✐t❡ d× d✲♠❛tr✐❝❡s ❛♥❞ Fs ✐s ❛ ▲é✈② ♠❡❛s✉r❡ ❢♦r ❡✈❡r② s ∈ [0, T ∗]✱ ✐✳❡✳ ❛ ♥♦♥♥❡❣❛t✐✈❡
♠❡❛s✉r❡ ♦♥ (Rd,B(Rd)) t❤❛t ✐♥t❡❣r❛t❡s (|x|2 ∧ 1) ❛♥❞ s❛t✐s✜❡s Fs({0}) = 0 ❢♦r ❡✈❡r②
s ∈ [0, T ∗]✳ ❆s tr✉♥❝❛t✐♦♥ ❢✉♥❝t✐♦♥✱ ♦♥❡ ✉s✉❛❧❧② t❛❦❡s h(x) = x ·✶{|x|≤1}✳ ❲❡ ❞❡♥♦t❡❞ ❜②
〈 · , · 〉 t❤❡ ❊✉❝❧✐❞❡❛♥ s❝❛❧❛r ♣r♦❞✉❝t ♦♥ R

d ❛♥❞ | · | ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠✳ ❚❤❡ s❝❛❧❛r
♣r♦❞✉❝t ♦♥ R

d ✐s ❡①t❡♥❞❡❞ t♦ ❝♦♠♣❧❡① ♥✉♠❜❡rs ❜② s❡tt✐♥❣ 〈w, z〉 :=∑d
j=1wjzj ❢♦r ❡✈❡r②

w, z ∈ C
d✳ ❚❤✉s✱ 〈 · , · 〉 ✐s ♥♦t t❤❡ ❍❡r♠✐t✐❛♥ s❝❛❧❛r ♣r♦❞✉❝t ❤❡r❡✳ ❲❡ ❢✉rt❤❡r ❛ss✉♠❡

t❤❛t

∫ T ∗

0

[

|bs(h)|+ ‖cs‖+
∫

Rd

(|x|2 ∧ 1)Fs(dx)
]

ds < ∞,

✇❤❡r❡ ‖ · ‖ ❞❡♥♦t❡s ❛♥② ♥♦r♠ ♦♥ t❤❡ s❡t ♦❢ d × d✲♠❛tr✐❝❡s✳ ❚❤❡ tr✐♣❧❡t (b, c, F ) =

(bs, cs, Fs)s∈[0,T ∗] r❡♣r❡s❡♥ts t❤❡ ❧♦❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ L✳ ❲❡ ❛❧s♦ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣
st❛♥❞✐♥❣ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ✭❡①♣♦♥❡♥t✐❛❧✮ ♠♦♠❡♥ts t❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s✿

❆ss✉♠♣t✐♦♥ ✭EM✮✿ ❚❤❡r❡ ❛r❡ ❝♦♥st❛♥ts M, ǫ > 0✱ s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r②

u ∈ [−(1 + ǫ)M, (1 + ǫ)M ]d,

✻
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✇❡ ❤❛✈❡

∫ T ∗

0

∫

{|x|>1}
exp〈u, x〉Fs(dx)ds < ∞.

❆ss✉♠♣t✐♦♥ (EM) ✐s ❡q✉✐✈❛❧❡♥t t♦ E[exp〈u, Lt〉] < ∞ ❢♦r ❛❧❧ t ∈ [0, T ∗] ❛♥❞ u ∈
[−(1 + ǫ)M, (1 + ǫ)M ]d✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧s ✇✐t❤ ✉♥❞❡r❧②✐♥❣ ♣r♦❝❡ss❡s
t❤❛t ❛r❡ ❡①♣♦♥❡♥t✐❛❧s ♦❢ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧s ✇✐t❤ r❡s♣❡❝t t♦ L✳ ❇② t❤❡ t❤❡♦r② ♦❢ r✐s❦✲
♥❡✉tr❛❧ ♣r✐❝✐♥❣✱ t❤❡s❡ ✉♥❞❡r❧②✐♥❣ ♣r♦❝❡ss❡s ❤❛✈❡ t♦ ❜❡ ✭❧♦❝❛❧✮ ♠❛rt✐♥❣❛❧❡s ✉♥❞❡r t❤❡
r✐s❦✲♥❡✉tr❛❧ ♠❡❛s✉r❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡② ❤❛✈❡ t♦ ❤❛✈❡ ✜♥✐t❡ ❡①♣❡❝t❛t✐♦♥s ✇❤✐❝❤ ✐s ❡①❛❝t❧②
❣✉❛r❛♥t❡❡❞ ❜② ❛ss✉♠♣t✐♦♥ (EM)✳ ❆ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ (EM) ✐s t❤❛t t❤❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡ Lt ❤❛s ✜♥✐t❡ ❡①♣❡❝t❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✶✳✶✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

E[ei〈u,Lt〉] = exp

(

∫ t

0

[

i〈u, bs〉 −
1

2
〈u, csu〉

+

∫

Rd

(

ei〈u,x〉 − 1− i〈u, x〉
)

Fs(dx)
]

ds

)

. ✭✶✳✷✮

❲❡ ❡♠♣❤❛s✐s❡ t❤❛t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ b ✐s ♥♦✇ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡ ✐♥ ✭✶✳✶✮ ✭s❡❡ ❙❛t♦
❬✽✶✱ ❝❤❛♣t❡r ✷✱ s❡❝t✐♦♥ ✽❪✮✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ ❛❧✇❛②s ✇♦r❦ ✇✐t❤ t❤❡ ❧♦❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s
(b, c, F ) t❤❛t ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ ❢♦r♠ ✭✶✳✷✮✳ ❆♥♦t❤❡r ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ❛ss✉♠♣t✐♦♥ (EM) ✐s
t❤❛t t❤❡ ♣r♦❝❡ss L ✐s ❡✈❡♥ ❛ s♣❡❝✐❛❧ s❡♠✐♠❛rt✐♥❣❛❧❡✳ ❚❤✉s✱ ✐ts ❝❛♥♦♥✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥
✐s ❣✐✈❡♥ ❜② t❤❡ s✐♠♣❧❡ ❢♦r♠

Lt =

∫ t

0
bsds+

∫ t

0

√
csdWs +

∫ t

0

∫

Rd

x(µL − ν)(ds, dx) ✭✶✳✸✮

✭s❡❡ ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻✱ ❈♦r♦❧❧❛r② ■■✳✷✳✸✽❪✮✱ ✇❤❡r❡ W = (Wt)t∈[0,T ∗] ✐s ❛ st❛♥❞❛r❞
d✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✭❲✐❡♥❡r ♣r♦❝❡ss✮✱

√
cs ✐s ❛ ♠❡❛s✉r❛❜❧❡ ✈❡rs✐♦♥ ♦❢ t❤❡

sq✉❛r❡ r♦♦t ♦❢ cs✱ ❛♥❞ µL ✐s t❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡ ♦❢ ❥✉♠♣s ♦❢ L ✇✐t❤ ❝♦♠♣❡♥s❛t♦r
ν(ds, dx) = Fs(dx)ds✳ ❖❜✈✐♦✉s❧②✱ t❤❡ ✐♥t❡❣r❛❧s ✐♥ ✭✶✳✸✮ s❤♦✉❧❞ ❜❡ ✉♥❞❡rst♦♦❞ ❝♦♠♣♦♥❡♥✲
t✇✐s❡✳ ❲❡ str❡ss t❤❛t ❛ss✉♠♣t✐♦♥ (EM) ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ ♣r♦❝❡ss❡s t❤❛t ✇❡ ❛r❡ ✐♥t❡r❡st❡❞
✐♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❤♦❧❞s ❢♦r ♣r♦❝❡ss❡s t❤❛t ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❣❡♥❡r❛❧✐s❡❞ ❤②♣❡r❜♦❧✐❝ ❞✐s✲
tr✐❜✉t✐♦♥s✳ ❚❤❡ ✭❡①t❡♥❞❡❞✮ ❝✉♠✉❧❛♥t ♣r♦❝❡ss ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♣r♦❝❡ss L ✐s ❞❡♥♦t❡❞ ❜② θs
❛♥❞ ❣✐✈❡♥ ❜②

θs(z) = 〈z, bs〉+
1

2
〈z, csz〉+

∫

Rd

(

e〈z,x〉 − 1− 〈z, x〉
)

Fs(dx)

❢♦r ❡✈❡r② z ∈ C
d ✇❤❡r❡ t❤✐s ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞✳ ❆ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝✉♠✉❧❛♥t

♣r♦❝❡ss ❢♦r s❡♠✐♠❛rt✐♥❣❛❧❡s ✐s ❣✐✈❡♥ ❜② ❑❛❧❧s❡♥ ❛♥❞ ❙❤✐r②❛❡✈ ❬✻✶❪✳ ◆♦t❡ t❤❛t ✐❢ L ✐s

✼
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❛ ✭❤♦♠♦❣❡♥❡♦✉s✮ ▲é✈② ♣r♦❝❡ss✱ ✐✳❡✳ ✐❢ t❤❡ ✐♥❝r❡♠❡♥ts ♦❢ L ❛r❡ st❛t✐♦♥❛r②✱ t❤❡ tr✐♣❧❡t
(bs, cs, Fs) ❛♥❞ t❤✉s ❛❧s♦ θs ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ s✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ✇r✐t❡ θ ❢♦r s❤♦rt✳ ■t t❤❡♥
❡q✉❛❧s t❤❡ ❝✉♠✉❧❛♥t ✭❛❧s♦ ❝❛❧❧❡❞ ❧♦❣ ♠♦♠❡♥t ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥✮ ♦❢ L1✳ ❖❜s❡r✈❡ t❤❛t
t❤❡ ❝✉♠✉❧❛♥t ♣r♦❝❡ss ✐s r❡❧❛t❡❞ t♦ ❛ s♣❡❝✐✜❝ ♠❡❛s✉r❡✳ ❇❡❧♦✇✱ ✇❤✐❝❤ ♠❡❛s✉r❡ ✐s ♠❡❛♥t
❝❛♥ ✉♥❛♠❜✐❣✉♦✉s❧② ❜❡ s❡❡♥ ❢r♦♠ t❤❡ ♥♦t❛t✐♦♥✳

✶✳✷✳ ❈r❡❞✐t ❘✐s❦ ▼♦❞❡❧❧✐♥❣

❖✉r ♠✉❧t✐♣❧❡✲❝✉r✈❡ ♠♦❞❡❧ t❛❦❡s ❝r❡❞✐t r✐s❦ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ♣r❡s❡♥t
s♦♠❡ r❡❧❛t❡❞ t♦♣✐❝s t❤❛t ✇❡ ♥❡❡❞ t♦ ❞❡✈❡❧♦♣ t❤✐s ❢r❛♠❡✇♦r❦✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❣✐✈❡ ❛
❞❡t❛✐❧❡❞ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ ✜❧tr❛t✐♦♥s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛rt✐♥❣❛❧❡
✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt②✳ ❚❤❡♥✱ t❤❡ ❝❛♥♦♥✐❝❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ✜♥✐t❡ s❡t ♦❢ ❝♦♥❞✐t✐♦♥❛❧❧②
✐♥❞❡♣❡♥❞❡♥t ❞❡❢❛✉❧t t✐♠❡s ✐s st❛t❡❞✳

✶✳✷✳✶✳ ❊♥❧❛r❣❡♠❡♥ts ♦❢ ❋✐❧tr❛t✐♦♥s ❛♥❞ t❤❡ ▼❛rt✐♥❣❛❧❡ ■♥✈❛r✐❛♥❝❡ Pr♦♣❡rt②

▲❡t ✉s ❝♦♥s✐❞❡r ❛ st♦❝❤❛st✐❝ ❜❛s✐s (Ω,G ,F = (Ft)t∈R+ , P ) t❤❛t s❛t✐s✜❡s t❤❡ ✉s✉❛❧ ❝♦♥❞✐✲
t✐♦♥s✳ ❇② ❛♥ ❡♥❧❛r❣❡♠❡♥t ♦❢ t❤❡ ✜❧tr❛t✐♦♥ F ✇❡ ♠❡❛♥ ❛ ✜❧tr❛t✐♦♥ G = (Gt)t∈R+ ❞❡✜♥❡❞
♦♥ t❤❡ s❛♠❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,G , P ) s✉❝❤ t❤❛t

✭✐✮ Ft ⊂ Gt ❢♦r ❡✈❡r② t ∈ R+ ❛♥❞

✭✐✐✮ t❤❡ st♦❝❤❛st✐❝ ❜❛s✐s (Ω,G ,G = (Gt)t∈R+ , P ) s❛t✐s✜❡s t❤❡ ✉s✉❛❧ ❝♦♥❞✐t✐♦♥s✳

❚❤❡ ❢❛♠✐❧② F ✐s ❝❛❧❧❡❞ r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥✳ ❖r✐❣✐♥❛❧❧②✱ t❤❡ r✐❣❤t✲❝♦♥t✐♥✉✐t② ♦❢ G ✐s ♥♦t
❡①♣❧✐❝✐t❧② r❡q✉❡st❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ ❡♥❧❛r❣❡♠❡♥t ♦❢ ❛ ✜❧tr❛t✐♦♥✳ ❋♦r t❡❝❤♥✐❝❛❧ r❡❛✲
s♦♥s✱ ✇❡ r❡q✉✐r❡ t❤✐s ❝♦♥❞✐t✐♦♥ ❜✉t ✇❡ str❡ss t❤❛t ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s s✉❜s❡❝t✐♦♥
❛❧❧ t❤❡ ❝❧❛✐♠s ❝❛♥ ❜❡ st❛t❡❞ ✇✐t❤♦✉t t❤✐s ❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt②✳
❆❝❝♦r❞✐♥❣ t♦ ❇ré♠❛✉❞ ❛♥❞ ❨♦r ❬✶✻✱ s❡❝t✐♦♥ ✷✳✹✳❪✱ t❤❡ ♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✭♦r ✐♠♠❡r✲

s✐♦♥✮ ♣r♦♣❡rt② ✐s ❝❧❛ss✐❝❛❧❧② st❛t❡❞ ❛s ❛♥② ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❤②♣♦t❤❡s❡s✿

(H1) ❊✈❡r② sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ F✲♠❛rt✐♥❣❛❧❡ ✐s ❛ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ G✲♠❛rt✐♥❣❛❧❡✳

(H2) ❊✈❡r② ❜♦✉♥❞❡❞ F✲♠❛rt✐♥❣❛❧❡ ✐s ❛ ❜♦✉♥❞❡❞ G✲♠❛rt✐♥❣❛❧❡✳

(H3) ❊✈❡r② F✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✐s ❛ G✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

❚❤❡ ♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt② r❡✈❡❛❧s ❛ ♥✐❝❡ str✉❝t✉r❡ ♦❢ t❤❡ ❡♥❧❛r❣❡♠❡♥t G

r❡❧❛t✐✈❡ t♦ t❤❡ r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥ F ✭s❡❡ ❇ré♠❛✉❞ ❛♥❞ ❨♦r ❬✶✻✱ ❚❤❡♦r❡♠ ✸❪✮✳ ■♥ t❤✐s
❝♦♥t❡①t✱ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t✇♦ ❢❛♠✐❧✐❡s ♦❢ s❡ts ✇✐t❤ r❡s♣❡❝t t♦
❛ ❣✐✈❡♥ σ✲✜❡❧❞ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡✳ ❆❧t❤♦✉❣❤ ✇❡ ❣❡♥❡r❛❧❧② ✉s❡ t❤✐s ❝♦♥❝❡♣t ✐♥ t❤❡
❝❛s❡ ✇❤❡r❡ ❛❧❧ t❤❡ ❝♦♥s✐❞❡r❡❞ ❢❛♠✐❧✐❡s ❛r❡ σ✲✜❡❧❞s✱ ✐t ✐s ❜❡♥❡✜❝✐❛❧ ❢♦r ♦✉r ❢✉rt❤❡r ❛♣♣r♦❛❝❤
t♦ ❞❡✜♥❡ ✐t ✐♥ ❛ s❧✐❣❤t❧② ❜r♦❛❞❡r s❡♥s❡✳ ❚♦ t❤✐s ❡♥❞✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡

✽



✶✳✷✳ ❈r❡❞✐t ❘✐s❦ ▼♦❞❡❧❧✐♥❣

(F,F , Q)✳ ❲❡ ❝❛❧❧ t✇♦ ❢❛♠✐❧✐❡s ♦❢ s❡ts A ❛♥❞ B ✇✐t❤ A,B ⊂ F ❝♦♥❞✐t✐♦♥❛❧❧② ✐♥❞❡♣❡♥❞❡♥t
❣✐✈❡♥ ❛ s✉❜✲σ✲✜❡❧❞ S ♦❢ F ✐❢

Q(A ∩B|S) = Q(A|S)Q(B|S) ❛✳s✳ ❢♦r ❛❧❧ A ∈ A, B ∈ B. ✭✶✳✹✮

❲❡ s②♠❜♦❧✐❝❛❧❧② ✇r✐t❡ A ⊥ B|S ✐❢ t❤❡ r❡❧❛t✐♦♥ ✭✶✳✹✮ ✐s ✈❛❧✐❞✳

▲❡♠♠❛ ✶✳✷✳✶ ❋♦r t✇♦ ❢❛♠✐❧✐❡s ♦❢ s❡ts A ❛♥❞ B t❤❛t ❛r❡ ❝❧♦s❡❞ ✉♥❞❡r ❢♦r♠❛t✐♦♥ ♦❢

✐♥t❡rs❡❝t✐♦♥s✱ ✇❡ ❤❛✈❡

A ⊥ B|S =⇒ σ(A) ⊥ σ(B)|S.

Pr♦♦❢✿ ❋♦r ❡✈❡r② s❡t E ∈ F ✱ ✇❡ ❞❡✜♥❡

DE := {G ∈ F| Q(E ∩G|S) = Q(E|S)Q(G|S) ❛✳s✳}.

❖♥❡ ❡❛s✐❧② s❤♦✇s t❤❛t DE ✐s ❛ ❉②♥❦✐♥ s②st❡♠✳ ❈❧❡❛r❧②✱ ✐❢ A ∈ A✱ ✇❡ ❤❛✈❡ B ⊂ DA✳ ❋r♦♠
❉②♥❦✐♥s π✲λ✲❚❤❡♦r❡♠ ✭❢♦r ❞❡t❛✐❧s s❡❡ ❑❧❡♥❦❡ ❬✻✸✱ ❙❛t③ ✶✳✶✾❪✮✱ ✐t ❢♦❧❧♦✇s t❤❛t σ(B) =

δ(B) ⊂ DA✳ ❇② t❤❡ s②♠♠❡tr② ♣r♦♣❡rt② ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t✇♦ s❡ts✱ t❤✐s
❢❛❝t ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❛s A ⊂ DB ❢♦r ❡✈❡r② B ∈ σ(B)✳ ❇② ✉s✐♥❣ ❉②♥❦✐♥s π✲λ✲❚❤❡♦r❡♠
❛❣❛✐♥✱ ✇❡ ♦❜t❛✐♥ σ(A) ⊂ DB ❢♦r ❡✈❡r② B ∈ σ(B)✳ �

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ A ❛♥❞ B ❛r❡ σ✲✜❡❧❞s✱ ❝♦♥❞✐t✐♦♥ ✭✶✳✹✮ ❝❛♥ ❡q✉✐✈❛❧❡♥t❧② ❜❡ ✇r✐tt❡♥ ❛s

EQ[ξη|S] = EQ[ξ|S]EP [η|S] ❛✳s✳

❢♦r ❛♥② ❜♦✉♥❞❡❞✱ A✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ ❛♥❞ ❛♥② ❜♦✉♥❞❡❞✱ B✲♠❡❛s✉r❛❜❧❡ r❛♥✲
❞♦♠ ✈❛r✐❛❜❧❡ η✳ ❚❤✐s ❢❛❝t ✐s ❜❛s❡❞ ♦♥ t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠ ❢♦r ❝♦♥❞✐t✐♦♥❛❧
❡①♣❡❝t❛t✐♦♥s✳ ❆♥♦t❤❡r ❝r✉❝✐❛❧ ❛r❣✉♠❡♥t r❡❧❛t❡❞ t♦ t❤❡ ♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt② ✐s
❛ r❡s✉❧t ❝♦♠✐♥❣ ❢r♦♠ ❉❡❧❧❛❝❤❡r✐❡ ❛♥❞ ▼❡②❡r ❬✷✻❪✿ ❋♦r t❤r❡❡ s✉❜✲σ✲✜❡❧❞s A1✱ A2 ❛♥❞ A3

♦❢ F ✱ ✐t ❤♦❧❞s t❤❛t A1 ❛♥❞ A3 ❛r❡ ❝♦♥❞✐t✐♦♥❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ❣✐✈❡♥ A2 ✉♥❞❡r Q ✐❢ ❛♥❞
♦♥❧② ✐❢

EQ[X3|A1 ∨ A2] = EQ[X3|A2]

❢♦r ❡✈❡r② ❜♦✉♥❞❡❞ ❛♥❞ A3✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X3 ✭❝❢✳ ●r❜❛❝ ❬✺✵✱ ❚❤❡♦r❡♠
✷✳✸✳❪✮✱ ✇❤❡r❡ ✇❡ ❞❡✜♥❡ A1 ∨A2 := σ(A1,A2)✳ ❖❜s❡r✈❡ t❤❛t t❤✐s st❛t❡♠❡♥t ❝❛♥ ❡❛s✐❧② ❜❡
❡①t❡♥❞❡❞ t♦ t❤❡ s❡t ♦❢ ✐♥t❡❣r❛❜❧❡ A3✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❜② st❛♥❞❛r❞ tr✉♥❝❛t✐♦♥
❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛r❣✉♠❡♥ts ✭❢♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r X3,n = max{X3, n} ❢♦r n ∈ N✮✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❢♦r♠s ♦❢ t❤❡ ❤②♣♦t❤❡s❡s ❛❜♦✈❡ ❛r❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ r❡s✉❧t ♦❢
❉❡❧❧❛❝❤❡r✐❡ ❛♥❞ ▼❡②❡r ❬✷✻❪✿

(H4) ❋♦r ❡✈❡r② t ∈ R+✱ t❤❡ σ✲✜❡❧❞s F∞ ❛♥❞ Gt ❛r❡ ❝♦♥❞✐t✐♦♥❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ❣✐✈❡♥ Ft

✉♥❞❡r P ✳

✾



✶✳ ▼❛t❤❡♠❛t✐❝❛❧ Pr❡❧✐♠✐♥❛r②

(H5) ❋♦r ❛♥② t ∈ R+ ❛♥❞ ❛♥② ❜♦✉♥❞❡❞✱ F∞✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ✱ ✇❡ ❤❛✈❡

EP [ξ|Gt] = EP [ξ|Ft].

(H6) ❋♦r ❛♥② t ∈ R+ ❛♥❞ ❛♥② ❜♦✉♥❞❡❞✱ Gt✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ η✱ ✇❡ ❤❛✈❡

EP [η|F∞] = EP [η|Ft].

❲❡ ♠❡♥t✐♦♥ t❤❛t ❇✐❡❧❡❝❦✐ ❛♥❞ ❘✉t❦♦✇s❦✐ ❬✶✷✱ ❝❤❛♣t❡r ✻❪ st❛t❡ t❤❡ ♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡
♣r♦♣❡rt② ❛s ❢♦❧❧♦✇s✿

(H7) ❊✈❡r② F✲♠❛rt✐♥❣❛❧❡ ✐s ❛ G✲♠❛rt✐♥❣❛❧❡✳

■t ✐s s❤♦✇♥ t❤❛t (H7) ✐s ❡q✉✐✈❛❧❡♥t t♦ (H4) ✭s❡❡ ❇✐❡❧❡❝❦✐ ❛♥❞ ❘✉t❦♦✇s❦✐ ❬✶✷✱ ▲❡♠♠❛
✻✳✶✳✶✳❪✮✳

❚❤❡r❡ ❛r❡ ❜❛s✐❝❛❧❧② t✇♦ ✇❛②s t♦ ❡♥❧❛r❣❡ ❛ ✜❧tr❛t✐♦♥ ✭❝❢✳ ❏❡❛♥❜❧❛♥❝ ❛♥❞ ▲❡ ❈❛♠ ❬✺✾❪
❛♥❞ ❇✐❡❧❡❝❦✐ ❛♥❞ ❘✉t❦♦✇s❦✐ ❬✶✷❪✮✿

✶✳ ■♥✐t✐❛❧ ❡♥❧❛r❣❡♠❡♥t✿ Gt = Ft ∨ H ❢♦r ❛ s✉❜✲σ✲✜❡❧❞ H ♦❢ G ✳

✷✳ Pr♦❣r❡ss✐✈❡ ❡♥❧❛r❣❡♠❡♥t✿ Gt = Ft ∨ Ht ❢♦r ❛ ✜❧tr❛t✐♦♥ H = (Ht)t∈R+ ❞❡✜♥❡❞ ♦♥
(Ω,G , P )✳

❑✉s✉♦❦❛ ❬✻✺❪ ♣r♦✈❡s ❜② ♠❡❛♥s ♦❢ ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ t❤❛t t❤❡ ♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡
♣r♦♣❡rt② ✐s ❣❡♥❡r❛❧❧② ♥♦t ✐♥✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ❡q✉✐✈❛❧❡♥t ❝❤❛♥❣❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳ ❍♦✇❡✈❡r✱ t❤✐s ❢❛❝t ❞♦❡s ♥♦t ♣♦s❡ ❛ s❡r✐♦✉s ♣r♦❜❧❡♠ ✐♥ ♦✉r s❡tt✐♥❣✳
❈♦♥❝r❡t❡❧②✱ ❧❡t ✉s ❝♦♥s✐❞❡r t✇♦ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s P ❛♥❞ Q ❞❡✜♥❡❞ ♦♥ t❤❡ ✜❧t❡r❡❞
s♣❛❝❡ (Ω,G ,G = (Gt)t∈R+) ✇❤❡r❡ Q ✐s ❧♦❝❛❧❧② ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ P ✱
✐✳❡✳ Q ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ P ♦♥ (Ω,Gt) ❢♦r ❡✈❡r② t ∈ R+ ✭s❤♦rt❧②

✇r✐tt❡♥ ❛s Q
loc≪ P ✮✳ ❚❤❡♥✱ ❜② ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻✱ ❚❤❡♦r❡♠ ■■■✳✸✳✹❪✱ t❤❡r❡ ❡①✐sts ❛

❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡♥s✐t② ♣r♦❝❡ss Z = (Zt)t∈R+ ✇✐t❤

dQ|Gt

dP|Gt

= Zt

❢♦r ❛❧❧ t ∈ R+✳ ■❢ t❤❡ ❞❡♥s✐t② ♣r♦❝❡ss Z ✐s F✲❛❞❛♣t❡❞ t❤❡ ♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt②
❤♦❧❞s ❛❢t❡r ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡ ✭s❡❡ ❛❧s♦ ❏❛♠s❤✐❞✐❛♥ ❬✺✼❪✮✳ ❚♦ s❡❡ t❤✐s✱ ❧❡t M ❜❡ ❛♥ (F, Q)✲
♠❛rt✐♥❣❛❧❡✳ ❙✐♥❝❡ Z ✐s F✲❛❞❛♣t❡❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t MZ ✐s ❛♥ (F, P )✲♠❛rt✐♥❣❛❧❡ ❜② ❛♥
❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻✱ Pr♦♣♦s✐t✐♦♥ ■■■✳✸✳✽❪✳ ❚❤❡ ♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡
♣r♦♣❡rt② ✐s ✈❛❧✐❞ ❢♦r (F,G) ✉♥❞❡r P ✳ ❚❤✉s✱ MZ ✐s ❛ (G, P )✲♠❛rt✐♥❣❛❧❡ ❛♥❞ ✐t ❢♦❧❧♦✇s
t❤❛t M ✐s ❛ (G, Q)✲♠❛rt✐♥❣❛❧❡ ❜② ❛♣♣❧②✐♥❣ ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻✱ Pr♦♣♦s✐t✐♦♥ ■■■✳✸✳✽❪
♦♥❝❡ ❛❣❛✐♥✳
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✶✳✷✳ ❈r❡❞✐t ❘✐s❦ ▼♦❞❡❧❧✐♥❣

✶✳✷✳✷✳ ❈❛♥♦♥✐❝❛❧ ❈♦♥str✉❝t✐♦♥ ♦❢ ❈♦♥❞✐t✐♦♥❛❧❧② ■♥❞❡♣❡♥❞❡♥t ❉❡❢❛✉❧t ❚✐♠❡s

❚❤❡ ❛✐♠ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ✜♥✐t❡ s❡t ♦❢ ❞❡❢❛✉❧t t✐♠❡s✳ ❚❤❡② ❛r❡
✉s❡❞ ✐♥ t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ t❡r♠ str✉❝t✉r❡ ♠♦❞❡❧ t♦ s♣❡❝✐❢② t❤❡ ❝r❡❞✐t r✐s❦ ❝♦♠♣♦♥❡♥ts✳ ❚♦
t❤✐s ❡♥❞✱ ❧❡t B̂ = (Ω̂, F̂ , F̂ = (F̂t)t∈R+ , P ) ❜❡ ❛ ❝♦♠♣❧❡t❡ st♦❝❤❛st✐❝ ❜❛s✐s ✭r❡❝❛❧❧ ❏❛❝♦❞
❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻✱ ❉❡✜♥✐t✐♦♥ ■✳✶✳✷ ❛♥❞ ■✳✶✳✸❪✮ ❛♥❞m ∈ N

∗ := {1, 2, 3, . . . }✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡ P ✇✐❧❧ ♣❧❛② t❤❡ r♦❧❡ ♦❢ ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ♠❡❛s✉r❡ ✐♥ t❤❡ ♠♦❞❡❧✳ ▲❡t Γ1, . . . ,Γm

❜❡ r❡❛❧✲✈❛❧✉❡❞✱ F̂✲❛❞❛♣t❡❞✱ ❝♦♥t✐♥✉♦✉s ❛♥❞ ✐♥❝r❡❛s✐♥❣ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ❞❡✜♥❡❞ ♦♥ B̂✳
■t ✐s ❛ss✉♠❡❞ t❤❛t Γk

0 = 0 ❛♥❞ Γk
∞ := limt↑∞ Γk

t = ∞ ❢♦r ❡✈❡r② k ∈ {1, . . . ,m}✳ ❲❡
❝♦♥s✐❞❡r ❛♥ ❛✉①✐❧✐❛r② ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω̃, F̃ , P̃ ) ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ❢❛♠✐❧② ♦❢ ✐♥❞❡♣❡♥❞❡♥t
r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ξ1, . . . , ξm t❤❛t ❛r❡ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳ ❚❤✐s
s✐t✉❛t✐♦♥ ❝❛♥ ❝❛♥♦♥✐❝❛❧❧② ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ (Ω̃, F̃ , P̃ ) =
(

×m
k=1 Ω̃k,

⊗m
k=1 F̃k,

⊗m
k=1 P̃k

)

❛♥❞ s❡tt✐♥❣ ξk = pk ❢♦r ❡✈❡r② k ∈ {1, . . . ,m} ✇✐t❤

pk :

{

Ω̃ → Ω̃k

ω̃ = (ω̃1, . . . , ω̃m) 7→ ω̃k

❛♥❞ (Ω̃k, F̃k, P̃k) = (R,B(R),U)✱ ✇❤❡r❡ ✇❡ ❞❡♥♦t❡ ❜② U t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ [0, 1]

✭❝❢✳ ❇❛✉❡r ❬✾✱ ❝❤❛♣t❡r ■■❪✮✳

❲❡ st❛t❡ t❤❡ ♣r♦❞✉❝t s♣❛❝❡

(Ω,G , P d) := (Ω̂× Ω̃, F̂ ⊗ F̃ , P ⊗ P̃ )

❛♥❞ ❞❡♥♦t❡ ❜② F = (Ft)t∈[0,T ∗] t❤❡ tr✐✈✐❛❧ ❡①t❡♥s✐♦♥ ♦❢ F̂ t♦ t❤❡ ❡♥❧❛r❣❡❞ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡
(Ω,G , P d)✳ ❚❤✐s ♠❡❛♥s t❤❛t ❡❛❝❤ A ∈ Ft ✐s ♦❢ t❤❡ ❢♦r♠ Â× Ω̃ ❢♦r s♦♠❡ Â ∈ F̂t✳ ❖❜s❡r✈❡
t❤❛t F ✐s r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❛♥❞ ❞❡♥♦t❡s t❤❡ r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥ ❤❡r❡✳ ❆❧❧ t❤❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡s ✭❢✉♥❝t✐♦♥s✮ ❛♥❞ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ❞❡✜♥❡❞ ♦♥ B̂ ❛♥❞ (Ω̃, F̃ , P̃ ) ❛r❡ ❡①t❡♥❞❡❞
t♦ t❤❡ ❡♥❧❛r❣❡❞ ✜❧t❡r❡❞ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,G ,F = (Ft)t∈R+ , P

d) ✐♥ t❤❡ ✉s✉❛❧ ❝❛♥♦♥✐❝❛❧
✇❛②✳ ❲❡ r❡t❛✐♥ t❤❡✐r ♥❛♠❡s ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡♠ ♦♥ t❤✐s ❝♦♠♣❧❡t❡ st♦❝❤❛st✐❝ ❜❛s✐s
t♦ ❛✈♦✐❞ ✉♥♥❡❝❡ss❛r② ❛♥❞ ❝♦♥❢✉s✐♥❣ ♥♦t❛t✐♦♥ ✭❝❢✳ ❊❜❡r❧❡✐♥ ❛♥❞ Ö③❦❛♥ ❬✸✻❪ ❛♥❞ ❑❧✉❣❡
❬✻✹✱ s❡❝t✐♦♥ ✹✳✷❪✮✳ ❖❜s❡r✈❡ t❤❛t ❡✈❡r② (F̂, P )✲✭❧♦❝❛❧✮ ♠❛rt✐♥❣❛❧❡ ✐s ❛❧s♦ ❛ (F, P d)✲✭❧♦❝❛❧✮
♠❛rt✐♥❣❛❧❡✳

❋♦r ❡✈❡r② k ∈ {1, . . . ,m}✱ ❧❡t ✉s ❞❡✜♥❡ ❛ r❛♥❞♦♠ t✐♠❡ τk : Ω → R+ ♦♥ (Ω,G , P d) ❜②
s❡tt✐♥❣

τk := inf{t ∈ R+ | e−Γk
t ≤ ξk} = inf{t ∈ R+ | Γk

t ≥ ηk},

✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ηk := − ln ξk ✐s ❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ ♠❡❛♥ ♦♥❡
✉♥❞❡r P d✳ ❖❜✈✐♦✉s❧②✱ η1, . . . , ηm ✐s ❛ ❢❛♠✐❧② ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❋♦r ❡✈❡r②
k ∈ {1, . . . ,m}✱ ✇❡ ❞❡♥♦t❡ ❜② H

k = (H k
t )t∈R+ t❤❡ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ✜❧tr❛t✐♦♥ ❣❡♥❡r❛t❡❞

✶✶



✶✳ ▼❛t❤❡♠❛t✐❝❛❧ Pr❡❧✐♠✐♥❛r②

❜② t❤❡ ❞❡❢❛✉❧t ♣r♦❝❡ss Hk = (Hk
t )t∈R+ t❤❛t ✐s ❞❡✜♥❡❞ ❜② Hk

t = ✶{τk≤t}✱ ✐✳❡✳ H k
t =

σ(Hk
u : 0 ≤ u ≤ t) = σ({τk ≤ u} : 0 ≤ u ≤ t)✳

◆♦✇✱ ✇❡ ✇❛♥t t♦ ❡♥❧❛r❣❡ t❤❡ r❡❢❡r❡♥❝❡ ✜❧tr❛t✐♦♥ F✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ✜❧tr❛t✐♦♥ G̃ =

(G̃t)t∈R+ ✐♥❞✉❝❡❞ ❜② G̃t := Ft ∨ H 1
t ∨ · · · ∨ H m

t := σ(Ft,H
1
t , . . . ,H m

t ) ✭✇r✐tt❡♥ ❛s
G̃ = F ∨H

1 ∨ · · · ∨H
m✮ ❞♦❡s ♥♦t ❤❛✈❡ t♦ ❜❡ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ✭❝❢✳ ❙♦♥❣ ❬✽✻❪✮✳ ❚❤❡r❡❢♦r❡✱

✇❡ ❡♥❞♦✇ t❤❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,G , P d) ✇✐t❤ t❤❡ ✜❧tr❛t✐♦♥ G = (Gt)t∈R+ ❣✐✈❡♥ ❜②

Gt :=
⋂

s>t

G̃s, ❢♦r ❛♥② t ∈ R+.

❚❤✐s ✜❧tr❛t✐♦♥ tr✐✈✐❛❧❧② s❛t✐s✜❡s t❤❡ r✐❣❤t✲❝♦♥t✐♥✉✐t②✳ ❙✐♥❝❡ t❤❡ st♦❝❤❛st✐❝ ❜❛s✐s (Ω,G ,F, P d)

✐s ❝♦♠♣❧❡t❡ ✭s❡❡ ❛❧s♦ ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻✱ ➓✶❛✳ ✶✳✹❪✮ ✐t ❡❛s✐❧② ❢♦❧❧♦✇s t❤❛t t❤❡ ❡♥❧❛r❣❡❞
st♦❝❤❛st✐❝ ❜❛s✐s (Ω,G ,G = (Gt)t∈R+ , P

d) ✐s ❛❧s♦ ❝♦♠♣❧❡t❡✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t G ✐s s♣❡❝✐✲
✜❡❞ ❛s t❤❡ s♠❛❧❧❡st ❡♥❧❛r❣❡♠❡♥t ♦❢ F ❝♦♥t❛✐♥✐♥❣ G̃✳

❲❡ ♥♦t✐❝❡ t❤❛t G̃t r❡♣r❡s❡♥ts ❛❧❧ ✐♥❢♦r♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ ❛t ❞❛t❡ t ✐♥❝❧✉❞✐♥❣ t❤❡ ♦❜s❡r✈❛✲
t✐♦♥s ♦❢ ❛❧❧ r❛♥❞♦♠ t✐♠❡s τ1, . . . , τm✳ ❋♦r♠❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛✿

▲❡♠♠❛ ✶✳✷✳✷ ❋♦r ❛♥② t ∈ R+✱ t❤❡ σ✲✜❡❧❞ G̃t ✐s ❣✐✈❡♥ ❜②

G̃t = Ft ∨ σ
(

{τ j ≤ tj} : j ∈ {1, . . . ,m}, 0 ≤ tj ≤ t
)

= Ft ∨ σ
(

{τ j > tj} : j ∈ {1, . . . ,m}, 0 ≤ tj ≤ t
)

= Ft ∨ σ





⋂

j∈J

{τ j > tj} : J ⊂ {1, . . . ,m}, 0 ≤ tj ≤ t ∀ j ∈ J



 .

Pr♦♦❢✿ ❖❜✈✐♦✉s❧②✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t

H
1
t ∨ · · · ∨ H

m
t = σ

(

{τ j ≤ tj} : j ∈ {1, . . . ,m}, 0 ≤ tj ≤ t
)

= σ
(

{τ j > tj} : j ∈ {1, . . . ,m}, 0 ≤ tj ≤ t
)

= σ





⋂

j∈J

{τ j > tj} : J ⊂ {1, . . . ,m}, 0 ≤ tj ≤ t ∀ j ∈ J



 .

❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ H 1
t ∨ · · · ∨ H m

t = σ
(

⋃m
j=1 σ({τ j ≤ tj} : 0 ≤ tj ≤ t)

)

✳ ❋♦r ❛♥②

k ∈ {1, . . . ,m}✱ ✐t ❝❧❡❛r❧② ❤♦❧❞s

H
k
t = σ({τk ≤ tk} : 0 ≤ tk ≤ t) ⊂ σ

(

{τ j ≤ tj} : j ∈ {1, . . . ,m}, 0 ≤ tj ≤ t
)

✶✷



✶✳✷✳ ❈r❡❞✐t ❘✐s❦ ▼♦❞❡❧❧✐♥❣

❛♥❞✱ t❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥

m
⋃

j=1

σ({τ j ≤ tj} : 0 ≤ tj ≤ t) ⊂ σ
(

{τ j ≤ tj} : j ∈ {1, . . . ,m}, 0 ≤ tj ≤ t
)

.

▲❡t k ∈ {1, . . . ,m} ❛♥❞ tk ∈ R+ ✇✐t❤ 0 ≤ tk ≤ t ❜❡ ❝❤♦s❡♥✳ ❙✐♥❝❡ {τk ≤ tk} ∈ H k
t ✱ ✐t ✐s

❡✈✐❞❡♥t t❤❛t

{τk ≤ tk} ∈
m
⋃

j=1

σ({τ j ≤ tj} : 0 ≤ tj ≤ t).

❚❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❡q✉❛❧✐t② ❛r❡ ✐♠♠❡❞✐❛t❡❧② ❝❧❡❛r ❜② ❞❡✜♥✐t✐♦♥✳ �

◆♦t❡ t❤❛t t❤❡ ❣❡♥❡r❛t♦r ♦❢ t❤❡ σ✲✜❡❧❞ Ht := H 1
t ∨ · · · ∨ H m

t

E :=
{

⋂

j∈J

{τ j > tj} : J ⊂ {1, . . . ,m}, 0 ≤ tj ≤ t ∀ j ∈ J
}

✐s ❝❧♦s❡❞ ✉♥❞❡r ❢♦r♠❛t✐♦♥ ♦❢ ✐♥t❡rs❡❝t✐♦♥s✳ ■t ✐s ❡✈✐❞❡♥t t❤❛t t❤❡ r❛♥❞♦♠ t✐♠❡s τ1, . . . , τm

❛r❡ G✲st♦♣♣✐♥❣ t✐♠❡s ❜✉t ✇❡ str❡ss t❤❛t t❤❡② ♠❛② ❢❛✐❧ t♦ ❜❡ F✲st♦♣♣✐♥❣ t✐♠❡s✳ ❲❡
❡①♣❧✐❝✐t❧② ❛ss✉♠❡ t❤❛t τ1, . . . , τm ❛r❡ ♥♦t F✲st♦♣♣✐♥❣ t✐♠❡s✳ ❙✐♥❝❡ Γk

t ✐s F∞✲♠❡❛s✉r❛❜❧❡
❛♥❞ ξk ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ F∞ ♦♥ (Ω,G , P d) ❢♦r ❡✈❡r② k ∈ {1, . . . ,m}✱ ✇❡ ♦❜t❛✐♥ ❜② ✉s✐♥❣
❑❛❧❧❡♥❜❡r❣ ❬✻✵✱ ❚❤❡♦r❡♠ ✻✳✹❪ t❤❛t

P d(τk > t | F∞) = P d(e−Γk
t > ξk | F∞) = P̃ (e−x > ξk)|x=Γk

t
= e−Γk

t .

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ ❢r♦♠ t❤❡ Ft✲♠❡❛s✉r❛❜✐❧✐t② ♦❢ t❤❡ ❧❛st t❡r♠ t❤❛t

P d(τk > t | Ft) = P d(P d(τk > t | F∞) | Ft) = e−Γk
t

❢♦r ❡❛❝❤ t ∈ R+✳ ❚❤❡r❡❢♦r❡✱ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss Γk r❡♣r❡s❡♥ts t❤❡ F✲❤❛③❛r❞ ♣r♦❝❡ss
♦❢ τk ✉♥❞❡r P d ✭s❡❡ ❇✐❡❧❡❝❦✐ ❛♥❞ ❘✉t❦♦✇s❦✐ ❬✶✷✱ ❉❡✜♥✐t✐♦♥ ✽✳✷✳✶✳❪✮ ❛♥❞ t❤❡ (F, G̃k)✲
♠❛rt✐♥❣❛❧❡ ❤❛③❛r❞ ♣r♦❝❡ss ♦❢ τk ✉♥❞❡r P d✱ ✇❤❡r❡ ✇❡ s❡t G̃

k := F ∨ H
k ✭s❡❡ ❇✐❡❧❡❝❦✐

❛♥❞ ❘✉t❦♦✇s❦✐ ❬✶✷✱ ❉❡✜♥✐t✐♦♥ ✻✳✶✳✶✳ ❛♥❞ ▲❡♠♠❛ ✽✳✷✳✷✳❪✮✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡ ♣r♦❝❡ss
Mk = (Mk

t )t∈R+ ❣✐✈❡♥ ❜②

Mk
t = Hk

t − Γk
t∧τk ✭✶✳✺✮

✐s ❛ G̃
k✲♠❛rt✐♥❣❛❧❡ ✉♥❞❡r P d✳ ❖♥❡ ✈❡r✐✜❡s t❤❛t ✐t ✐s ❛❧s♦ ❛ G̃✲♠❛rt✐♥❣❛❧❡ ✉♥❞❡r P d ✭❝❢✳

❇✐❡❧❡❝❦✐ ❛♥❞ ❘✉t❦♦✇s❦✐ ❬✶✷✱ ▲❡♠♠❛ ✾✳✶✳✶✳❪✮✳

❇② ❛ str❛✐❣❤t❢♦r✇❛r❞ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❇✐❡❧❡❝❦✐ ❛♥❞ ❘✉t❦♦✇s❦✐ ❬✶✷✱ ▲❡♠♠❛ ✾✳✶✳✶✳❪ ❛♥❞
❛ ❢✉rt❤❡r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❑❛❧❧❡♥❜❡r❣ ❬✻✵✱ ❚❤❡♦r❡♠ ✻✳✹❪✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❡❛❝❤ s✉❜s❡t J ⊂

✶✸



✶✳ ▼❛t❤❡♠❛t✐❝❛❧ Pr❡❧✐♠✐♥❛r②

{1, . . . ,m} ❛♥❞ ❡✈❡r② T > 0 s❛t✐s❢②✐♥❣ 0 ≤ tj ≤ T ❢♦r ❛♥② j ∈ J t❤❛t

P d(
⋂

j∈J

{τ j > tj} | F∞) =P d(
⋂

j∈J

{τ j > tj} | FT ) =
∏

j∈J

e
−Γj

tj = e
−
∑

j∈J Γj
tj .

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛♥② k ∈ {1, . . . ,m} ❛♥❞ ❡✈❡r② 0 ≤ tk ≤ T ✐t ❤♦❧❞s

P d(τk > tk | F∞) = P d(τk > tk | FT ) = e
−Γk

tk . ✭✶✳✻✮

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ r❛♥❞♦♠ t✐♠❡s τ1, . . . , τm ❛r❡ ✭❞②♥❛♠✐❝❛❧❧②✮ ❝♦♥❞✐t✐♦♥❛❧❧② ✐♥❞❡♣❡♥✲
❞❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ✜❧tr❛t✐♦♥ F ✉♥❞❡r P d ✭s❡❡ ❇✐❡❧❡❝❦✐ ❛♥❞ ❘✉t❦♦✇s❦✐ ❬✶✷✱ ❉❡✜♥✐t✐♦♥
✾✳✶✳✶✳ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✾✳✶✳✷✳❪✮✳ ❲❡ str❡ss t❤❛t t❤❡s❡ ♣r♦♣❡rt✐❡s ❛r❡ ❛❞❞✐t✐♦♥❛❧ ❢❡❛t✉r❡s ♦❢
t❤❡ ❝❛♥♦♥✐❝❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ t✐♠❡s τ1, . . . , τm ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡② ❛r❡
♥♦t ♥❡❝❡ss❛r✐❧② ✈❛❧✐❞ ✐♥ ❛ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✳

◆❡①t✱ ✇❡ ❡①❛♠✐♥❡ ✐❢ t❤❡ ♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt② ❢♦r F ❛♥❞ G ✐s s❛t✐s✜❡❞✳

▲❡♠♠❛ ✶✳✷✳✸ ❋♦r ❛♥② t ∈ R+✱ t❤❡ σ✲✜❡❧❞s F∞ ❛♥❞ Ht = H 1
t ∨ · · · ∨ H m

t ❛r❡ ❝♦♥❞✐✲

t✐♦♥❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ❣✐✈❡♥ Ft ✉♥❞❡r P d✳

Pr♦♦❢✿ ▲❡t A ∈ F∞ ❛♥❞ B ∈ E ✳ ❚❤❡♥✱ t❤❡r❡ ✐s ❛ s✉❜s❡t J ⊂ {1, . . . ,m} ❛♥❞ 0 ≤ tj ≤ t

❢♦r ❛♥② j ∈ J s✉❝❤ t❤❛t B =
⋂

j∈J{τ j > tj} ❛♥❞ ✇❡ ❣❡t

P d(A ∩
⋂

j∈J

{τ j > tj}|Ft) = EP d

[

✶A✶
⋂

j∈J{τ
j>tj}|Ft

]

= EP d

[

EP d

[

✶A✶
⋂

j∈J{τ
j>tj}|F∞

]

|Ft

]

= EP d

[

✶AP
d(
⋂

j∈J

{τ j > tj}|F∞)|Ft

]

= P d(A|Ft)P
d(
⋂

j∈J

{τ j > tj}|Ft).

❚❤❡♥✱ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✶✳✷✳✶✳ �

❈♦♥s❡q✉❡♥t❧②✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt② ✐s ❢✉❧✜❧❧❡❞ ✐♥ ❛ ❢r❛♠❡✲
✇♦r❦ ✇❤❡r❡ ✇❡ ❝♦♥s✐❞❡r F ❛♥❞ G̃✳ ❚♦ s❡❡ t❤✐s✱ ❧❡t M ❜❡ ❛♥ F✲♠❛rt✐♥❣❛❧❡ ✉♥❞❡r P d✳
❖❜✈✐♦✉s❧②✱ M ✐s G̃✲❛❞❛♣t❡❞ ❛♥❞✱ ❢♦r t, s ∈ R+ ✇✐t❤ s ≤ t✱ ✇❡ ❤❛✈❡

EP d

[

Mt|G̃s

]

= EP d

[

Mt|Fs ∨ H
1
s ∨ · · · ∨ H

m
s

]

= EP d

[

Mt|Fs

]

= Ms

❛♥❞ t❤❡r❡❢♦r❡ (H7) ❤♦❧❞s ❢♦r F ❛♥❞ G̃✳ ❚❤❡ ♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt② s❤♦✉❧❞ ❜❡
✈❛❧✐❞ ❢♦r F ❛♥❞ t❤❡ ❡♥❧❛r❣❡♠❡♥t G✳ ❚♦ s❤♦✇ t❤✐s✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ ❜♦✉♥❞❡❞ F✲♠❛rt✐♥❣❛❧❡
M ✱ s, t ∈ R+ ✇✐t❤ s ≤ t ❛♥❞ A ∈ Gs =

⋂

u>s G̃u✳ ❈❧❡❛r❧②✱ M ✐s G✲❛❞❛♣t❡❞ ❛♥❞ ✐t ❤♦❧❞s

✶✹



✶✳✷✳ ❈r❡❞✐t ❘✐s❦ ▼♦❞❡❧❧✐♥❣

t❤❛t A ∈ G̃u ❢♦r ❡✈❡r② u s❛t✐s❢②✐♥❣ s < u < t✳ ❋♦r ❡❛❝❤ ũ ∈ (s, t)✱ ✇❡ ❤❛✈❡

∫

A
EP d [Mt|Gs]dP

d =

∫

A
MtdP

d =

∫

A
EP d [Mt|G̃ũ]dP

d =

∫

A
MũdP

d

❢r♦♠ ✇❤✐❝❤ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
∫

A
MtdP

d =

∫

A
MũdP

d

❢♦r ❡✈❡r② A ∈ Gs✳ ❚❤❡♥✱ ❜② t❛❦✐♥❣ t❤❡ ❧✐♠✐t ũ ↓ s ♦♥ ❜♦t❤ s✐❞❡s ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡
❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✱ ✇❡ ♦❜t❛✐♥

∫

A
EP d [Mt|Gs]dP

d =

∫

A
MtdP

d =

∫

A
MsdP

d,

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ r✐❣❤t✲❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♣r♦❝❡ss✳ ❍❡♥❝❡✱ M ✐s ❛❧s♦ ❛ ❜♦✉♥❞❡❞ G✲
♠❛rt✐♥❣❛❧❡ ❛♥❞ ❢r♦♠ ❤②♣♦t❤❡s✐s (H2) ✇❡ ♦❜t❛✐♥ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡
♣r♦♣❡rt② ✇✐t❤ r❡s♣❡❝t t♦ ✜❧tr❛t✐♦♥ F ❛♥❞ ❡❛❝❤ ❡♥❧❛r❣❡♠❡♥t Ĝ ♦❢ F s❛t✐s❢②✐♥❣ Ĝ ⊂ G✳
❆♥❛❧♦❣♦✉s❧②✱ ♦♥❡ s❤♦✇s t❤❛t t❤❡ ♣r♦❝❡ss Mk ✐♥ ✭✶✳✺✮ ✐s ❛❧s♦ ❛ G✲♠❛rt✐♥❣❛❧❡✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛✱ ✇❡ st✉❞② t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❛ t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ▲é✈② ♣r♦❝❡ss
❞❡✜♥❡❞ ♦♥ t❤❡ ♦r✐❣✐♥❛❧ st♦❝❤❛st✐❝ ❜❛s✐s ❛❢t❡r ❡♥❧❛r❣✐♥❣ ✐t✳

▲❡♠♠❛ ✶✳✷✳✹ ▲❡t L ❜❡ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ▲é✈② ♣r♦❝❡ss ✇✐t❤ s❡♠✐✲

♠❛rt✐♥❣❛❧❡ ❝❤❛r❛❝t❡r✐st✐❝s (B,C, ν) = (
∫ ·
0 bsds,

∫ ·
0 csds, Ft ⊗ dt) ❞❡✜♥❡❞ ♦♥ t❤❡ st♦❝❤❛s✲

t✐❝ ❜❛s✐s (Ω̂, F̂ , F̂, P ) ✭s❡❡ ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻✱ ❉❡✜♥✐t✐♦♥ ■■✳✷✳✻❪✮✳ ❚❤❡♥✱ ✐t ✐s ❛❧s♦

❛ d✲❞✐♠❡♥s✐♦♥❛❧ t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ▲é✈② ♣r♦❝❡ss ✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝s (B,C, ν) ♦♥ t❤❡

❡♥❧❛r❣❡❞ st♦❝❤❛st✐❝ ❜❛s✐s (Ω,G ,G, P d)✳

Pr♦♦❢✿ ❚❤❡ ♣r♦❝❡ss L ✐s ❝❧❡❛r❧② G✲❛❞❛♣t❡❞✱ ❝à❞❧à❣ ❛♥❞ st❛rts ✐♥ ③❡r♦✳ ❋♦r ❛♥② t ∈ R+✱
♦♥❡ ✈❡r✐✜❡s t❤❛t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ Lt ✐s ♣r❡s❡r✈❡❞ ✇✐t❤ r❡s♣❡❝t t♦ P d✳ ❚♦ s❡❡
t❤✐s✱ ✇❡ ❤❛✈❡

EP d [exp(i〈u, Lt〉)] =
∫

Ω̂×Ω̃
exp(i〈u, Lt(ω̂, ω̃)〉)d(P ⊗ P̃ )(ω̂, ω̃)

=

∫

Ω̂
exp(i〈u, Lt(ω̂)〉)dP (ω̂) = EP [exp(i〈u, Lt〉)].

❍❡♥❝❡✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ L ❛r❡ ✐♥✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡♥❧❛r❣❡✲
♠❡♥t✳ ❲❡ ✜♥❛❧❧② s❤♦✇ t❤❛t t❤❡ ✐♥❝r❡♠❡♥t Lt−Ls ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ Gs ❢♦r ❡✈❡r② 0 ≤ s < t✳

✶✺



✶✳ ▼❛t❤❡♠❛t✐❝❛❧ Pr❡❧✐♠✐♥❛r②

▲❡t A ∈ Gs ❛♥❞ B ∈ B(Rd) ❜❡ ❝❤♦s❡♥✳ ❚❤❡♥✱ ✇❡ ♦❜t❛✐♥

P d(A ∩ {(Lt − Ls) ∈ B}) =
∫

A
✶B(Lt − Ls)dP

d =

∫

A
EP d [✶B(Lt − Ls)|Gs]dP

d

=

∫

A
EP d [✶B(Lt − Ls)|Fs]dP

d =

∫

A
EP d [✶B(Lt − Ls)]dP

d

= P d(A)P d({(Lt − Ls) ∈ B}),

✇❤❡r❡ ✇❡ ✉s❡❞ ❤②♣♦t❤❡s✐s (H5)✳ �

■t ✐s ♦❢t❡♥ ❝♦♥✈❡♥✐❡♥t t♦ ♣♦st✉❧❛t❡ t❤❛t ❡❛❝❤ r❛♥❞♦♠ t✐♠❡ τk ♣♦ss❡ss❡s ❛♥ F✲✐♥t❡♥s✐t②
✭♦r F✲❤❛③❛r❞ r❛t❡✮ γk ✭s❡❡ ❇✐❡❧❡❝❦✐ ❛♥❞ ❘✉t❦♦✇s❦✐ ❬✶✷✱ ❝❤❛♣t❡r ✺ ❛♥❞ ✽❪✮✳ ❚❤✐s ♠❡❛♥s
t❤❛t t❤❡ ❤❛③❛r❞ ♣r♦❝❡ss Γk ♦❢ τk ❛❞♠✐ts t❤❡ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥t❛t✐♦♥

Γk
t =

∫ t

0
γks ds

❢♦r ❛♥② t ∈ R+ ❛♥❞ s♦♠❡ ♥♦♥✲♥❡❣❛t✐✈❡✱ F✲♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss γk

✇✐t❤ ✐♥t❡❣r❛❜❧❡ s❛♠♣❧❡ ♣❛t❤s✳ ◆♦t❡ t❤❛t ✇❡ ♦❜t❛✐♥

Mk
t = Hk

t −
∫ t∧τk

0
γks ds = Hk

t −
∫ t

0
✶{τk≥s}γ

k
s ds = Hk

t −
∫ t

0
✶{τk>s}γ

k
s ds

❢♦r ❛♥② k ∈ {1, . . . ,m}✳

✶✻



❈❍❆P❚❊❘

❚❲❖

❚❲❖✲P❘■❈❊ ❚❍❊❖❘❨ ■◆ ▼❯▲❚■P▲❊✲❈❯❘❱❊ ❚❊❘▼
❙❚❘❯❈❚❯❘❊ ▼❖❉❊▲❙

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t t❤❡ t✇♦✲♣r✐❝❡ t❤❡♦r② ❜❛s❡❞ ♦♥ ❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞✐❝❡s ❞❡✈❡❧♦♣❡❞
❜② ❈❤❡r♥② ❛♥❞ ▼❛❞❛♥ ❬✷✷❪✳ ■♥ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ✜♥❛♥❝❡✱ t❤❡ t✐♠❡✲t
❛r❜✐tr❛❣❡✲❢r❡❡ ♣r✐❝❡ Πt(X) ♦❢ ❛ ❝❧❛✐♠ ✇✐t❤ ❞✐s❝♦✉♥t❡❞ ♣❛②♦✛ X ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡
❧✐♥❡❛r ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛

Πt(X) = EQ[X|Ft]. ✭✷✳✶✮

❍❡r❡✱ Q ✐s ❛ r✐s❦✲♥❡✉tr❛❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ❞❡✜♥❡❞ ♦♥ ❛ ✜❧t❡r❡❞ ♠❡❛s✉r❛❜❧❡ s♣❛❝❡
(Ω, (Ft)t≥0,F ) ❛♥❞ X ∈ L1(Ω,F , Q) ✭s❡❡ ❉❡❧❜❛❡♥ ❛♥❞ ❙❝❤❛❝❤❡r♠❛②❡r ❬✷✺❪✮✳ ■♥ ❣❡♥❡r❛❧✱
t❤❡ t❡r♠ ✭✷✳✶✮ ✐s ❛ss✉♠❡❞ t♦ ❜❡ t❤❡ ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛ ♦❢ t❤❡ ♣r✐❝❡ ❢♦r ✇❤✐❝❤ ✇❡ s❡❧❧ ❛♥❞
❜✉② t❤❡ ✜♥❛♥❝✐❛❧ ♣r♦❞✉❝t ✐♥ ❧✐q✉✐❞ ♠❛r❦❡ts✳ ❇✉t ✜♥❛♥❝✐❛❧ ♣r♦❞✉❝ts t❤❛t ❛r❡ tr❛❞❡❞ ✐♥
✐❧❧✐q✉✐❞ ♠❛r❦❡ts t②♣✐❝❛❧❧② ❤❛✈❡ t✇♦ ♣r✐❝❡s✿ ❚❤❡ ♦♥❡ ❢♦r ❜✉②✐♥❣ ❢r♦♠ t❤❡ ♠❛r❦❡t✱ ❝❛❧❧❡❞
❛s❦ ♣r✐❝❡✱ ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ❢♦r s❡❧❧✐♥❣ t♦ t❤❡ ♠❛r❦❡t✱ r❡❢❡rr❡❞ t♦ ❛s ❜✐❞ ♣r✐❝❡✳ ❍❡r❡ t❤❡
♠❛r❦❡t ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♣❛ss✐✈❡ ❝♦✉♥t❡r♣❛rt② ✭❝❢✳ ❈❤❡r♥② ❛♥❞ ▼❛❞❛♥ ❬✷✷❪✮✳ ■t ❢♦❧❧♦✇s
t❤❛t t❤❡ ♣r✐❝❡s ❛r❡ ❛❧❧♦✇❡❞ t♦ ✈❛r② ✇✐t❤ t❤❡ tr❛❞✐♥❣ ❞✐r❡❝t✐♦♥✳ ❚②♣✐❝❛❧❧②✱ t❤❡ ❛s❦ ♣r✐❝❡ ✐s
❛❜♦✈❡ t❤❡ ❜✐❞ ♣r✐❝❡✳ ■♥ t❤✐s s❡tt✐♥❣✱ ✇❡ ♦❜t❛✐♥ ♥♦♥✲❧✐♥❡❛r ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛s ❢♦r t❤❡ ❛s❦
❛♥❞ ❜✐❞ ♣r✐❝❡s✳ ❚❤❡ ♠✐❞ ♣r✐❝❡ ✐s t❤❡ ♣r✐❝❡ ❜❡t✇❡❡♥ t❤❡ ❛s❦ ❛♥❞ t❤❡ ❜✐❞ ♣r✐❝❡✳ ■♥ ❣❡♥❡r❛❧✱
t❤❡ ♠✐❞ ♣r✐❝❡ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❝✉rr❡♥t ❜✐❞ ❛♥❞ ❛s❦ ♣r✐❝❡s ❜❡✐♥❣
q✉♦t❡❞✳ ❇✉t ✇❡ str❡ss t❤❛t✱ ✐♥ s♦♠❡ ❝❛s❡s✱ ✐t ✐s r♦✉♥❞❡❞ ✉♣ ♦r ❞♦✇♥ t♦ t❤❡ ♥❡❛r❡st ✈❛❧✐❞
tr❛❞❛❜❧❡ ♣r✐❝❡ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡ ♣✉r♣♦s❡s✱ ❛♥❞ ✐t ✐s t❤❡r❡❢♦r❡ ♥♦t t❤❡ ❡①❛❝t ❛✈❡r❛❣❡✳ ❖❢
❝♦✉rs❡✱ ❛s❦ ❛♥❞ ❜✐❞ ♠❛r❦❡t q✉♦t❡s ♦❢ ❞❡r✐✈❛t✐✈❡s ❛❧s♦ ❞✐✛❡r ✐♥ ❧✐q✉✐❞ ♠❛r❦❡ts ❜✉t t❤❡✐r
s♣r❡❛❞s ❛r❡ ♦❢t❡♥ s❡❡♥ ❛s ♥❡❣❧✐❣✐❜❧❡✳

❲❡ str❡ss t❤❛t ♦✉r ♠❡❛♥✐♥❣ ♦❢ t❤❡ s♣r❡❛❞ s❤♦✉❧❞ ♥♦t ❜❡ ❝♦♥❢✉s❡❞ ✇✐t❤ t❤❡ ❜✐❞✲❛s❦
s♣r❡❛❞ r❡❧❛t✐♥❣ t♦ tr❛♥s❛❝t✐♦♥ ❝♦sts ♦r ♦t❤❡r ❢r✐❝t✐♦♥s ✭s❡❡ ❛❧s♦ t❤❡ ❝♦♠♠❡♥ts ♦❢ ❊❜❡r❧❡✐♥
❬✸✵❪✮✳ ❚❤❡ ❡✛❡❝t ♦❢ ❧✐q✉✐❞✐t② r✐s❦ ❝❛♥ ❝❛✉s❡ ❛ ❧❛r❣❡ ❜✐❞✲❛s❦ s♣r❡❛❞✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡

✶✼



✷✳ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r② ✐♥ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❚❡r♠ ❙tr✉❝t✉r❡ ▼♦❞❡❧s

r✐s❦ ♦❢ tr❛❞✐♥❣ ❛♥❞ ❤♦❧❞✐♥❣ ❛ ♣♦s✐t✐♦♥✱ ❡s♣❡❝✐❛❧❧② ✐♥ ✐❧❧✐q✉✐❞ ♠❛r❦❡ts✱ ✐♥✢✉❡♥❝❡s t❤❡ ❛s❦ ❛♥❞
❜✐❞ ♣r✐❝❡s ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡② ❞✐✈❡r❣❡ s✉❜st❛♥t✐❛❧❧②✳ ❚❤✐s s✐t✉❛t✐♦♥ ✇❛s ♦❜s❡r✈❡❞ ✐♥
✜①❡❞ ✐♥❝♦♠❡ ♠❛r❦❡ts ✇✐t❤ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ✐♥ t❤❡ s✉♠♠❡r ♦❢ ✷✵✵✼✳ ❚❤❡
t✇♦✲♣r✐❝❡ t❤❡♦r② ♣r♦✈✐❞❡s ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ t♦ ❞❡❛❧ ✇✐t❤ t❤✐s ✐ss✉❡✳ ❚❤❡r❡❢♦r❡✱
❛❧❧ t❤❡s❡ ❢❛❝ts ♠♦t✐✈❛t❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ t✇♦✲♣r✐❝❡ t❤❡♦r② t♦ t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ t❡r♠
str✉❝t✉r❡ ♠♦❞❡❧ ❛♣♣r♦❛❝❤✳ ❚❤❡ ❝♦♥❝❡♣t ♦❢ t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥
❞❡t❛✐❧✳ ■t ✐s ♠♦t✐✈❛t❡❞ ❜② ❛ ✈❛r✐❡t② ♦❢ ♠❛r❦❡t ❛♥♦♠❛❧✐❡s t❤❛t ❛r✐s❡ ✇✐t❤ t❤❡ ❜❡❣✐♥♥✐♥❣
♦❢ t❤❡ ❝r✐s✐s✳ ❋✐♥❛❧❧②✱ ❛ ♠❡t❤♦❞ t♦ ❝❛❧✐❜r❛t❡ ❛ ♠♦❞❡❧ t♦ ♠❛r❦❡t ❞❛t❛ ✐♥ t❤✐s t✇♦✲♣r✐❝❡
♠✉❧t✐♣❧❡✲❝✉r✈❡ s❡tt✐♥❣ ✐s ❞❡s❝r✐❜❡❞✳
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❲❡ r❡✈✐❡✇ t❤❡ t❤❡♦r② ♦❢ t✇♦ ♣r✐❝❡s t❤❛t ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞✐❝❡s✳
❆ ❞❡t❛✐❧❡❞ ❡①♣❧❛♥❛t✐♦♥ ❛❜♦✉t ✐ts ♦r✐❣✐♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ✐s ❣✐✈❡♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ st❛t❡
t❤❡ ❝r✉❝✐❛❧ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❛♥❞ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥s✳ ❚❤❡
✭❲❡✐❣❤t❡❞ ❱❛❧✉❡ ❛t ❘✐s❦✮ ❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞❡① ✐s ❞❡✜♥❡❞ ❛♥❞ ✇❡ s♣❡❝✐❢② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❛s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡s ♦❢ ❛ ✜♥❛♥❝✐❛❧ ♣r♦❞✉❝t✳

✷✳✶✳✶✳ ❈♦❤❡r❡♥t ❯t✐❧✐t② ❋✉♥❝t✐♦♥s

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣❡r✐♦❞ ♦❢ t✐♠❡ ❜❡t✇❡❡♥ t✇♦ ✜①❡❞ ❞❛t❡s t ❛♥❞ T ✳ ❚❤❡s❡ ♣♦✐♥ts ✐♥ t✐♠❡
❛r❡ s❡❡♥ ❛s t♦❞❛② ✭t = 0✮ ❛♥❞ ❛s ❛ ✜♥✐t❡ t✐♠❡ ❤♦r✐③♦♥ ✭T > 0✮✳ ❆ ✜♥❛♥❝✐❛❧ ♣♦s✐t✐♦♥
tr❛♥s❢♦r♠s ✐♥✐t✐❛❧ ✇❡❛❧t❤ X0 ∈ R ✐♥t♦ s♦♠❡ r❛♥❞♦♠ ❢✉t✉r❡ ♣❛②♦✛ XT ✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡
❝♦♠♣r❡❤❡♥❞ XT ❛s ❛ r❡❛❧✲✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❞❡✜♥❡❞ ♦♥ ❛ ❣✐✈❡♥ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡
(Ω,F , P )✳ ❚❤❡ s♣❛❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦♥ (Ω,F , P ) ✇✐t❤ ✈❛❧✉❡s ✐♥ R ✐s ❞❡♥♦t❡❞ ❜②
L0✳

❇❡❧♦✇✱ XT ✐s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❞✐s❝♦✉♥t❡❞ ♣❛②♦✛ ❛t t✐♠❡ 0✳ ❚♦ ♠❡❛s✉r❡ t❤❡ r✐s❦ ♦❢
✜♥❛♥❝✐❛❧ ♣♦s✐t✐♦♥s✱ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ❝♦❤❡r❡♥t r✐s❦ ♠❡❛s✉r❡s ❛♥❞ ❛❝❝❡♣t❛♥❝❡ s❡ts
✭❛❝❝❡♣t❛♥❝❡ ❝♦♥❡s✮ ❞❡✈❡❧♦♣❡❞ ❜② ❆rt③♥❡r✱ ❉❡❧❜❛❡♥✱ ❊❜❡r✱ ❛♥❞ ❍❡❛t❤ ❬✹❪ ❛♥❞ ❉❡❧❜❛❡♥
❬✷✹❪✳ ❆ ❝♦❤❡r❡♥t r✐s❦ ♠❡❛s✉r❡ ρ ✐s ❞❡✜♥❡❞ ❛s ♠♦♥♦t♦♥❡✱ ❝❛s❤ ✐♥✈❛r✐❛♥t✱ ❝♦♥✈❡① ❛♥❞
♣♦s✐t✐✈❡❧② ❤♦♠♦❣❡♥❡♦✉s ♠❛♣ ♦♥ t❤❡ s♣❛❝❡ ♦❢ ✭P ✲❛❧♠♦st s✉r❡❧②✮ ❜♦✉♥❞❡❞✱ r❡❛❧✲✈❛❧✉❡❞
r❛♥❞♦♠ ✈❛r✐❛❜❧❡s L∞ ✭❢♦r ❞❡t❛✐❧s s❡❡ ❆rt③♥❡r✱ ❉❡❧❜❛❡♥✱ ❊❜❡r✱ ❛♥❞ ❍❡❛t❤ ❬✹❪ ♦r ❈❤❡r♥②
❬✷✵✱ ❉❡✜♥✐t✐♦♥ ✷✳✶❪✮✳ ❆ r✐s❦ ♠❡❛s✉r❡ ρ ❛ss♦❝✐❛t❡s ✇✐t❤ ❡❛❝❤ ❞✐s❝♦✉♥t❡❞ ♣❛②♦✛ XT ❛
♥✉♠❜❡r ρ(XT ) ∈ R t❤❛t q✉❛♥t✐✜❡s t❤❡ r✐s❦ ♦❢ t❤❡ ✜♥❛♥❝✐❛❧ ♣r♦❞✉❝t✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱
ρ(XT ) ✐s ✉♥❞❡rst♦♦❞ ❛s t❤❡ ❛♠♦✉♥t ♦❢ ♠♦♥❡② ✭✐✳❡✳ t❤❡ ❝❛♣✐t❛❧ r❡q✉✐r❡♠❡♥t✮ t❤❛t s❤♦✉❧❞ ❜❡
❛❞❞❡❞ t♦ XT ✐♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ ♣♦s✐t✐♦♥ ❛❝❝❡♣t❛❜❧❡ ❢♦r ❛♥ ✐♥✈❡st♦r✳ ❆ ✜♥❛♥❝✐❛❧ ♣♦s✐t✐♦♥
✇✐t❤ ❞✐s❝♦✉♥t❡❞ ♣❛②♦✛ XT ✐s t❤❡r❡❢♦r❡ ❝❛❧❧❡❞ ❛❝❝❡♣t❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρ(XT ) ≤ 0✳ ❚♦
s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✱ ✇❡ ♣r❡❢❡r ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥ u := −ρ ✐♥st❡❛❞
♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦❤❡r❡♥t r✐s❦ ♠❡❛s✉r❡ ρ✳ ❚❤❡ ❛❝❝❡♣t❛♥❝❡ s❡t ✭❛❝❝❡♣t❛♥❝❡ ❝♦♥❡✮ ♦❢
u ✐s ❞❡✜♥❡❞ ❛s t❤❡ s❡t Au := {X ∈ L∞|u(X) ≥ 0}✳ ❆ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥ u ❤❛s t❤❡
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❋❛t♦✉ ♣r♦♣❡rt②✱ ✐✳❡✳ ✐❢ |Xn| ≤ 1✱ Xn
P→ X✱ t❤❡♥ lim supn u(Xn) ≤ u(X) ✭❝❢✳ ❈❤❡r♥② ❬✷✵✱

❉❡✜♥✐t✐♦♥ ✷✳✶ ✭❡✮❪✮✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲❡♠♣t② s❡t D ⊂ M1(P ) s✉❝❤ t❤❛t

u(X) = inf
Q∈D

EQ[X], ✭✷✳✷✮

✇❤❡r❡ M1(P ) ❞❡♥♦t❡s t❤❡ s♣❛❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ (Ω,F ) t❤❛t ❛r❡ ❛❜s♦❧✉t❡❧②
❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ P ✭❝❢✳ ❉❡❧❜❛❡♥ ❬✷✹❪ ❛♥❞ ❋ö❧❧♠❡r ❛♥❞ ❙❝❤✐❡❞ ❬✹✻✱ ❈❤❛♣t❡r
✹❪✮✳ ❇② ✉s✐♥❣ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥✱ ❈❤❡r♥② ❬✷✵❪ ❡①t❡♥❞s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❝♦❤❡r❡♥t ✉t✐❧✐t②
❢✉♥❝t✐♦♥ ❢r♦♠ t❤❡ s♣❛❝❡ L∞ t♦ L0✳ ❚♦ ❜❡ ♣r❡❝✐s❡✱ ❛ ♠❛♣ u : L0 → R̄ := [−∞,∞] ✐s
❝❛❧❧❡❞ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦♥ L0 ✐❢ ✐t ❤❛s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✳✷✮✱ ✇❤❡r❡ EQ[X] ✐s
✉♥❞❡rst♦♦❞ ❛s EQ[X

+] − EQ[X
−] ✇✐t❤ ❝♦♥✈❡♥t✐♦♥ ∞−∞ = −∞✳ ❖♥❡ ❡❛s✐❧② s❡❡s t❤❛t

t❤✐s ❡①t❡♥s✐♦♥ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ♦♥ L∞✳ ■♥
❛♥ ❛♥❛❧♦❣♦✉s ✇❛②✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛❝❝❡♣t❛♥❝❡ s❡t ♦❢ ❛ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦♥ L0✳
◆♦t❡ t❤❛t ❛ s❡t D ❢♦r ✇❤✐❝❤ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛❜♦✈❡ ❤♦❧❞s ✐s ♥♦t ✉♥✐q✉❡✳ ❚❤❡ ❧❛r❣❡st
s❡t ✐s ❣✐✈❡♥ ❜② Dm(u) := {Q ∈ M1(P )|EQ[X] ≥ u(X) ❢♦r ❡✈❡r② X ∈ L0} ❛♥❞ ✐s ❝❛❧❧❡❞
❞❡t❡r♠✐♥✐♥❣ s❡t ♦❢ u✳ ❈❧❡❛r❧②✱ t❤❡ ❞❡t❡r♠✐♥✐♥❣ s❡t ♦❢ ❛ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✐s ❝♦♥✈❡①✳
❋♦r ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ♦♥ L∞ ✐t ✐s ❛❧s♦ L1✲❝❧♦s❡❞✳ ❲❡ str❡ss t❤❛t ❡❛❝❤ ♠❡❛s✉r❡
❢r♦♠ M1(P ) ✐s ✐❞❡♥t✐✜❡❞ ✇✐t❤ ✐ts ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ P ❛♥❞ t❤❡
t♦♣♦❧♦❣✐❝❛❧ str✉❝t✉r❡ ♦❢ L1 ✐s ✉s❡❞✳ ❋♦r ❛ ❝♦♥✈❡① L1✲❝❧♦s❡❞ s✉❜s❡t D ⊂ M1(P )✱ ✇❡ ❞❡✜♥❡
❛ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥ u ❜② u(X) := infQ∈D EQ[X]✳ ❚❤❡♥✱ ❜② t❤❡ ❚❤❡♦r❡♠ ♦❢ ❍❛❤♥✲
❇❛♥❛❝❤✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t D = Dm(u)✳ ❋♦r ❛ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥ u ♦♥ L0 ✇❡
r❡❢❡r t♦ L1

w(u) := {X ∈ L0 | u(X) > −∞ ❛♥❞ u(−X) > −∞} ❛s t❤❡ ✇❡❛❦ L1✲s♣❛❝❡ ♦❢ u✳
❈❧❡❛r❧②✱ ✇❡ ❤❛✈❡ u(X) ∈ R ❢♦r ❡✈❡r② X ∈ L1

w(u)✳

✷✳✶✳✷✳ ❋✉♥❞❛♠❡♥t❛❧ ❊①❛♠♣❧❡s ♦❢ ❈♦❤❡r❡♥t ❯t✐❧✐t② ❋✉♥❝t✐♦♥s

▲❡t ✉s ✐♥tr♦❞✉❝❡ s♦♠❡ ❝r✉❝✐❛❧ ❡①❛♠♣❧❡s ♦❢ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥s t❤❛t ❛r❡ st✉❞✐❡❞ ❜②
❋ö❧❧♠❡r ❛♥❞ ❙❝❤✐❡❞ ❬✹✻✱ ❈❤❛♣t❡r ✹❪ ❛♥❞ ❈❤❡r♥② ❬✷✵✱ ❈❤❛♣t❡r ✷❪✳ ❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡
❊①♣❡❝t❡❞ ❙❤♦rt❢❛❧❧ uESλ ✭❆✈❡r❛❣❡ ❱❛❧✉❡ ❛t ❘✐s❦ ♦r ❚❛✐❧ ❱❛❧✉❡ ❛t ❘✐s❦✮ ❞❡✜♥❡❞ ❜②

uESλ :

{

L0 → R̄

X 7→ infQ∈Dλ
EQ[X],

✇❤❡r❡ λ ∈ (0, 1] ❛♥❞

Dλ =
{

Q ∈ M1(P ) | dQ
dP

≤ λ−1
}

.

❲❡ s❡t uES0(X) := ❡ss✐♥❢(X) ❢♦r λ = 0✳ ❙✐♥❝❡ Dλ ✐s ❛ ❝♦♥✈❡① ❛♥❞ L1✲❝❧♦s❡❞ s✉❜s❡t ♦❢
M1(P )✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Dλ ✐s t❤❡ ❞❡t❡r♠✐♥✐♥❣ s❡t ♦❢ uESλ ✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② qλ(X)

t❤❡ r✐❣❤t λ✲q✉❛♥t✐❧❡ ♦❢ X ∈ L0✱ ✐✳❡✳ qλ(X) := inf{x ∈ R | P (X ≤ x) > λ}✳ ❈❤❡r♥② ❬✷✵✱

✶✾



✷✳ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r② ✐♥ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❚❡r♠ ❙tr✉❝t✉r❡ ▼♦❞❡❧s

Pr♦♣♦s✐t✐♦♥ ✷✳✻❪ s❤♦✇s t❤❛t✱ ❢♦r λ ∈ (0, 1] ❛♥❞ X ∈ L0✱ uESλ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜②

uESλ(X) = λ−1

∫

(−∞,qλ(X))
xPX(dx) + cλqλ(X),

✇❤❡r❡ cλ := 1− λ−1PX (−∞, qλ(X)) ❛♥❞ PX ❞❡♥♦t❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X ✇✐t❤ r❡s♣❡❝t
t♦ P ✳ ❋♦r ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✇✐t❤ ❝♦♥t✐♥✉♦✉s ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✇❡
♦❜t❛✐♥

uESλ(X) = λ−1

∫

(−∞,qλ(X))
xPX(dx).

❚❤❡ ❲❡✐❣❤t❡❞ ❱❛❧✉❡ ❛t ❘✐s❦ ✐s ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❊①♣❡❝t❡❞ ❙❤♦rt❢❛❧❧✳ ❚❤❡ ❜❛s✐❝
✐❞❡❛ ❜❡❤✐♥❞ t❤✐s ❝♦♥❝❡♣t ✐s t♦ ✇❡✐❣❤t t❤❡ ✈❛❧✉❡s ♦❢ uESλ(X) ❜② ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❲❡✐❣❤t❡❞ ❱❛❧✉❡ ❛t ❘✐s❦ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ uWµ ♦♥ L∞ ✐s ❞❡✜♥❡❞ ❜②

uWµ :

{

L∞ → R

X 7→
∫

[0,1] u
ESλ(X)µ(dλ),

✇❤❡r❡ µ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ ([0, 1],B([0, 1]))✳ ■t ❝❛♥ ❛❧s♦ ❜❡ ❡①t❡♥❞❡❞ t♦ L0 ✐♥
t❤❡ st❛♥❞❛r❞ ✇❛② ✭❝❢✳ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✮✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❞❡✜♥❡

uWµ :

{

L0 → R̄

X 7→ infQ∈Dµ EQ[X],

✇❤❡r❡ Dµ ✐s t❤❡ ❞❡t❡r♠✐♥✐♥❣ s❡t ♦❢ uWµ ♦♥ L∞✳ ❚❤❡ ❥✉st✐✜❝❛t✐♦♥ ♦❢ t❤✐s ❞❡✜♥✐t✐♦♥ ❝❛♥
❜❡ ✉♥❞❡rst♦♦❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥s✿ uWµ ♦♥ L∞ ✐s ❛ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥
s❛t✐s❢②✐♥❣ t❤❡ ❋❛t♦✉ ♣r♦♣❡rt②✳ ❍❡♥❝❡✱ t❤❡ s❡t Dµ ✐s ❝♦♥✈❡① ❛♥❞ L1✲❝❧♦s❡❞ ❛♥❞ ✐s t❤❡r❡❢♦r❡
❡q✉❛❧ t♦ t❤❡ ❞❡t❡r♠✐♥✐♥❣ s❡t ♦❢ uWµ ♦♥ L0✳

❈❤❡r♥② ❬✷✵❪ ♣r♦✈❡s t❤❛t✱ ❢♦r ❛♥② X ∈ L0✱ uWµ(X) ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜②

uWµ(X) =

∫

[0,1]
uESλ(X)µ(dλ) =

∫

[0,1]
uESλ(X)+µ(dλ)−

∫

[0,1]
uESλ(X)−µ(dλ)

✭✷✳✸✮

✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ ∞−∞ = −∞✳

■♥ ♦r❞❡r t♦ ❣❡t ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ uWµ t❤❛t ✐s ♠♦r❡ ✉s❡❢✉❧ ❢♦r ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱
✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥s✳ ❆ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣
❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ Ψ : [0, 1] → [0, 1]✳ ▲❡t ✉s st❛t❡ s♦♠❡ ✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s ♦❢ ❞✐st♦rt✐♦♥
❢✉♥❝t✐♦♥s ✭s❡❡ ❋ö❧❧♠❡r ❛♥❞ ❙❝❤✐❡❞ ❬✹✻❪✮✿

✶✳ Ψ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ (0, 1] ❛♥❞ ❛❞♠✐ts ❛ r✐❣❤t✲❤❛♥❞ ❞❡r✐✈❛t✐✈❡✳

✷✵



✷✳✶✳ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r② ❇❛s❡❞ ♦♥ ❆❝❝❡♣t❛❜✐❧✐t② ■♥❞✐❝❡s

✷✳ ❚❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ ([0, 1],B([0, 1]))
❛♥❞ t❤❡ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥ Ψ ❣✐✈❡♥ ❜②

Ψ(y) = µ({0}) +
∫ y

0

∫

(t,1]
s−1µ(ds)dt ❢♦r ❡✈❡r② y ∈ (0, 1]. ✭✷✳✹✮

❍❡♥❝❡❢♦rt❤✱ ✇❡ ✇r✐t❡ Ψµ ✐♥st❡❛❞ ♦❢ Ψ ❢♦r t❤❡ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥ ✇❤❡♥ ✐t ✐s ❣✐✈❡♥ ❜②
r❡❧❛t✐♦♥ ✭✷✳✹✮✳ ❆s ❛♥ ❡①❛♠♣❧❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❉✐r❛❝ ♠❡❛s✉r❡ µ = δλ ✇✐t❤ λ ∈ [0, 1]

❞❡✜♥❡❞ ♦♥ ([0, 1],B([0, 1]))✳ ❚❤❡♥✱ ✇❡ ♦❜✈✐♦✉s❧② ❣❡t uWδλ = uESλ ✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ✭✷✳✹✮ ❛s Ψδλ(y) =

y
λ ∧ 1 ❢♦r ❛♥② λ ∈ (0, 1]✳ ■♥ t❤❡

❝❛s❡ ✇❤❡r❡ µ = λ[0,1] ✐s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ r❡str✐❝t❡❞ ♦♥ ([0, 1],B([0, 1]))✱ ✇❡ ♦❜t❛✐♥

Ψλ[0,1]
(y) =

{

−y · ln(y) + y, y ∈ (0, 1]

0, y = 0.

■♥ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ❝♦♥s✐❞❡r❡❞ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ ❛ss✉♠❡❞ t♦ s❛t✐s❢②
Ψµ(0) = 0 ❛♥❞ Ψµ(1) = 1✳

❋♦r ❡✈❡r② X ∈ L0 ❛♥❞ ❡❛❝❤ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ ([0, 1],B([0, 1])) ✇✐t❤ ❝♦rr❡s♣♦♥❞✲
✐♥❣ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥ Ψµ✱ ❈❤❡r♥② ❬✷✵✱ ❚❤❡♦r❡♠ ✸✳✸❪ s❤♦✇s t❤❛t uWµ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
❛ ▲❡❜❡s❣✉❡✲❙t✐❡❧t❥❡s ✐♥t❡❣r❛❧ ♦❢ t❤❡ ❢♦r♠

uWµ(X) =

∫

R

yΨµ(FX(dy)) = −
∫ 0

−∞
Ψµ(FX(y))dy +

∫ ∞

0
1−Ψµ(FX(y))dy,

✭✷✳✺✮

✇❤❡r❡ FX ❞❡♥♦t❡s t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ X ❛♥❞ ✇❡ ✉s❡ t❤❡ ❝♦♥✈❡♥✲
t✐♦♥ ∞ − ∞ = −∞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ s✉♠♠❛r✐s❡s t❤❡ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡
q✉❛♥t✐t✐❡s✿

µ ♦♥ ([0, 1],B([0, 1])) Ψµ

uWµ(X) =
∫

[0,1] u
ESλ(X)µ(dλ) uWµ(X) =

∫

R
yΨµ(FX(dy))

✭✷✳✸✮

✭✷✳✹✮

X ∈ L0

✭✷✳✺✮

❍❡r❡❛❢t❡r✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♣❛r❛♠❡t❡r✐s❡❞ ❢❛♠✐❧② (uWx )x≥0 ♦❢ ❲❡✐❣❤t❡❞ ❱❛❧✉❡ ❛t ❘✐s❦
✉t✐❧✐t② ❢✉♥❝t✐♦♥s✳ ❚❤❡② ❛r❡ ❝♦♥str✉❝t❡❞ t❤r♦✉❣❤ ❛ s♣❡❝✐✜❝ ❢❛♠✐❧② (Ψµx)x≥0 ♦❢ ❞✐st♦rt✐♦♥
❢✉♥❝t✐♦♥s ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❢❛♠✐❧② (µx)x≥0 ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ ([0, 1],B([0, 1]))
❜② ✉s✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✳✺✮✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✱ ✇❡ s❡t Ψx := Ψµx ❢♦r ❡✈❡r②
x ∈ [0,∞)✳ ❆ ❢❛♠✐❧② (Ψx)x≥0 ♦❢ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥s ✐s ❝❛❧❧❡❞ ♣r♦♣❡r ✐❢ ❢♦r ❡✈❡r② y ∈ (0, 1)

t❤❡ ♠❛♣ x 7→ Ψx(y) ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ [0,∞) ❛♥❞ ❝♦♥t✐♥✉♦✉s ♦♥ (0,∞)✳

▲❡t (Ψx)x≥0 ❜❡ ❛ ♣r♦♣❡r ❢❛♠✐❧② ♦❢ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡❝r❡❛s✐♥❣

✷✶
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❢❛♠✐❧② (uWx )x≥0 ♦❢ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ♦♥ L0 ❜② s❡tt✐♥❣

uWx (X) := uWµx (X) =

∫

R

yΨx(FX(dy)) ✭✷✳✻✮

=−
∫ 0

−∞
Ψx(FX(y))dy +

∫ ∞

0
1−Ψx(FX(y))dy. ✭✷✳✼✮

❇② ❞❡❝r❡❛s✐♥❣✱ ✇❡ ♠❡❛♥ t❤❛t ❢♦r ❡✈❡r② X ∈ L0 ✐t ❤♦❧❞s ux2(X) ≤ ux1(X) ❢♦r ❛❧❧ x1 ≤ x2✳

❲❡ ❡♥❞ t❤✐s s✉❜s❡❝t✐♦♥ ✇✐t❤ s♦♠❡ ❝r✉❝✐❛❧ ❡①❛♠♣❧❡s ♦❢ ♣r♦♣❡r ❢❛♠✐❧✐❡s ♦❢ ❞✐st♦rt✐♦♥
❢✉♥❝t✐♦♥s ❛♥❞ t❤❡✐r r❡❧❛t❡❞ ❢❛♠✐❧✐❡s ♦❢ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✳ ❚❤❡② ❛r❡ ❝♦♥s✐❞❡r❡❞ ❜② ❈❤❡r♥②
❛♥❞ ▼❛❞❛♥ ❬✷✶✱ ✷✷❪✳

✶✳ ❚❤❡ ❢❛♠✐❧② (Ψmv
x )x≥0 ♦❢ MINVAR ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥s ✐s ❞❡✜♥❡❞ ❜②

Ψmv
x :

{

[0, 1] → [0, 1]

y 7→ 1− (1− y)1+x .

❲❡ ♣❧♦t s♦♠❡ ❣r❛♣❤s ♦❢ t❤✐s ❢✉♥❝t✐♦♥ ❢♦r ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs ✐♥ ✜❣✉r❡ ✷✳✶✳
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❋✐❣✉r❡ ✷✳✶✳✿ ●r❛♣❤s ♦❢ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥ Ψmv
γ ✇✐t❤ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs✿ ✭•✮ γ = 0✱ ✭•✮

γ = 0.15✱ ✭•✮ γ = 0.5✱ ✭•✮ γ = 1✱ ✭•✮ γ = 1.5✱ ✭•✮ γ = 2 ❛♥❞ ✭•✮ γ = 3✳

✷✷
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✷✳ ❚❤❡ ❢❛♠✐❧② (Ψmav
x )x≥0 ♦❢ MAXVAR ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥s ✐s ❞❡✜♥❡❞ ❜②

Ψmav
x :

{

[0, 1] → [0, 1]

y 7→ y
1

1+x .

■t ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✷✳✷✳
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❋✐❣✉r❡ ✷✳✷✳✿ ●r❛♣❤s ♦❢ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥ Ψmav
γ ✇✐t❤ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs✿ ✭•✮ γ = 0✱ ✭•✮

γ = 0.15✱ ✭•✮ γ = 0.5✱ ✭•✮ γ = 1✱ ✭•✮ γ = 1.5✱ ✭•✮ γ = 2 ❛♥❞ ✭•✮ γ = 3✳

✸✳ ❚❤❡ ❢❛♠✐❧② (Ψmmv
x )x≥0 ♦❢ MINMAXVAR ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥s ✐s ❞❡t❡r♠✐♥❡❞ ❜②

Ψmmv
x :

{

[0, 1] → [0, 1]

y 7→ 1− (1− y
1

1+x )1+x.

■♥ ✜❣✉r❡ ✷✳✸ ✇❡ ✐❧❧✉str❛t❡ s♦♠❡ ❣r❛♣❤s ♦❢ Ψmmv
γ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ γ ≥ 0✳

✹✳ ❚❤❡ ❢❛♠✐❧② (Ψmamv
x )x≥0 ♦❢ MAXMINVAR ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥s ✐s ❞❡✜♥❡❞ ❜②

Ψmamv
x :

{

[0, 1] → [0, 1]

y 7→ (1− (1− y)1+x)
1

1+x .

✷✸
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❋✐❣✉r❡ ✷✳✸✳✿ ●r❛♣❤s ♦❢ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥ Ψmmv
γ ✇✐t❤ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs✿ ✭•✮ γ = 0✱

✭•✮ γ = 0.15✱ ✭•✮ γ = 0.5✱ ✭•✮ γ = 1✱ ✭•✮ γ = 1.5✱ ✭•✮ γ = 2 ❛♥❞ ✭•✮ γ = 3✳

❋✐❣✉r❡ ✷✳✹ ♣r❡s❡♥ts s♦♠❡ ❣r❛♣❤s ♦❢ Ψmamv
γ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ γ ≥ 0✳

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢❛♠✐❧✐❡s ♦❢ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s (umv
x )x≥0✱ (umav

x )x≥0✱ (ummv
x )x≥0 ❛♥❞

(umamv
x )x≥0 ❛r❡ ❞❡✜♥❡❞ ❜② r❡❧❛t✐♦♥ ✭✷✳✻✮✳

✷✳✶✳✸✳ ❆❝❝❡♣t❛❜✐❧✐t② ■♥❞✐❝❡s

❚❤❡ r❡❛s♦♥ ✇❤② ✇❡ ❝♦♥s✐❞❡r ❛ ♣❛r❛♠❡t❡r✐s❡❞ ❢❛♠✐❧② ♦❢ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ✐s t❤❛t
t❤❡ ❛❝❝❡♣t❛♥❝❡ s❡t ♦❢ ❛♥ ✐♥✈❡st♦r ✐s ♥♦t ❝♦♥st❛♥t ♦✈❡r t✐♠❡✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❜♦♦♠ t✐♠❡s
✐t ✐s ✇✐❞❡ ❛♥❞ ✐♥ t✐♠❡s ♦❢ ❝r✐s✐s ✐t ❝♦♥tr❛❝ts✳

❋♦r♠❛❧❧②✱ ❧❡t (ux)x≥0 ❜❡ ❛ ❞❡❝r❡❛s✐♥❣ ❢❛♠✐❧② ♦❢ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❛♥❞ (Aux)x≥0

❜❡ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❢❛♠✐❧② ♦❢ ❛❝❝❡♣t❛♥❝❡ ❝♦♥❡s✳ ❚❤❡ ♣❛r❛♠❡t❡r x ✐♥❞✐❝❛t❡s t❤❡ ❝✉rr❡♥t
str❡ss ❧❡✈❡❧ ✐♥ t❤❡ ♠❛r❦❡t✳ ◆♦t❡ t❤❛t ❢♦r ❛♥ ✐♥❝r❡❛s✐♥❣ str❡ss ❧❡✈❡❧ ✇❡ t❤❡r❡❢♦r❡ ❣❡t ❛
❝♦♥tr❛❝t✐♥❣ ❛❝❝❡♣t❛❜❧❡ ❝♦♥❡✳ ❍❡r❡❛❢t❡r✱ ❛ ✜♥❛♥❝✐❛❧ ♣♦s✐t✐♦♥ ✇✐t❤ ❞✐s❝♦✉♥t❡❞ ♣❛②♦✛ X ✐s
❝❛❧❧❡❞ ❛❝❝❡♣t❛❜❧❡ ❛t ❧❡✈❡❧ x ≥ 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ X ∈ Aux ✱ ✐✳❡✳ ✇❡ ❤❛✈❡ ux(X) ≥ 0✳

❚❤❡ ❝♦♥❝❡♣t ♦❢ ❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞✐❝❡s ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❈❤❡r♥② ❛♥❞ ▼❛❞❛♥ ❬✷✶❪✳ ❆♥
❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞❡① ❛ss♦❝✐❛t❡s ✐ts ❧❡✈❡❧ ♦❢ ❛❝❝❡♣t❛❜✐❧✐t② ✇✐t❤ ❡❛❝❤ ✜♥❛♥❝✐❛❧ ♣♦s✐t✐♦♥✳ ❚♦
❜❡ s♣❡❝✐✜❝✱ ❛♥ ❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞❡① α ✐s ❛ ♠❛♣ α : L∞ → [0,∞] s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣

✷✹
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❋✐❣✉r❡ ✷✳✹✳✿ ●r❛♣❤s ♦❢ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥ Ψmamv
γ ✇✐t❤ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs✿ ✭•✮ γ = 0✱

✭•✮ γ = 0.15✱ ✭•✮ γ = 0.5✱ ✭•✮ γ = 1✱ ✭•✮ γ = 1.5✱ ✭•✮ γ = 2 ❛♥❞ ✭•✮ γ = 3✳

♣r♦♣❡rt✐❡s ✭s❡❡ ❈❤❡r♥② ❛♥❞ ▼❛❞❛♥ ❬✷✶❪✮✿

✶✳ ▼♦♥♦t♦♥✐❝✐t②✿ ■❢ X ≤ Y ❛✳s✳✱ t❤❡♥ α(X) ≤ α(Y )✳

✷✳ ◗✉❛s✐✲❝♦♥❝❛✈✐t②✿ ■❢ x ≤ α(X) ❛♥❞ x ≤ α(Y )✱ t❤❡♥ x ≤ α(λX +(1−λ)Y ) ❢♦r ❡✈❡r②
λ ∈ [0, 1]✳

✸✳ ❙❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✿ α(λX) = α(X) ❢♦r ❛♥② λ > 0✳

✹✳ ❋❛t♦✉ ♣r♦♣❡rt②✿ ❋♦r ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (Xn) s❛t✐s❢②✐♥❣ |Xn| ≤ 1✱

x ≤ α(Xn) ❛♥❞ Xn
P→ X✱ ✇❡ ❤❛✈❡ x ≤ α(X)✳

❆♥ ❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞❡① ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❞❡❝r❡❛s✐♥❣ ❢❛♠✐❧② (ux)x≥0 ♦❢ ❝♦❤❡r❡♥t
✉t✐❧✐t② ❢✉♥❝t✐♦♥s ♦♥ L∞ ❤❛✈✐♥❣ t❤❡ ❋❛t♦✉ ♣r♦♣❡rt② ♦r ❜② ❛♥ ✐♥❝r❡❛s✐♥❣ ❢❛♠✐❧② (Dx)x≥0

♦❢ s✉❜s❡ts ♦❢ M1(P ) ✭s❡❡ ❈❤❡r♥② ❛♥❞ ▼❛❞❛♥ ❬✷✶❪✮✿ ❛ ♠❛♣ α : L∞ → [0,∞] ✐s ❛♥
❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞❡① ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❤❛s t❤❡ ❢♦r♠

α(X) = sup
{

x ≥ 0 | ux(X) ≥ 0
}

= sup
{

x ≥ 0 | inf
Q∈Dx

EQ[X] ≥ 0
}

, ✭✷✳✽✮

✷✺



✷✳ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r② ✐♥ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❚❡r♠ ❙tr✉❝t✉r❡ ▼♦❞❡❧s

✇❤❡r❡ ✇❡ s❡t inf ∅ = sup ∅ = 0✳ ❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✱ t❤✐s r❡♣r❡✲
s❡♥t❛t✐♦♥ ✐s ✉s❡❞ t♦ ❡①t❡♥❞ ❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞✐❝❡s ❢r♦♠ s♣❛❝❡ L∞ t♦ L0✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱
❛ ♠❛♣ α : L0 → [0,∞] ✐s ❝❛❧❧❡❞ ❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞❡① ♦♥ L0 ✐❢ ✐t ❤❛s ❛ ❢♦r♠ (2.8) ✇✐t❤ ❛ ❞❡✲
❝r❡❛s✐♥❣ ❢❛♠✐❧② (ux)x≥0 ♦❢ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ♦♥ L0 ✭♦r ✐♥❝r❡❛s✐♥❣ ❢❛♠✐❧② (Dx)x≥0✱
r❡s♣❡❝t✐✈❡❧②✮✳ ❲❡ s❛② t❤❛t α ✐s r❡♣r❡s❡♥t❡❞ ❜② (ux)x≥0 ✭♦r (Dx)x≥0✱ r❡s♣❡❝t✐✈❡❧②✮✳ ❇②
✉s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥✱ ♦♥❡ s❤♦✇s t❤❛t t❤✐s ❡①t❡♥s✐♦♥ ✐s ❝♦♥✲
s✐st❡♥t ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ α ♦♥ L∞✳

▲❡t α ❜❡ ❛♥ ❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞❡① ♦♥ L0 t❤❛t ✐s r❡♣r❡s❡♥t❡❞ ❜② (ux)x≥0✳ ❚❤❡♥✱ ❢♦r ❡✈❡r②
X ∈ L0 ❛♥❞ x ≥ 0✱ ✇❡ ❝❧❡❛r❧② ❤❛✈❡

ux(X) ≥ 0 =⇒ α(X) ≥ x.

■♥ ❣❡♥❡r❛❧✱ t❤❡ ❝♦♥✈❡rs❡ ❞♦❡s ♥♦t ❤♦❧❞ tr✉❡✳ ❲❡ ❝❛❧❧ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X r❡❣✉❧❛r ✇✐t❤
r❡s♣❡❝t t♦ α ✐❢ ❢♦r ❡✈❡r② x ≥ 0 ✇❡ ❤❛✈❡

ux(X) ≥ 0 ⇐⇒ α(X) ≥ x.

❖❜s❡r✈❡ t❤❛t✱ ❢♦r ❡✈❡r② X ∈ L1
w(α) :=

⋂

x≥0 L
1
w(ux) ✭r❡❢❡rr❡❞ t♦ ❛s t❤❡ ✇❡❛❦ L1✲s♣❛❝❡

♦❢ α✮ s❛t✐s❢②✐♥❣ u0(X) = infQ∈D0 EQ[X] ≥ 0✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✐s r❡❣✉❧❛r ✇✐t❤
r❡s♣❡❝t t♦ α ✐❢✱ ❢♦r ❡✈❡r② x > 0✱ ✐t ❤♦❧❞s

lim
yրx

uy(X) = ux(X). ✭✷✳✾✮

✷✳✶✳✹✳ ❲❡✐❣❤t❡❞ ❱❛❧✉❡ ❛t ❘✐s❦ ❆❝❝❡♣t❛❜✐❧✐t② ■♥❞❡①

▲❡t (uWx )x≥0 ❜❡ ❛ ❞❡❝r❡❛s✐♥❣ ❢❛♠✐❧② ♦❢ ❝♦❤❡r❡♥t ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❝♦♥str✉❝t❡❞ ❜② ❛ ♣r♦♣❡r
❢❛♠✐❧② (Ψx)x≥0 ♦❢ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥s ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❢❛♠✐❧② (µx)x≥0 ♦❢ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡s ♦♥ ([0, 1],B([0, 1])) ✭s❡❡ s✉❜s❡❝t✐♦♥ ✷✳✶✳✷✮✳ ❚❤❡♥✱ t❤❡ ❲❡✐❣❤t❡❞ ❱❛❧✉❡ ❛t ❘✐s❦
❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞❡① αW ✐s ❞❡✜♥❡❞ ❜②

αW :

{

L0 → [0,∞]

X 7→ sup{x ≥ 0 | uWx (X) ≥ 0}.

❚❤✐s ❛♣♣r♦❛❝❤ ❧❡❛❞s t♦ ❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞✐❝❡s αmv✱ αmav✱ αmmv ❛♥❞ αmamv ❜❛s❡❞ ♦♥ t❤❡
❢❛♠✐❧✐❡s (umv

x )x≥0✱ (umav
x )x≥0✱ (ummv

x )x≥0 ❛♥❞ (umamv
x )x≥0 ✐♥tr♦❞✉❝❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✷✳✶✳✷✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶ ❆♥② X ∈ L1
w(α

W ) ✇✐t❤ uW0 (X) ≥ 0 ✐s r❡❣✉❧❛r ✇✐t❤ r❡s♣❡❝t t♦ αW ✱

✐✳❡✳ ❢♦r ❡✈❡r② x ≥ 0✱ ✐t ❤♦❧❞s

∫

R

yΨx(FX(dy)) ≥ 0 ⇐⇒ uWx (X) ≥ 0 ⇐⇒ αW (X) ≥ x.

✷✻
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Pr♦♦❢✿ ❲❡ ♦♥❧② ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✷✳✾✮ ✐s s❛t✐s✜❡❞✳ ❚❤❡♥✱ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s
✐♠♠❡❞✐❛t❡❧② ✭s❡❡ t❤❡ st❛t❡♠❡♥ts ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❧❛st s✉❜s❡❝t✐♦♥✮✳ ❋♦r ❛♥②X ∈ L1

w(α
W )✱

✇❡ ❤❛✈❡ |uWx (X)| < ∞ ❢♦r ❡✈❡r② x ≥ 0✳ ▲❡t x ❛♥❞ s ❜❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t 0 ≤ s < x✳
❚❤❡♥✱ ✇❡ ❤❛✈❡

|uWs (X)− uWx (X)| = uWs (X)− uWx (X) =

∫

R

Ψx(FX(y))−Ψs(FX(y))dy.

❙✐♥❝❡ t❤❡ ❢❛♠✐❧② ♦❢ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥s ✐s ♣r♦♣❡r t♦❣❡t❤❡r ✇✐t❤ ❊❧str♦❞t ❬✹✸✱ ❙❛t③ ■❱✳✺✳✻❪✱
✐t ❢♦❧❧♦✇s t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ❛s s ր x✳ �

◆♦t❡ t❤❛t ✐♥ t❤❡ s✐t✉❛t✐♦♥ ♦❢ t❤✐s Pr♦♣♦s✐t✐♦♥✱ ❢♦r ❛♥② a, b ∈ R ✇✐t❤ uW0 (aX + b) ≥ 0✱ ✐t
❤♦❧❞s t❤❛t

uWx (aX + b) ≥ 0 ⇐⇒ αW (aX + b) ≥ x

❢♦r ❡✈❡r② x ≥ 0✳

❲❡ ❝♦♥❝❧✉❞❡ ❢r♦♠ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✳✼✮ ❛♥❞ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❝❤❛♥❣❡✲♦❢✲✈❛r✐❛❜❧❡
❢♦r♠✉❧❛ ✭❝❢✳ ❇✐❧❧✐♥❣s❧❡② ❬✶✸✱ ❚❤❡♦r❡♠ ✶✻✳✶✸✳❪✮ t❤❛t ✐❢

∫ 0

−∞
Ψx(FX(y))dy < ∞ ❛♥❞

∫ ∞

0
Ψx(1− FX(y))dy < ∞ ✭✷✳✶✵✮

❢♦r s♦♠❡ x ≥ 0✱ ✐t ❤♦❧❞s X ∈ L1
w(u

W
x )✳ ❍❡♥❝❡✱ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X s❛t✐s❢②✐♥❣ uW0 (X) ≥ 0

✐s r❡❣✉❧❛r ✇✐t❤ r❡s♣❡❝t t♦ αW ♦♥ [0, b) ⊂ R+ ✭b ∈ R+ ∪ {∞}✮ ✐❢ ❝♦♥❞✐t✐♦♥ ✭✷✳✶✵✮ ✐s ✈❛❧✐❞
❢♦r ❡✈❡r② x ∈ [0, b)✳

❆ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ❤❛s ❡①♣♦♥❡♥t✐❛❧ ♠♦♠❡♥ts ✐♥ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ ③❡r♦ ✐❢ t❤❡r❡
❡①✐sts ❛ ❝♦♥st❛♥t M > 0 s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ MX(u) = E[exp(uX)] < ∞ ❢♦r ❡✈❡r② u ∈
[−M,M ]✳ ❆ ❞✐str✐❜✉t✐♦♥ PX ♦❢ s✉❝❤ ❛♥ X ✐s ❛❧s♦ ❝❛❧❧❡❞ ❧✐❣❤t✲t❛✐❧❡❞✳ ❆❝❝♦r❞✐♥❣❧②✱ ♦♥❡
❞❡✜♥❡s ❧❡❢t✲❧✐❣❤t✲t❛✐❧❡❞ ✭u ∈ [−M, 0]✮ ❛♥❞ r✐❣❤t✲❧✐❣❤t✲t❛✐❧❡❞ ✭u ∈ [0,M ]✮ ❞✐str✐❜✉t✐♦♥s ✭❢♦r
❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ s❡❡ ❋♦ss✱ ❑♦rs❤✉♥♦✈✱ ❛♥❞ ❩❛❝❤❛r② ❬✹✽❪✮✳

▲❡♠♠❛ ✷✳✶✳✶ ▲❡t PX ❜❡ ❛ ❧✐❣❤t✲t❛✐❧❡❞ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

FX ❛♥❞ ❝♦♥st❛♥t M ✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts u1✱ u2✱ C1 ❛♥❞ C2 ✇✐t❤ 0 < u1, u2 ≤ M

❛♥❞ C1, C2 > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② y ∈ R✱ ✇❡ ❤❛✈❡

FX(y) ≤ C1e
u1y

❛♥❞

1− FX(y) ≤ C2e
−u2y.

✷✼
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Pr♦♦❢✿ ❲❡ ❡❛s✐❧② ❣❡t

FX(y) =

∫ y

−∞
PX(dx) = eu1y

∫ y

−∞
e−u1yPX(dx) ≤ eu1yMX(−u1)

❛♥❞

1− FX(y) =

∫ ∞

y
PX(dx) = e−u2y

∫ ∞

y
eu2yPX(dx) ≤ e−u2yMX(u2).

�

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷ ❙✉♣♣♦s❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ∈ L0 ❤❛s ❡①♣♦♥❡♥t✐❛❧ ♠♦♠❡♥ts ✐♥ ❛

♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ ③❡r♦✳ ❚❤❡♥✱ ❝♦♥❞✐t✐♦♥ ✭✷✳✶✵✮ ✐s ❢✉❧✜❧❧❡❞ ❢♦r ❡❛❝❤ Ψγ ∈ {Ψmv
γ ,Ψmav

γ ,Ψmmv
γ ,Ψmamv

γ }
❛♥❞ γ ≥ 0✳

Pr♦♦❢✿ ▲❡t γ ≥ 0 ❜❡ ✜①❡❞✳ ❋♦r ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥ Ψmav
γ t❤❡ st❛t❡♠❡♥t ✐s ♦❜✈✐♦✉s✳ ❚♦

♣r♦✈❡ t❤❡ ❝❧❛✐♠ ❢♦r t❤❡ ♦t❤❡r ❢✉♥❝t✐♦♥s✱ ❧❡t d1 < 0 ❛♥❞ d2 > 0 ❜❡ ❣✐✈❡♥ ❛♥❞ s❡t

c1 :=
− ln(C1)

u1
∧ d1 < 0 c2 :=

ln(C2)

u2
∨ d2 > 0

✇❤❡r❡ t❤❡ ❝♦♥st❛♥ts C1✱ C2✱ u1 ❛♥❞ u2 ❛r❡ ❛s ✐♥ ▲❡♠♠❛ ✷✳✶✳✶✳ ❆♥ ❡❛s② ❛♥❛❧②s✐s ♦❢ ❛
❝♦♥✈❡① ❢✉♥❝t✐♦♥ s❤♦✇s t❤❛t

(1 + x)r ≥ 1 + rx

❢♦r ❡✈❡r② x > −1 ❛♥❞ r ≥ 1 ✭❇❡r♥♦✉❧❧✐✬s ✐♥❡q✉❛❧✐t②✮✳ ❲❡ ♦❜t❛✐♥ ❢♦r t❤❡ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥
Ψmmv

γ t❤❛t

∫ 0

−∞
Ψmmv

γ (FX(y))dy ≤
∫ 0

−∞
Ψmmv

γ (C1e
u1y)dy

≤K1 +

∫ c1

−∞
1− (1− C

1
1+γ

1 e
u1
1+γ

y
)1+γdy

≤K1 +

∫ c1

−∞
1− (1 + (1 + γ)(−C

1
1+γ

1 e
u1
1+γ

y
))dy

=K1 + (1 + γ)C
1

1+γ

1

∫ c1

−∞
e

u1
1+γ

y
dy < ∞

✷✽
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❛♥❞
∫ ∞

0
Ψmmv

γ (1− FX(y))dy ≤
∫ ∞

0
Ψmmv

γ (C2e
−u2y)dy

≤K2 +

∫ ∞

c2

1− (1− C
1

1+γ

2 e
−

u2
1+γ

y
)1+γdy

≤K2 +

∫ ∞

c2

1− (1 + (1 + γ)(−C
1

1+γ

2 e
−

u2
1+γ

y
)dy

=K2 + (1 + γ)C
1

1+γ

2

∫ ∞

c2

e
−

u2
1+γ

y
dy < ∞

✇✐t❤ K1,K2 > 0✳ ❚❤❡ ✈❡r✐✜❝❛t✐♦♥ ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ s❤♦✇♥ ❛♥❛❧♦❣♦✉s❧②✳
�

✷✳✶✳✺✳ ❆s❦ ❛♥❞ ❇✐❞ Pr✐❝❡s

❚❤❡ t❤❡♦r② ♦❢ t✇♦ ♣r✐❝❡s ✭❛s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡s✮ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛❝❝❡♣t❛❜✐❧✐t②
✐♥❞✐❝❡s ✇❛s ❞❡✈❡❧♦♣❡❞ ❜② ❈❤❡r♥② ❛♥❞ ▼❛❞❛♥ ❬✷✷❪ ❛♥❞ ✐s r❡❢❡rr❡❞ t♦ ❛s ❝♦♥✐❝ ✜♥❛♥❝❡✳ ■♥
t❤✐s ❝♦♥t❡①t✱ ✇❡ ❛❧s♦ ♠❡♥t✐♦♥ t❤❡ ✇♦r❦ ♦❢ ❊❜❡r❧❡✐♥ ❛♥❞ ▼❛❞❛♥ ❬✸✺❪ ❛♥❞ ❊❜❡r❧❡✐♥ ❬✸✵❪✳

❘❡❝❛❧❧ t❤❛t t❤❡ ♠❛r❦❡t ❛♣♣❡❛rs ❛s ❛ ♣❛ss✐✈❡ ❝♦✉♥t❡r♣❛rt② t❤❛t ❞❡❝✐❞❡s t♦ ❛❝❝❡♣t ♦r ♥♦t
❛❝❝❡♣t ❛ q✉❛♥t✐t②✳ ❚❤❡ ♣r✐❝❡ ❢♦r ❜✉②✐♥❣ ❛ ♣r♦❞✉❝t ❢r♦♠ t❤❡ ♠❛r❦❡t ✐s ❝❛❧❧❡❞ ❛s❦ ♣r✐❝❡
❛♥❞ t❤❡ ♣r✐❝❡ ❢♦r s❡❧❧✐♥❣ ✐t t♦ t❤❡ ♠❛r❦❡t ✐s r❡❢❡rr❡❞ t♦ ❛s ❜✐❞ ♣r✐❝❡✳

▲❡t α ❜❡ ❛♥ ❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞❡① r❡♣r❡s❡♥t❡❞ ❜② ❛ ❞❡❝r❡❛s✐♥❣ ❢❛♠✐❧② (ux)x≥0 ♦❢ ❝♦❤❡r❡♥t
✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❛♥❞ γ ≥ 0 ❜❡ ❛ ✜①❡❞ ❧❡✈❡❧ ♦❢ ❛❝❝❡♣t❛❜✐❧✐t②✳ ❲❡ ❞❡✜♥❡ ❜②

Aγ(α) := {X ∈ L0 | α(X) ≥ γ}

t❤❡ s❡t ♦❢ ❛❝❝❡♣t❛❜❧❡ ❞✐s❝♦✉♥t❡❞ ♣❛②♦✛s ❛t ❧❡✈❡❧ γ✳ ❚❤❡ ♣❛r❛♠❡t❡r γ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡
❝✉rr❡♥t ❧❡✈❡❧ ♦❢ ♠❛r❦❡t ✭✐❧✮❧✐q✉✐❞✐t②✳ ❋✉rt❤❡r♠♦r❡✱ ❝♦♥s✐❞❡r ❛ r❡❣✉❧❛r ❞✐s❝♦✉♥t❡❞ ♣❛②♦✛
X ∈ L0 ✇✐t❤ r❡s♣❡❝t t♦ α✳ ▼♦t✐✈❛t❡❞ ❜② ♠❛r❦❡t ❝♦♠♣❡t✐t✐♦♥✱ t❤❡ ❛s❦ ♣r✐❝❡ aγ(X) ♦❢ X
❛t ❧❡✈❡❧ γ ✇✐t❤ r❡s♣❡❝t t♦ α ✐s t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r a s✉❝❤ t❤❛t a−X ✐s ❛❝❝❡♣t❡❞ ❜② t❤❡
♠❛r❦❡t✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❞❡✜♥❡

aγ(X) := inf{a ∈ R | α(a−X) ≥ γ}.

❲❡ ❡❛s✐❧② ♦❜t❛✐♥ t❤❡ ♥♦♥✲❧✐♥❡❛r ❡①♣r❡ss✐♦♥

aγ(X) = inf{a ∈ R | uγ(a−X) ≥ 0} = inf{a ∈ R | inf
Q∈Dγ

EQ[a−X] ≥ 0}

= inf{a ∈ R | a+ inf
Q∈Dγ

EQ[−X] ≥ 0} = − inf
Q∈Dγ

EQ[−X]

= sup
Q∈Dγ

EQ[X].
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❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ❞❡✜♥❡ t❤❡ ❜✐❞ ♣r✐❝❡ bγ(X) ♦❢ X ❛t ❧❡✈❡❧ γ ✇✐t❤ r❡s♣❡❝t t♦ α ❛s t❤❡ ❧❛r❣❡st
♥✉♠❜❡r b s✉❝❤ t❤❛t X − b ✐s ❛❝❝❡♣t❡❞✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡

bγ(X) := sup{b ∈ R | α(X − b) ≥ γ}.

❖♥❡ ✐♠♠❡❞✐❛t❡❧② ❣❡ts t❤❡ ♥♦♥✲❧✐♥❡❛r ❢♦r♠✉❧❛

bγ(X) = inf
Q∈Dγ

EQ[X].

❖❜s❡r✈❡ t❤❛t ✇❡ ♥❛t✉r❛❧❧② ❤❛✈❡ bγ(X) ≤ aγ(X)✳

❆s ❛ ♣❛rt✐❝✉❧❛r❧② ✐♠♣♦rt❛♥t ❝❛s❡✱ ✇❡ ❝♦♥s✐❞❡r ❛s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡s ❜❛s❡❞ ♦♥ ❲❡✐❣❤t❡❞
❱❛❧✉❡ ❛t ❘✐s❦ ❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞✐❝❡s✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✉s❡❢✉❧ r❡♣r❡s❡♥t❛t✐♦♥s
❢♦r t❤❡ ❛s❦ ♣r✐❝❡

aγ(X) = inf{a ∈ R | uWγ (a−X) ≥ 0} = −uWγ (−X)

=−
∫

R

yΨγ(F−X(dy)) =

∫ 0

−∞
Ψγ(F−X(y))dy −

∫ ∞

0
1−Ψγ(F−X(y))dy

=

∫ ∞

0
Ψγ(1− FX(y))dy −

∫ 0

−∞
1−Ψγ(1− FX(y))dy

❛♥❞ t❤❡ ❜✐❞ ♣r✐❝❡

bγ(X) = sup{b ∈ R | uWγ (X − b) ≥ 0} = uWγ (X)

=

∫

R

yΨγ(FX(dy)) = −
∫ 0

−∞
Ψγ(FX(y))dy +

∫ ∞

0
1−Ψγ(FX(y))dy.

❖❜s❡r✈❡ t❤❛t t❤❡ ❛s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡s ❞❡♣❡♥❞ ♦♥ ❛♥ ✉♥❞❡r❧②✐♥❣ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳ ■♥
♦✉r s✐t✉❛t✐♦♥✱ t❤✐s ✇✐❧❧ ❜❡ ❛ ❜❛s✐❝ ♣r✐❝✐♥❣ ♠❡❛s✉r❡ ✇❤✐❝❤ ✐s ❞✐st♦rt❡❞ ❜② t❤❡ ❢❛♠✐❧② Ψ

t♦ ♦❜t❛✐♥ t❤❡ ❛s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡s ✭✐t ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s❡t Dγ✮✳ ❚❤❡s❡
❢❛❝ts ❛r❡ ❝r✉❝✐❛❧ ✇❤❡♥ ✇❡ ❛♣♣❧② t❤❡ t✇♦✲♣r✐❝❡ t❤❡♦r② t♦ t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ t❡r♠ str✉❝t✉r❡
♠♦❞❡❧ ✭s❡❡ s❡❝t✐♦♥ ✷✳✸✮✳
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■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧❧✐♥❣ ❛♣♣r♦❛❝❤✳ ❋✐rst✱
✇❡ ❜r✐❡✢② r❡❝❛❧❧ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡❧ ❢r❛♠❡✇♦r❦ ❛♥❞ r❡❧❡✈❛♥t ✐♥t❡r❡st r❛t❡ ❞❡r✐✈❛t✐✈❡s✳
❚❤❡♥✱ ✇❡ ❛❞❞r❡ss t❤❡ ♠♦❞❡r♥ ♠✉❧t✐♣❧❡✲❝✉r✈❡ s❡tt✐♥❣✳
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■♥ ❡q✉✐t② ♠❛r❦❡ts✱ ✐t ✐s ❛ ♣r✐♦r✐ ❝❧❡❛r ✇❤✐❝❤ q✉❛♥t✐t② ✐s ❢✉♥❞❛♠❡♥t❛❧ ❛♥❞ ❤❛s t♦ ❜❡ ♠♦❞✲
❡❧❧❡❞✱ ♥❛♠❡❧② t❤❡ st♦❝❦ ♣r✐❝❡✳ ■♥ ❝♦♥tr❛st✱ ✜①❡❞ ✐♥❝♦♠❡ ♠❛r❦❡ts ♣r♦✈✐❞❡ s♦♠❡ ❢r❡❡❞♦♠
t♦ ❝❤♦♦s❡ ✇❤✐❝❤ q✉❛♥t✐t② ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❜❛s✐❝ ❛♥❞ ✇❤✐❝❤ q✉❛♥t✐t✐❡s ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠
t❤✐s ❜❛s✐❝ ♦♥❡✳ ❈♦♥❝r❡t❡❧②✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡❧ q✉❛♥t✐t✐❡s ❝❛♥ ❜❡ ③❡r♦ ❝♦✉♣♦♥ ❜♦♥❞
♣r✐❝❡s✱ ✐♥st❛♥t❛♥❡♦✉s ❢♦r✇❛r❞ r❛t❡s✱ s❤♦rt r❛t❡s✱ ❢♦r✇❛r❞ ♣r✐❝❡s ♦r ✭❢♦r✇❛r❞✮ r❡❢❡r❡♥❝❡
r❛t❡s ✭▲✐❜♦r✴❊✉r✐❜♦r✮✳
❆ ❞❡❢❛✉❧t✲❢r❡❡ ③❡r♦ ❝♦✉♣♦♥ ❜♦♥❞ ✐s ❞❡✜♥❡❞ ❛s ❛ ✜♥❛♥❝✐❛❧ s❡❝✉r✐t② t❤❛t ♣r♦✈✐❞❡s ❛♥

❛♠♦✉♥t ♦❢ ♦♥❡ ❝✉rr❡♥❝② ✉♥✐t t♦ ✐ts ♦✇♥❡r ❛t ♠❛t✉r✐t② ✇✐t❤♦✉t ✐♥t❡r♠❡❞✐❛t❡ ❝♦✉♣♦♥ ♣❛②✲
♠❡♥ts✳ ❲❡ ❞❡♥♦t❡ ❜② Bt(T ) t❤❡ ♣r✐❝❡ ♦❢ s✉❝❤ ❛ s❡❝✉r✐t② ❛t t✐♠❡ t ∈ [0, T ] ✇❤❡♥ ✐t ♠❛t✉r❡s
❛t t✐♠❡ T ∈ [0, T ∗]✱ ✇❤❡r❡ T ∗ > 0 ✐s ❛ ✜♥✐t❡ t✐♠❡ ❤♦r✐③♦♥✳ ❖♥❡ ❛❧s♦ r❡❢❡rs t♦ Bt(T ) ❛s
❞✐s❝♦✉♥t ❢❛❝t♦r✳ ❚❤❡ ✐♥t❡r❡st r❛t❡ t❤❛t ❛♣♣❧✐❡s ❢♦r ❛♥ ✐♥st❛♥t❛♥❡♦✉s ♣❡r✐♦❞ ♦❢ t✐♠❡ ✐s
❝❛❧❧❡❞ s❤♦rt r❛t❡✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤✐s r❛t❡ ❛t t✐♠❡ t ✐s ❞❡♥♦t❡❞ ❜② rt✳ ❚❤❡ ✐♥st❛♥t❛♥❡♦✉s✱
❝♦♥t✐♥✉♦✉s❧② ❝♦♠♣♦✉♥❞❡❞ ❢♦r✇❛r❞ r❛t❡ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❢♦r✇❛r❞ r❛t❡ t❤❛t ❛♣♣❧✐❡s ❢♦r ❛♥
✐♥✜♥✐t❡s✐♠❛❧ ♣❡r✐♦❞ ♦❢ t✐♠❡ st❛rt✐♥❣ ❛t s♦♠❡ ✭❢✉t✉r❡✮ s♣❡❝✐✜❝ ❞❛t❡✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡
❝❛❧❧ ft(T ) t❤❡ ❢♦r✇❛r❞ ✐♥t❡r❡st r❛t❡ ❛t t✐♠❡ t ≤ T ❢♦r ✐♥st❛♥t❛♥❡♦✉s ❜♦rr♦✇✐♥❣ ♦r ❧❡♥❞✐♥❣
❛t ❞❛t❡ T ✳ ■♥t✉✐t✐✈❡❧②✱ ✇❡ ❝❛♥ ✐♥t❡r♣r❡t ft(T ) ❛s t❤❡ ✐♥t❡r❡st r❛t❡ ♦✈❡r t❤❡ ✐♥✜♥✐t❡s✐♠❛❧
♣❡r✐♦❞ ♦❢ t✐♠❡ [T, T + dT ] ❝♦♥s✐❞❡r❡❞ ❢r♦♠ t✐♠❡ t✳ ❚❤❛t ✐s ✇❤② ft(T ) ✐s r❡❢❡rr❡❞ t♦ ❛s
✐♥st❛♥t❛♥❡♦✉s✱ ❝♦♥t✐♥✉♦✉s❧② ❝♦♠♣♦✉♥❞❡❞ ❢♦r✇❛r❞ r❛t❡ ♦r s❤♦rt❧②✱ ✐♥st❛♥t❛♥❡♦✉s ❢♦r✇❛r❞
r❛t❡✳ ❚❤❡ ✐♥st❛♥t❛♥❡♦✉s ❢♦r✇❛r❞ r❛t❡ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ❛ ③❡r♦ ❝♦✉♣♦♥ ❜♦♥❞ ❜② t❤❡
❡q✉❛t✐♦♥

Bt(T ) = exp

(

−
∫ T

t
ft(u)du

)

. ✭✷✳✶✶✮

▲❡t ✉s ❞❡♥♦t❡ ❜② ∂
∂T t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ✇✐t❤ r❡s♣❡❝t t♦ ✈❛r✐❛❜❧❡ T ✳ ❋r♦♠ t❤❡ ❧❛st

❡q✉❛t✐♦♥✱ ft(T ) ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜②

ft(T ) = − ∂

∂T
lnBt(T ),

✇❤❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✭♣❛rt✐❛❧✮ ❞❡r✐✈❛t✐✈❡ ❡①✐sts✳ ❚❤❡ ✐♥st❛♥t❛♥❡♦✉s ❢♦r✇❛r❞ r❛t❡
✐s r❡❧❛t❡❞ t♦ t❤❡ s❤♦rt r❛t❡ ❜② rt = ft(t)✳ ❆♥♦t❤❡r ✐♠♣♦rt❛♥t q✉❛♥t✐t② ✐s ❝❛❧❧❡❞ t❤❡
❢♦r✇❛r❞ ♣r✐❝❡✳ ■t ✐s ❞❡✜♥❡❞ ❛t t✐♠❡ t ❢♦r t❤❡ ♠❛t✉r✐t✐❡s S ❛♥❞ T ❜② t❤❡ q✉♦t✐❡♥t ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ③❡r♦ ❝♦✉♣♦♥ ❜♦♥❞ ♣r✐❝❡s✱ ♥❛♠❡❧②

FB(t, S, T ) :=
Bt(S)

Bt(T )
.

▲❡t t, S, T ∈ [0, T ∗] s❛t✐s❢②✐♥❣ t ≤ S ≤ T ❛♥❞ δ(S, T ) ❞❡♥♦t❡ t❤❡ ②❡❛r ❢r❛❝t✐♦♥ ❜❡t✇❡❡♥
S ❛♥❞ T ❛❝❝♦r❞✐♥❣ t♦ ❛ s♣❡❝✐✜❡❞ ❞❛② ❝♦✉♥t ❝♦♥✈❡♥t✐♦♥ ✭❢♦r ❞❡t❛✐❧s s❡❡ ❇r✐❣♦ ❛♥❞ ▼❡r❝✉r✐♦
❬✶✼✱ s❡❝t✐♦♥ ■✳✶✳✷❪✮✳ ❚❤❡ t✐♠❡✲t δ(S, T )✲❢♦r✇❛r❞ r❡❢❡r❡♥❝❡ r❛t❡ Lt(S, T ) ✐s t❤❡ ❞✐s❝r❡t❡❧②

✸✶



✷✳ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r② ✐♥ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❚❡r♠ ❙tr✉❝t✉r❡ ▼♦❞❡❧s

❝♦♠♣♦✉♥❞❡❞ ❛♥♥✉❛❧✐s❡❞ ✐♥t❡r❡st r❛t❡ t❤❛t ❝❛♥ ❜❡ ❡❛r♥❡❞ ❢♦r ❛♥ ✐♥t❡r✈❛❧ st❛rt✐♥❣ ❛t ❞❛t❡
S ❛♥❞ ❡♥❞✐♥❣ ❛t T ✳ ■t ✐s ❞❡✜♥❡❞ ❜②

Lt(S, T ) :=
1

δ(S, T )

(

Bt(S)

Bt(T )
− 1

)

.

❚❤✐s r❛t❡ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ▲✐❜♦r ♦r ❊✉r✐❜♦r✳ ◆♦t❡ t❤❛t ✇❡ ❞❡✜♥❡ t❤✐s q✉❛♥t✐t② ❛s
r✐s❦✲❢r❡❡ r❛t❡ ❤❡r❡ ❜✉t ✇❡ ❡♠♣❤❛s✐s❡ t❤❛t ❝r❡❞✐t ❛♥❞ ❧✐q✉✐❞✐t② r✐s❦ ❝❛♥ ❛❧s♦ ❜❡ t❛❦❡♥ ✐♥t♦
❛❝❝♦✉♥t ✐♥ t❡r♠ str✉❝t✉r❡ ♠♦❞❡❧s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❑❧✉❣❡ ❬✻✹❪ ❛♥❞ ❏❛rr♦✇ ❛♥❞ ❘♦❝❤ ❬✺✽❪✮✳

❚♦ s✉♠ ✉♣✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛st❡r ❡q✉❛t✐♦♥ ✇❤✐❝❤ ❝❧❛r✐✜❡s t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❛❧❧
r❡❧❡✈❛♥t q✉❛♥t✐t✐❡s ✐s ✈❛❧✐❞✿

1 + δ(S, T )Lt(S, T ) =
Bt(S)

Bt(T )
= FB(t, S, T ). ✭✷✳✶✷✮

❆♥♦t❤❡r ❢✉♥❞❛♠❡♥t❛❧ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡q✉✐t② ❛♥❞ t❤❡ ✜①❡❞ ✐♥❝♦♠❡ ♠❛r❦❡t ✐s
t❤❡ ♥✉♠❜❡r ♦❢ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t✐❡s ♦♥❡ ❤❛s t♦ ❝♦♥s✐❞❡r✳ ■♥ t❤❡ ❢♦r♠❡r ✐t ✐s s✉✣❝✐❡♥t
t♦ ♠♦❞❡❧ ❛t ♠♦st ❛ ✜♥✐t❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ s❡❝✉r✐t✐❡s✱ ✇❤❡r❡❛s ✐♥ t❤❡ ❧❛tt❡r ♦♥❡ t②♣✐❝❛❧❧②
❝♦♥s✐❞❡rs ❛ ❝♦♥t✐♥✉✉♠✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡ ♦♥❡ s❡❝✉r✐t② ❢♦r ❡✈❡r② ♠❛t✉r✐t② T ∈
[0, T ∗]✳ ■♥ ♦✉r ♠♦❞❡❧✱ ✇❡ ❢♦❝✉s ♦♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ s❡❝✉r✐t✐❡s s✐♥❝❡ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r ❛
✜♥✐t❡ s❡t ♦❢ ♠❛t✉r✐t✐❡s✳ ❚♦ t❤✐s ❡♥❞✱ ❧❡t ✉s ✜① ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ r❡s❡t ❛♥❞ s❡tt❧❡♠❡♥t ❞❛t❡s
T := {T0, T1, . . . , Tn}✱ ✇❤❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t 0 ≤ T0 < T1 < · · · < Tn ✇✐t❤ n ∈ N ❛♥❞
Tn = T ∗✳ ❚❤❡ t✐♠❡ ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ r❡s❡t ❞❛t❡s ✐s ❦♥♦✇♥ ❛s t❡♥♦r ❛♥❞ T ✐s
❝❛❧❧❡❞ ❞✐s❝r❡t❡ t❡♥♦r str✉❝t✉r❡✳ ❲❡ ❞❡✜♥❡ ❜② δk := δ(Tk−1, Tk) t❤❡ ②❡❛r ❢r❛❝t✐♦♥ ❜❡t✇❡❡♥
t❤❡ ❞❛t❡s Tk−1 ❛♥❞ Tk ❢♦r ❡✈❡r② k ∈ {1, . . . , n}✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ②❡❛r ❢r❛❝t✐♦♥s
δ1, . . . , δn ❜❡t✇❡❡♥ ❡❛❝❤ ♣❛✐r ♦❢ ❝♦♥s❡❝✉t✐✈❡ ❞❛t❡s ❛r❡ ❡q✉✐❞✐st❛♥t ❛♥❞ ✇❡ ♠❛② t❤❡r❡❢♦r❡
s❡t δ := δk ❢♦r ❡✈❡r② k ∈ {1, . . . , n}✳ ❚❤✉s✱ t❤❡ ❝♦♥s✐❞❡r❡❞ ❞✐s❝r❡t❡ t❡♥♦r str✉❝t✉r❡ T ✐s
✉♥❛♠❜✐❣✉♦✉s❧② r❡❧❛t❡❞ t♦ t❡♥♦r δ✳ ❲❡ ❝❛❧❧ s✉❝❤ ❛ t❡♥♦r str✉❝t✉r❡ ❡q✉✐❞✐st❛♥t✳ ❋♦r ❡❛❝❤
♣❛✐r ♦❢ ❞❛t❡s ❢r♦♠ t❤❡ ❞✐s❝r❡t❡ t❡♥♦r str✉❝t✉r❡✱ t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ r❡s✉❧ts ✐♥

1 + δLt(Tk−1, Tk) =
Bt(Tk−1)

Bt(Tk)
= FB(t, Tk−1, Tk)

❢♦r ❡✈❡r② k ∈ {1, . . . , n}✳
❲❡ ❡♥❞ t❤✐s s✉❜s❡❝t✐♦♥ ❜② ❛♥ ♦✈❡r✈✐❡✇ ❛❜♦✉t s♦♠❡ ✐♠♣♦rt❛♥t ♣✉❜❧✐❝❛t✐♦♥s t❤❛t ❛r❡

r❡❧❛t❡❞ t♦ ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧❧✐♥❣✿ ❆ s✉❜st❛♥t✐❛❧ ❝♦❧❧❡❝t✐♦♥ ♦❢ s❤♦rt r❛t❡ ♠♦❞❡❧s ❞r✐✈❡♥ ❜②
❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✇❛s ❞❡✈❡❧♦♣❡❞ ❜② ▼❡rt♦♥ ❛♥❞ ❱❛s✐❝❡❦✳ ❇r✐❣♦ ❛♥❞ ▼❡r❝✉r✐♦ ❬✶✼✱ ♣❛rt
■■❪ ♣r❡s❡♥t ❛ ❞❡t❛✐❧❡❞ ❛♥❞ ♣r♦❢♦✉♥❞ s✉♠♠❛r② ❛❜♦✉t t❤✐s t②♣❡ ♦❢ ♠♦❞❡❧s✳ ❊s♣❡❝✐❛❧❧②✱ t❤❡②
❞❡✈♦t❡ t❤❡ ✇❛② ❢r♦♠ s❤♦rt r❛t❡ ♠♦❞❡❧s t♦ t❤❡ ❍❡❛t❤✲❏❛rr♦✇✲▼♦rt♦♥ ✭❍❏▼✮ ❛♣♣r♦❛❝❤
✭s❡❡ ❍❡❛t❤✱ ❏❛rr♦✇✱ ❛♥❞ ▼♦rt♦♥ ❬✺✷❪✮ ♦♥ ✇❤✐❝❤ t❤❡ ✭♠✉❧t✐♣❧❡✲❝✉r✈❡✮ ▲é✈② ❢♦r✇❛r❞ r❛t❡
♠♦❞❡❧ ✐s ❜❛s❡❞ ✭s❡❡ ❝❤❛♣t❡r ✸✮✳ ❚❤❡ ▲é✈② ❢♦r✇❛r❞ r❛t❡ ♠♦❞❡❧ ✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ❛ s❡r✐❡s
♦❢ ♣❛♣❡rs✿ ❊❜❡r❧❡✐♥ ❛♥❞ ❘❛✐❜❧❡ ❬✸✽❪✱ ❊❜❡r❧❡✐♥ ❛♥❞ Ö③❦❛♥ ❬✸✼❪✱ ❊❜❡r❧❡✐♥✱ ❏❛❝♦❞✱ ❛♥❞

✸✷



✷✳✷✳ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ■♥t❡r❡st ❘❛t❡ ❚❡r♠ ❙tr✉❝t✉r❡ ▼♦❞❡❧❧✐♥❣

❘❛✐❜❧❡ ❬✸✾❪ ❛♥❞ ❊❜❡r❧❡✐♥ ❛♥❞ ❑❧✉❣❡ ❬✸✸❪✳ ❚❤❡ ❜❛s✐❝ ♠♦❞❡❧ q✉❛♥t✐t② ✐s t❤❡ ✐♥st❛♥t❛♥❡♦✉s✱
❝♦♥t✐♥✉♦✉s❧② ❝♦♠♣♦✉♥❞❡❞ ❢♦r✇❛r❞ r❛t❡ ❞r✐✈❡♥ ❜② ❛ ✭t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s✮ ▲é✈② ♣r♦❝❡ss✳
❆s ♦♣♣♦s❡❞ t♦ t❤❡ ✐♥st❛♥t❛♥❡♦✉s ❢♦r✇❛r❞ r❛t❡s t❤❛t ❛r❡ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ✐❞❡❛❧✐s❛t✐♦♥ r❛t❤❡r
t❤❛♥ ❛♥ ♦❜s❡r✈❛❜❧❡ q✉❛♥t✐t②✱ t❤❡ ✭❢♦r✇❛r❞✮ r❡❢❡r❡♥❝❡ r❛t❡s ❛r❡ ♦❜s❡r✈❛❜❧❡ ✐♥ t❤❡ ♠❛r❦❡t
✭▲✐❜♦r ♦r ❊✉r✐❜♦r✮✳ ❚❤❡r❡❢♦r❡✱ ❇r❛❝❡✱ ●→t❛r❡❦✱ ❛♥❞ ▼✉s✐❡❧❛ ❬✶✺❪ ❤❛✈❡ ❝❤♦s❡♥ t❤✐s r❛t❡ ❛s
❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡❧ q✉❛♥t✐t② ❛♥❞ ✐♥tr♦❞✉❝❡❞ t❤❡ ▲✐❜♦r ♠❛r❦❡t ♠♦❞❡❧✳ ❆s ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥
♦❢ t❤❡✐r ❛♣♣r♦❛❝❤✱ t❤❡ ▲é✈② ▲✐❜♦r ✭♠❛r❦❡t✮ ♠♦❞❡❧ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❊❜❡r❧❡✐♥ ❛♥❞ Ö③❦❛♥
❬✸✼❪✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ▲é✈② ❢♦r✇❛r❞ ♣r✐❝❡ ♠♦❞❡❧ ✇❛s ❞❡✈❡❧♦♣❡❞ ❜② t❤❡ s❛♠❡ ❛✉t❤♦rs✳

✷✳✷✳✷✳ ■♥t❡r❡st ❘❛t❡ ❉❡r✐✈❛t✐✈❡s

❲❡ ❡♠♣❤❛s✐s❡ t❤❛t ❛♥ ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧ s❤♦✉❧❞ ❜❡ ❛❜❧❡ t♦ r❡♣r♦❞✉❝❡ t❤❡ ♦❜s❡r✈❛❜❧❡ t❡r♠
str✉❝t✉r❡ ♦❢ ✐♥t❡r❡st r❛t❡s ❛♥❞ t❤❡ ♠❛r❦❡t ♣r✐❝❡s ♦❢ ✐♥t❡r❡st r❛t❡ ❞❡r✐✈❛t✐✈❡s✳ ■♥t❡r❡st r❛t❡
❞❡r✐✈❛t✐✈❡s ❛r❡ ✜♥❛♥❝✐❛❧ ♣r♦❞✉❝ts ✇❤♦s❡ ♣❛②♦✛s ❞❡♣❡♥❞ ✐♥ s♦♠❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦♥ t❤❡
✈❛❧✉❡ ♦❢ t❤❡ ✐♥t❡r❡st r❛t❡✳ ❚❤❡ ✈♦❧✉♠❡ ♦❢ tr❛❞✐♥❣ ✐♥ t❤❡s❡ ❞❡r✐✈❛t✐✈❡s ❜♦t❤ ✐♥ t❤❡ ❡①❝❤❛♥❣❡✲
tr❛❞❡❞ ❛♥❞ t❤❡ ♦✈❡r✲t❤❡✲❝♦✉♥t❡r ♠❛r❦❡t ❤❛s ❜❡❡♥ r❛♣✐❞❧② ✐♥❝r❡❛s❡❞ ✐♥ t❤❡ ❧❛st ②❡❛rs✳ ❖♥❡
♦❢ t❤❡ ❦❡② ❝❤❛❧❧❡♥❣❡s ❢♦r ♠❛r❦❡t ♣❛rt✐❝✐♣❛♥ts ✐s t♦ ❞❡✈❡❧♦♣ s✉✐t❛❜❧❡ ✭♠❛t❤❡♠❛t✐❝❛❧✮ ♠♦❞❡❧s
t❤❛t ❛r❡ ✉s❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡s❡ ✐♥str✉♠❡♥ts✳ ❚❤✐s t❛s❦ ❤❛s ❜❡❝♦♠❡ ❡✈❡♥ ♠♦r❡ ✐♠♣♦rt❛♥t
s✐♥❝❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ✐♥ ✷✵✵✼✳

❙✉❜s❡q✉❡♥t❧②✱ ✇❡ ❞❡s❝r✐❜❡ s♦♠❡ ❝♦♠♠♦♥ ✐♥t❡r❡st r❛t❡ ❞❡r✐✈❛t✐✈❡s t❤❛t ❛r❡ ❝♦♥s✐❞❡r❡❞
✐♥ t❤✐s ✇♦r❦✳ ❆ ♠♦r❡ ❞❡t❛✐❧❡❞ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡s❡ ❝♦♥tr❛❝ts ❛r❡ ❣✐✈❡♥ ❜② ❍✉❧❧ ❬✺✺❪✱
❋✐❧✐♣♦✈✐❝ ❬✹✹❪✱ ▼✉s✐❡❧❛ ❛♥❞ ❘✉t❦♦✇s❦✐ ❬✼✺❪ ❛♥❞ ❇r✐❣♦ ❛♥❞ ▼❡r❝✉r✐♦ ❬✶✼❪✳

❋❧♦❛t✐♥❣✲❘❛t❡ ◆♦t❡

❆ ✢♦❛t✐♥❣✲r❛t❡ ♥♦t❡ ✭❋❘◆✮ ✐s ❛ ❝♦♥tr❛❝t tr❛❞❡❞ ✐♥ t❤❡ ♦✈❡r✲t❤❡✲❝♦✉♥t❡r ♠❛r❦❡t t❤❛t
❡♥s✉r❡s t❤❡ ♣❛②♠❡♥t ❛t ❛ r❡❢❡r❡♥❝❡ ✐♥t❡r❡st r❛t❡ ❛t s♦♠❡ ❢✉t✉r❡ ❞❛t❡s✳ ❚❤✐s ✜♥❛♥❝✐❛❧
♣r♦❞✉❝t ♣❛②s ❛ ❧❛st ❝❛s❤ ✢♦✇ ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ♥♦t✐♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❛t ✐ts ♠❛t✉r✐t②✳

❋♦r✇❛r❞ ❘❛t❡ ❆❣r❡❡♠❡♥ts

❆ ❢♦r✇❛r❞ r❛t❡ ❛❣r❡❡♠❡♥t ✭❋❘❆✮ ✐s ❛♥ ♦✈❡r✲t❤❡✲❝♦✉♥t❡r ❝♦♥tr❛❝t ❜❡t✇❡❡♥ t✇♦ ♠❛r❦❡t
♣❛rt✐❝✐♣❛♥ts✳ ■t ✐s ❝♦♥str✉❝t❡❞ t♦ ❡♥s✉r❡ t❤❛t ❢♦r ♦♥❡ ♣❛rt② ❛ ❝❡rt❛✐♥ ✜①❡❞ ✐♥t❡r❡st r❛t❡
✇✐❧❧ ❜❡ ✈❛❧✐❞ t♦ ❡✐t❤❡r ❧❡♥❞✐♥❣ ♦r ❜♦rr♦✇✐♥❣ t❤❡ ♥♦t✐♦♥❛❧ ♣r✐♥❝✐♣❛❧ t♦ ♦r ❢r♦♠ t❤❡ ♦t❤❡r
♣❛rt② ❞✉r✐♥❣ ❛♥ ❛❣r❡❡❞ ❢✉t✉r❡ ♣❡r✐♦❞ ♦❢ t✐♠❡✳ ❚❤❡ ❜❛s✐❝ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ❝♦♥tr❛❝t ✐s
t❤❛t t❤❡ ✭❧❡♥❞✐♥❣ ♦r ❜♦rr♦✇✐♥❣✮ ♣❛②♠❡♥t ✇♦✉❧❞ ♥♦r♠❛❧❧② ❜❡ ❞♦♥❡ ❛t ❛ ✢♦❛t✐♥❣ r❡❢❡r❡♥❝❡
✐♥t❡r❡st r❛t❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✭♣♦ss✐❜❧❡ ♥❡❣❛t✐✈❡✮ ❛♠♦✉♥t t❤❛t ❛ ♣❛rt② ❡❛r♥s ✭♦r ❧♦s❡s✮
❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✜①❡❞ ❛♥❞ t❤❡ ✢♦❛t✐♥❣ r❛t❡✳ ❚❤❡ ✉s✉❛❧ ♠❛r❦❡t
♣r❛❝t✐❝❡ ❢♦r ❢♦r✇❛r❞ r❛t❡ ❛❣r❡❡♠❡♥ts ✐s t❤❛t ❛❧❧ r❛t❡s ❛r❡ ♠❡❛s✉r❡❞ ✇✐t❤ ❛ ❝♦♠♣♦✉♥❞✐♥❣
❢r❡q✉❡♥❝② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❢✉t✉r❡ ♣❡r✐♦❞ ♦❢ t✐♠❡ ✭t❡♥♦r✮✳ ❋♦r
✐♥st❛♥❝❡✱ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ②❡❛r ❢r❛❝t✐♦♥ ♦❢ t❤✐s ♣❡r✐♦❞ ✐s ❡q✉❛❧ t♦ δ = 0.25✱ t❤❡♥ t❤❡

✸✸



✷✳ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r② ✐♥ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❚❡r♠ ❙tr✉❝t✉r❡ ▼♦❞❡❧s

r❛t❡s ❛r❡ ❡①♣r❡ss❡❞ ✇✐t❤ q✉❛rt❡r❧② ❝♦♠♣♦✉♥❞✐♥❣ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ✐♥t❡r❡st r❛t❡ r❡❢❡rs t♦
t❤❡ t❤r❡❡✲♠♦♥t❤ t❡♥♦r ✭❢♦r ✐♥st❛♥❝❡ t❤❡ t❤r❡❡✲♠♦♥t❤ ▲✐❜♦r✮✳ ❆♥♦t❤❡r ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢
❛ ❢♦r✇❛r❞ r❛t❡ ❛❣r❡❡♠❡♥t ✐s t❤❛t ❜♦t❤ ♠❛r❦❡t ♣❛rt✐❝✐♣❛♥ts ❛❣r❡❡ t♦ ❡①❝❤❛♥❣❡ ♣❛②♠❡♥ts
❛t s♦♠❡ ❢✉t✉r❡ ❞❛t❡✱ ✇❤❡r❡ ♦♥❡ ♣❛rt② r❡❝❡✐✈❡s ✐♥t❡r❡st ♦♥ ❛ ♣r✐♥❝✐♣❛❧ ❛t t❤❡ ❛rr❛♥❣❡❞
✜①❡❞ r❛t❡ ❛♥❞ ♣❛②s ✐♥t❡r❡st ♦♥ t❤❡ s❛♠❡ ♣r✐♥❝✐♣❛❧ ❛t t❤❡ r❡❛❧✐s❡❞ ✢♦❛t✐♥❣ r❡❢❡r❡♥❝❡ r❛t❡✳
❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ♦t❤❡r ♣❛rt② ♣❛②s ✐♥t❡r❡st ♦♥ t❤❡ ♣r✐♥❝✐♣❛❧ ❛t t❤❡ ✜①❡❞ r❛t❡ ❛♥❞ r❡❝❡✐✈❡s
✐♥t❡r❡st ♦♥ t❤❡ ♣r✐♥❝✐♣❛❧ ❛t t❤❡ ✢♦❛t✐♥❣ r❛t❡✳

■♥t❡r❡st ❘❛t❡ ❙✇❛♣s

❆ s✇❛♣ ✐s ❛♥ ♦✈❡r✲t❤❡✲❝♦✉♥t❡r ❝♦♥tr❛❝t ❜❡t✇❡❡♥ t✇♦ ✐♥❞✐✈✐❞✉❛❧s t♦ ❡①❝❤❛♥❣❡ ❝❛s❤ ✢♦✇s ✐♥
t❤❡ ❢✉t✉r❡✳ ❚❤✐s ❝♦♥tr❛❝t ♣r❡❝✐s❡❧② s♣❡❝✐✜❡s t❤❡ ♣❛②♠❡♥t ❞❛t❡s ❛♥❞ t❤❡ ✇❛② ✐♥ ✇❤✐❝❤ t❤❡
♣❛②♠❡♥ts ❤❛✈❡ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❙✇❛♣s t②♣✐❝❛❧❧② ❧❡❛❞ t♦ ❝❛s❤ ✢♦✇s t❤❛t ❛r❡ ❡①❝❤❛♥❣❡❞
❜❡t✇❡❡♥ t✇♦ ♠❛r❦❡t ♣❛rt✐❝✐♣❛♥ts ♦♥ s❡✈❡r❛❧ ❢✉t✉r❡ ❞❛t❡s ✭❢♦r ✐♥st❛♥❝❡✱ ❛❧♦♥❣ ❛ ❞✐s❝r❡t❡
t❡♥♦r str✉❝t✉r❡✮✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝❛s❤ ✢♦✇s ✐s ✉s✉❛❧❧② ❜❛s❡❞ ♦♥ t❤❡ ❢✉t✉r❡ ✈❛❧✉❡
♦❢ ❛♥ ✐♥t❡r❡st r❛t❡✱ ❛♥ ❡①❝❤❛♥❣❡ r❛t❡ ♦r ❛♥♦t❤❡r ♠❛r❦❡t ✈❛r✐❛❜❧❡✳ ❆ ❢♦r✇❛r❞ s✇❛♣ ✐s ❛
s✇❛♣ ❛❣r❡❡♠❡♥t t❤❛t st❛rts ❛t s♦♠❡ ❢✉t✉r❡ ❞❛t❡✳

❆ ♣❧❛✐♥ ✈❛♥✐❧❧❛ ✭❢♦r✇❛r❞✮ ✐♥t❡r❡st r❛t❡ s✇❛♣ ✭■❘❙✮ ✐s t❤❡ ♠♦st ❝♦♠♠♦♥ t②♣❡ ♦❢ ❛ s✇❛♣✳
❍❡r❡ ❛♥ ✐♥✈❡st♦r ❛❣r❡❡s t♦ ♣❛② ❝❛s❤ ✢♦✇s ❡q✉❛❧ t♦ ✐♥t❡r❡st ❛t ❛ ♣r❡❞❡t❡r♠✐♥❡❞ ✜①❡❞
r❛t❡ ♦♥ ❛ ♥♦t✐♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❛t s♦♠❡ ♣r❡❞❡t❡r♠✐♥❡❞ ❢✉t✉r❡ ❞❛t❡s t♦ t❤❡ ♦t❤❡r ♣❛rt②✳ ■♥
r❡t✉r♥✱ t❤❡ ✐♥✈❡st♦r r❡❝❡✐✈❡s ✐♥t❡r❡st r❛t❡ ♣❛②♠❡♥ts ❛t ❛ ✢♦❛t✐♥❣ ✐♥t❡r❡st r❛t❡ ♦♥ t❤❡ s❛♠❡
♥♦t✐♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❢r♦♠ t❤❡ ♦t❤❡r ♣❛rt②✳ ❚❤❡ ♣❛②♠❡♥t str❡❛♠ ✐♥❞❡①❡❞ ♦♥ t❤❡ ✜①❡❞ r❛t❡ ✐s
r❡❢❡rr❡❞ t♦ ❛s t❤❡ ✜①❡❞ ❧❡❣ ❛♥❞ t❤❡ ♣❛②♠❡♥t str❡❛♠ ✐♥❞❡①❡❞ ♦♥ t❤❡ ✢♦❛t✐♥❣ r❛t❡ ✐s ❝❛❧❧❡❞
t❤❡ ✢♦❛t✐♥❣ ❧❡❣✳ ❚❤❡ ✢♦❛t✐♥❣ r❛t❡ ✐s ✉s✉❛❧❧② t✐❡❞ t♦ ❛ r❡❢❡r❡♥❝❡ r❛t❡ s✉❝❤ ❛s t❤❡ ▲✐❜♦r ♦r
t❤❡ ❊✉r✐❜♦r✳ ❲❡ ❝♦♥s✐❞❡r ✐♥t❡r❡st r❛t❡ s✇❛♣s ✇❤✐❝❤ ❛r❡ s❡tt❧❡❞ ✐♥ ❛rr❡❛rs✳ ❚❤✐s ♠❡❛♥s
t❤❛t t❤❡ ✢♦❛t✐♥❣ r❛t❡ ✐s s❡t ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛ ♣❡r✐♦❞ ♦❢ t✐♠❡ ❛♥❞ ♣❛②s ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s
♣❡r✐♦❞✳ ❖♥❡ s❛②s t❤❛t ❛♥ ✐♥t❡r❡st r❛t❡ s✇❛♣ ✐s s❡tt❧❡❞ ✐♥ ❛❞✈❛♥❝❡ ✐❢ t❤❡ ♣❛②♠❡♥ts ❛r❡ ♠❛❞❡
❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❡❛❝❤ ♣❡r✐♦❞ ♦❢ t✐♠❡✳ ❚❤❡ ✜①✐♥❣ ❛♥❞ ♣❛②♠❡♥t ❞❛t❡s ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ r❡s♣❡❝t✐✈❡ ❧❡❣s ❛r❡ ❣✐✈❡♥ ❜② ❞✐s❝r❡t❡ t❡♥♦r str✉❝t✉r❡s✳ ❚❤❡ ✭♠✐❞✲♠❛r❦❡t✮ ✜①❡❞
r❛t❡ t❤❛t ✇✐❧❧ ❜❡ ❡①❝❤❛♥❣❡❞ ❢♦r t❤❡ r❡❢❡r❡♥❝❡ r❛t❡ ✐s ❦♥♦✇♥ ❛s ✭❢♦r✇❛r❞✮ s✇❛♣ r❛t❡✳ ■t ✐s
s♣❡❝✐✜❡❞ ❛s t❤❡ r❛t❡ ✇❤✐❝❤ s❡ts t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥tr❛❝t ❡q✉❛❧ t♦ ③❡r♦✳

❆♥♦t❤❡r t②♣❡ ♦❢ ❛ s✇❛♣ ✐s t❤❡ ❜❛s✐s s✇❛♣ ✭❇❙✮✳ ❍❡r❡✱ t✇♦ ♣❛②♠❡♥ts t❤❛t ❛r❡ ❡❛❝❤ ❜❛s❡❞
♦♥ ❛ s❡♣❛r❛t❡ ✢♦❛t✐♥❣ r❡❢❡r❡♥❝❡ r❛t❡ ❛r❡ ❡①❝❤❛♥❣❡❞✳

❈❛♣s ❛♥❞ ❋❧♦♦rs

■♥t❡r❡st r❛t❡ ❝❛♣s ❛♥❞ ✢♦♦rs ❛r❡ ❛❝t✐✈❡❧② tr❛❞❡❞ ✐♥t❡r❡st r❛t❡ ♦♣t✐♦♥s ♦✛❡r❡❞ ❜② ✜♥❛♥❝✐❛❧
✐♥st✐t✉t✐♦♥s ✐♥ t❤❡ ♦✈❡r✲t❤❡✲❝♦✉♥t❡r ♠❛r❦❡t✳ ❚♦ ❡①♣❧❛✐♥ t❤❡s❡ ❝♦♥tr❛❝ts ✇❡ ❝♦♥s✐❞❡r ❛
✢♦❛t✐♥❣✲r❛t❡ ♥♦t❡ ✐♥ ✇❤✐❝❤ ❛ r❡❢❡r❡♥❝❡ ✐♥t❡r❡st r❛t❡ ✐s ✜①❡❞ ❛❧♦♥❣ ❛ ❞✐s❝r❡t❡ t❡♥♦r str✉❝✲
t✉r❡✳ ❆s ✉s✉❛❧✱ ✇❡ ❝❛❧❧ t❤❡ ♣❡r✐♦❞ ♦❢ t✐♠❡ ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ r❡s❡t ❞❛t❡s t❡♥♦r✳ ❆♥
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✐♥t❡r❡st r❛t❡ ❝❛♣ ✐s ❞❡s✐❣♥❡❞ t♦ ♣r♦✈✐❞❡ ✐♥s✉r❛♥❝❡ ❛❣❛✐♥st t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t t❤❡ r❡❢❡r✲
❡♥❝❡ ✐♥t❡r❡st r❛t❡ ❜❛s❡❞ ♦♥ s✉❝❤ ❛ ✢♦❛t✐♥❣✲r❛t❡ ♥♦t❡ ❡①❝❡❡❞s ❛ ❝❡rt❛✐♥ ❧❡✈❡❧✳ ❚❤✐s ❧❡✈❡❧
✐s ❞❡♥♦t❡❞ ❛s ❝❛♣ r❛t❡✳ ❆t ❡❛❝❤ ✜①✐♥❣ ❞❛t❡ ✉♣ t♦ t❤❡ ♠❛t✉r✐t② ♦❢ t❤❡ ❝❛♣ t❤❡ r❡❢❡r❡♥❝❡
r❛t❡ ✐s ♦❜s❡r✈❡❞✳ ❊✐t❤❡r t❤❡r❡ ✐s ♥♦ ♣❛②♦✉t ✐❢ t❤❡ r❛t❡ ✐s ❜❡❧♦✇ t❤❡ ❝❛♣ r❛t❡ ♦r t❤❡r❡ ✐s ❛
♣❛②♦✉t ✐❢ t❤❡ r❛t❡ ✐s ❛❜♦✈❡✳ ❚❤❡ ♣❛②♦✉t ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✐♥t❡r❡st r❛t❡ ❛♥❞
t❤❡ ❝❛♣ r❛t❡✳ ❆ ♣❛②♦✉t ♦❝❝✉rs ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❡r✐♦❞ ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ❡①❝❡ss✱ t❡♥♦r
❛♥❞ ♥♦t✐♦♥❛❧ ♣r✐♥❝✐♣❛❧✳ ❍❡♥❝❡✱ ❛ ❝❛♣ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐s❡❞ ❛s ❛ ♣♦rt❢♦❧✐♦ ♦❢ ❝❛❧❧ ♦♣t✐♦♥s
✇✐t❤ ✉♥❞❡r❧②✐♥❣ r❡❢❡r❡♥❝❡ r❛t❡✳ ❚❤❡s❡ ❝❛❧❧ ♦♣t✐♦♥s ❛r❡ ❦♥♦✇♥ ❛s ❝❛♣❧❡ts✳ ■♥t❡r❡st r❛t❡
✢♦♦rs ❛r❡ ❞❡✜♥❡❞ ✐♥ ❛♥ ❛♥❛❧♦❣♦✉s ✇❛② ❛s ❝❛♣s✳ ❆ ✢♦♦r ♣r♦✈✐❞❡s ❛ ♣❛②♦✉t ✐❢ t❤❡ r❡❢❡r❡♥❝❡
✐♥t❡r❡st r❛t❡ ✐s ❜❡❧♦✇ ❛ ❝❡rt❛✐♥ r❛t❡ ✭✢♦♦r r❛t❡✮ ❛t t❤❡ r❡s❡t ❞❛t❡✳ ❚❤❡ ♣❛②♠❡♥t ❛❧s♦
♦❝❝✉rs ❛ t❡♥♦r ❛❢t❡r t❤❡ ✜①✐♥❣ ❞❛t❡✳ ❆ ✢♦♦r ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ r❡❣❛r❞❡❞ ❛s ❛ ♣♦rt❢♦❧✐♦ ♦❢
♣✉t ♦♣t✐♦♥s ♦♥ t❤❡ r❡❢❡r❡♥❝❡ r❛t❡✳ ❊❛❝❤ ♦♣t✐♦♥ ✐s ♥❛♠❡❞ ✢♦♦r❧❡t✳

❉✐❣✐t❛❧ ❖♣t✐♦♥s

❆ st❛♥❞❛r❞ ❊✉r♦♣❡❛♥ ✐♥t❡r❡st r❛t❡ ❞✐❣✐t❛❧ ❝❛❧❧ ✭♣✉t✮ ✇✐t❤ str✐❦❡ r❛t❡ B > 0 ✐s ❛ ✜♥❛♥❝✐❛❧
s❡❝✉r✐t② ✇❤✐❝❤ ♣❛②s ❛♥ ❛♠♦✉♥t ♦❢ ♦♥❡ ✉♥✐t ♦❢ ❝✉rr❡♥❝② t♦ ✐ts ♦✇♥❡r ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡
s✐♠♣❧② ❝♦♠♣♦✉♥❞❡❞ r❡❢❡r❡♥❝❡ ✐♥t❡r❡st r❛t❡ ❧✐❡s ❛❜♦✈❡ ✭❜❡❧♦✇✮ B ❛t ✐ts ♠❛t✉r✐t② T1 ∈ R+✳
❆♥ ✐♥t❡r❡st ❞✐❣✐t❛❧ ♦♣t✐♦♥ ✐s ❝❛❧❧❡❞ ❞❡❧❛②❡❞ ✐❢ t❤❡ ♦♣t✐♦♥ ♠❛t✉r✐t② T1 ❛♥❞ t❤❡ ♣❛②♠❡♥t
❞❛t❡ T ❞✐✛❡r ✐♥ t❤❡ s❡♥s❡ ♦❢ T1 ≤ T ✳ ◆♦t❡ t❤❛t ❛ st❛♥❞❛r❞ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ❝❛♥ ❜❡ s❡❡♥
❛s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛ ❞❡❧❛②❡❞ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ❜② s❡tt✐♥❣ T1 = T ✳ ❆ ❞❡❧❛②❡❞ r❛♥❣❡ ❞✐❣✐t❛❧
♦♣t✐♦♥ ♣r♦✈✐❞❡s ❛ t❡r♠✐♥❛❧ ♣❛②♦✛ ❡q✉❛❧ t♦ ♦♥❡ ♣❛✐❞ ❛t ❞❛t❡ T ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ✉♥❞❡r❧②✐♥❣
r❡❢❡r❡♥❝❡ r❛t❡ ❧✐❡s ✐♥s✐❞❡ ❛ ♣r❡✲s♣❡❝✐✜❡❞ ❝♦rr✐❞♦r ❛t ♠❛t✉r✐t② T1✳

✷✳✷✳✸✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❆♣♣r♦❛❝❤

❇❡❢♦r❡ t❤❡ ❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ ❝r✐s✐s st❛rt❡❞ ✐♥ t❤❡ s✉♠♠❡r ♦❢ ✷✵✵✼✱ ✐♥t❡r❡st r❛t❡ q✉♦t❡s
s❤♦✇❡❞ t②♣✐❝❛❧ ❝♦♥s✐st❡♥❝✐❡s✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ✇❡r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✈❛❧✐❞ ❛♥❞ st❛t❡❞ ✐♥
❧✐t❡r❛t✉r❡ ❛s ❛♥ ✐♥❞✐s♣✉t❛❜❧❡ ❢❛❝t✳ ❚❤❡ ❝♦♥s✐st❡♥❝✐❡s ❜❡t✇❡❡♥ r❛t❡s ❛❧❧♦✇❡❞ t♦ ❝♦♥str✉❝t
❛ ✉♥✐q✉❡ ✇❡❧❧✲❞❡✜♥❡❞ t❡r♠ str✉❝t✉r❡ ♦❢ ✐♥t❡r❡st r❛t❡s ✭❜♦♥❞ ❝✉r✈❡✮ ❜② ✉s✐♥❣ st❛♥❞❛r❞
❜♦♦tstr❛♣♣✐♥❣ t❡❝❤♥✐q✉❡s✳ ❖❢ ❝♦✉rs❡✱ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ s✐♠✐❧❛r r❛t❡s ✇❡r❡ ♣r❡s❡♥t ✐♥
t❤❡ ♠❛r❦❡t ❜✉t ❝♦✉❧❞ ❜❡ r❡❣❛r❞❡❞ ❛s ♥❡❣❧✐❣✐❜❧❡ ✐♥ ❣❡♥❡r❛❧✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥t❡r❡st r❛t❡
s✇❛♣s t❤❛t ❤❛✈❡ t❤❡ s❛♠❡ ♠❛t✉r✐t② ❜✉t ❛r❡ ❜❛s❡❞ ♦♥ ❞✐✛❡r❡♥t ❞✐s❝r❡t❡ t❡♥♦r str✉❝t✉r❡s
q✉♦t❡❞ s✇❛♣ r❛t❡s ❛t ❛ s♠❛❧❧ ❜✉t ♥❡❣❧✐❣✐❜❧❡ s♣r❡❛❞ ❜❡❢♦r❡ t❤❡ ❝r✐s✐s ✭s❡❡ ✜❣✉r❡ ✷✳✶✸✮✳
❚❤❡♥✱ t❤❡ ❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ❝❛✉s❡❞ ❛ ♥✉♠❜❡r ♦❢ ❛♥♦♠❛❧✐❡s ✐♥ t❤❡ ✜①❡❞ ✐♥❝♦♠❡

♠❛r❦❡t✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ✐♥t❡r❡st r❛t❡s t❤❛t ✇❡r❡ ❢♦r♠❡r❧② ❝♦♥s✐st❡♥t ✇✐t❤ ❡❛❝❤ ♦t❤❡r
st❛rt❡❞ t♦ ❞✐✈❡r❣❡ s✉❜st❛♥t✐❛❧❧②✳ ❚❤✐s ✐ss✉❡ ❧❡❞ t♦ ❛ ❞❡❣r❡❡ ♦❢ ✐♥❝♦♠♣❛t✐❜✐❧✐t② ❜❡t✇❡❡♥
t❤❡♠✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ t❤❡ s✉❜st❛♥t✐❛❧ ❝❤❛♥❣❡s ❝♦♥❝❡r♥❡❞ ♠❛r❦❡t r❛t❡s t❤❛t ❛r❡
✐♠♣❧✐❝✐t❧② r❡❧❛t❡❞ t♦ ❞✐✛❡r❡♥t t❡♥♦rs✳
❆♥ ❡①❛♠♣❧❡ ✐s t❤❡ ❢♦r✇❛r❞ r❛t❡ t❤❛t ✐s ✐♠♣❧✐❡❞ ❜② t❤❡ ❊❖◆■❆ ♦✈❡r♥✐❣❤t ✐♥❞❡①❡❞ s✇❛♣

r❛t❡ q✉♦t❡✳ ❚❤✐s r❛t❡ ❜❡❝❛♠❡ ❛ ❞✐✛❡r❡♥t ♦❜❥❡❝t t❤❛♥ t❤❡ q✉♦t❡❞ ❋❘❆ r❛t❡✳ ❚❤✐s ✐ss✉❡
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✷✳ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r② ✐♥ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❚❡r♠ ❙tr✉❝t✉r❡ ▼♦❞❡❧s

✐s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡s ✷✳✺ ❛♥❞ ✷✳✻✳ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢
t❤❡ ❊✉r✐❜♦r ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❊❖◆■❆ ❖■❙ r❛t❡s ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡s ✷✳✼✲✷✳✶✶✳ ❚❤❡
❝♦rr❡s♣♦♥❞✐♥❣ s♣r❡❛❞s ❜❡t✇❡❡♥ t❤❡s❡ r❛t❡s ❛r❡ ❞❡♠♦♥str❛t❡❞ ✐♥ ✜❣✉r❡ ✷✳✶✷✳ ❚❤✐s ❣r❛♣❤
✐❧❧✉str❛t❡s t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❞✐✛❡r❡♥t ❝✉r✈❡s ✇❤✐❝❤ ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✿ ❚❤❡
❣r❡❛t❡r t❤❡ ✉♥❞❡r❧②✐♥❣ t❡♥♦r✱ t❤❡ ❣r❡❛t❡r t❤❡ s♣r❡❛❞ ❜❡t✇❡❡♥ ❊✉r✐❜♦r ❛♥❞ ❊❖◆■❆ ❖■❙
r❛t❡✳ ❆♥♦t❤❡r ❛♥♦♠❛❧② ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❜② t❤❡ ❛r✐s✐♥❣ ❞✐✛❡r❡♥❝❡s ♦❢ t❤❡ s✇❛♣ r❛t❡s ✇✐t❤
r❡s♣❡❝t t♦ s✇❛♣s ✇✐t❤ ❞✐✛❡r❡♥t ♣❛②♠❡♥t ❢r❡q✉❡♥❝✐❡s ✭❞✐✛❡r❡♥t ❞✐s❝r❡t❡ t❡♥♦r str✉❝t✉r❡s✮✳
▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❛ s✇❛♣ r❛t❡ ❜❛s❡❞ ♦♥ s❡♠✐❛♥♥✉❛❧ ♣❛②♠❡♥ts ✐♥❞❡①❡❞ ❜② t❤❡ s✐①✲♠♦♥t❤
❊✉r✐❜♦r ❝❛♥ ❜❡ ❞✐✛❡r❡♥t t❤❛♥ t❤❡ s✇❛♣ r❛t❡ ❜❛s❡❞ ♦♥ q✉❛rt❡r❧② ♣❛②♠❡♥ts ✐♥❞❡①❡❞ ❜②
t❤❡ t❤r❡❡✲♠♦♥t❤ ❊✉r✐❜♦r ✐❢ ❜♦t❤ s✇❛♣ ❝♦♥tr❛❝ts ❤❛✈❡ t❤❡ s❛♠❡ ♠❛t✉r✐t②✳ ❚❤✐s ✐ss✉❡
✐s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✷✳✶✸✳ ❚♦ s✉♠ ✉♣✱ t❤❡ t❡♥♦r ❞❡♣❡♥❞❡♥❝❡ ♦❢ ♠❛r❦❡t r❛t❡s r❡✈❡❛❧s
❛♥ ❛❞❞✐t✐♦♥❛❧ s✐❣♥✐✜❝❛♥t ✐♥✢✉❡♥❝❡ ❢❛❝t♦r ✐♥ ✜①❡❞ ✐♥❝♦♠❡ ♠❛r❦❡ts ✇✐t❤ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡
❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✳
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FRA rate and forward rate (EONIA OIS rate)

FRA rate     
Forward rate     
Spread     

❋✐❣✉r❡ ✷✳✺✳✿ ❉✐✈❡r❣❡♥❝❡ ♦❢ ❢♦r✇❛r❞ r❛t❡s ✭❜❛s❡❞ ♦♥ ❊❖◆■❆ ❖■❙ q✉♦t❡✮ ❛♥❞ ✸①✻ ❋❘❆
r❛t❡s✳

❆❧❧ t❤❡s❡ ❝❤❛♥❣❡s t❤❛t ♦❝❝✉rr❡❞ ✐♥ t❤❡ q✉♦t❡s ♦❢ ♠❛r❦❡t r❛t❡s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ❝r❡❞✐t
❛♥❞ ❧✐q✉✐❞✐t② r✐s❦✳ ❆ ♥✐❝❡ tr❡❛t♠❡♥t ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ❝r❡❞✐t r✐s❦ ✐s ❣✐✈❡♥ ❜② ❙❝❤ö♥❜✉❝❤❡r
❬✽✷❪✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ ❝r❡❞✐t r✐s❦ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ r✐s❦ t❤❛t ❛ ❞❡❜t♦r ❞♦❡s ♥♦t
❢✉❧✜❧ ❤✐s ♣❛②♠❡♥t ♦❜❧✐❣❛t✐♦♥s✳ ▲✐q✉✐❞✐t② r✐s❦ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐s❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡
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FRA rate and forward rate (EONIA OIS rate)

FRA rate     
Forward rate     
Spread     

❋✐❣✉r❡ ✷✳✻✳✿ ❉✐✈❡r❣❡♥❝❡ ♦❢ ❢♦r✇❛r❞ r❛t❡s ✭❜❛s❡❞ ♦♥ ❊❖◆■❆ ❖■❙ q✉♦t❡✮ ❛♥❞ ✸①✾ ❋❘❆
r❛t❡s✳

✐ss✉❡s ✭s❡❡ ❆❝❡r❜✐ ❛♥❞ ❙❝❛♥❞♦❧♦ ❬✶❪✱ ❇r✉♥♥❡r♠❡✐❡r ❛♥❞ P❡❞❡rs❡♥ ❬✶✾❪ ❛♥❞ ❇✐❛♥❝❤❡tt✐ ❛♥❞
❈❛r❧✐❝❝❤✐ ❬✶✶❪✮✿

✶✳ ❋✉♥❞✐♥❣ ❧✐q✉✐❞✐t② r✐s❦✿ ❚❤❡ ❧❛❝❦ ♦❢ ❧✐q✉✐❞✐t② t♦ ♠❡❡t s❤♦rt t❡r♠ ❞❡❜t ♦❜❧✐❣❛t✐♦♥s✳

✷✳ ▼❛r❦❡t ❧✐q✉✐❞✐t② r✐s❦✿ ❚❤❡ r✐s❦ ♦❢ tr❛❞✐♥❣ ❛♥❞ ❤♦❧❞✐♥❣ ♣♦s✐t✐♦♥s ✐♥ ✐❧❧✐q✉✐❞ ♠❛r❦❡ts✳
❚❤✐s ❢❛❝t ✐s ❣❡♥❡r❛❧❧② ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛♥ ❡①❝❡ss✐✈❡ s♣r❡❛❞ ♦❢ t❤❡ ❛s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡s✳

✸✳ ❙②st❡♠✐❝ ▲✐q✉✐❞✐t② ❘✐s❦✿ ❚❤❡ ❞✐✣❝✉❧t② t♦ ❜♦rr♦✇ ❢✉♥❞s ♦♥ t❤❡ ♠❛r❦❡t ❞✉❡ t♦
❢✉♥❞✐♥❣ ❝♦st✳

◆♦t❡ t❤❛t t❤❡ ❧✐q✉✐❞✐t② r✐s❦ ❝♦♠♣♦♥❡♥t ✐♥ r❡❢❡r❡♥❝❡ ✐♥t❡r❡st r❛t❡s ✐s ❞✐st✐♥❝t ❜✉t str♦♥❣❧②
❝♦rr❡❧❛t❡❞ t♦ t❤❡ ❝r❡❞✐t r✐s❦ ❝♦♠♣♦♥❡♥t✳ ■♥ t❤✐s t❤❡s✐s✱ ♠❛r❦❡t ❧✐q✉✐❞✐t② r✐s❦ ✐s ♠♦❞❡❧❧❡❞
❜② t❤❡ t✇♦✲♣r✐❝❡ t❤❡♦r② ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✶✳ ❚❤❡ ♦t❤❡r t②♣❡s ♦❢ ❧✐q✉✐❞✐t② r✐s❦ ❛r❡
❛❧s♦ ❝♦♥s✐❞❡r❡❞ ✐♥ ❢♦r♠ ♦❢ ❛ ❧✐q✉✐❞✐t② ❝♦♠♣♦♥❡♥t ✐♥ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥✳
❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❝r❡❞✐t r✐s❦ ✐♥ t❤❡ ❝r✐s✐s ✐s ❡♠♣❤❛s✐s❡❞ ❜② ✜❣✉r❡ ✷✳✶✹✱ ✇❤❡r❡ t❤❡ ❝♦♥✲

♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❊✉r✐❜♦r✴❊❖◆■❆ ❖■❙ s♣r❡❛❞ ❛♥❞ ❈❉❙ s♣r❡❛❞s ♦❢ s♦♠❡ ♣❛♥❡❧ ❜❛♥❦s
❛r❡ ✐❧❧✉str❛t❡❞✳ ❈r❡❞✐t r✐s❦ ✐s ♦❜✈✐♦✉s❧② ❛ r❡❛s♦♥ ❢♦r t❤❡ ♠❛r❦❡t ❛♥♦♠❛❧✐❡s✳ ❚❤❡ ❡✛❡❝t
♦❢ ❧✐q✉✐❞✐t② r✐s❦ ✐s ✐❧❧✉str❛t❡❞ ❜② ❊❜❡r❧❡✐♥ ❬✸✵❪✳ ❆❧❧ t❤❡s❡ ❢❛❝ts t♦❣❡t❤❡r ✐♠♣❧② t❤❛t ❛
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EURIBOR and EONIA OIS rate (1m)

EURIBOR       
EONIA OIS rate       
Spread       

❋✐❣✉r❡ ✷✳✼✳✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❊❯❘■❇❖❘ ❛♥❞ ❊❖◆■❆ ❖■❙ r❛t❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
♦♥❡✲♠♦♥t❤ t❡♥♦r✳

❝♦♥s✐st❡♥t ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ t❡r♠ str✉❝t✉r❡ ♦❢ ✐♥t❡r❡st r❛t❡s ❛♥❞ t❤❡ ❝♦rr❡❝t ✈❛❧✉❛t✐♦♥ ♦❢
✐♥t❡r❡st r❛t❡ ❞❡r✐✈❛t✐✈❡s ❤❛✈❡ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❝r❡❞✐t ❛♥❞ ❧✐q✉✐❞✐t② t❤❡♦r✐❡s✳

❲❡ str❡ss t❤❛t✱ ❜② t❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ ❝r❡❞✐t ❛♥❞ ❧✐q✉✐❞✐t② r✐s❦✱ t❤✐s ♥❡✇ ♠❛r❦❡t
❡♥✈✐r♦♥♠❡♥t ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❣❡♥❡r❛t❡ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t✐❡s✳ ❚❤❡r❡❢♦r❡✱ ❝r❡❞✐t
❛♥❞ ❧✐q✉✐❞✐t② ♠♦❞❡❧s ♣r♦✈✐❞❡ ❛ t❤❡♦r❡t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ ❢♦r t❤❡ ❝✉rr❡♥t ♠❛r❦❡t s✐t✉❛t✐♦♥✳
❙✐♥❝❡ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ♠♦❞❡❧ t❤❛t ❝♦♥s✐❞❡rs ❜♦t❤ t②♣❡s ♦❢ r✐s❦ ✐s ❛ ❝❤❛❧❧❡♥❣✐♥❣
t❛s❦✱ ♣r❛❝t✐t✐♦♥❡rs ♣r❡❢❡rr❡❞ ✉s✐♥❣ ❛♥ ❡♠♣✐r✐❝❛❧ ❛♣♣r♦❛❝❤✳ ❚❤❡② ❞✐✈✐❞❡ ♠❛r❦❡t r❛t❡s
✐♥t♦ ❞✐✛❡r❡♥t r✐s❦ ❝❧❛ss❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡✐r r❡s♣❡❝t✐✈❡ t❡♥♦r✳ ❚❤✐s ♠❡t❤♦❞ r❡s✉❧ts ✐♥ t❤❡
❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❛ ❞✐s❝♦✉♥t ❝✉r✈❡ ❛♥❞ ❛s ♠❛♥② ❞✐✛❡r❡♥t t❡r♠ str✉❝t✉r❡ ❝✉r✈❡s ❛s ♦❝❝✉rr✐♥❣
t❡♥♦rs✳ ❲❡ ❝❛❧❧ t❤✐s ♣r♦❝❡❞✉r❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤✳ ■t s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞ t❤❛t t❤❡
❞✐st✐♥❝t ❝✉r✈❡s ✐♥ t❤❡ ♠❛r❦❡t r❡✢❡❝t t❤❡ ✈❛r✐♦✉s ♠❛❣♥✐t✉❞❡s ♦❢ ❝r❡❞✐t ❛♥❞ ❧✐q✉✐❞✐t② r✐s❦
t❤❛t ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ ✐♥t❡r❡st r❛t❡s✳

❚❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ♥❡❣❛t✐✈❡ r❛t❡s ✐s ❛♥♦t❤❡r r❡♠❛r❦❛❜❧❡ ❢❛❝t s✐♥❝❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡
❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✳ ❲❡ ❡♠♣❤❛s✐s❡ t❤❛t ♦✉r ♠✉❧t✐♣❧❡✲❝✉r✈❡ ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧ ❛❧s♦
t❛❦❡s t❤✐s ✐ss✉❡ ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ ❛❧❧♦✇s t♦ ❝♦♥s✐❞❡r ♥❡❣❛t✐✈❡ r❛t❡s✳

❚❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤ ✐♥✈❛❧✐❞❛t❡s t❤❡ ❝❧❛ss✐❝❛❧ ♣r✐❝✐♥❣ t❤❡♦r② ♦❢ ✐♥t❡r❡st r❛t❡
❞❡r✐✈❛t✐✈❡s✳ ❖r✐❣✐♥❛❧❧②✱ ✐t ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦r♥❡rst♦♥❡ ♦❢ ❛ ✉♥✐q✉❡ ❝♦♥s✐st❡♥t t❡r♠ str✉❝t✉r❡
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EURIBOR and EONIA OIS rate (3m)

EURIBOR       
EONIA OIS rate       
Spread       

❋✐❣✉r❡ ✷✳✽✳✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❊❯❘■❇❖❘ ❛♥❞ ❊❖◆■❆ ❖■❙ r❛t❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
t❤r❡❡✲♠♦♥t❤ t❡♥♦r✳

❝✉r✈❡ t❤❛t ✐s ✉s❡❞ ❜♦t❤ ❢♦r t❤❡ ♣r♦❞✉❝✐♥❣ ♦❢ ❢✉t✉r❡ ❝❛s❤ ✢♦✇s ❛♥❞ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥
♦❢ t❤❡✐r ♣r❡s❡♥t ✈❛❧✉❡s✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❤❡♥ ♣r✐❝✐♥❣ ✐♥t❡r❡st r❛t❡ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ ❛
❣✐✈❡♥ ♠♦❞❡❧ t❤❡ ✉s✉❛❧ ✜rst st❡♣ ✐s t♦ ❜♦♦tstr❛♣ t❤❡ ✐♥✐t✐❛❧ t❡r♠ str✉❝t✉r❡ ♦❢ ❞✐s❝♦✉♥t
❢❛❝t♦rs ❛♥❞ ❢♦r✇❛r❞ r❛t❡s✳ ❇❡❢♦r❡ t❤❡ ❝r✐s✐s✱ t❤✐s ✇❛s ❛ str❛✐❣❤t❢♦r✇❛r❞ t❛s❦ ❜❡❝❛✉s❡ ♦❢
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ ❝✉r✈❡✳ ❲❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤ t❤✐s
✐ss✉❡ ♥❡❡❞s ❛ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ❛♥❞ ❡①t❡♥s✐✈❡ tr❡❛t♠❡♥t✳ ❚♦ ❝♦♥str✉❝t ❛ t❡r♠ str✉❝t✉r❡
r❡❧❛t❡❞ t♦ ❛ ❣✐✈❡♥ t❡♥♦r✱ ♦♥❡ ♠❛② ♦♥❧② ✉s❡ ♠❛r❦❡t q✉♦t❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤✐s t❡♥♦r✳
❋♦r ✐♥st❛♥❝❡✱ t❤❡ s✐①✲♠♦♥t❤ ❝✉r✈❡ ✐s ❝♦♥str✉❝t❡❞ ❜② ❜♦♦tstr❛♣♣✐♥❣ r❛t❡s ❢r♦♠ t❤❡ ♠❛r❦❡t
q✉♦t❡s r❡❧❛t❡❞ t♦ t❤❡ s✐①✲♠♦♥t❤ t❡♥♦r ♦❢ t❤❡ ❞❡♣♦s✐ts ❢♦r t❤❡ s❤♦rt t❡r♠ ♠❛t✉r✐t✐❡s✱ t❤❡
❢✉t✉r❡s ❛♥❞ ❋❘❆s ❢♦r t❤❡ s❤♦rt✲♠✐❞ t❡r♠ ♠❛t✉r✐t✐❡s ❛♥❞ t❤❡ ❧✐q✉✐❞ ✐♥t❡r❡st r❛t❡ s✇❛♣s
❢♦r t❤❡ ♠✐❞✲❧♦♥❣ t❡r♠ ♠❛t✉r✐t✐❡s✳ ❲❤✐❧❡ t❤❡ ♠✉❧t✐♣❧❡ t❡r♠ str✉❝t✉r❡s ❝♦♥str✉❝t✐♦♥ ✐s
❜❛s❡❞ ♦♥ t❤❡ t❡♥♦r ❤♦♠♦❣❡♥❡✐t② ♣r✐♥❝✐♣❧❡ t❤❛t ✐♥ t❤❡ ♠❡❛♥t✐♠❡ t✉r♥s ♦✉t t♦ ❜❡ ♠❛r❦❡t
❝♦♥s❡♥s✉s✱ t❤❡r❡ ✐s ♥♦ ❣❡♥❡r❛❧ ♠❛r❦❡t ❝♦♥✈❡♥t✐♦♥ ❢♦r t❤❡ ❜✉✐❧❞✐♥❣ ♦❢ t❤❡ ❞✐s❝♦✉♥t ❝✉r✈❡✳
❇❛s✐❝❛❧❧②✱ t❤❡r❡ ❛r❡ t✇♦ ❞✐✛❡r❡♥t ♣r❛❝t✐❝❡s✿

✶✳ ❖■❙✲❞✐s❝♦✉♥t✐♥❣✳

✷✳ ❈❧❛ss✐❝❛❧ ♣r❡✲❝r✐s✐s ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ t❤❡ ♠♦st ❧✐q✉✐❞ ✐♥str✉♠❡♥ts✳
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EURIBOR and EONIA OIS rate (6m)

EURIBOR       
EONIA OIS rate       
Spread       

❋✐❣✉r❡ ✷✳✾✳✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❊❯❘■❇❖❘ ❛♥❞ ❊❖◆■❆ ❖■❙ r❛t❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
s✐①✲♠♦♥t❤ t❡♥♦r✳

❲❡ ❜r✐❡✢② ❡①♣❧❛✐♥ t❤❡ ✜rst ❛♣♣r♦❛❝❤✳ ❆♥ ❡✛❡❝t ♦❢ t❤❡ ❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ❤❛s ❜❡❡♥
t❤❡ ✇✐❞❡ ❞✐ss❡♠✐♥❛t✐♦♥ ♦❢ ❝♦❧❧❛t❡r❛❧ ❛❣r❡❡♠❡♥ts t♦ r❡❞✉❝❡ t❤❡ ❝♦✉♥t❡r♣❛rt② r✐s❦ ♦❢ ❖❚❈✲
tr❛❞❡❞ ❞❡r✐✈❛t✐✈❡s✳ ❚❤❡ ❝♦❧❧❛t❡r❛❧ ♠❡❝❤❛♥✐s♠ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❢✉♥❞✐♥❣ ❛♥❞ ❤❡❞❣✐♥❣
♠❡❝❤❛♥✐s♠✳ ■t ✐s ♠❛✐♥❧② ❜❛s❡❞ ♦♥ ❞❛✐❧② ♠❛r❣✐♥❛t✐♦♥ ❛♥❞ ❛♥ ♦✈❡r♥✐❣❤t ❝♦❧❧❛t❡r❛❧ r❛t❡✳
❈♦♥s❡q✉❡♥t❧②✱ ♣r✐❝❡s ♦❢ ❞❡r✐✈❛t✐✈❡s q✉♦t❡❞ ✐♥ t❤❡ ✐♥t❡r❜❛♥❦ ♠❛r❦❡t ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞
❛s ❢r❡❡ ♦❢ ❝r❡❞✐t ❛♥❞ ❧✐q✉✐❞✐t② r✐s❦ ❖❚❈✲tr❛♥s❛❝t✐♦♥s✳ ❆♥♦t❤❡r ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t t❤❡
♠❛r❣✐♥❛t✐♦♥ ❢✉♥❞✐♥❣ r❛t❡ ❛♥❞ t❤❡ ❞✐s❝♦✉♥t r❛t❡ ♦❢ ❢✉t✉r❡ ❝❛s❤ ✢♦✇s ♥❡❡❞ t♦ ❝♦✐♥❝✐❞❡
❜② ♥♦✲❛r❜✐tr❛❣❡ ❛r❣✉♠❡♥ts✳ ❚❤❡r❡❢♦r❡✱ ❛ ❝♦❧❧❛t❡r❛❧ ❛❣r❡❡♠❡♥t ✐♠♣❧✐❡s ♦✈❡r♥✐❣❤t ❜❛s❡❞
❞✐s❝♦✉♥t✐♥❣ ❛♥❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❞✐s❝♦✉♥t ❝✉r✈❡ ♥❡❡❞s t♦ r❡✢❡❝t t❤❡ ❢✉♥❞✐♥❣ ❧❡✈❡❧ ✐♥
❛♥ ♦✈❡r♥✐❣❤t ❝♦❧❧❛t❡r❛❧✐s❡❞ ✐♥t❡r❜❛♥❦ ♠❛r❦❡t✳ ❖✈❡r♥✐❣❤t ✐♥❞❡①❡❞ s✇❛♣s ❛r❡ t❤✉s ❝❛♥♦♥✐❝❛❧
✐♥str✉♠❡♥ts ❢♦r t❤✐s ❝♦♥str✉❝t✐♦♥✳ ■t ❝❛♥ ❜❡ s❡❡♥ ❛s ❜❡st ❛✈❛✐❧❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ r✐s❦✲
❢r❡❡ ②✐❡❧❞ ❝✉r✈❡✳ ❚❤✐s ✐s ❡①❛❝t❧② t❤❡ r❡❛s♦♥ ✇❤② t❤✐s ♠❡t❤♦❞ ✐s ❝❛❧❧❡❞ ❖■❙✲❞✐s❝♦✉♥t✐♥❣✳
❲❡ ✉s❡ t❤✐s ♠❡t❤♦❞ ✐♥ t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ♠♦❞❡❧✳

❋✉rt❤❡r♠♦r❡✱ ♥♦t ♦♥❧② t❤❡ ✐♥✐t✐❛❧ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❝♦♥str✉❝t✐♦♥ ❜✉t ❛❧s♦ t❤❡ ♠♦❞❡❧❧✐♥❣
♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❧❡✈❛♥t r❛t❡s ❜❡❝♦♠❡s ❛ ❞❡❧✐❝❛t❡ t❛s❦✳ ❚♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱
♦♥❡ ❛♣♣❧✐❡s ❛ ❧♦❣✐❝❛❧❧② s✐♠✐❧❛r ♠❡t❤♦❞ t♦ t❤❡ ♦♥❡ ✉s❡❞ ❢♦r t❤❡ ✐♥✐t✐❛❧ ♠✉❧t✐♣❧❡✲❝✉r✈❡
❝♦♥str✉❝t✐♦♥✿ ✇❤❡♥ ❜✉✐❧❞✐♥❣ ❛ ❞✐s❝♦✉♥t ❝✉r✈❡ ❛♥❞ t❡r♠ str✉❝t✉r❡s ❢♦r ❞✐✛❡r❡♥t t❡♥♦rs ❛t
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EURIBOR and EONIA OIS rate (9m)

EURIBOR       
EONIA OIS rate       
Spread       

❋✐❣✉r❡ ✷✳✶✵✳✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❊❯❘■❇❖❘ ❛♥❞ ❊❖◆■❆ ❖■❙ r❛t❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
♥✐♥❡✲♠♦♥t❤ t❡♥♦r✳

✐♥❝❡♣t✐♦♥✱ ❛ ❝❛♥♦♥✐❝❛❧ ✇❛② ✐s t♦ ❞❡✈❡❧♦♣ ❛♥ ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧ ✇❤❡r❡ t❤❡s❡ ❝✉r✈❡s ❛r❡
♠♦❞❡❧❧❡❞ ❥♦✐♥t❧② ❜✉t ❞✐st✐♥❝t❧②✳ ■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t t❤❡ ♠♦❞❡r♥ ♠✉❧t✐♣❧❡✲❝✉r✈❡
❛♣♣r♦❛❝❤ ❣❡♥❡r❛❧✐s❡s t❤❡ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ ♦♥❡ ❝✉r✈❡✳ ❚❤✐s ❝❧❛ss✐❝❛❧ ♠❡t❤♦❞ ✐s r❡❢❡rr❡❞
t♦ ❛s s✐♥❣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤✳

❚♦ ❡♥❞ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❧✐st s♦♠❡ ♦❢ t❤❡ ♣✉❜❧✐❝❛t✐♦♥s t❤❛t ❛r❡ ❝r✉❝✐❛❧ ❢♦r t❤✐s ♣❛rt
♦❢ t❤❡ t❤❡s✐s✿ ❋♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✭♠✉❧t✐♣❧❡✮ t❡r♠ str✉❝t✉r❡s ♦❢ ✐♥t❡r❡st r❛t❡s✱
✇❡ r❡❢❡r t♦ ▼✉s✐❡❧❛ ❛♥❞ ❘✉t❦♦✇s❦✐ ❬✼✺❪✱ ❍❛❣❛♥ ❛♥❞ ❲❡st ❬✺✶❪✱ ❍✉❧❧ ❬✺✺❪ ❛♥❞ ❆♠❡tr❛♥♦
❛♥❞ ❇✐❛♥❝❤❡tt✐ ❬✷✱ ✸❪✳ ❚❤❡ ❞❡❧✐❝❛t❡ ✐ss✉❡ ♦❢ ❞✐s❝♦✉♥t ❝✉r✈❡ ❝♦♥str✉❝t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞
❜② ❍❡♥r❛r❞ ❬✺✸✱ ✺✹❪✳ ❑✐❥✐♠❛✱ ❚❛♥❛❦❛✱ ❛♥❞ ❲♦♥❣ ❬✻✷❪ ❞❡✈❡❧♦♣ ❛♥ ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧ ✐♥
❛ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❢r❛♠❡✇♦r❦✳ ❆ ❞♦✉❜❧❡✲❝✉r✈❡ ♠♦❞❡❧ ✇✐t❤ r❡❣❛r❞ t♦ ❛ ❢♦r❡✐❣♥ ❡①❝❤❛♥❣❡
❛♥❛❧♦❣② ✐s ✐♥tr♦❞✉❝❡❞ ❜② ❇✐❛♥❝❤❡tt✐ ❬✶✵❪✳ ▼♦❞❡r♥ ♠❛r❦❡t ♠♦❞❡❧s ❛r❡ st❛t❡❞ ❜② ▼❡r❝✉r✐♦
❬✻✾✱ ✼✵✱ ✼✶❪✳ ▼♦❞❡❧s ❜❛s❡❞ ♦♥ t❤❡ ❍❡❛t❤✲❏❛rr♦✇✲▼♦rt♦♥ ❢r❛♠❡✇♦r❦ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❜②
▼♦r❡♥✐ ❛♥❞ P❛❧❧❛✈✐❝✐♥✐ ❬✼✸❪ ❛♥❞ ❈ré♣❡②✱ ●r❜❛❝✱ ❛♥❞ ◆❣✉②❡♥ ❬✷✸❪✳ ❲❡ ❢✉rt❤❡r r❡❢❡r t♦
P❛❧❧❛✈✐❝✐♥✐ ❛♥❞ ❚❛r❡♥❣❤✐ ❬✼✼❪✱ ▼♦r✐♥✐ ❬✼✹❪✱ ❇✐❛♥❝❤❡tt✐ ❛♥❞ ❈❛r❧✐❝❝❤✐ ❬✶✶❪ ❛♥❞ ❋✐❧✐♣♦✈✐➣ ❛♥❞
❚r♦❧❧❡ ❬✹✺❪✳ ❆ ♣r♦❢♦✉♥❞ ♦✈❡r✈✐❡✇ ❛❜♦✉t t❤❡ ❝❛✉s❡s ❛♥❞ ♠❛✐♥ ❡✈❡♥ts ♦❢ t❤❡ ❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧
❝r✐s✐s ✐s ❣✐✈❡♥ ❜② ❇r✉♥♥❡r♠❡✐❡r ❬✶✽❪ ❛♥❞ ❙✐♥♥ ❬✽✹❪✳

✹✶



✷✳ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r② ✐♥ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❚❡r♠ ❙tr✉❝t✉r❡ ▼♦❞❡❧s

20−06−2005 01−12−2006 02−06−2008 01−12−2009 01−06−2011 03−12−2012

0

50

100

150

200

250

300

350

400

450

500

550

b
p

EURIBOR and EONIA OIS rate (12m)

EURIBOR      
EONIA OIS rate       
Spread      

❋✐❣✉r❡ ✷✳✶✶✳✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❊❯❘■❇❖❘ ❛♥❞ ❊❖◆■❆ ❖■❙ r❛t❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
t✇❡❧✈❡✲♠♦♥t❤ t❡♥♦r✳

✷✳✷✳✹✳ ❱❛❧✉❛t✐♦♥ ❋♦r♠✉❧❛s ♦❢ ■♥t❡r❡st ❘❛t❡ ❉❡r✐✈❛t✐✈❡s

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✐❧❧✉str❛t❡ t❤❡ ♠♦❞❡r♥ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ✈❛❧✉❛t✐♦♥ ♠❡t❤♦❞✳ ❚♦ t❤✐s
❡♥❞✱ ♠♦❞❡❧ ✐♥❞❡♣❡♥❞❡♥t ♣r✐❝✐♥❣ ❢♦r♠✉❧❛s ❢♦r t❤❡ ✐♥t❡r❡st r❛t❡ ❞❡r✐✈❛t✐✈❡s ♦❢ s✉❜s❡❝t✐♦♥
✷✳✷✳✷ ❛r❡ st❛t❡❞✳

▲❡t m ∈ N ❜❡ ❣✐✈❡♥✳ ❲❡ ❝♦♥s✐❞❡r m + 1 ❝✉r✈❡✭s✮ ❛ss♦❝✐❛t❡❞ t♦ max{m, 1} t❡♥♦r✭s✮
✐♥ ❛ s✐♥❣❧❡ ❝✉rr❡♥❝② ❡❝♦♥♦♠②✳ ❚❤❡ ❝✉r✈❡ 0 ✭❛❧s♦ ❞❡♥♦t❡❞ ❜② d✮ ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡
❞✐s❝♦✉♥t ❝✉r✈❡✳ ◆♦t❡ t❤❛t t❤❡ ❝❛s❡ m = 0 ✐s t❤❡r❡❢♦r❡ t❤❡ ❝❧❛ss✐❝❛❧ s✐♥❣❧❡✲❝✉r✈❡ s❡tt✐♥❣✳
❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡
s✐♥❣❧❡✲❝✉r✈❡ ♦♥❡✳

▲❡t ✉s ✜① ❛ ✜♥✐t❡ t✐♠❡ ❤♦r✐③♦♥ T ∗ ∈ R+✳ ❚❤❡ ✐♥✐t✐❛❧ t❡r♠ str✉❝t✉r❡ ♦❢ ❞✐s❝♦✉♥t ❜♦♥❞
♣r✐❝❡s Bd

0 ✭✐♥✐t✐❛❧ ❞✐s❝♦✉♥t ❝✉r✈❡✮ ✐s ❞❡✜♥❡❞ ❜②

Bd
0 :

{

[0, T ∗] → (0,∞)

T 7→ Bd
0(T ).

❋♦r ❛♥②m ≥ 1 ❛♥❞ ❡❛❝❤ i ∈ {1, . . . ,m}✱ ✇❡ ✐♥t❡r♣r❡t Bi
t(T ) ❛s t✐♠❡✲t ♣r✐❝❡ ♦❢ ❛ ✜❝t✐t✐♦✉s
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EURIBOR−EONIA OIS rate Spread

12m  
9m  
6m  
3m  
1m  

❋✐❣✉r❡ ✷✳✶✷✳✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♣r❡❛❞s ❜❡t✇❡❡♥ ❊❯❘■❇❖❘ ❛♥❞ ❊❖◆■❆ ❖■❙ r❛t❡s ❢♦r
❞✐✛❡r❡♥t t❡♥♦rs✳

r✐s❦② ③❡r♦✲❝♦✉♣♦♥ ❜♦♥❞ ✇✐t❤ ♠❛t✉r✐t② T ✳ ◆♦t✐❝❡ t❤❛t s✉❝❤ r✐s❦② ❜♦♥❞s ❛r❡ ♥♦t tr❛❞❡❞
❛ss❡ts ❜✉t ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❜♦♥❞s ❜❡✐♥❣ ✐ss✉❡❞ ❜② ❛♥ ❛✈❡r❛❣❡ ▲✐❜♦r ♦r ❊✉r✐❜♦r ♣❛♥❡❧
♠❡♠❜❡r✳ ❚❤❡ ✐♥✐t✐❛❧ ❝✉r✈❡ Bi

0 ✭✐♥✐t✐❛❧ ❝✉r✈❡ i✮ ✐s ❞❡✜♥❡❞ ❜②

Bi
0 :

{

[0, T ∗] → (0,∞)

T 7→ Bi
0(T ).

❚❤✐s ❝✉r✈❡ ✐s ❝♦♥str✉❝t❡❞ ❜② ❜♦♦tstr❛♣♣✐♥❣ t❡❝❤♥✐q✉❡s✳ ❆♠❡tr❛♥♦ ❛♥❞ ❇✐❛♥❝❤❡tt✐ ❬✸❪
♣r❡s❡♥t ❛ s♦♣❤✐st✐❝❛t❡❞ ❜♦♦tstr❛♣♣✐♥❣ ♠❡t❤♦❞ ✇❤✐❝❤ ❞❡❛❧s ✇✐t❤ t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ s❡t✲
t✐♥❣✳ ❚❤❡ ✐♥✐t✐❛❧ ❞✐s❝♦✉♥t ❝✉r✈❡ Bd

0 ❛♥❞ ❡✈❡r② ✐♥✐t✐❛❧ ❝✉r✈❡ Bi
0 s❡r✈❡ ❛s ✐♥❣r❡❞✐❡♥ts ♦❢ t❤❡

♠✉❧t✐♣❧❡✲❝✉r✈❡ ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧ ♦❢ ❝❤❛♣t❡r ✸✳

❲❡ ❞❡t❡r♠✐♥❡ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss rd = (rdt )t∈[0,T ∗] ♦♥ ❛ ❝♦♠♣❧❡t❡ st♦❝❤❛st✐❝ ❜❛s✐s B :=

(Ω,G ,G = (Gt)t∈[0,T ∗], P
d) s❛t✐s❢②✐♥❣ s✉✐t❛❜❧❡ ♠❡❛s✉r❛❜✐❧✐t② ♣r♦♣❡rt✐❡s✳ ❚❤✐s ♣r♦❝❡ss

♣❧❛②s t❤❡ r♦❧❡ ♦❢ t❤❡ r✐s❦✲❢r❡❡ s❤♦rt r❛t❡ ❞②♥❛♠✐❝s✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❞✐s❝♦✉♥t
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Basis spread

EONIA OIS rate      
Swap rate   
Basis spread    

❋✐❣✉r❡ ✷✳✶✸✳✿ ❊✈♦❧✉t✐♦♥ ♦❢ s✇❛♣ r❛t❡s ❢♦r s✇❛♣s ✇✐t❤ ❛ ♠❛t✉r✐t② ♦❢ ♦♥❡ ②❡❛r ❜❛s❡❞ ♦♥
t❤r❡❡✲♠♦♥t❤ ❛♥❞ ❞❛✐❧② ♣❛②♠❡♥t ❢r❡q✉❡♥❝②✳

❢❛❝t♦r ♣r♦❝❡ss βd = (βd
t )t∈[0,T ∗] ❜②

βd
t := exp

(

−
∫ t

0
rdsds

)

.

❚❤❡ ❞✐s❝♦✉♥t ❜♦♥❞ ♣r✐❝❡ ❛t ❞❛t❡ t ✇✐t❤ ♠❛t✉r✐t② T ✐s ❞❡♥♦t❡❞ ❜② Bd
t (T )✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t②

♠❡❛s✉r❡ P d ✐s s♣❡❝✐✜❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ❞✐s❝♦✉♥t❡❞ ❜♦♥❞ ♣r✐❝❡ ♣r♦❝❡ss Zd(T ) =

(Zd
t (T ))t∈[0,T ∗] ❣✐✈❡♥ ❜②

Zd
t (T ) := βd

t B
d
t (T )

✐s ❛ G✲✭❧♦❝❛❧✮ ♠❛rt✐♥❣❛❧❡ ❢♦r ❡❛❝❤ ♠❛t✉r✐t② T ∈ [0, T ∗]✳

❚❤❡ ❢♦r✇❛r❞ ♠❛rt✐♥❣❛❧❡ ♠❡❛s✉r❡ ❢♦r t❤❡ ❞❛t❡ T ∈ [0, T ∗]✱ ❞❡♥♦t❡❞ ❜② P d
T ✱ ✐s ❛ ♣r♦❜❛✲

❜✐❧✐t② ♠❡❛s✉r❡ ❞❡✜♥❡❞ ♦♥ (Ω,GT ) t❤❛t ✐s ❡q✉✐✈❛❧❡♥t t♦ P d ✭s❡❡ ❛❧s♦ ●❡♠❛♥✱ ❊❧ ❑❛r♦✉✐✱
❛♥❞ ❘♦❝❤❡t ❬✹✾❪✮✳ ■t ✐s ❝❤❛r❛❝t❡r✐s❡❞ ❜② t❤❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ r❡str✐❝t✐♦♥s
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❋✐❣✉r❡ ✷✳✶✹✳✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❝r❡❞✐t r✐s❦ ♦♥ t❤❡ ♠❛r❦❡t ❛♥♦♠❛❧✐❡s✳

♦❢ P d
T ❛♥❞ P d t♦ (Ω,GT ) t❤❛t ✐s ❣✐✈❡♥ ❜②

dP d
T

∣

∣

GT

dP d
∣

∣

GT

=
βd
T

Bd
0(T )

. ✭✷✳✶✸✮

❋♦r ❛♥② t ≤ T ✱ t❤❡ r❡str✐❝t✐♦♥ t♦ t❤❡ σ✲✜❡❧❞ Gt ✐s ♦❢ t❤❡ ❢♦r♠

dP d
T

∣

∣

Gt

dP d
∣

∣

Gt

= EP d

[

βd
T

Bd
0(T )

∣

∣

∣
Gt

]

=
βd
t B

d
t (T )

Bd
0(T )

.

◆♦t❡ t❤❛t ✐t ❝❛♥ ❜❡ ✉s❡❢✉❧ t♦ ❞❡✜♥❡ t❤❡ ❢♦r✇❛r❞ ♠❛rt✐♥❣❛❧❡ ♠❡❛s✉r❡ ♦♥ (Ω,GT ∗)✳ ❲❡
✉s❡ P d ❛♥❞ P d

T ❛s ♣r✐❝✐♥❣ ♠❡❛s✉r❡s ❤❡r❡✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥ ✇❡ s❡t t❤❡ ♥♦t✐♦♥❛❧
❛♠♦✉♥t ❡q✉❛❧ t♦ ♦♥❡✳

❋♦r✇❛r❞ ❘❛t❡ ❆❣r❡❡♠❡♥ts

▲❡t ✉s ✜① t✇♦ ❞❛t❡s T1 ∈ R+ ❛♥❞ T2 = T1 + δi✱ ✇❤❡r❡ t❤❡ t❡♥♦r δi ❝♦rr❡s♣♦♥❞s t♦ ❝✉r✈❡
i ∈ {0, 1, . . . ,m}✳ ❚❤❡ t✐♠❡ T1 ♠❡❛♥s t❤❡ ✐♥❝❡♣t✐♦♥ ❞❛t❡ ❛♥❞ T2 ✐s t❤❡ ♠❛t✉r✐t② ♦❢ t❤❡
✭♠♦❞✐✜❡❞✮ ❢♦r✇❛r❞ r❛t❡ ❛❣r❡❡♠❡♥t ✭s❡❡ ▼❡r❝✉r✐♦ ❬✻✾❪✮✳ ❚❤❡ ✜①❡❞ r❛t❡ ♦❢ t❤❡ ❋❘❆ ✐s

✹✺
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❞❡♥♦t❡❞ ❜② K ❛♥❞ t❤❡ ♣❛②♦✛ ♦❢ s✉❝❤ ❛♥ ❛❣r❡❡♠❡♥t ❛t ♠❛t✉r✐t② T2 ✐s ❣✐✈❡♥ ❜②

FRAT2(T1, T2, δ
i,K) := δi(Li

T1
(T1, T2)−K),

✇❤❡r❡ Li
T1
(T1, T2) ❞❡♥♦t❡s t❤❡ t✐♠❡✲T1 ✭s♣♦t✮ r❡❢❡r❡♥❝❡ r❛t❡ r❡❧❛t✐✈❡ t♦ ❝✉r✈❡ i✳ ❇② t❤❡

r✐s❦✲♥❡✉tr❛❧ ✈❛❧✉❛t✐♦♥ ♣r✐♥❝✐♣❧❡✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❋❘❆ ❛t t✐♠❡ t ≤ T1 ❝❛♥ t❤❡r❡❢♦r❡ ❜❡
❝❛❧❝✉❧❛t❡❞ ❛s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r✐❝✐♥❣ ♠❡❛s✉r❡ P d✳ ■t ✐s
❣✐✈❡♥ ❜②

FRAt(T1, T2, δ
i,K) := δi(βd

t )
−1

EP d

[

βd
T2
(Li

T1
(T1, T2)−K)|Gt

]

. ✭✷✳✶✹✮

❇② ✉s✐♥❣ t❤❡ ❝❤❛♥❣❡✲♦❢✲♠❡❛s✉r❡ t❡❝❤♥✐q✉❡✱ ✇❡ s✇✐t❝❤ t♦ t❤❡ ❢♦r✇❛r❞ ♠❡❛s✉r❡ P d
T2

❛♥❞
♦❜t❛✐♥

FRAt(T1, T2, δ
i,K) = δiBd

t (T2)EP d
T2

[

(Li
T1
(T1, T2)−K)|Gt

]

.

❚❤❡ r❛t❡ ❢♦r ✇❤✐❝❤ t❤❡ ✈❛❧✉❡ ♦❢ t❤✐s ❝♦♥tr❛❝t ❛t t✐♠❡ t ✐s ❡q✉❛❧ t♦ ③❡r♦ ✐s ❞❡♥♦t❡❞ ❜② Ki
t ✳

■t ❝❛♥ ♦❜✈✐♦✉s❧② ❜❡ ❡①♣r❡ss❡❞ ❛s

Ki
t = EP d

T2

[

Li
T1
(T1, T2)|Gt

]

. ✭✷✳✶✺✮

❲❡ str❡ss t❤❛t ✐♥ t❤❡ ♠✉❧t✐♣❧❡ ❝✉r✈❡ ❢r❛♠❡✇♦r❦ ✭m ≥ 1✮✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❢♦r✇❛r❞
r❡❢❡r❡♥❝❡ r❛t❡ Li(T1, T2) ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♥♦t ❛ (G, P d

T2
)✲✭❧♦❝❛❧✮ ♠❛rt✐♥❣❛❧❡✳ ❚❤✐s ❢❛❝t ✐s

✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ♠❛r❦❡t q✉♦t❡s ♦❢ t❤❡ ❝r✐s✐s ✭s❡❡ ✜❣✉r❡s ✷✳✺ ❛♥❞ ✷✳✻✮✳ ■♥ t❤❡
s✐♥❣❧❡✲❝✉r✈❡ s❡tt✐♥❣ ✭m = 0✮✱ ✇❡ ❤❛✈❡ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❢♦r♠

Kd
t = EP d

T2

[

Ld
T1
(T1, T2)|Gt

]

= Ld
t (T1, T2). ✭✷✳✶✻✮

■♥t❡r❡st ❘❛t❡ ❙✇❛♣s

▲❡t ✉s ❝♦♥s✐❞❡r ❛♥ ❡q✉✐❞✐st❛♥t ❞✐s❝r❡t❡ t❡♥♦r str✉❝t✉r❡ T i = {T0, . . . , Tn} t❤❛t ❝♦rr❡✲
s♣♦♥❞s t♦ t❤❡ ❝✉r✈❡ i ∈ {0, 1, . . . ,m} ✇✐t❤ Tn = T ∗✳ ❚❤❡ ♣❛②♦✛ ♦❢ ❛♥ ✐♥t❡r❡st r❛t❡ s✇❛♣
❢♦r t❤❡ r❡❝❡✐✈❡r ♦❢ t❤❡ ✢♦❛t✐♥❣ r❛t❡ ❛t ♣❛②♠❡♥t ❞❛t❡ Tk ✇✐t❤ k ∈ {1, . . . , n} ✐s ❣✐✈❡♥ ❜②

δi(Li
Tk−1

(Tk−1, Tk)− S),

✹✻
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✇❤❡r❡ ✇❡ s❡t δi := δi(Tk−1, Tk) ❢♦r ❛ ②❡❛r ❢r❛❝t✐♦♥ δi ❛♥❞ S ❞❡♥♦t❡s t❤❡ ✜①❡❞ r❛t❡✳ ❚❤❡
✈❛❧✉❡ ♦❢ t❤✐s s✇❛♣ ❛t t✐♠❡ t ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s

Swapt(T
i, δi) :=

n
∑

k=1

δi(βd
t )

−1
EP d

[

βd
Tk
(Li

Tk−1
(Tk−1, Tk)− S)|Gt

]

=
n
∑

k=1

δiBd
t (Tk)EP d

Tk

[

(Li
Tk−1

(Tk−1, Tk)− S)|Gt

]

=
n
∑

k=1

FRAt(Tk−1, Tk, δ
i, S). ✭✷✳✶✼✮

❚❤❡ s✇❛♣ r❛t❡ ❛t t✐♠❡ t ✇✐t❤ t ≤ T0✱ ❞❡♥♦t❡❞ ❜② Sit(T
i)✱ ✐s ❞❡✜♥❡❞ ❛s t❤❡ r❛t❡ t❤❛t

♠❛❦❡s t❤❡ t✐♠❡✲t ✈❛❧✉❡ ♦❢ t❤❡ s✇❛♣ ❡q✉❛❧ t♦ ③❡r♦✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥

Sit(T
i) =

∑n
k=1 δ

iBd
t (Tk)EP d

Tk

[

Li
Tk−1

(Tk−1, Tk)|Gt

]

∑n
k=1 δ

iBd
t (Tk)

.

■❢ ✇❡ ❝♦♥s✐❞❡r m = 0✱ ✇❡ ❣❡t t❤❡ ❝♦♠♠♦♥ ❢♦r♠✉❧❛

St(T
d) =

Bd
t (T0)−Bd

t (Tn)
∑n

k=1 δB
d
t (Tk)

.

❖✈❡r♥✐❣❤t ■♥❞❡①❡❞ ❙✇❛♣s

❚❤❡ ♦✈❡r♥✐❣❤t ✐♥❞❡①❡❞ s✇❛♣ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛♥ ✐♥t❡r❡st r❛t❡ s✇❛♣✳ ▲❡t T i =

{T0, . . . , Tn} ❜❡ ❛♥ ❡q✉✐❞✐st❛♥t ❞✐s❝r❡t❡ t❡♥♦r str✉❝t✉r❡ ❛s ❛❜♦✈❡✳ ❚❤❡ ♦✈❡r♥✐❣❤t ✢♦❛t✐♥❣
r❛t❡ ❢♦r t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [Tk−1, Tk] ❢♦r ❡✈❡r② k ∈ {1, . . . , n} ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❣✐✈❡♥ ❜②
s✐♠♣❧② ❝♦♠♣♦✉♥❞✐♥❣ t❤❡ ❝♦♥s❡❝✉t✐✈❡ ♦✈❡r♥✐❣❤t r❛t❡s ❜❡t✇❡❡♥ t❤❡ ❞❛t❡s Tk−1 ❛♥❞ Tk✳ ❲❡
✇r✐t❡ Ron(S, T ) ❢♦r t❤❡ ♦✈❡r♥✐❣❤t r❛t❡ ❜❡t✇❡❡♥ T ❛♥❞ S✱ ✇❤❡r❡ 0 ≤ S ≤ T ≤ Tn✳ ▼♦r❡
s♣❡❝✐✜❝❛❧❧②✱ ❧❡t Tk−1 = t0 < t1 < · · · < tN i = Tk ❜❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛❧ [Tk−1, Tk]

✐♥t♦ N i tr❛❞✐♥❣ ❞❛②s ✭✐✳❡✳ ❜✉s✐♥❡ss ❞❛②s✮✳ ❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✇❡ s❡t

Ron(Tk−1, Tk) =
1

δi





N i
∏

j=1

(1 + δ(tj−1, tj)R
on(tj−1, tj))− 1



 ,

✇❤❡r❡ δ ✐s ❛♥ ❛♣♣r♦♣r✐❛t❡ ②❡❛r ❢r❛❝t✐♦♥✳ ❙✐♥❝❡ t❤❡ ♦✈❡r♥✐❣❤t r❛t❡Ron(tj−1, tj) ❝❛♥ ❛ss✉♠❡❞
t♦ ❜❡ r✐s❦ ❢r❡❡ ✭❝❢✳ s✉❜s❡❝t✐♦♥ ✷✳✷✳✸✮✱ ✇❡ s❡t Ron(tj−1, tj) = rdtj−1

✳ ❲❡ ❛♣♣r♦①✐♠❛t❡ t❤❡
r❛t❡ Ron(Tk−1, Tk) ❜②

Ron(Tk−1, Tk) ≈
1

δi

(

exp

(

∫ Tk

Tk−1

rdsds

)

− 1

)

,

✹✼
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✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t

1 + δ(tj−1, tj)r
d
tj−1

∼ exp
(

δ(tj−1, tj)r
d
tj−1

)

.

❚❤❡♥✱ t❤❡ t✐♠❡✲t ✈❛❧✉❡ ♦❢ t❤❡ ✭❢♦r✇❛r❞✮ ♦✈❡r♥✐❣❤t ✐♥❞❡①❡❞ s✇❛♣ ✇✐t❤ t ≤ T0 ✐s ❣✐✈❡♥ ❜②

OISt(T
i) =

n
∑

k=1

(βd
t )

−1
EP d

[

βd
Tk
δi (Ron(Tk−1, Tk)− S)

∣

∣Gt

]

=

n
∑

k=1

EP d

[

exp

(

−
∫ Tk−1

t
rdsds

)

− exp

(

−
∫ Tk

t
rdsds

)

− exp

(

−
∫ Tk

t
rdsds

)

δiS
∣

∣Gt

]

=

n
∑

k=1

(

Bd
t (Tk−1)−Bd

t (Tk)
)

−
n
∑

k=1

δiSBd
t (Tk)

=Bd
t (T0)−Bd

t (Tn)− δiS

n
∑

k=1

Bd
t (Tk),

✇❤❡r❡ ✇❡ ❡①♣❧♦✐t t❤❡ r❡❧❛t✐♦♥

Bd
t (T ) = EP d

[

exp
(

−
∫ T

t
rdsds

)

∣

∣Gt

]

.

❚❤❡ ♦✈❡r♥✐❣❤t ✐♥❞❡①❡❞ s✇❛♣ r❛t❡ ❛t t✐♠❡ t✱ ❞❡♥♦t❡❞ ❜② Sont (T i)✱ ❞❡t❡r♠✐♥❡s t❤❡ ✈❛❧✉❡
♦❢ t❤❡ ♦✈❡r♥✐❣❤t ✐♥❞❡①❡❞ s✇❛♣ ❛t t✐♠❡ t ❡q✉❛❧ t♦ ③❡r♦✳ ■t ✐s ❣✐✈❡♥ ❜②

Sont (T i) =
Bd

t (T0)−Bd
t (Tn)

∑n
k=1 δ

iBd
t (Tk)

.

❚❤❡ ✭❢♦r✇❛r❞✮ ▲✐❜♦r✴❊✉r✐❜♦r✲❖■❙ s♣r❡❛❞ ❛t t✐♠❡ t ❢♦r t❤❡ ✐♥t❡r✈❛❧ [Tk−1, Tk] ✐s ❞❡✜♥❡❞
❜②

si,ont (Tk−1, Tk) :=Li
t(Tk−1, Tk)− Sont ({Tk−1, Tk})

=
1

δi

(

Bi
t(Tk−1)

Bi
t(Tk)

− 1

)

− Bd
t (Tk−1)−Bd

t (Tk)

δiBd
t (Tk)

=
1

δi

(

Bi
t(Tk−1)

Bi
t(Tk)

− Bd
t (Tk−1)

Bd
t (Tk)

)

=
1

δi

(

F i
t (Tk−1, Tk)− F d

t (Tk−1, Tk)
)

.

❚❤❡ ▲✐❜♦r✴❊✉r✐❜♦r✲❖■❙ s✇❛♣ s♣r❡❛❞ ❛t t✐♠❡ t ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡
t✐♠❡✲t s✇❛♣ r❛t❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❝✉r✈❡ i ❛♥❞ t❤❡ ♦✈❡r♥✐❣❤t ✐♥❞❡①❡❞ s✇❛♣ r❛t❡✳ ❋♦r♠❛❧❧②✱

✹✽
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✐t ✐s ♦❢ t❤❡ ❢♦r♠

Sit(T
i)− Sont (T i) =

∑n
k=1 δ

iBd
t (Tk)EP d

Tk

[

Li
Tk−1

(Tk−1, Tk)|Gt

]

−Bd
t (T0) +Bd

t (Tn)
∑n

k=1 δ
iBd

t (Tk)
.

❇❛s✐s ❙✇❛♣s

▲❡t i, j ∈ {0, 1, . . . ,m} ❜❡ ❣✐✈❡♥ ✇✐t❤ i ≤ j✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ ❡q✉✐❞✐st❛♥t ❞✐s❝r❡t❡ t❡♥♦r
str✉❝t✉r❡s T i = {T i

0, . . . , T
i
ni
} ❛♥❞ T j = {T j

0 , . . . , T
j
nj} ✇✐t❤ ni, nj ∈ N ❛♥❞ t❡♥♦rs δi

❛♥❞ δj ✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t ✐t ❤♦❧❞s 0 ≤ T i
0 = T j

0 ✱ T
i
ni

= T ∗ ❛♥❞ T j ⊂ T i ❢♦r ❡✈❡r②
i, j ∈ {0, 1, . . . ,m}✳ ❚❤❡ ❧❛st ❛ss✉♠♣t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢❛❝t t❤❛t T j r❡❧❛t❡s t♦ t❤❡
r✐s❦✐❡r ❝✉r✈❡ ❝♦♠♣❛r❡❞ t♦ T i ✭δi < δj✮✳

❆ ❜❛s✐s s✇❛♣ ❛❣r❡❡♠❡♥t ✐s ✉s✉❛❧❧② ✉♥❞❡rst♦♦❞ ✐♥ t✇♦ ✇❛②s✿

✶✳ ❆s t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ t✇♦ ❞✐✛❡r❡♥t ✢♦❛t✐♥❣ ❧❡❣s ✇✐t❤ ❣✐✈❡♥ ♠❛t✉r✐t②✳

✷✳ ❆s ❛ ♣♦rt❢♦❧✐♦ ♦❢ t✇♦ ✐♥t❡r❡st r❛t❡ s✇❛♣s ✇✐t❤ s❛♠❡ ✜①❡❞ ❧❡❣s ❛♥❞ ♠❛t✉r✐t② ❜✉t
✇✐t❤ ❞✐✛❡r❡♥t ✢♦❛t✐♥❣ ❧❡❣s✳

■♥ t❤❡ ✜rst ❝❛s❡✱ t❤❡ t✐♠❡✲t ✈❛❧✉❡ ♦❢ ❛ ❜❛s✐s s✇❛♣ ✇✐t❤ t ≤ T i
0 = T j

0 ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞
❜②

BS1t (T
i,T j) :=

nj
∑

k=1

δjBd
t (T

j
k )EP d

T
j
k

[

Lj

T j
k−1

(T j
k−1, T

j
k )|Gt

]

✭✷✳✶✽✮

−
ni
∑

k=1

δiBd
t (T

i
k)EP d

Ti
k

[

Li
T i
k−1

(T i
k−1, T

i
k)|Gt

]

.

❙❡❝♦♥❞❧②✱ ✇❡ ♦❜t❛✐♥

BS2t (T
i,T j) :=

[ nj
∑

k=1

δjBd
t (T

j
k )EP d

T
j
k

[

Lj

T j
k−1

(T j
k−1, T

j
k )|Gt

]

−
n
∑

k=1

δBd
t (Tk)S

j
t

]

−
[

ni
∑

k=1

δiBd
t (T

i
k)EP d

Ti
k

[

Li
T i
k−1

(T i
k−1, T

i
k)|Gt

]

−
n
∑

k=1

δBd
t (Tk)S

i
t

]

,

✇❤❡r❡ Sit ❛♥❞ S
j
t ❞❡♥♦t❡ t❤❡ t✐♠❡✲t s✇❛♣ r❛t❡s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❝♦♥tr❛❝ts ❛♥❞ T =

{T0, T1, . . . , Tn} ✐s t❤❡ t❡♥♦r str✉❝t✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✜①❡❞ ❧❡❣s✳ ▼♦t✐✈❛t❡❞ ❜②
✜❣✉r❡ ✷✳✶✸✱ ✇❡ s❡t Sjt = Sit + bst✱ ✇❤❡r❡ bst ♠❡❛♥s t❤❡ ❜❛s✐s s♣r❡❛❞ ❛t t✐♠❡ t✳ ❚❤❡♥✱ ✇❡

✹✾
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❣❡t

BS2t (T
i,T j) :=

nj
∑

k=1

δjBd
t (T

j
k )EP d

T
j
k

[

Lj

T j
k−1

(T j
k−1, T

j
k )|Gt

]

−
n
∑

k=1

δBd
t (Tk) · bst

−
ni
∑

k=1

δiBd
t (T

i
k)EP d

Ti
k

[

Li
T i
k−1

(T i
k−1, T

i
k)|Gt

]

. ✭✷✳✶✾✮

❚❤✐s ❢♦r♠✉❧❛ ✐♠♣❧✐❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❜❛s✐s s♣r❡❛❞ t❤❛t s❡ts t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❜❛s✐s s✇❛♣
❡q✉❛❧ t♦ ③❡r♦✿

bst =

∑nj

k=1 δ
jBd

t (T
j
k )EP d

T
j
k

[

Lj

T j
k−1

(T j
k−1, T

j
k )|Gt

]

−∑ni

k=1 δ
iBd

t (T
i
k)EP d

Ti
k

[

Li
T i
k−1

(T i
k−1, T

i
k)|Gt

]

∑n
k=1 δB

d
t (Tk)

.

❈❛♣s ❛♥❞ ❋❧♦♦rs

▲❡t T i = {T0, . . . , Tn} ❜❡ ❛♥ ❡q✉✐❞✐st❛♥t ❞✐s❝r❡t❡ t❡♥♦r str✉❝t✉r❡ r❡❧❛t❡❞ t♦ ❝✉r✈❡ i ∈
{0, 1, . . . ,m}✳ ❚❤❡ ♣❛②♦✛ ♦❢ ❛ ❝❛♣ ✇✐t❤ str✐❦❡ K ❛t t✐♠❡ Tk ❢♦r ❡✈❡r② k ∈ {1, . . . , n} ✐s
t❤❡♥ ❣✐✈❡♥ ❜②

δi(Li
Tk−1

(Tk−1, Tk)−K)+,

✇❤❡r❡ ✇❡ ❞❡✜♥❡ f+ := max{f, 0} ❢♦r ❛♥② ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ✳ ❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ♣❛②♦✛
♦❢ ❛ ✢♦♦r ✇✐t❤ t❤❡ s❛♠❡ ❝♦♥tr❛❝t✉❛❧ ❢❡❛t✉r❡s ✐s

δi(K − Li
Tk−1

(Tk−1, Tk))
+.

❚❤❡ t✐♠❡✲t ♣r✐❝❡ ♦❢ ❛ ❝❛♣ ❢♦r t ≤ T0 ❛♥❞ ✇✐t❤ str✐❦❡ K ✐s ❞❡t❡r♠✐♥❡❞ ❜②

Capt(T
i, δi,K) :=

n
∑

k=1

(βd
t )

−1
EP d

[

βd
Tk
δi(Li

Tk−1
(Tk−1, Tk)−K)+|Gt

]

✭✷✳✷✵✮

=
n
∑

k=1

δiBd
t (Tk)EP d

Tk

[

(Li
Tk−1

(Tk−1, Tk)−K)+|Gt

]

✭✷✳✷✶✮

❛♥❞ t❤❡ r❡❧❛t❡❞ ❝❛♣❧❡t ♣r✐❝❡ ✐s ❣✐✈❡♥ ❜②

Cplt(Tk−1, Tk,K) := δiBd
t (Tk)EP d

Tk

[

(Li
Tk−1

(Tk−1, Tk)−K)+|Gt

]

.
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❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ✢♦♦r ❛s

Floort(T
i, δi,K) :=

n
∑

k=1

(βd
t )

−1
EP d

[

βd
Tk
δi(K − Li

Tk−1
(Tk−1, Tk))

+|Gt

]

=

n
∑

k=1

δiBd
t (Tk)EP d

Tk

[

(K − Li
Tk−1

(Tk−1, Tk))
+|Gt

]

❛♥❞ t❤❡ ✢♦♦r❧❡t ♣r✐❝❡ ❛s

Fltt(Tk−1, Tk,K) := δiBd
t (Tk)EP d

Tk

[

(K − Li
Tk−1

(Tk−1, Tk))
+|Gt

]

.

◆♦t✐❝❡ t❤❛t ❢♦r m ≥ 1 t❤❡ ❝❛♣❧❡t ✭✢♦♦r❧❡t✮ ❝❛♥ ♥♦t ❜❡ ✇r✐tt❡♥ ❛s ❛ ♣✉t ✭❝❛❧❧✮ ♦♣t✐♦♥ ♦♥
❛ ❜♦♥❞ ✐♥ t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ s❡tt✐♥❣ ❛s ✐t ✐s ❝❧❛ss✐❝❛❧❧② ❞♦♥❡ ✐♥ t❤❡ s✐♥❣❧❡✲❝✉r✈❡ ❢r❛♠❡✇♦r❦
✭s❡❡ ▼✉s✐❡❧❛ ❛♥❞ ❘✉t❦♦✇s❦✐ ❬✼✺✱ ❙❡❝t✐♦♥ ✶✷✳✷❪✮✳

❉✐❣✐t❛❧ ❖♣t✐♦♥s

▲❡t ✉s ✜① t❤❡ ❞❛t❡s T1 ∈ R+ ❛♥❞ T2 = T1 + δi ✇✐t❤ t❡♥♦r δi r❡❧❛t❡❞ t♦ ❝✉r✈❡ i ∈
{0, 1, . . . ,m}✳ ❚❤❡ t✐♠❡✲T1 ✈❛❧✉❡ ♦❢ ❛ st❛♥❞❛r❞ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ✐s ❣✐✈❡♥ ❜②

SDi
T1
(T1, T2, B,w) := ✶{wLi

T1
(T1,T2)>wB},

✇❤❡r❡ ✇❡ s❡t

w =

{

1, ❢♦r ❛ ❞✐❣✐t❛❧ ❝❛❧❧

−1, ❢♦r ❛ ❞✐❣✐t❛❧ ♣✉t.

❚❤❡♥✱ t❤❡ t✐♠❡✲t ♣r✐❝❡ ♦❢ t❤✐s ❞❡r✐✈❛t✐✈❡ ❢♦r ❡✈❡r② t ≤ T1 ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s

SDi
t(T1, T2, B,w) := (βd

t )
−1

EP d

[

βd
T1
✶{wLi

T1
(T1,T2)>wB}|Gt

]

= Bd
t (T1)EP d

T1

[

✶{wLi
T1

(T1,T2)>wB}|Gt

]

.

▲❡t T ∈ R+ ❜❡ s✉❝❤ t❤❛t T1 ≤ T ✳ ❚❤❡ t✐♠❡✲T ✈❛❧✉❡ ♦❢ ❛ ❞❡❧❛②❡❞ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ✐s ❣✐✈❡♥
❜②

DDi
T (T1, T2, T, B,w) := ✶{wLi

T1
(T1,T2)>wB}, ✭✷✳✷✷✮

✇❤❡r❡ ✇❡ ❤❛✈❡

w =

{

1, ❢♦r ❛ ❞❡❧❛②❡❞ ❞✐❣✐t❛❧ ❝❛❧❧

−1, ❢♦r ❛ ❞❡❧❛②❡❞ ❞✐❣✐t❛❧ ♣✉t.

✺✶
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❲❡ ❣❡t ✐ts r✐s❦✲♥❡✉tr❛❧ ♣r✐❝❡ ❛t t✐♠❡ t ≤ T1 ❛s

DDi
t(T1, T2, T, B,w) := (βd

t )
−1

EP d

[

βd
T✶{wLi

T1
(T1,T2)>wB}|Gt

]

= Bd
t (T )EP d

T

[

✶{wLi
T1

(T1,T2)>wB}|Gt

]

.

❚❤❡ ✈❛❧✉❡ ♦❢ ❛ ❞❡❧❛②❡❞ r❛♥❣❡ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ❛t t✐♠❡ T ✇✐t❤ ❜❛rr✐❡rs B,B s❛t✐s❢②✐♥❣
0 < B < B ✐s

DRDi
T (T1, T2, T, B,B) := ✶{B<Li

T1
(T1,T2)<B}

= ✶{B<Li
T1

(T1,T2)}
+ ✶{Li

T1
(T1,T2)<B} − 1.

❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ t✐♠❡✲t ♣r✐❝❡ ❢♦r ❛♥② t ≤ T ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜②

DRDi
t(T, T1, T2, B,B) := DDi

t(T1, T2, T, B, 1) + DDi
t(T1, T2, T, B,−1)−Bd

t (T ).

✭✷✳✷✸✮

✷✳✸✳ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

❲❡ ❜r✐❡✢② ❞❡s❝r✐❜❡ t❤❡ ♠❡t❤♦❞ t♦ ❛♣♣❧② t❤❡ t✇♦✲♣r✐❝❡ t❤❡♦r② ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✶
t♦ t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤✳ ❚♦ t❤✐s ❡♥❞✱ ❧❡t ✉s ♣♦st✉❧❛t❡ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❢♦r
t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ ❢✉♥❞❛♠❡♥t❛❧ q✉❛♥t✐t② ♦❢ t❤❡ ✜①❡❞ ✐♥❝♦♠❡ ♠❛r❦❡t✱ s❛② Li(T i

k−1, T
i
k)

❢♦r ❡✈❡r② i ∈ {0, 1, . . . ,m} ❛♥❞ T i
k−1, T

i
k ∈ T i = {T i

0, . . . , T
i
ni
}✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❛❧❧

st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ❛♥❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛r❡ ❞❡✜♥❡❞ ♦♥ ❛ ❝♦♠♣❧❡t❡ st♦❝❤❛st✐❝ ❜❛s✐s
(Ω,G ,G = (Gt)t∈[0,T ∗], P

d) ✭❝❢✳ s❡❝t✐♦♥ ✷✳✷✮✳

■♥ ❣❡♥❡r❛❧✱ t❤❡ ❞✐s❝♦✉♥t❡❞ ♣❛②♦✛ ♦❢ ❛♥ ✐♥t❡r❡st r❛t❡ ❞❡r✐✈❛t✐✈❡ ✐s ♦❢ ❝♦♠♣❧✐❝❛t❡❞ ♥❛t✉r❡✳
❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ❝✐r❝✉♠st❛♥❝❡ ✐s t❤❡ ♦❝❝✉rr✐♥❣ st♦❝❤❛st✐❝ ❞✐s❝♦✉♥t ❢❛❝t♦r ❢♦r t❤❡ ♣r❡s❡♥t
♣r✐❝❡ ✭t = 0✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r✐❝✐♥❣ ♠❡❛s✉r❡ P d ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❡q✉❛t✐♦♥
✭✷✳✷✵✮✮✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ s✇✐t❝❤ t♦ t❤❡ ❢♦r✇❛r❞ ♠❡❛s✉r❡ P d

T ✳ ❚❤❡♥✱ t❤❡
❞✐s❝♦✉♥t ❢❛❝t♦r ♦❢ t❤❡ ♣r❡s❡♥t ♣r✐❝❡ ❜❡❝♦♠❡s ❞❡t❡r♠✐♥✐st✐❝✱ ♥❛♠❡❧② Bd

0(T )✱ ❛♥❞ t❤❡ ❢♦r♠
♦❢ t❤❡ ❞✐s❝♦✉♥t❡❞ ♣❛②♦✛ s✐♠♣❧✐✜❡s ❝♦♥s✐❞❡r❛❜❧② ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❡q✉❛t✐♦♥ ✭✷✳✷✶✮✮✳ ❲✐t❤
t❤✐s ❛♣♣r♦❛❝❤✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❛♣♣❧② t❤❡ t✇♦✲♣r✐❝❡ t❤❡♦r② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢♦r✇❛r❞
♠❡❛s✉r❡ P d

T ✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ✉s❡ ❛ ❲❡✐❣❤t❡❞ ❱❛❧✉❡ ❛t ❘✐s❦ ❛❝❝❡♣t❛❜✐❧✐t② ✐♥❞❡① αW t❤❛t
✐s ❝♦♥str✉❝t❡❞ ❜② ❛ ♣r♦♣❡r ❢❛♠✐❧② (Ψx)x≥0 ♦❢ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥s✳

✷✳✹✳ ❈❛❧✐❜r❛t✐♦♥ Pr♦❝❡❞✉r❡

❲❡ ✇✐❧❧ ❝❛❧✐❜r❛t❡ ♦✉r t❡r♠ str✉❝t✉r❡ ♠♦❞❡❧ t♦ ♠❛r❦❡t ❞❛t❛✳ ❚❤❡r❡❢♦r❡✱ ❛ ❝❛❧✐❜r❛t✐♦♥
♣r♦❝❡❞✉r❡ t❤❛t ❞❡❛❧s ✇✐t❤ t❤❡ t✇♦✲♣r✐❝❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ s❡tt✐♥❣ ✐s ♣r❡s❡♥t❡❞✳

▲❡t Πmkt
ask (η)✱ Πmkt

mid (η) ❛♥❞ Πmkt
bid (η) ❜❡ ❣✐✈❡♥ ❛s❦✱ ♠✐❞ ❛♥❞ ❜✐❞ ♠❛r❦❡t ♣r✐❝❡s ♦❢ t❤❡

✺✷



✷✳✹✳ ❈❛❧✐❜r❛t✐♦♥ Pr♦❝❡❞✉r❡

❝♦♥s✐❞❡r❡❞ ❞❡r✐✈❛t✐✈❡✳ ❚❤❡ ❢❛❝t♦r η ∈ H ❞❡♥♦t❡s ❛ ❝❡rt❛✐♥ ❝♦♥tr❛❝t✉❛❧ ❢❡❛t✉r❡ ❢♦r ❛ ✜♥✐t❡
s❡t H✳ ❋♦r ✐♥st❛♥❝❡✱ H ❝♦✉❧❞ ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ♠❛t✉r✐t✐❡s ❛♥❞ str✐❦❡ r❛t❡s✿

H = {(T,K) : T ∈ {1, 2, . . . , 10},K ∈ {0.0175, 0.02, 0.025, 0.03, 0.04, . . . , 0.1}}.

❲❡ ♣♦st✉❧❛t❡ ❛ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧ ✐♥ ❛ t✇♦✲♣r✐❝❡ ❡❝♦♥♦♠②✳ ❚❤❡✐r ❛s❦✱
♠✐❞ ❛♥❞ ❜✐❞ ♠♦❞❡❧ ♣r✐❝❡s ❛r❡ r❡❢❡rr❡❞ t♦ ❛s Πmdl

ask (θ, η, γ)✱ Π
mdl
mid(θ, η) ❛♥❞ Πmdl

bid (θ, η, γ)✳
❲❡ ❞❡♥♦t❡ ❜② Θ t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛♥❞ θ ∈ Θ✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t
❛t ❧❡❛st t❤❡ ♠✐❞ ♣r✐❝❡s ❝❛♥ ❜❡ ♥✉♠❡r✐❝❛❧❧② ❡✈❛❧✉❛t❡❞ ❢❛st ❛♥❞ t❤✉s ❛❧❧♦✇ t♦ ❝❛❧✐❜r❛t❡ t❤❡
♠♦❞❡❧ t♦ ✭♠✐❞✮ ♠❛r❦❡t ❞❛t❛✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❛♣♣❧② t❤❡ ❋♦✉r✐❡r ❜❛s❡❞ ✈❛❧✉❛t✐♦♥ ♠❡t❤♦❞✳
❚♦ t❤✐s ❡♥❞✱ t❤❡ ❘✲♣❛❝❦❛❣❡ ✬Pr❛❝♠❛✬ ❝r❡❛t❡❞ ❜② ❇♦r❝❤❡rs ❬✽✼❪ ✐s ✈❡r② ✉s❡❢✉❧ t♦ ❝♦♠♣✉t❡
t❤❡ r❡❧❡✈❛♥t ✐♥t❡❣r❛❧s✳

❚❤❡ ♣❛r❛♠❡t❡r γ ≥ 0 ✐s ❛ ✜①❡❞ ❧❡✈❡❧ ♦❢ ❛❝❝❡♣t❛❜✐❧✐t②✳ ❘❡❝❛❧❧ t❤❛t γ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞
❛s t❤❡ ❝✉rr❡♥t ❧❡✈❡❧ ♦❢ ♠❛r❦❡t ✭✐❧✮❧✐q✉✐❞✐t②✳ ■t ✐s r❡❧❛t❡❞ t♦ ❛ ❝❡rt❛✐♥ ❞✐s❝♦✉♥t❡❞ ♣❛②♦✛ ♦❢
❛ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ ❛ ❣✐✈❡♥ ♠❛t✉r✐t②✳ ❖❜s❡r✈❡ t❤❛t ✐t s❤♦✉❧❞ ❤♦❧❞

Πmdl
ask (θ, η, 0) = Πmdl

mid(θ, η) = Πmdl
bid (θ, η, 0).

❖✉r ❝❛❧✐❜r❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ♠❛❞❡ ✐♥ t✇♦ st❡♣s✳ ❚❤❡ r❡❛s♦♥ t♦ ♣r♦❝❡❡❞ ✐♥ t❤✐s ♠❛♥♥❡r
✐s t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥s ♦❢ t❤❡ ❛s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡ ❢♦r♠✉❧❛s ❛r❡ ❡①tr❡♠❡❧② t✐♠❡✲
❝♦♥s✉♠✐♥❣ ✐♥ ❣❡♥❡r❛❧✳ ■♥ ♦✉r ❛♣♣r♦❛❝❤✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝❛❧✐❜r❛t❡ t❤❡ ♣❛r❛♠❡t❡r γ t♦ t❤❡
❛s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡s✳ ❚❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs ❛r❡ ✜tt❡❞ ✐♥ t❤❡ ✜rst st❡♣✳

✶✳ ❋✐rst✱ ✇❡ ♠✐♥✐♠✐s❡ t❤❡ t❡r♠

O1(θ,H) :=
∑

η∈H

(

Πmdl
mid(θ, η)−Πmkt

mid (η)
)2

♦✈❡r ❛❧❧ ❛❞♠✐ss✐❜❧❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs Θ✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② θ̂ t❤❡ ♣❛r❛♠❡t❡r s✉❝❤
t❤❛t

O1(θ̂, H) =
∑

η∈H

(

Πmdl(θ̂, η)−Πmkt
mid (η)

)2

= min
θ∈Θ

∑

η∈H

(

Πmdl
mid(θ, η)−Πmkt

mid (η)
)2

. ✭✷✳✷✹✮

✷✳ ■♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ ♣❛r❛♠❡t❡r γ̂ ≥ 0 s❛t✐s❢②✐♥❣

O2(γ̂, θ̂, H̄T ) = min
γ≥0

O2(γ, θ̂, H̄T ), ✭✷✳✷✺✮

✺✸



✷✳ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r② ✐♥ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❚❡r♠ ❙tr✉❝t✉r❡ ▼♦❞❡❧s

✇❤❡r❡ T ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛t✉r✐t② ♦❢ t❤❡ ❝♦♥tr❛❝t✱ H̄T ⊂ H ❛♥❞

O2(γ, θ,H) :=
∑

η∈H

[

(

Πmdl
ask (θ, η, γ)−Πmkt

ask (η)
)2

+
(

Πmdl
bid (θ, η, γ)−Πmkt

bid (η)
)2
]

.

❚❤❡ r❡s✉❧t✐♥❣ ❢❛❝t♦rs θ̂ ❛♥❞ γ̂ ❛r❡ t❤❡ ❝❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡rs ✇❤❡r❡ γ̂ ✐s r❡❧❛t❡❞ t♦ ❛ ❝❡rt❛✐♥
✭❞✐st♦rt❡❞✮ ♣r✐❝✐♥❣ ♠❡❛s✉r❡ ❛♥❞ t❤❡ ♠❛t✉r✐t② T ✭s❡❡ t❤❡ ❡①♣❧❛♥❛t✐♦♥s ✐♥ s❡❝t✐♦♥ ✷✳✶✮✳ ❲❡
✉s❡ ❛ ♠♦❞✐✜❡❞ P♦✇❡❧❧ ♠❡t❤♦❞ ❢♦r t❤❡ ♠✐♥✐♠✐s✐♥❣ ♣r♦❜❧❡♠s ✭✷✳✷✹✮ ❛♥❞ ✭✷✳✷✺✮ ✭❝❢✳ P♦✇❡❧❧
❬✼✽❪✮✳ ❲❡ str❡ss t❤❛t ✇❡ ❥✉st ♦❜t❛✐♥ ❧♦❝❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡ ♠✐♥✐♠✐s✐♥❣ ♣r♦❜❧❡♠s ❜② ♦✉r
♠❡t❤♦❞✳

✺✹



❈❍❆P❚❊❘

❚❍❘❊❊

❚❍❊ ▼❯▲❚■P▲❊✲❈❯❘❱❊ ▲➱❱❨ ❋❖❘❲❆❘❉ ❘❆❚❊ ▼❖❉❊▲
❲■❚❍ ❆PP▲■❈❆❚■❖◆ ❖❋ ❚❍❊ ❚❲❖✲P❘■❈❊ ❚❍❊❖❘❨

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ▲é✈② ❢♦r✇❛r❞ r❛t❡ ♠♦❞❡❧✳ ❚❤❡ ▲é✈② ❢♦r✇❛r❞
r❛t❡ ♠♦❞❡❧ ✇❛s ♦r✐❣✐♥❛❧❧② ✐♥tr♦❞✉❝❡❞ ❜② ❊❜❡r❧❡✐♥ ❛♥❞ ❘❛✐❜❧❡ ❬✸✽❪ ❛♥❞ ❡①t❡♥❞❡❞ t♦ t✐♠❡✲
✐♥❤♦♠♦❣❡♥❡♦✉s ▲é✈② ♣r♦❝❡ss❡s ❜② ❊❜❡r❧❡✐♥✱ ❏❛❝♦❞✱ ❛♥❞ ❘❛✐❜❧❡ ❬✸✾❪ ❛♥❞ ❊❜❡r❧❡✐♥ ❛♥❞
❑❧✉❣❡ ❬✸✸❪✳ ❖✉r ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❡①t❡♥s✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✇♦r❦ ♦❢ ❈ré♣❡②✱ ●r❜❛❝✱ ❛♥❞
◆❣✉②❡♥ ❬✷✸❪✳ ❲❡ ❛❧s♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❝✉r✈❡s✳ ❆ tr❛❝t❛❜❧❡
♠♦❞❡❧ ❢r❛♠❡✇♦r❦ t❤❛t ✐♥❝❧✉❞❡s t❤✐s ❢❛❝t ✐s s♣❡❝✐✜❡❞✳ ❲❡ ❡♠♣❤❛s✐s❡ t❤❛t t❤❡ ✐♥t❡r❡st
r❛t❡s ❛r❡ ♣❡r♠✐tt❡❞ t♦ ❜❡❝♦♠❡ ♥❡❣❛t✐✈❡ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❝✉rr❡♥t ♠❛r❦❡t s✐t✉❛t✐♦♥✳
▼♦r❡♦✈❡r✱ ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛s ♦❢ ✐♥t❡r❡st r❛t❡ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ t✇♦✲
♣r✐❝❡ t❤❡♦r② ❛r❡ st❛t❡❞✳

✸✳✶✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ✜♥✐t❡ t✐♠❡ ❤♦r✐③♦♥ T ∗ ∈ R+✱ d ∈ N
∗ = {1, 2, 3, . . . } ❛♥❞ ❛ ❝♦♠♣❧❡t❡

st♦❝❤❛st✐❝ ❜❛s✐s B̂ := (Ω̂, F̂ , F̂ = (F̂t)t∈[0,T ∗], P̂
d)✳ ❆s ❞r✐✈✐♥❣ ♣r♦❝❡ss ♦❢ t❤❡ ♠♦❞❡❧

✇❡ ❛ss✉♠❡ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ▲é✈② ♣r♦❝❡ss L = (L1, . . . , Ld)T✳ ■♥ t❤❡
♠✉❧t✐♣❧❡✲❝✉r✈❡ s❡tt✐♥❣✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❞✐s❝♦✉♥t ❝✉r✈❡ 0 ✭♦r d✱ r❡s♣❡❝t✐✈❡❧②✮ ❛♥❞ m ❞✐✛❡r❡♥t
t❡r♠ str✉❝t✉r❡s ♦❢ ✐♥t❡r❡st r❛t❡s✱ ✇❤❡r❡ ✇❡ ❤❛✈❡m ∈ N = {0, 1, 2, 3, . . . } ✭s❡❡ s❡❝t✐♦♥ ✷✳✷✮✳
❘❡❝❛❧❧ t❤❛t t❤✐s ❢r❛♠❡✇♦r❦ ❝♦♥t❛✐♥s t❤❡ s✐♥❣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤ t❤❛t ✇❛s ✉s❡❞ ❜❡❢♦r❡ t❤❡
❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ❜② s❡tt✐♥❣ m = 0 ❛♥❞ t❤❡ t❡r♠ str✉❝t✉r❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡
❜♦♥❞ ❝✉r✈❡s✳

✸✳✶✳✶✳ ❉✐s❝♦✉♥t ❈✉r✈❡

▲❡t ✉s ❜❡❣✐♥ ✇✐t❤ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝♦✉♥t ❝✉r✈❡✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❝♦♥s✐❞❡r ❛♥
❛r❜✐tr❛r② ❡q✉✐❞✐st❛♥t ❞✐s❝r❡t❡ t❡♥♦r str✉❝t✉r❡ T d := {T0, . . . , Tn}✳ ❘❡❝❛❧❧ t❤❛t t❤✐s ♠❡❛♥s

✺✺



✸✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

t❤❛t ✇❡ ❤❛✈❡ n ∈ N
∗✱ T0 < · · · < Tn ❛♥❞ Tn = T ∗✳ ❲❡ ❞❡♥♦t❡ ❜② δ := δ(Tk−1, Tk) t❤❡

②❡❛r ❢r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞❛t❡s Tk−1 ❛♥❞ Tk✳ ❆s ✉s✉❛❧✱ ✐t ✐s ❝❛❧❧❡❞ t❤❡ t❡♥♦r ♦❢ T d✳ ❚❤❡
t✐♠❡✲t r✐s❦✲❢r❡❡ ③❡r♦✲❝♦✉♣♦♥ ❜♦♥❞ ♣r✐❝❡ ♠❛t✉r✐♥❣ ❛t ❞❛t❡ T ∈ [0, T ∗] ✐s ❞❡♥♦t❡❞ ❜② Bd

t (T )

✭❞✐s❝♦✉♥t ❜♦♥❞✮✳ ❲❡ ❞❡♥♦t❡ ❜② P t❤❡ ♣r❡❞✐❝t❛❜❧❡ σ✲✜❡❧❞ ♦♥ Ω̂× [0, T ∗] ✇❤✐❝❤ ✐s ❞❡✜♥❡❞
❛s t❤❡ σ✲✜❡❧❞ ♦♥ Ω̂ × [0, T ∗] ❣❡♥❡r❛t❡❞ ❜② ❛❧❧ ❛❞❛♣t❡❞ ♣r♦❝❡ss❡s t❤❛t ❛r❡ ❧❡❢t✲❝♦♥t✐♥✉♦✉s
❛♥❞ ❝♦♥s✐❞❡r❡❞ ❛s ♠❛♣♣✐♥❣s ♦♥ Ω̂× [0, T ∗] ✭❝❢✳ ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻✱ ❉❡✜♥✐t✐♦♥ ■✳✷✳✶❪✮✳
❚❤❡ ♦♣t✐♦♥❛❧ σ✲✜❡❧❞ O ♦♥ Ω̂ × [0, T ∗] ✐s ❞❡✜♥❡❞ ❛s t❤❡ σ✲✜❡❧❞ ♦♥ Ω̂ × [0, T ∗] ✇❤✐❝❤ ✐s
❣❡♥❡r❛t❡❞ ❜② ❛❧❧ ❝à❞❧à❣ ❛❞❛♣t❡❞ ♣r♦❝❡ss❡s ❝♦♥s✐❞❡r❡❞ ❛s ♠❛♣♣✐♥❣s ♦♥ Ω̂ × [0, T ∗] ✭❝❢✳
❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻✱ ❉❡✜♥✐t✐♦♥ ■✳✶✳✷✵❪✮✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐♦♥❛❧ ✐♥❣r❡❞✐❡♥ts ❛r❡ ♥❡❡❞❡❞ t♦ ❞❡✈❡❧♦♣ t❤❡ ♠♦❞❡❧ ❢♦r t❤❡ ❞✐s❝♦✉♥t

❝✉r✈❡✿

✭D.1✮ ❚❤❡ ✐♥✐t✐❛❧ ❞✐s❝♦✉♥t ❝✉r✈❡ Bd
0 ❞❡✜♥❡❞ ❜②

Bd
0 :

{

[0, T ∗] → (0,∞)

T 7→ Bd
0(T )

✐s ❣✐✈❡♥✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❞✐s❝♦✉♥t ❝✉r✈❡ ✐s ❜✉✐❧t ❜② ✉s✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❜♦♦tstr❛♣✲
♣✐♥❣ t❡❝❤♥✐q✉❡✳ ❆ ❣❡♥❡r❛❧ ❡①♣❧❛♥❛t✐♦♥ ♦❢ ❛ ❜♦♦tstr❛♣♣✐♥❣ ♠❡t❤♦❞ ✐s ❣✐✈❡♥ ❜② ❍✉❧❧ ❬✺✺❪
❛♥❞ ❆♠❡tr❛♥♦ ❛♥❞ ❇✐❛♥❝❤❡tt✐ ❬✸❪✳ ❖♥❡ t②♣✐❝❛❧❧② t❛❦❡s t❤❡ ❖■❙✲③❡r♦✲❝♦✉♣♦♥ ❜♦♥❞ ❛s ❛♥
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ Bd

0 ✳

✭D.2✮ ❲❡ ❝♦♥s✐❞❡r ❛ ❞r✐❢t ❢✉♥❝t✐♦♥ αd ❛♥❞ ❛ ✈♦❧❛t✐❧✐t② str✉❝t✉r❡ σd ❞❡✜♥❡❞ ❜②

αd :

{

Ω̂× [0, T ∗]× [0, T ∗] → R

(ω̂, s, T ) 7→ αd(ω̂, s, T )

❛♥❞

σd :

{

Ω̂× [0, T ∗]× [0, T ∗] → R
d

(ω̂, s, T ) 7→ σd(ω̂, s, T ) = (σd
1(ω̂, s, T ), . . . , σ

d
d(ω̂, s, T ))

✇❤✐❝❤ s❛t✐s❢② t❤❡ ✉s✉❛❧ ♠❡❛s✉r❛❜✐❧✐t② ❛♥❞ ❜♦✉♥❞❡❞♥❡ss ❝♦♥❞✐t✐♦♥s ✭❝❢✳ ❊❜❡r❧❡✐♥✱
❏❛❝♦❞✱ ❛♥❞ ❘❛✐❜❧❡ ❬✸✾❪✮✿

✭✐✮ αd ❛♥❞ σd = (σd
1 , . . . , σ

d
d) ❛r❡ ♠❡❛s✉r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ P ⊗ B([0, T ∗])✳

✭✐✐✮ ❚❤❡ r❛♥❞♦♠ ❢✉♥❝t✐♦♥s ❛r❡ ❜♦✉♥❞❡❞ ❢♦r ❡❛❝❤ ω̂ ∈ Ω̂ ✐♥ t❤❡ s❡♥s❡ ♦❢

sup
0≤s,T≤T ∗

(

|αd(ω̂, s, T )|+ ‖σd(ω̂, s, T )‖
)

< ∞,

✇❤❡r❡ ‖ · ‖ ❞❡♥♦t❡s t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ❤❡r❡✳

✺✻



✸✳✶✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧

✭✐✐✐✮ ❋♦r ❡✈❡r② (ω̂, s, T ) ∈ Ω̂× [0, T ∗]× [0, T ∗] ✇✐t❤ T < s✱ ✇❡ ❤❛✈❡ αd(ω̂, s, T ) = 0

❛♥❞ σd(ω̂, s, T ) = (0, . . . , 0)✳

▲❡t ✉s ♣♦st✉❧❛t❡ t❤❛t✱ ❢♦r ❡✈❡r② ✜①❡❞ ♠❛t✉r✐t② T ∈ [0, T ∗]✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝♦✉♥t
✐♥st❛♥t❛♥❡♦✉s ❢♦r✇❛r❞ r❛t❡s fd(T ) = (fd

t (T ))t∈[0,T ] ❛r❡ ♠♦❞❡❧❧❡❞ ❛s

fd
t (T ) = fd

0 (T ) +

∫ t

0
αd(s, T )ds−

∫ t

0
σd(s, T )dLs. ✭✸✳✶✮

❚❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s fd
0 (T ) ❛r❡ ❛ss✉♠❡❞ t♦ ❢♦r♠ ❛ ❞❡t❡r♠✐♥✐st✐❝✱ ❜♦✉♥❞❡❞ ❛♥❞ (B([0, T ∗]),B(R))✲

♠❡❛s✉r❛❜❧❡ ♠❛♣♣✐♥❣

[0, T ∗] ∋ T 7→ fd
0 (T ) ∈ R.

■t ✐s s❤♦✇♥ ❜② ❊❜❡r❧❡✐♥✱ ❏❛❝♦❞✱ ❛♥❞ ❘❛✐❜❧❡ ❬✸✾❪ t❤❛t ✉♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s ✇❡
❝❛♥ ✜♥❞ ❛ ❥♦✐♥t✲✈❡rs✐♦♥ ♦❢ ❛❧❧ fd

t (T ) s✉❝❤ t❤❛t t❤❡ ♠❛♣ (ω̂, t, T ) 7→ fd
t (ω̂, T )✶{t≤T} ✐s

O ⊗ B([0, T ∗])✲♠❡❛s✉r❛❜❧❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛♥ ❜✉✐❧❞ ❛♥ ✐♥t❡❣r❛❧ ✇✐t❤ t❤❡ ❢♦r✇❛r❞
r❛t❡ ❛s ✐♥t❡❣r❛♥❞✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦r✇❛r❞ r❛t❡ ❞②♥❛♠✐❝s ✭✸✳✶✮ ❛♥❞ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢
❋✉❜✐♥✐✬s ❚❤❡♦r❡♠ ✭❝❢✳ Pr♦tt❡r ❬✼✾✱ ❚❤❡♦r❡♠ ✻✹❪✮ t❤❛t t❤❡ ❜♦♥❞ ♣r✐❝❡ Bd

t (T ) ❛t t✐♠❡ t

❣✐✈❡♥ ❜②

Bd
t (T ) = exp

(

−
∫ T

t
fd
t (u)du

)

✭✸✳✷✮

❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

Bd
t (T ) = Bd

0(T ) exp

(∫ t

0
(rds −Ad(s, T ))ds+

∫ t

0
Σd(s, T )dLs

)

, ✭✸✳✸✮

✇❤❡r❡ t❤❡ s❤♦rt r❛t❡ rdt ❛t t✐♠❡ t ✐s s♣❡❝✐✜❡❞ ❜② rdt = fd
t (t) ❛♥❞ ✇❡ s❡t

Ad(s, T ) :=

∫ T

s∧T
αd(s, u)du ❛♥❞ Σd(s, T ) :=

∫ T

s∧T
σd(s, u)du ✭✸✳✹✮

✭❝❢✳ ❊❜❡r❧❡✐♥ ❛♥❞ ❑❧✉❣❡ ❬✸✸❪✮✳ ◆♦t❡ t❤❛t t❤❡ ✐♥t❡❣r❛❧
∫ T
s∧T σd(s, u)du ✐s ❝❧❡❛r❧② ✉♥❞❡rst♦♦❞

❝♦♠♣♦♥❡♥t✇✐s❡ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s fd
0 (T ) ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ r❡❧❛t✐♦♥

fd
0 (T ) = −∂ lnBd

0(T )

∂T

✐❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ❡①✐sts✳

✺✼



✸✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

❚❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r ♣r♦❝❡ss βd = (βd
t )t∈[0,T ∗] ❣✐✈❡♥ ❜②

βd
t = exp

(

−
∫ t

0
rdsds

)

✐s ❛♥ ❛❞❛♣t❡❞ ♣r♦❝❡ss ✇✐t❤ ❝♦♥t✐♥✉♦✉s ♣❛t❤s✳ ■t ❝❛♥ ♦❜✈✐♦✉s❧② ❜❡ ✇r✐tt❡♥ ❛s

βd
t = Bd

0(t) exp

(

−
∫ t

0
Ad(s, t)ds+

∫ t

0
Σd(s, t)dLs

)

. ✭✸✳✺✮

❋r♦♠ ✭✸✳✸✮ t♦❣❡t❤❡r ✇✐t❤ ✭✸✳✺✮✱ ♦♥❡ ❡❛s✐❧② ✈❡r✐✜❡s t❤❡ ✉s❡❢✉❧ r❡♣r❡s❡♥t❛t✐♦♥

Bd
t (T ) =

Bd
0(T )

Bd
0(t)

exp

(∫ t

0

(

Ad(s, t)−Ad(s, T )
)

ds+

∫ t

0
Σd(s, t, T )dLs

)

, ✭✸✳✻✮

✇❤❡r❡ ✇❡ s❡t Σd(s, t, T ) := Σd(s, T ) − Σd(s, t)✳ ❚♦ ❣❡t ❛ tr❛❝t❛❜❧❡ ♠♦❞❡❧ ❛♥❞ ❣✉❛r❛♥t❡❡
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛❧❧ r❡❧❛t❡❞ ❢✉♥❝t✐♦♥s✱ ✇❡ ❛❞❞✐t✐♦♥❛❧❧② r❡q✉✐r❡ t❤❡ ♠♦❞❡❧ t♦ ❜❡ ❜❛s❡❞ ♦♥
t❤❡ st❛♥❞✐♥❣ ❛ss✉♠♣t✐♦♥ ♦❢ ❛ ❞❡t❡r♠✐♥✐st✐❝✱ ❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s ✈♦❧❛t✐❧✐t② str✉❝t✉r❡✿

❆ss✉♠♣t✐♦♥ ✭DET✮✿ ❚❤❡ ✈♦❧❛t✐❧✐t② str✉❝t✉r❡ σd ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ❜♦✉♥❞❡❞

❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② s ❛♥❞ T ✇✐t❤ 0 ≤ s, T ≤ T ∗✱ ✐t ❤♦❧❞s

0 ≤ Σd
j (s, T ) ≤ M̂ < M, ❢♦r ❡✈❡r② j ∈ {1, . . . , d},

✇❤❡r❡ Σd
j ❛r✐s❡s ❢r♦♠ ❞❡✜♥✐t✐♦♥ ✭✸✳✹✮ ✭jth ❝♦♠♣♦♥❡♥t ♦❢ Σd✮ ❛♥❞ t❤❡ ❝♦♥st❛♥t M ✐s ❢r♦♠

❛ss✉♠♣t✐♦♥ (EM)✳ ▼♦r❡♦✈❡r✱ t❤❡ ♠❛♣♣✐♥❣

[0, T ∗] ∋ s 7→ σd(s, T ) ∈ R
d

✐s ❝♦♥t✐♥✉♦✉s ❢♦r ❡❛❝❤ ❣✐✈❡♥ T ∈ [0, T ∗]✳

❖❜s❡r✈❡ t❤❛t ✇❡ ❤❛✈❡ σd(s, s) = 0 ❢♦r ❡✈❡r② s ∈ [0, T ∗] ✉♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥✳ ▲❡t
M d :=

(

{Bd(T0), . . . , B
d(Tn)},S

)

❜❡ ❛ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t ❛♥❞ S ❞❡♥♦t❡ t❤❡ s♣❛❝❡ ♦❢ ❛❞✲
♠✐ss✐❜❧❡ tr❛❞✐♥❣ str❛t❡❣✐❡s✳ ❇② t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❚❤❡♦r❡♠ ♦❢ ❛ss❡t ♣r✐❝✐♥❣ ✭s❡❡ ❉❡❧❜❛❡♥
❛♥❞ ❙❝❤❛❝❤❡r♠❛②❡r ❬✷✺❪✮✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ♠❡❛s✉r❡ ✐s ❛ s✉✣❝✐❡♥t ❝r✐✲
t❡r✐♦♥ t❤❛t ❡♥s✉r❡s t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛r❜✐tr❛❣❡ ✐♥ M d✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤✐s ♠❡❛♥s t❤❛t
t❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ✉♥❞❡r ✇❤✐❝❤ t❤❡ ❞✐s❝♦✉♥t❡❞ ③❡r♦ ❝♦✉♣♦♥ ❜♦♥❞ ♣r✐❝❡
♣r♦❝❡ss❡s ❛r❡ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s✳ ❊❜❡r❧❡✐♥ ❛♥❞ ❑❧✉❣❡ ❬✸✸✱ Pr♦♣♦s✐t✐♦♥ ✾ ❛♥❞ t❤❡ ♣r❡❧✐♠✲
✐♥❛r② r❡♠❛r❦s❪ ❞❡r✐✈❡ ❛ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ Ad s✉❝❤ t❤❛t ❢♦r ❛❧❧ T ∈ [0, T ∗]✱
❛♥❞ t❤❡r❡❢♦r❡ ❢♦r ❛❧❧ T ∈ T d✱ t❤❡ ❞✐s❝♦✉♥t❡❞ ❜♦♥❞ ♣r✐❝❡ ♣r♦❝❡ss Zd(T ) = (Zd

t (T ))0≤t≤T

❣✐✈❡♥ ❜②

Zd
t (T ) := βd

t B
d
t (T )

✺✽



✸✳✶✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧

✐s ❛♥ (F̂, P̂ d)✲♠❛rt✐♥❣❛❧❡✳ ❍❡r❡✱ t❤❡ r❡s✉❧t ♦❢ ❊❜❡r❧❡✐♥ ❛♥❞ ❘❛✐❜❧❡ ❬✸✽✱ ▲❡♠♠❛ ✸✳✶❪ ❛♥❞
✐ts ❣❡♥❡r❛❧✐s❡❞ ✈❡rs✐♦♥ ❣✐✈❡♥ ❜② ❑❧✉❣❡ ❬✻✹✱ Pr♦♣♦s✐t✐♦♥ ✶✳✾❪ ♣❧❛② ❛ ❝r✉❝✐❛❧ r♦❧❡✿ ❲❡ ❝❛♥
❞❡t❡r♠✐♥❡ t❤❡ t❡r♠

EP̂ d

[

exp
(

∫ t

0
Σd(s, T )dLs

)

]

✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥ θt ♦❢ L ✇✐t❤ r❡s♣❡❝t t♦ ♠❡❛s✉r❡ P̂ d✱ ♥❛♠❡❧②

EP̂ d

[

exp
(

∫ t

0
Σd(s, T )dLs

)

]

= exp

(∫ t

0
θs(Σ

d(s, T ))ds

)

.

❚❤❡② ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❢❛♠♦✉s ❍❡❛t❤✲❏❛rr♦✇✲▼♦rt♦♥ ♥♦✲❛r❜✐tr❛❣❡
❝♦♥❞✐t✐♦♥ t❤❛t ✇✐❧❧ ❜❡ ❛ st❛♥❞✐♥❣ ❛ss✉♠♣t✐♦♥ ✐♥ t❤✐s ♠♦❞❡❧✿

❆ss✉♠♣t✐♦♥ ✭NA✮✿ ❚❤❡ ❢✉♥❝t✐♦♥ Ad ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠

Ad(s, T ) = θs(Σ
d(s, T )). ✭✸✳✼✮

◆♦t✐❝❡ t❤❛t t❤✐s ❛♣♣r♦❛❝❤ ♠❛❦❡s t❤❡ ▲é✈② ❢♦r✇❛r❞ r❛t❡ ♠♦❞❡❧ ♦❢ ❊❜❡r❧❡✐♥ ❛♥❞ ❑❧✉❣❡
❬✸✸❪ r❡❧❛t❡❞ t♦ t❤❡ ❞✐s❝♦✉♥t ❝✉r✈❡ ✇♦r❦ ❞✐r❡❝t❧② ✉♥❞❡r t❤❡ r✐s❦✲♥❡✉tr❛❧ ♠❡❛s✉r❡✳ ❚❤✐s
❝❤♦✐❝❡ ♦❢ t❤❡ ❞r✐❢t t❡r♠ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❝♦♠♣❡♥s❛t♦r
✭s❡❡ ❑❛❧❧s❡♥ ❛♥❞ ❙❤✐r②❛❡✈ ❬✻✶❪ ❛♥❞ ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻✱ ❙❡❝t✐♦♥ ■■✳✽❪✮✳ ❲❡ ❡♠♣❤❛s✐s❡
t❤❛t t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ Ad ❛♥❞ t❤❡r❡❢♦r❡ ❛❧s♦ αd ❛s ✇❡❧❧ ❛s t❤❡ ✈♦❧❛t✐❧✐t② str✉❝t✉r❡ Σd

✭❛♥❞ σd✮ ❛r❡ ❞❡t❡r♠✐♥✐st✐❝ ✐♥ t❤✐s s❡tt✐♥❣✳

▲❡♠♠❛ ✸✳✶✳✶ ❋♦r t, T ∈ [0, T ∗] ✇✐t❤ t ≤ T ✱ t❤❡ ❞✐s❝♦✉♥t ❢♦r✇❛r❞ r❛t❡ fd
t (T ) ✐s ❣✐✈❡♥ ✐♥

t❡r♠s ♦❢

fd
t (T ) = fd

0 (T ) +

∫ t

0

∂

∂T
θs(Σ

d(s, T ))ds−
∫ t

0
σd(s, T )dLs ✭✸✳✽✮

❛♥❞ t❤❡ s❤♦rt r❛t❡ rdt ❤❛s t❤❡ r❡♣r❡s❡♥t❛t✐♦♥

rdt = fd
0 (t) +

∫ t

0

∂

∂t
θs(Σ

d(s, t))ds−
∫ t

0
σd(s, t)dLs. ✭✸✳✾✮

Pr♦♦❢✿ ❚❤❡ st❛t❡♠❡♥ts ✭✸✳✽✮ ❛♥❞ ✭✸✳✾✮ ❛r❡ ✐♠♠❡❞✐❛t❡❧② ❝❧❡❛r ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ r❡❧❛t✐♦♥

αd(s, T ) =
∂

∂T
θs(Σ

d(s, T ))

t♦❣❡t❤❡r ✇✐t❤ ✭✸✳✶✮✱ r❡❧❛t✐♦♥ ✭✸✳✹✮✱ ❛ss✉♠♣t✐♦♥ (NA) ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❤♦rt r❛t❡✳
�

❋♦r s♦♠❡ ✐♠♣♦rt❛♥t ❝♦♠♠❡♥ts ♦♥ t❤❡ ✭♣❛rt✐❛❧✮ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❝✉♠✉❧❛♥t ♣r♦❝❡ss ✇❡

✺✾



✸✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

r❡❢❡r t♦ ❑❛❧❧s❡♥ ❛♥❞ ❙❤✐r②❛❡✈ ❬✻✶✱ s❡❝t✐♦♥ ✷✳✺❪✳

❯♥❞❡r ❛ss✉♠♣t✐♦♥ (NA)✱ t❤❡ ❜♦♥❞ ♣r✐❝❡ ✭✸✳✸✮ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ♠♦r❡ s♣❡❝✐✜❝ ❢♦r♠

Bd
t (T ) =

Bd
0(T )

βd
t

exp

(

−
∫ t

0
θs(Σ

d(s, T ))ds+

∫ t

0
Σd(s, T )dLs

)

❢r♦♠ ✇❤✐❝❤ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

Zd
t (T )

Zd
0 (T )

= exp

(

−
∫ t

0
θs(Σ

d(s, T ))ds+

∫ t

0
Σd(s, T )dLs

)

. ✭✸✳✶✵✮

▲❡♠♠❛ ✸✳✶✳✷ ■♥ t❤✐s ♠♦❞❡❧ ❢r❛♠❡✇♦r❦✱ t❤❡ ❞✐s❝♦✉♥t❡❞ ❜♦♥❞ ♣r✐❝❡ ♣r♦❝❡ss Zd(T ) ✐s t❤❡

s♦❧✉t✐♦♥ ♦❢

dZd(T ) = Zd
−(T )dȲ

d,

✇❤❡r❡ t❤❡ ♣r♦❝❡ss Ȳ d ✐s ❣✐✈❡♥ ❜②

Ȳ d
t =

∫ t

0
Σd(s, T )

√
csdWs +

∫ t

0

∫

Rd

(e〈Σ
d(s,T ),x〉 − 1)(µL − ν)(ds, dx).

Pr♦♦❢✿ ❲❡ ❛♣♣❧② ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻✱ ❚❤❡♦r❡♠ ■■✳✽✳✶✵❪ ✇✐t❤ ❡q✉❛t✐♦♥ ✭✸✳✶✵✮ t♦ ❣❡t

Zd
t (T )

Zd
0 (T )

= Et(Ȳ
d),

✇❤❡r❡ t❤❡ ♣r♦❝❡ss Ȳ d ✐s s♣❡❝✐✜❡❞ ❜② t❤❡ st♦❝❤❛st✐❝ ❧♦❣❛r✐t❤♠ Ȳ d = L (exp(Y d)) ✇✐t❤

Y d
t = −

∫ t

0
θs(Σ

d(s, T ))ds+

∫ t

0
Σd(s, T )dLs.

❚❤❡♥✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ♦❜t❛✐♥ t❤❡ st❛t❡♠❡♥t✳ �

❚❤✐s ▲❡♠♠❛ ❝♦♥✜r♠s ♦♥❝❡ ❛❣❛✐♥ t❤❛t Zd(T ) ✐s ❛ P̂ d✲✭❧♦❝❛❧✮ ♠❛rt✐♥❣❛❧❡ ✭❝❢✳ ❑❛❧❧s❡♥
❛♥❞ ❙❤✐r②❛❡✈ ❬✻✶❪✮✳ ❚♦ ❡♥❞ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ✉s❡❢✉❧ ❞❡✜♥✐t✐♦♥s✳ ❲❡
♦❜s❡r✈❡ t❤❛t r❡♣r❡s❡♥t❛t✐♦♥ ✭✸✳✻✮ r❡s✉❧ts ✐♥

Bd
t (T ) =

Bd
0(T )

Bd
0(t)

exp
(

∫ t

0

[

θs(Σ
d(s, t))− θs(Σ

d(s, T ))
]

ds

+

∫ t

0
Σd(s, t, T )dLs

)

. ✭✸✳✶✶✮

❋♦r ✜①❡❞ t, T ∈ [0, T ∗] ✇✐t❤ t ≤ T ✱ t❤❡ ❧❛st ❡①♣r❡ss✐♦♥ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ✐ts ❞❡t❡r♠✐♥✐st✐❝

✻✵



✸✳✶✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧

♣❛rt ❞❡✜♥❡❞ ❜②

Dd(t, T ) :=
Bd

0(T )

Bd
0(t)

exp

(∫ t

0

[

θs(Σ
d(s, t))− θs(Σ

d(s, T ))
]

ds

)

✭✸✳✶✷✮

❛♥❞ ✐ts st♦❝❤❛st✐❝ ♣❛rt ❣✐✈❡♥ ❛s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♦❢ t❤❡ F̂t✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

Xd(t, T ) :=

∫ t

0
Σd(s, t, T )dLs. ✭✸✳✶✸✮

❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♠♣❛❝t ❢♦r♠

Bd
t (T ) = Dd(t, T ) exp(Xd(t, T )).

✸✳✶✳✷✳ ▼✉❧t✐♣❧❡ ❈✉r✈❡s

◆♦✇ ✇❡ ❛❞❞r❡ss t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ t❤❡ r✐s❦② ❝✉r✈❡s✳ ▲❡t ✉s ❝♦♥s✐❞❡r m ∈ N
∗ ❞✐✛❡r❡♥t

❝✉r✈❡s✳ ❙✐♥❝❡ ❡❛❝❤ t❡r♠ str✉❝t✉r❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❞✐s❝r❡t❡ t❡♥♦r str✉❝t✉r❡✱ ✇❡ ✐♥tr♦❞✉❝❡
t❤❡ ❡q✉✐❞✐st❛♥t t❡♥♦r str✉❝t✉r❡ T k := {T k

0 , . . . , T
k
nk
} ❢♦r ❡✈❡r② k ∈ {1, . . . ,m} ❛♥❞ nk ∈ N✳

❲❡ ❛ss✉♠❡ t❤❛t ✐t ❤♦❧❞s T k
0 = T0 ❛♥❞ T k

nk
= Tn = T ∗ ❢♦r ❛❧❧ k ∈ {1, . . . ,m}✳ ❚❤❡

②❡❛r ❢r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞❛t❡s T k
j−1 ❛♥❞ T k

j ✐s ❞❡♥♦t❡❞ ❜② δk := δk(T k
j−1, T

k
j )✱ ✇❤❡r❡

j ∈ {1, . . . , nk}✳ ◆♦t❡ t❤❛t δk ✉♥❛♠❜✐❣✉♦✉s❧② ❝♦rr❡s♣♦♥❞s t♦ t❤❡ t❡♥♦r str✉❝t✉r❡ T k ❛♥❞
✇❡ ❝❛♥ t❤❡r❡❢♦r❡ ❝❛❧❧ δk t❤❡ t❡♥♦r ♦❢ T k✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ k, l ∈ {1, . . . ,m} ✇✐t❤ k ≤ l✱
✇❡ ♣♦st✉❧❛t❡

T
l ⊂ T

k ⊂ T
d ⊂ [0, T ∗]. ✭✸✳✶✹✮

■♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ♠✉❧t✐♣❧❡ ❝✉r✈❡ ❛♣♣r♦❛❝❤✱ t❤✐s ❛ss✉♠♣t✐♦♥ ♠❡❛♥s t❤❛t t❤❡ ❝✉r✈❡s
r❡✢❡❝t ❧✐q✉✐❞✐t② ❛♥❞ ❝r❡❞✐t r✐s❦ ✐♥ ❞❡❝r❡❛s✐♥❣ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ✭δk < δl✮✳

❋♦r ❡✈❡r② k ∈ {1, . . . ,m}✱ ✇❡ ✐♥t❡r♣r❡t Bk
t (T ) ❛s t✐♠❡✲t ♣r✐❝❡ ♦❢ ❛ ✜❝t✐t✐♦✉s r✐s❦② ③❡r♦✲

❝♦✉♣♦♥ ❜♦♥❞ ✇✐t❤ ♠❛t✉r✐t② T t❤❛t ❝♦rr❡s♣♦♥❞s t♦ ❝✉r✈❡ k✳ ◆♦t✐❝❡ t❤❛t s✉❝❤ r✐s❦② ❜♦♥❞s
❛r❡ ♥♦t tr❛❞❡❞ ❛ss❡ts ❜✉t ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❜♦♥❞s ❜❡✐♥❣ ✐ss✉❡❞ ❜② ❛♥ ❛✈❡r❛❣❡ ▲✐❜♦r
♦r ❊✉r✐❜♦r ♣❛♥❡❧ ♠❡♠❜❡r✳

❲❡ ♥❡❡❞ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ✐♥❣r❡❞✐❡♥ts t♦ ♠♦❞❡❧ t❤❡ ♠✉❧t✐♣❧❡ ❝✉r✈❡s✿

(MC.1) ❚❤❡ ✐♥✐t✐❛❧ ♠✉❧t✐♣❧❡ t❡r♠ str✉❝t✉r❡ ❝✉r✈❡sB1
0 , . . . , B

m
0 ❞❡✜♥❡❞ ❢♦r ❡✈❡r② k ∈ {1, . . . ,m}

❜②

Bk
0 :

{

[0, T ∗] → (0,∞)

T 7→ Bk
0 (T )

❛r❡ ❣✐✈❡♥✳

✻✶



✸✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

❆♠❡tr❛♥♦ ❛♥❞ ❇✐❛♥❝❤❡tt✐ ❬✷✱ ✸❪ ❞❡✈❡❧♦♣❡❞ ❛ s♦♣❤✐st✐❝❛t❡❞ ❜♦♦tstr❛♣♣✐♥❣ ♠❡t❤♦❞ ❞❡❛❧✐♥❣
✇✐t❤ t❤✐s ♠✉❧t✐♣❧❡✲❝✉r✈❡ s❡tt✐♥❣✳ ◆♦t❡ t❤❛t✱ ❜② ✉s✐♥❣ t❤✐s ❜♦♦tstr❛♣♣✐♥❣ ♣r♦❝❡❞✉r❡✱ t❤❡
✐♥✐t✐❛❧ ✈❛❧✉❡s s❛t✐s❢②

Bl
0(T ) ≤ Bk

0 (T ) ≤ Bd
0(T )

❢♦r ❡✈❡r② k, l ∈ {1, . . . ,m} ✇✐t❤ k ≤ l ❛♥❞ T ∈ [0, T ∗]✳

(MC.2) ❋♦r ❡✈❡r② k ∈ {1, . . . ,m}✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ αk ❛♥❞ t❤❡ ✈♦❧❛t✐❧✐t②
str✉❝t✉r❡ σk ❞❡✜♥❡❞ ❜②

αk :

{

Ω̂× [0, T ∗]× [0, T ∗] → R

(ω̂, s, T ) 7→ αk(ω̂, s, T )

❛♥❞

σk :

{

Ω̂× [0, T ∗]× [0, T ∗] → R
d

(ω̂, s, T ) 7→ σk(ω̂, s, T ) = (σk
1 (ω̂, s, T ), . . . , σ

k
d(ω̂, s, T ))

✇❤✐❝❤ s❛t✐s❢② t❤❡ s❛♠❡ ✭♠❡❛s✉r❛❜✐❧✐t② ❛♥❞ ❜♦✉♥❞❡❞♥❡ss✮ ❝♦♥❞✐t✐♦♥s ❛s αd ❛♥❞ σd

✐♥ (D.2)✳

❋♦r ❡✈❡r② k ∈ {1, . . . ,m} ❛♥❞ T ∈ [0, T ∗]✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✐♥st❛♥t❛♥❡♦✉s ❢♦r✇❛r❞
r❛t❡s fk(T ) = (fk

t (T ))t∈[0,T ] ❛r❡ ♣♦st✉❧❛t❡❞ t♦ ❜❡

fk
t (T ) = fk

0 (T ) +

∫ t

0
αk(s, T )ds−

∫ t

0
σk(s, T )dLs,

✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s fk
0 (T ) ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❞❡t❡r♠✐♥✐st✐❝✱ ❜♦✉♥❞❡❞ ❛♥❞ (B([0, T ∗]),B(R))✲

♠❡❛s✉r❛❜❧❡ ✐♥ T ✳ ■t ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛

fk
0 (T ) = −∂ lnBk

0 (T )

∂T

✐❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ❡①✐sts✳ ■♥ t❤❡ s❛♠❡ ✇❛② ❛s ♦♥❡ ❣❡ts r❡♣r❡s❡♥t❛t✐♦♥ ✭✸✳✸✮✱ ✇❡ ♦❜t❛✐♥ t❤❡
❢♦r♠

Bk
t (T ) = Bk

0 (T ) exp

(∫ t

0
(rks −Ak(s, T ))ds+

∫ t

0
Σk(s, T )dLs

)

✭✸✳✶✺✮

❢♦r ❡❛❝❤ k ∈ {1, . . . ,m} ❢r♦♠ t❤❡ r❡❧❛t✐♦♥

Bk
t (T ) = exp

(

−
∫ T

t
fk
t (u)du

)

. ✭✸✳✶✻✮

✻✷



✸✳✶✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧

❚❤❡ r❛t❡ rkt ❛t t ✐s ❣✐✈❡♥ ❜② rkt = fk
t (t) ❛♥❞ ✇❡ s✐♠✐❧❛r❧② ❞❡✜♥❡

Ak(s, T ) :=

∫ T

s∧T
αk(s, u)du ❛♥❞ Σk(s, T ) :=

∫ T

s∧T
σk(s, u)du.

❚♦ ❡♥s✉r❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❝✉♠✉❧❛♥t ♣r♦❝❡ss ❛♥❞ ❢♦r ♣r❛❝t✐❝❛❧ ♣✉r♣♦s❡s✱ ✇❡ ♥❡❡❞
t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞✐♥❣ ❛ss✉♠♣t✐♦♥✿

❆ss✉♠♣t✐♦♥ ✭MC.DET✮✿ ❋♦r ❛♥② k ∈ {1, . . . ,m} ❛♥❞ ❛❧❧ s, T ∈ [0, T ∗]✱ ✐t ❤♦❧❞s t❤❛t

t❤❡ ✈♦❧❛t✐❧✐t② str✉❝t✉r❡ σk ✐s ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ❜♦✉♥❞❡❞ ✐♥ t❤❡ s❡♥s❡ ♦❢

0 ≤ Σk
j (s, T ) ≤ M̂ < M, ❢♦r ❡✈❡r② j ∈ {1, . . . , d}.

❚❤❡ ♠❛♣♣✐♥❣ [0, T ∗] ∋ s 7→ σk(s, T ) ∈ R
d ✐s ❝♦♥t✐♥✉♦✉s✳ ❆s ✉s✉❛❧✱ M ✐s t❤❡ ❝♦♥st❛♥t

❢r♦♠ ❛ss✉♠♣t✐♦♥ (EM)✳

◆♦t❡ t❤❛t t❤❡ ❝♦♥st❛♥t M̂ ✐♥ t❤✐s ❛ss✉♠♣t✐♦♥ ❞♦❡s ♥♦t ❤❛✈❡ t♦ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡
❝♦♥st❛♥t M̂ ❢r♦♠ ❛ss✉♠♣t✐♦♥ (DET)✳ ❚❤❡ ❞✐s❝♦✉♥t❡❞ ❜♦♥❞ ♣r✐❝❡ ♣r♦❝❡ss Zk(T ) =

(Zk
t (T ))0≤t≤T ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❝✉r✈❡ k ✐s ❞❡✜♥❡❞ ❜②

Zk
t (T ) := βd

t B
k
t (T )

❢♦r ❡❛❝❤ ❞❛t❡ T ∈ [0, T ∗]✳ ❖♥❡ ❡❛s✐❧② ✈❡r✐✜❡s t❤❛t

Zk
t (T )

Zk
0 (T )

= exp

(∫ t

0
[rks − rds −Ak(s, T )]ds+

∫ t

0
Σk(s, T )dLs

)

. ✭✸✳✶✼✮

▲❡♠♠❛ ✸✳✶✳✸ ❚❤❡ ❞✐s❝♦✉♥t❡❞ ❜♦♥❞ ♣r✐❝❡ ♣r♦❝❡ss Zk(T ) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢

dZk(T ) = Zk
−(T )dȲ

k, ✭✸✳✶✽✮

✇❤❡r❡ t❤❡ ♣r♦❝❡ss Ȳ k = (Ȳ k
t )0≤t≤T ✐s ❣✐✈❡♥ ❜②

Ȳ k
t =

∫ t

0

[

rks − rds −Ak(s, T ) + θs(Σ
k(s, T ))

]

ds+

∫ t

0
Σk(s, T )

√
csdWs

+

∫ t

0

∫

Rd

(

e〈Σ
k(s,T ),x〉 − 1

)

(µL − ν)(ds, dx).

Pr♦♦❢✿ ❲❡ ❛♣♣❧② ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻✱ ❚❤❡♦r❡♠ ■■✳✽✳✶✵❪ ✇✐t❤ r❡❧❛t✐♦♥ ✭✸✳✶✼✮ ❛♥❞ ♦❜t❛✐♥

Zk
t (T )

Zk
0 (T )

= Et(Ȳ
k),

✻✸
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✇❤❡r❡ t❤❡ ♣r♦❝❡ss Ȳ k ✐s s❡t ❛s t❤❡ st♦❝❤❛st✐❝ ❧♦❣❛r✐t❤♠ Ȳ k = L (exp(Y k)) ✇✐t❤

Y k
t =

∫ t

0
(rks − rds −Ak(s, T ))ds+

∫ t

0
Σk(s, T )dLs.

❲❡ ❣❡t t❤❡ ❢♦r♠

Ȳ k
t =

∫ t

0

[

rks − rds −Ak(s, T ) + 〈Σk(s, T ), bs〉+
1

2
〈Σk(s, T ), csΣ

k(s, T )〉

+

∫

Rd

(

e〈Σ
k(s,T ),x〉 − 1− 〈Σk(s, T ), x〉

)

Fs(dx)
]

ds

+

∫ t

0
Σk(s, T )

√
csdWs +

∫ t

0

∫

Rd

(

e〈Σ
k(s,T ),x〉 − 1

)

(µL − ν)(ds, dx)

=

∫ t

0

[

rks − rds −Ak(s, T ) + θs(Σ
k(s, T ))

]

ds+

∫ t

0
Σk(s, T )

√
csdWs

+

∫ t

0

∫

Rd

(

e〈Σ
k(s,T ),x〉 − 1

)

(µL − ν)(ds, dx).

�

❚❤✐s ▲❡♠♠❛ s❤♦✇s t❤❛t Zk(T ) ✐s ♥♦t ❛ P̂ d✲✭❧♦❝❛❧✮ ♠❛rt✐♥❣❛❧❡ ✐♥ ❣❡♥❡r❛❧✳
❙✐♠✐❧❛r t♦ r❡❧❛t✐♦♥ ✭✸✳✶✶✮✱ ✇❡ r❡✇r✐t❡ t❤❡ ❡①♣r❡ss✐♦♥ ✭✸✳✶✺✮ ❛s

Bk
t (T ) =

Bk
0 (T )

Bk
0 (t)

exp

(∫ t

0

[

Ak(s, t)−Ak(s, T )
]

ds+

∫ t

0
Σk(s, t, T )dLs

)

, ✭✸✳✶✾✮

✇❤❡r❡ ✇❡ ❛♥❛❧♦❣♦✉s❧② s❡t

Σk(s, t, T ) := Σk(s, T )− Σk(s, t).

❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✱ ❢♦r ✜①❡❞ t, T ∈ [0, T ∗] ✇✐t❤ t ≤ T ✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢❛❝t♦r

Dk(t, T ) :=
Bk

0 (T )

Bk
0 (t)

exp

(∫ t

0

[

Ak(s, t)−Ak(s, T )
]

ds

)

✭✸✳✷✵✮

❛♥❞ t❤❡ F̂t✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

Xk(t, T ) :=

∫ t

0
Σk(s, t, T )dLs. ✭✸✳✷✶✮

❚❤❡♥✱ ✇❡ ♦❜t❛✐♥

Bk
t (T ) = Dk(t, T ) exp(Xk(t, T )).

◆♦t❡ t❤❛t ❛t t❤✐s st❛❣❡ ✐t ✐s ♥♦t ❝❧❡❛r ✐❢ Dk ❝❛♥ ❜❡ ❝❤♦s❡♥ ❞❡t❡r♠✐♥✐st✐❝❛❧❧②✳

✻✹



✸✳✶✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧

◆♦✇✱ ✇❡ s♣❡❝✐❢② t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ Ak ✐♥ s✉❝❤ ❛ ♠❛♥♥❡r t❤❛t ❝r❡❞✐t ❛♥❞ ❧✐q✉✐❞✐t②
r✐s❦ ✐ss✉❡s ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❲❡ ❝❧♦s❡❧② ❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❈ré♣❡②✱ ●r❜❛❝✱
❛♥❞ ◆❣✉②❡♥ ❬✷✸✱ ❙❡❝t✐♦♥ ✷✳✸✳✷❪✳ ❚❤❡✐r ✐❞❡❛ ✐s ❜❛s❡❞ ♦♥ ♥♦✲❛r❜✐tr❛❣❡ r❡q✉✐r❡♠❡♥ts ✐♥
❞❡❢❛✉❧t❛❜❧❡ ❍❏▼✲♠♦❞❡❧s ✇❤✐❝❤ ❧❡❛❞ t♦ t❤❡ r❡q✉✐r❡❞ ❞r✐❢t ❝♦♥❞✐t✐♦♥s✳ ▲❡t ✉s t❡♠♣♦r❛r✐❧②
❛ss✉♠❡ t❤❛t ❞❡❢❛✉❧t❛❜❧❡ ❜♦♥❞s ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ ❝✉r✈❡ ❝❛♥ ❜❡ tr❛❞❡❞ ✐♥ t❤❡ ♠❛r❦❡t✳
❚❤❡ t✐♠❡✲t ♣r✐❝❡ ♦❢ s✉❝❤ ❛ ❜♦♥❞ ♠❛t✉r✐♥❣ ❛t T ✐s ❞❡♥♦t❡❞ ❜② B̄k

t (T )✳ ❲❡ t❤❡♥ st✉❞②
t❤❡ ❝♦♥❞✐t✐♦♥s t❤❛t ♣r❡❝❧✉❞❡ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t✐❡s ❜② ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡s❡ ❜♦♥❞s ✭❝❢✳
❉❡❧❜❛❡♥ ❛♥❞ ❙❝❤❛❝❤❡r♠❛②❡r ❬✷✺❪✮✳ ❑❡❡♣ ✐♥ ♠✐♥❞ t❤❛t s✉❝❤ ❜♦♥❞s ❛r❡ ❛❝t✉❛❧❧② ♥♦t tr❛❞❡❞
✐♥ t❤❡ ♠❛r❦❡t ✭s❡❡ ❛❧s♦ t❤❡ ❝♦♠♠❡♥ts ✐♥ ❈ré♣❡②✱ ●r❜❛❝✱ ❛♥❞ ◆❣✉②❡♥ ❬✷✸✱ s❡❝t✐♦♥ ✷✳✸✳✷❪✮✳
■♥ ❢❛❝t✱ t❤❡② ❛r❡ r❛t❤❡r ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥❝❡♣ts ✇❤✐❝❤ r❡♣r❡s❡♥t t❤❡ ❝r❡❞✐t r✐s❦ ♦❢ t❤❡
♣❛♥❡❧ ❜❛♥❦ ♠❡♠❜❡rs ❛♥❞ ❛r❡ ♥♦t ❞❡❢❛✉❧t❛❜❧❡ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❡♥s❡✳

❚♦ ❞❡✈❡❧♦♣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝r❡❞✐t r✐s❦ ♠♦❞❡❧✱ ❧❡t ✉s ❝♦♥str✉❝t ❞❡❢❛✉❧t t✐♠❡s τ1, . . . , τm

❛s ✐t ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ s❡❝t✐♦♥ ✶✳✷✳✷✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ♥❡❡❞ t♦ ❡♥❧❛r❣❡ t❤❡ ✐♥✐t✐❛❧
st♦❝❤❛st✐❝ ❜❛s✐s (Ω̂, F̂ , F̂ = (F̂t)t∈[0,T ∗], P̂

d) t♦✇❛r❞s (Ω,G ,F = (Ft)t∈[0,T ∗], P
d) ❛♥❞

(Ω,G ,G = (Gt)t∈[0,T ∗], P
d)✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ♥♦t❛t✐♦♥ ❢♦r t❤❡ r❡❧❡✈❛♥t

q✉❛♥t✐t✐❡s ❛s ✐♥ s❡❝t✐♦♥ ✶✳✷✳✷ ✭❡①❝❡♣t ❢♦r P d := P̂ d ⊗ P̃ ✮✳ ❋✉rt❤❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡
❞❡❢❛✉❧t❛❜❧❡ ❜♦♥❞s ♣❛② ❛ ❝❡rt❛✐♥ r❡❝♦✈❡r② ✉♣♦♥ ❞❡❢❛✉❧t✳ ❚❤✐s r❡❝♦✈❡r② ♣❛②♠❡♥t ✐s s♣❡❝✐✜❡❞
❜② t❤❡ t❡r♠✐♥❛❧ r❡❝♦✈❡r② ♣r♦❝❡ss Rk = (Rk

t )t∈[0,T ∗] ❢♦r ❡✈❡r② ❝✉r✈❡ k ∈ {1, . . . ,m}✳
❚❤❡ ♣r♦❝❡ss Rk ✐s F̂✲❛❞❛♣t❡❞ ❛♥❞ ✭❧♦❝❛❧❧②✮ ❜♦✉♥❞❡❞ ♦♥ (Ω̂, F̂ , F̂, P̂ d) ✭❝❢✳ ❇✐❡❧❡❝❦✐ ❛♥❞
❘✉t❦♦✇s❦✐ ❬✶✷✱ ❙❡❝t✐♦♥ ✶✸✳✶✳✾✳❪✮✳ ■♥ ✜♥❛♥❝✐❛❧ ✐♥t❡r♣r❡t❛t✐♦♥✱ t❤❡ ❛♠♦✉♥t Rk

τk
✐s t❤❡

r❡❝♦✈❡r② ♣❛②♠❡♥t ♠❛❞❡ ❛t ♠❛t✉r✐t② T ✐❢ t❤❡ ❞❡❢❛✉❧t ♦❢ t❤❡ ❜♦♥❞ ✐ss✉❡r ♦❝❝✉rs ❛t t✐♠❡
τk ≤ T ✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞❡❢❛✉❧t❛❜❧❡ ❜♦♥❞ ♣r✐❝❡ B̄k

T (T ) ❛t t✐♠❡ T ✐s
❣✐✈❡♥ ❜②

B̄k
T (T ) = ✶{τk>T}B

k
T (T ) +Bd

T (T )R
k
τk✶{τk≤T}

= ✶{τk>T} +Rk
τk✶{τk≤T}.

❚❤❡♥✱ t❤❡ t✐♠❡✲t ♣r✐❝❡ r❡s✉❧ts ✐♥

B̄k
t (T ) = ✶{τk>t}B

k
t (T ) +Bd

t (T )R
k
τk✶{τk≤t}

❛♥❞ ✇❡ ♦❜t❛✐♥ ✐ts ❞✐s❝♦✉♥t❡❞ ✈❛❧✉❡ Z̄k
t (T ) := βd

t B̄
k
t (T ) ❛s

Z̄k
t (T ) = ✶{τk>t}Z

k
t (T ) +Rk

τk✶{τk≤t}Z
d
t (T ).

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ t✐♠❡✲t ❜♦♥❞ ♣r✐❝❡ Bk
t (T ) ✐s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♣r❡✲❞❡❢❛✉❧t ♣r✐❝❡ ♦❢

t❤❡ ❛ss♦❝✐❛t❡❞ ❞❡❢❛✉❧t❛❜❧❡ ③❡r♦✲❝♦✉♣♦♥ ❜♦♥❞✳ ❲❡ ♣♦st✉❧❛t❡ t❤❛t ❡❛❝❤ r❛♥❞♦♠ t✐♠❡ τk

♣♦ss❡ss❡s ❛♥ F✲✐♥t❡♥s✐t② γk✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❚❤❡♦r❡♠ st❛t❡s t❤❡ ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❡♥s✉r❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛r❜✐tr❛❣❡ ✐♥
♦✉r ♠♦❞❡❧✳ ❚♦ ❜❡ ♣r❡❝✐s❡✱ ✇❡ ❞❡r✐✈❡ ❝♦♥❞✐t✐♦♥s s✉❝❤ t❤❛t ❢♦r ❡✈❡r② k ∈ {1, . . . ,m}✱ t❤❡

✻✺



✸✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

❞✐s❝♦✉♥t❡❞ ❞❡❢❛✉❧t❛❜❧❡ ❜♦♥❞ ♣r✐❝❡ ♣r♦❝❡ss Z̄k(T ) ✐s ❛ (G, P d)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❢♦r ❡❛❝❤
T ∈ [0, T ∗]✳

❚❤❡♦r❡♠ ✸✳✶✳✶ ❆ss✉♠❡ t❤❛t✱ ❢♦r ❡❛❝❤ k ∈ {1, . . . ,m} ❛♥❞ T ∈ [0, T ∗]✱ t❤❡ ❝♦♥❞✐t✐♦♥

Zk
t−(T )

[

λk,d
t −Ak(t, T ) + θt(Σ

k(t, T ))
]

= (Zk
t−(T )−Rk

tZ
d
t (T ))γ

k
t ✭✸✳✷✷✮

✐s s❛t✐s✜❡❞ ❢♦r ❛❧❧ t ∈ [0, T ]✱ ✇❤❡r❡ ✇❡ s❡t λk,d
t := rkt − rdt ✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ k ∈ {1, . . . ,m}

❛♥❞ T ∈ [0, T ∗]✱ t❤❡ ♣r♦❝❡ss Z̄k(T ) ✐s ❛ (G, P d)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳

Pr♦♦❢✿ ❋♦r ❡✈❡r② k ∈ {1, . . . ,m} ❛♥❞ T ∈ [0, T ∗]✱ ✇❡ ♦❜✈✐♦✉s❧② ❤❛✈❡ t❤❛t Hk = ✶{τk≤ · } ∈
V ✱ 1−Hk = ✶{τk> · } ∈ V ❛♥❞ Zk(T ) ∈ S ✳ ▲❡t ✉s ❞❡✜♥❡ ❜② Ĥk

t := Rk
τk
Hk

t ❛ G✲❛❞❛♣t❡❞

♣r♦❝❡ss Ĥk = (Ĥk
t )t∈[0,T ∗] ✐♥ V ✳ ❚❤❡♥✱ ❜② ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✺✻✱ Pr♦♣♦s✐t✐♦♥ ■✳✹✳✹✾❪✱

✇❡ ♦❜t❛✐♥ t❤❛t

Z̄k
t (T ) =

∫ t

0
(1−Hk

s−)dZ
k
s (T ) +

∫ t

0
Zk
s (T )d(1−Hk

s ) + Z̄k
0 (T )

+

∫ t

0
Ĥk

s−dZ
d
s (T ) +

∫ t

0
Zd
s (T )dĤ

k
s

=

∫ t

0
(1−Hk

s−)dZ
k
s (T )−

∫ t

0
Zk
s (T )dH

k
s + Z̄k

0 (T )

+

∫ t

0
Ĥk

s−dZ
d
s (T ) +

∫ t

0
Rk

sZ
d
s (T )dH

k
s .

❯s✐♥❣ t❤❡ ❢♦r♠ ✭✸✳✶✽✮✱ ♦♥❡ ❣❡ts

Z̄k
t (T ) =

∫ t

0
(1−Hk

s−)Z
k
s−(T )

[

λkd
s −Ak(s, T ) + θs(Σ

k(s, T ))
]

ds+ Z̄k
0 (T )

+

∫ t

0
(1−Hk

s−)Z
k
s−(T )Σ

k(s, T )
√
csdWs

+

∫ t

0

∫

Rd

(1−Hk
s−)Z

k
s−(T )

(

e〈Σ
k(s,T ),x〉 − 1

)

(µL − ν)(ds, dx)

+

∫ t

0
Ĥk

s−dZ
d
s (T ) +

∫ t

0
(Rk

sZ
d
s (T )− Zk

s (T ))dH
k
s .

❙✐♥❝❡ ❝♦♥❞✐t✐♦♥ ✭✸✳✷✷✮ ✐s ❛ss✉♠❡❞ t♦ ❜❡ s❛t✐s✜❡❞✱ ✇❡ ❤❛✈❡

∫ t

0
(1−Hk

s )Z
k
s−(T )

[

λkd
s −Ak(s, T ) + θs(Σ

k(s, T ))
]

ds

=

∫ t

0
(1−Hk

s )(Z
k
s−(T )−Rk

sZ
d
s (T ))γ

k
s ds

=

∫ t

0
(1−Hk

s )(Z
k
s (T )−Rk

sZ
d
s (T ))γ

k
s ds

✻✻



✸✳✶✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧

❛♥❞ ✐t ❢♦❧❧♦✇s t❤❛t

Z̄k
t (T ) =Z̄k

0 (T ) +

∫ t

0
(1−Hk

s−)Z
k
s−(T )Σ

k(s, T )
√
csdWs

+

∫ t

0

∫

Rd

(1−Hk
s−)Z

k
s−(T )

(

e〈Σ
k(s,T ),x〉 − 1

)

(µL − ν)(ds, dx)

+

∫ t

0
Ĥk

s−dZ
d
s (T ) +

∫ t

0
(Rk

sZ
d
s (T )− Zk

s (T ))dM
k
s , ✭✸✳✷✸✮

✇❤❡r❡ t❤❡ (G, P d)✲♠❛rt✐♥❣❛❧❡ Mk = (Mk
t )t∈[0,T ∗] ✐s ❞❡✜♥❡❞ ❜②

Mk
t = Hk

t −
∫ t

0
(1−Hk

s )γ
k
s ds.

❇② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✈❛❧✐❞ ♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt②✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❛❧❧
t❤❡ ❝♦♥s✐❞❡r❡❞ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧s ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✷✸✮ ❤❛✈❡ (G, P d)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ❛s
✐♥t❡❣r❛t♦rs✳ ❍❡♥❝❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Z̄k(T ) ✐s ❛ (G, P d)✲❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ �

▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ t❡r♠✐♥❛❧ r❡❝♦✈❡r② ♣r♦❝❡ss ✐s ♦❢ t❤❡ ❢♦r♠

Rk
t = RkBk

t−(T )B
d
t (T )

−1, ✇❤❡r❡ Rk ∈ [0, 1).

◆♦t❡ t❤❛t t❤✐s ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢r❛❝t✐♦♥❛❧ r❡❝♦✈❡r② ♦❢ ♠❛r❦❡t ✈❛❧✉❡ ✭s❡❡ ❇✐✲
❡❧❡❝❦✐ ❛♥❞ ❘✉t❦♦✇s❦✐ ❬✶✷✱ s❡❝t✐♦♥ ✶✳✶✳✶❪✮✳ ❇② ❡❛s② ❝♦♠♣✉t❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r❛❝t✐❝❛❧ ❢♦r♠ ♦❢ ❝♦♥❞✐t✐♦♥ ✭✸✳✷✷✮✿ ❋♦r ❡❛❝❤ k ∈ {1, . . . ,m} ❛♥❞ T ∈ [0, T ∗]✱ ✐t ❤♦❧❞s

λk,d
t −Ak(t, T ) + θt(Σ

k(t, T )) = (1−Rk)γkt ✭✸✳✷✹✮

❢♦r ❡✈❡r② t ∈ [0, T ] ✭❝❢✳ ❈ré♣❡②✱ ●r❜❛❝✱ ❛♥❞ ◆❣✉②❡♥ ❬✷✸✱ ❡q✉❛t✐♦♥ ✭✷✻✮❪✮✳ ❖♥❡ ✈❡r✐✜❡s
t❤❛t ❝♦♥❞✐t✐♦♥ ✭✸✳✷✹✮ ❝❛♥ ❡q✉✐✈❛❧❡♥t❧② ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s

λk,d
t =(1−Rk)γkt

Ak(t, T ) =θt(Σ
k(t, T )). ✭✸✳✷✺✮

❍❡♥❝❡✱ t❤❡ ❝r❡❞✐t r✐s❦ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠♦❞❡❧ ✐s ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥ ✭✸✳✷✺✮✳
❙✐♥❝❡ t❤❡ ❝r✐s✐s ✇❛s ❝❛✉s❡❞ ❜② ❛ ♠✐①t✉r❡ ♦❢ ❝r❡❞✐t ❛♥❞ ❧✐q✉✐❞✐t② r✐s❦ ✭❝❢✳ ❋✐❧✐♣♦✈✐➣ ❛♥❞

❚r♦❧❧❡ ❬✹✺❪ ❛♥❞ ❊❜❡r❧❡✐♥ ❬✸✵❪✮✱ ✇❡ ❛❞❞ ❛ ❢✉rt❤❡r ❧✐q✉✐❞✐t② ❝♦♠♣♦♥❡♥t t♦ t❤❡ ♣✉r❡ ❝r❡❞✐t
r✐s❦ ❢❛❝t♦r θt(Σk(t, T )) ✐♥ ✭✸✳✷✺✮✳ ❚❤✉s✱ ✇❡ ♥❡❡❞ ❛♥♦t❤❡r ✐♥❣r❡❞✐❡♥t ✐♥ t❤❡ ♠♦❞❡❧✿

(MC.3) ❲❡ ❝♦♥s✐❞❡r t❤❡ ❧✐q✉✐❞✐t② ❝♦♠♣♦♥❡♥t lk ❞❡✜♥❡❞ ❜②

lk :

{

[0, T ∗]× [0, T ∗] → R

(t, T ) 7→ lk(t, T )

✻✼



✸✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

✇❤✐❝❤ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛ ❞❡t❡r♠✐♥✐st✐❝✱ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥✳

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥

Ak(t, T ) = θt(Σ
k(t, T )) + lk(t, T ) ✭✸✳✷✻✮

❢♦r ❡✈❡r② k ∈ {1, . . . ,m}✳ ❲❡ str❡ss t❤❛t t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ Ak ✭❛♥❞ αk✮ ❛♥❞ t❤❡ ✈♦❧❛t✐❧✐t②
❢✉♥❝t✐♦♥ Σk ✭❛♥❞ σk✮ ❛r❡ ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❢❛❝t♦r Dk ✐s ❛❧s♦ ❞❡t❡r✲
♠✐♥✐st✐❝✳ ❖❜s❡r✈❡ ❛❧s♦ t❤❛t t❤✐s ❝❤♦✐❝❡ ♦❢ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢❛❝t t❤❛t
t❤❡ ❢♦r✇❛r❞ r❡❢❡r❡♥❝❡ r❛t❡ Lk(S, T ) ✐s ♥♦t ❛ P d

T ✲♠❛rt✐♥❣❛❧❡ ✐♥ ❣❡♥❡r❛❧✳

✸✳✷✳ ▼♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❈✉r✈❡s

❆ss✉♠♣t✐♦♥ ✭✸✳✶✹✮ ✐♠♣❧✐❡s s♦♠❡ ❦✐♥❞ ♦❢ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❝✉r✈❡s✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱
❜♦♥❞s t❤❛t ❛r❡ r❡❧❛t❡❞ t♦ ❛ r✐s❦✐❡r ❝✉r✈❡ s❤♦✉❧❞ ❤❛✈❡ ❛ ❧♦✇❡r ♣r✐❝❡ t❤❛♥ ❜♦♥❞s t❤❛t
❝♦rr❡s♣♦♥❞ t♦ ❛ ❝✉r✈❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❧❡ss ❝r❡❞✐t ❛♥❞ ❧✐q✉✐❞✐t② r✐s❦✳ ❋✐❣✉r❡ ✷✳✶✷ ✐♠♣❧✐❝✐t❧②
❝♦♥✜r♠s t❤✐s ❢❛❝t ❜② ♠❡❛♥s ♦❢ ♠❛r❦❡t ❞❛t❛✳

✸✳✷✳✶✳ ❚❤❡ ▼♦♥♦t♦♥✐❝✐t② ❈♦♥❞✐t✐♦♥

▲❡tm ∈ N
∗✳ ❘❡❝❛❧❧ t❤❛t✱ ❜② ✉s✐♥❣ t❤❡ ❜♦♦tstr❛♣♣✐♥❣ ♠❡t❤♦❞ ♦❢ ❆♠❡tr❛♥♦ ❛♥❞ ❇✐❛♥❝❤❡tt✐

❬✷✱ ✸❪✱ ✇❡ ❣❡♥❡r❛❧❧② ❤❛✈❡ ❢♦r ❡✈❡r② k, l ∈ {1, . . . ,m} ✇✐t❤ k ≤ l ❛♥❞ ❛❧❧ T ∈ [0, T ∗] t❤❡
♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝✉r✈❡s✿

Bl
0(T ) ≤ Bk

0 (T ) ≤ Bd
0(T ).

❲❡ ❤❛✈❡ t♦ ❞❡s✐❣♥ t❤❡ ♠♦❞❡❧ s✉❝❤ t❤❛t t❤❡ ♠♦♥♦t♦♥✐❝✐t② ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ ❞❛t❡s✳ ❚❤✐s ♠❡❛♥s
t❤❛t ✇❡ ❛❝❤✐❡✈❡ t❤❡ ♠♦❞❡❧ q✉❛♥t✐t✐❡s ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✇❡ ♦❜t❛✐♥

Bl
t(T ) ≤ Bk

t (T ) ≤ Bd
t (T ) ✭✸✳✷✼✮

❢♦r ❡✈❡r② t, T ∈ [0, T ∗] s❛t✐s❢②✐♥❣ t ≤ T ✳ ❚❤✐s r❡✢❡❝ts t❤❡ ❢❛❝t t❤❛t t❤❡ ❤✐❣❤❡r t❤❡ r✐s❦ ✐s✱
t❤❡ ❧♦✇❡r t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ❜♦♥❞ ✐s✳ ❚❤❡ ♠♦♥♦t♦♥✐❝✐t② ✇✐❧❧ ❜❡ ❣✉❛r❛♥t❡❡❞ ❜② ❛❞❞✐t✐♦♥❛❧
r❡str✐❝t✐♦♥s ♦♥ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ✐♥❡q✉❛❧✐t✐❡s ✭✸✳✷✼✮ ♦❜✈✐♦✉s❧② ✐♠♣❧②

fd
t (T ) ≤ fk

t (T ) ≤ f l
t(T ) ✭✸✳✷✽✮

❜② t❤❡ r❡❧❛t✐♦♥s ✭✸✳✷✮ ❛♥❞ ✭✸✳✶✻✮✳
❋♦r ❡✈❡r② k, j ∈ {d, 1 . . . ,m} ❛♥❞ T ∈ [0, T ∗]✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛❞❞✐t✐✈❡ ✭❢♦r✇❛r❞✮ s♣r❡❛❞

❜❡t✇❡❡♥ t❤❡ ❝✉r✈❡s k ❛♥❞ j ❜②

sk,jt (T ) := fk
t (T )− f j

t (T ). ✭✸✳✷✾✮

✻✽



✸✳✷✳ ▼♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❈✉r✈❡s

❖♥❡ s❡❡s t❤❛t t❤❡ ❞②♥❛♠✐❝s sk,j(T ) = (sk,jt (T ))t∈[0,T ] ❛r❡ ❣✐✈❡♥ ❜②

sk,jt (T ) = sk,j0 (T ) +

∫ t

0
αk,j(s, T )ds−

∫ t

0
σk,j(s, T )dLs, ✭✸✳✸✵✮

✇❤❡r❡ ✇❡ s❡t αk,j(s, T ) := αk(s, T )−αj(s, T ) ❛♥❞ σk,j(s, T ) := σk(s, T )− σj(s, T )✳ ◆♦t❡
t❤❛t sk,kt (T ) = 0 ❢♦r ❡✈❡r② k ∈ {d, 1, . . . ,m} ❛♥❞ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✷✽✮ t❤❛t

0 ≤ sk,d0 (T ) ≤ sl,d0 (T ) ❛♥❞ 0 ≤ sl,k0 (T )

❢♦r ❛❧❧ k, l ∈ {1, . . . ,m} ✇✐t❤ k ≤ l ❛♥❞ T ∈ [0, T ∗]✳ ❋♦r ❡✈❡r② k, j ∈ {d, 1 . . . ,m}✱ t❤❡
s❤♦rt t❡r♠ s♣r❡❛❞ ❜❡t✇❡❡♥ k ❛♥❞ j ✐s ❞❡✜♥❡❞ ❜② λk,j

t := rkt − rjt ❛♥❞ ✇❡ s❡t

Ak,j(s, T ) :=

∫ T

s∧T
αk,j(s, u)du ❛♥❞ Σk,j(s, T ) :=

∫ T

s∧T
σk,j(s, u)du.

❚❤❡♥✱ ✇❡ ❝❧❡❛r❧② ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥s

Ak,j(s, T ) = Ak(s, T )−Aj(s, T ) ❛♥❞ Σk,j(s, T ) = Σk(s, T )− Σj(s, T ).

❋♦r ❛♥② k ∈ {1, . . . ,m}✱ ✇❡ ♦❜✈✐♦✉s❧② ❤❛✈❡

sk,dt (T ) =

k
∑

j=1

sj,j−1
t (T ), ✭✸✳✸✶✮

✇❤❡r❡ ✇❡ ❞❡✜♥❡ s1,0t (T ) := s1,dt (T )✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥

fk
t (T ) = fd

t (T ) +
k
∑

j=1

sj,j−1
t (T ).

◆♦t❡ t❤❛t✱ ❢♦r ❡✈❡r② k ∈ {1, . . . ,m}✱ t❤❡ s❤♦rt t❡r♠ s♣r❡❛❞ λk,d ✐s ❣✐✈❡♥ ❜②

λk,d
t =

k
∑

j=1

λj,j−1
t =

k
∑

j=1

sj,j−1
t (t),

✇❤❡r❡ ✇❡ s❡t λ1,0
t := λ1,d

t ✳ ▼♦r❡♦✈❡r✱ ♦♥❡ ❡❛s✐❧② s❡❡s t❤❛t t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡
✈♦❧❛t✐❧✐t② str✉❝t✉r❡ r❡❧❛t❡❞ t♦ ❝✉r✈❡ k ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜②

αk(s, T ) = αd(s, T ) +

k
∑

j=1

αj,j−1(s, T )
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❛♥❞

σk(s, T ) = σd(s, T ) +
k
∑

j=1

σj,j−1(s, T ),

✇❤❡r❡ ✇❡ ❞❡♥♦t❡ α1,0(s, T ) := α1,d(s, T ) ❛♥❞ σ1,0(s, T ) := σ1,d(s, T )✳ ■t ❢♦❧❧♦✇s t❤❛t ✇❡
❤❛✈❡

Ak(s, T ) = Ad(s, T ) +
k
∑

j=1

Aj,j−1(s, T )

❛♥❞

Σk(s, T ) = Σd(s, T ) +

k
∑

j=1

Σj,j−1(s, T ),

✇❤❡r❡ ✇❡ ❞❡✜♥❡ A1,0(s, T ) := A1,d(s, T ) ❛♥❞ Σ1,0(s, T ) := Σ1,d(s, T )✳ ❈♦♥s❡q✉❡♥t❧②✱ ❞✉❡
t♦ r❡❧❛t✐♦♥ ✭✸✳✷✾✮✱ ✇❡ ❝❛♥ s♣❡❝✐❢② t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ q✉❛♥t✐t② fk(T ) ❜② ♠♦❞❡❧❧✐♥❣ t❤❡
❢♦r✇❛r❞ s♣r❡❛❞s sk,j(T ) ❛♥❞ t❤❡ ❢♦r✇❛r❞ r❛t❡s f j(T )✳

■t ✐s ❡✈✐❞❡♥t t❤❛t t❤❡ r❡❧❛t✐♦♥ ✭✸✳✷✽✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦♥❞✐t✐♦♥

0 ≤ sk,dt (T ) ≤ sl,dt (T ) ✭✸✳✸✷✮

❢♦r ❡✈❡r② k, l ∈ {1, . . . ,m} ✇✐t❤ k ≤ l ❛♥❞ t, T ∈ [0, T ∗] s❛t✐s❢②✐♥❣ t ≤ T ✳ ❚❤❡♥✱ ✇❡
❝♦♥❝❧✉❞❡ ❢r♦♠ r❡♣r❡s❡♥t❛t✐♦♥ ✭✸✳✸✶✮ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✸✳✸✷✮ ✐s ✈❛❧✐❞ ✐❢✱ ❢♦r ❛❧❧ j ∈ {1, . . . ,m}
❛♥❞ t, T ∈ [0, T ∗] ✇✐t❤ t ≤ T ✱ ✇❡ ❤❛✈❡

0 ≤ sj,j−1
t (T ). ✭✸✳✸✸✮

❚♦ s✉♠ ✉♣✱ t❤✐s ❛♣♣r♦❛❝❤ r❡s✉❧ts ✐♥ t❤❡ ♥♦♥✲♥❡❣❛t✐✈❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❢♦r✇❛r❞ s♣r❡❛❞s
❜❡t✇❡❡♥ t✇♦ s✉❜s❡q✉❡♥t ❝✉r✈❡s ✭✸✳✸✸✮✳ ❚❤❡♥✱ ❝♦♥❞✐t✐♦♥ ✭✸✳✸✷✮ ✐s ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡❞✳
❚❤✐s ❢❛❝t ✐♠♣❧✐❝✐t❧② ❣✉❛r❛♥t❡❡s t❤❡ r❡❧❛t✐♦♥s ✭✸✳✷✽✮ ❛♥❞ ✇❡ t❤❡r❡❢♦r❡ ❡♥s✉r❡ t❤❡ r❡q✉✐r❡❞
♠♦♥♦t♦♥✐❝✐t② ✭✸✳✷✼✮✳

❲❡ ❡♥❞ t❤✐s s✉❜s❡❝t✐♦♥ ✇✐t❤ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✭❢♦r✇❛r❞✮ s♣r❡❛❞s✳

▲❡♠♠❛ ✸✳✷✳✶ ❚❤❡ ❢♦r✇❛r❞ s♣r❡❛❞ s1,dt (T ) ✐s ❣✐✈❡♥ ❜②

s1,dt (T ) =s1,d0 (T ) +

∫ t

0

[ ∂

∂T
θs(Σ

d(s, T ) + Σ1,d(s, T )) +
∂

∂T
l1(s, T )

− ∂

∂T
θs(Σ

d(s, T ))
]

ds−
∫ t

0
σ1,d(s, T )dLs
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✸✳✷✳ ▼♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❈✉r✈❡s

❛♥❞✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ m ≥ 2 ✇✐t❤ j ∈ {2, . . . ,m}✱ t❤❡ ❢♦r✇❛r❞ s♣r❡❛❞ sj,j−1
t (T ) ❝❛♥ ❜❡

r❡♣r❡s❡♥t❡❞ ❜②

sj,j−1
t (T ) =sj,j−1

0 (T ) +

∫ t

0

[ ∂

∂T
θs(Σ

d(s, T ) +

j
∑

i=1

Σi,i−1(s, T )) +
∂

∂T
lj,j−1(s, T )

− ∂

∂T
θs(Σ

d(s, T ) +

j−1
∑

i=1

Σi,i−1(s, T ))
]

ds−
∫ t

0
σj,j−1(s, T )dLs,

✇❤❡r❡ ✇❡ s❡t lj,j−1(s, T ) := lj(s, T )− lj−1(s, T )✳

Pr♦♦❢✿ ❖♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ s♣❡❝✐✜❝❛t✐♦♥s ♦❢ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥s ✭✸✳✼✮ ❛♥❞ ✭✸✳✷✻✮✱ ✇❡ ❣❡t

α1,0(s, T ) = α1,d(s, T ) =
∂

∂T
θs(Σ

1(s, T )) +
∂

∂T
l1(s, T )− ∂

∂T
θs(Σ

d(s, T ))

❛♥❞✱ ❢♦r m ≥ 2 ✇❤❡r❡ j ∈ {2, . . . ,m}✱ ✐t ❤♦❧❞s

αj,j−1(s, T ) =
∂

∂T
θs(Σ

j(s, T )) +
∂

∂T
lj(s, T )− ∂

∂T
θs(Σ

j−1(s, T ))− ∂

∂T
lj−1(s, T ).

❚❤❡♥✱ t❤❡ ❛ss❡rt✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦r✇❛r❞ s♣r❡❛❞s ❞②♥❛♠✐❝s ❣✐✈❡♥ ❜② ✭✸✳✸✵✮✳ �

✸✳✷✳✷✳ ❆ ❙✉✐t❛❜❧❡ ▼♦❞❡❧ ❋r❛♠❡✇♦r❦

❲❡ ♣r❡s❡♥t ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ tr❛❝t❛❜❧❡ ♠♦❞❡❧ ✇❤✐❝❤ ❡♥s✉r❡s t❤❡ ♥♦♥✲♥❡❣❛t✐✈✐t② ♦❢ t❤❡
❝♦♥s❡❝✉t✐✈❡ ❢♦r✇❛r❞ s♣r❡❛❞s✳ ❚❤r♦✉❣❤ t❤❡ ❛♥❛❧②s✐s ♠❛❞❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✱
✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❝✉r✈❡s ✭✸✳✷✼✮ ✐s t❤❡♥ ✈❛❧✐❞✳ ❚❤✐s ❢r❛♠❡✇♦r❦ ✐s
♠♦t✐✈❛t❡❞ ❜② ❈ré♣❡②✱ ●r❜❛❝✱ ❛♥❞ ◆❣✉②❡♥ ❬✷✸❪✳ ❲❡ ❡♠♣❤❛s✐s❡ t❤❛t ✇❡ s♣❡❝✐❢② t❤❡ ♠♦❞❡❧
q✉❛♥t✐t✐❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❛❝❤ ❝✉r✈❡ k ∈ {1, . . . ,m} ❜② ♠♦❞❡❧❧✐♥❣ t❤❡ q✉❛♥t✐t✐❡s ♦❢ t❤❡
r❡❧❡✈❛♥t s♣r❡❛❞s ❛♥❞ t❤❡ ❞✐s❝♦✉♥t ❝✉r✈❡ ✭❝❢✳ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ ❛♥❞ r❡❧❛t✐♦♥ ✭✸✳✷✾✮✮✳
▲❡t d,m, l ∈ N

∗ = {1, 2, 3, . . . } ✇✐t❤ l + m ≤ d✳ ❚❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❞r✐✈✐♥❣ ♣r♦❝❡ss
L = (L1, . . . , Ld)T ✐s ❣✐✈❡♥ ♦♥ t❤❡ ❡♥❧❛r❣❡❞ st♦❝❤❛st✐❝ ❜❛s✐s (Ω,G ,G, P d)✳ ■ts ❝♦♠♣♦♥❡♥ts
❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ l r❡❛❧✲✈❛❧✉❡❞ ▲é✈② ♣r♦❝❡ss❡s ❛♥❞ d − l ♥❡❣❛t✐✈❡ ▲é✈② ♣r♦❝❡ss❡s✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ✇❡ s♣❡❝✐❢② t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ▲é✈② ♣r♦❝❡ss L ❛s ❢♦❧❧♦✇s✿

✭✐✮ Y 1 := (L1, . . . , Ll)T ✐s ❛♥ R
l✲✈❛❧✉❡❞ ▲é✈② ♣r♦❝❡ss✳

✭✐✐✮ Y 2 := (Ll+1, . . . , Ld)T = (−Z l+1, . . . ,−Zd)T✱ ✇❤❡r❡ Z := (Z l+1, . . . , Zd)T = −Y 2

✐s ❛♥ R
d−l
+ ✲✈❛❧✉❡❞ ▲é✈② ♣r♦❝❡ss ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ s✉❜♦r❞✐♥❛t♦rs ✭s❡❡ ❙❛t♦ ❬✽✶✱

❉❡✜♥✐t✐♦♥ ✷✶✳✹✳❪ ❛♥❞ ❇❛r♥❞♦r✛✲◆✐❡❧s❡♥ ❛♥❞ ❙❤❡♣❤❛r❞ ❬✽❪✮✳ ❚❤❡ ❝✉♠✉❧❛♥t ♣r♦❝❡ss
♦❢ Z ✐s ♦❢ t❤❡ ❢♦r♠

θZ(z) = 〈z, b〉+
∫

R
d−l
+

(e〈z,x〉 − 1)F (dx),
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✇❤❡r❡ z ∈ C
d−l s✉❝❤ t❤❛t Re(z) ∈ [−(1 + ǫ)M, (1 + ǫ)M ]d−l✳ ❚❤❡ ❞r✐❢t t❡r♠ b

s❛t✐s✜❡s bj ≥ 0 ❢♦r ❛♥② j ∈ {1, . . . , d − l} ❛♥❞ t❤❡ ▲é✈② ♠❡❛s✉r❡ F ❤❛s ✐ts s✉♣♣♦rt
♦♥ R

d−l
+ ✳

❲❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞✐♥❣ ❛ss✉♠♣t✐♦♥✿

❆ss✉♠♣t✐♦♥ ✭VL✮✿ ❋♦r ❡✈❡r② k ∈ {1, . . . ,m}✱ t❤❡ ♥♦♥✲♥❡❣❛t✐✈❡ ✈♦❧❛t✐❧✐t② ❢✉♥❝t✐♦♥s

Σd ❛♥❞ Σk,k−1 ❛s ✇❡❧❧ ❛s t❤❡ ❧✐q✉✐❞✐t② ❢✉♥❝t✐♦♥ lk ❛r❡ ❞❡t❡r♠✐♥✐st✐❝✱ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞

st❛t✐♦♥❛r② ❢✉♥❝t✐♦♥s✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ❡✈❡r② k ∈ {1, . . . ,m}✱ j ∈ {1, . . . , d} ❛♥❞ s, T

✇✐t❤ 0 ≤ s ≤ T ≤ T ∗✱ t❤❡ ❢✉♥❝t✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠

Σd
j (s, T ) = Gj(T − s)

Σk,k−1
j (s, T ) = Gk

j (T − s)

lk(s, T ) = Gk
l (T − s),

✇❤❡r❡ Gj : [0, T ∗] → R+ ❛♥❞ Gk
j : [0, T ∗] → R+ ❛r❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ❞❡t❡r♠✐♥✐st✐❝

❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ Gj(0) = Gk
j (0) = 0 t❤❛t ❛r❡ ❜♦✉♥❞❡❞ ✐♥ t❤❡ s❡♥s❡ ♦❢

Gj(s) +

m
∑

k=1

Gk
j (s) ≤ M̂ < M

❢♦r ❛❧❧ s ∈ [0, T ∗] ✇✐t❤ t❤❡ ❝♦♥st❛♥t M ❢r♦♠ ❛ss✉♠♣t✐♦♥ (EM)✱ ❛♥❞ Gk
l : [0, T ∗] → R ✐s ❛

❞✐✛❡r❡♥t✐❛❜❧❡✱ ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ Gk
l (0) = 0✳

■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s (DET) ❛♥❞ (MC.DET) ❛r❡ ❢✉❧✜❧❧❡❞ ✉♥❞❡r ❛ss✉♠♣t✐♦♥
(VL)✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶ ❚❤❡ ❢♦r✇❛r❞ s♣r❡❛❞ s1,dt (T ) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

s1,dt (T ) =s1,d0 (T )− θ(Σd(t, T ) + Σ1,d(t, T )) + θ(Σd(0, T ) + Σ1,d(0, T ))

− l1(t, T ) + l1(0, T ) + θ(Σd(t, T ))− θ(Σd(0, T )) ✭✸✳✸✹✮

−
∫ t

0
σ1,d(s, T )dLs

✼✷



✸✳✷✳ ▼♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❈✉r✈❡s

❛♥❞✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ m ≥ 2✱ t❤❡ ❢♦r✇❛r❞ s♣r❡❛❞ sj,j−1
t (T ) ✐s ❣✐✈❡♥ ❜②

sj,j−1
t (T ) =sj,j−1

0 (T )− θ(Σd(t, T ) +

j
∑

i=1

Σi,i−1(t, T )) + θ(Σd(0, T ) +

j
∑

i=1

Σi,i−1(0, T ))

− lj,j−1(t, T ) + lj,j−1(0, T ) + θ(Σd(t, T ) +

j−1
∑

i=1

Σi,i−1(t, T )) ✭✸✳✸✺✮

− θ(Σd(0, T ) +

j−1
∑

i=1

Σi,i−1(0, T ))−
∫ t

0
σj,j−1(s, T )dLs

❢♦r ❛♥② j ∈ {2, . . . ,m}✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❤♦rt s♣r❡❛❞s r❡s✉❧t ✐♥

λ1,d
t =s1,d0 (t) + θ(Σd(0, t) + Σ1,d(0, t)) + l1(0, t)− θ(Σd(0, t))−

∫ t

0
σ1,d(s, t)dLs

❛♥❞

λj,j−1
t =sj,j−1

0 (t) + θ(Σd(0, t) +

j
∑

i=1

Σi,i−1(0, t)) + lj,j−1(0, t)

− θ(Σd(0, t) +

j−1
∑

i=1

Σi,i−1(0, t))−
∫ t

0
σj,j−1(s, t)dLs.

Pr♦♦❢✿ ❲❡ ✜rst ♦❜s❡r✈❡ t❤❛t ✐t ❤♦❧❞s

∂

∂T
Gj(T − s) = − ∂

∂s
Gj(T − s)

∂

∂T
Gk

j (T − s) = − ∂

∂s
Gk

j (T − s)

∂

∂T
Gk

l (T − s) = − ∂

∂s
Gk

l (T − s).

❚❤❡♥✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ s1,dt (T ) ❛♥❞ sj,j−1
t (T ) t❤❛t ❛r❡ st❛t❡❞ ✐♥ ▲❡♠♠❛

✸✳✷✳✶✳ ■t ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s t❤❛t

∂

∂T
θ(Σd(s, T ) + Σ1,d(s, T )) +

∂

∂T
l1(s, T )− ∂

∂T
θ(Σd(s, T ))

=− ∂

∂s
θ(Σd(s, T ) + Σ1,d(s, T ))− ∂

∂s
l1(s, T ) +

∂

∂s
θ(Σd(s, T ))

✼✸



✸✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

❢r♦♠ ✇❤✐❝❤ ✇❡ ♦❜s❡r✈❡ t❤❛t
∫ t

0

[ ∂

∂T
θ(Σd(s, T ) + Σ1,d(s, T )) +

∂

∂T
l1(s, T )− ∂

∂T
θ(Σd(s, T ))

]

ds

=−
∫ t

0

[ ∂

∂s
θ(Σd(s, T ) + Σ1d(s, T )) +

∂

∂s
l1(s, T )− ∂

∂s
θ(Σd(s, T ))

]

ds

=− θ(Σd(t, T ) + Σ1,d(t, T )) + θ(Σd(0, T ) + Σ1,d(0, T ))− l1(t, T ) + l1(0, T )

+ θ(Σd(t, T ))− θ(Σd(0, T )).

❍❡♥❝❡✱ s1,dt (T ) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❢♦r♠ ✭✸✳✸✹✮✳ ❆♥❛❧♦❣♦✉s❧②✱ ♦♥❡ s❤♦✇s t❤❛t

∂

∂T
θ(Σd(s, T ) +

j
∑

i=1

Σi,i−1(s, T )) +
∂

∂T
lj,j−1(s, T )

− ∂

∂T
θ(Σd(s, T ) +

j−1
∑

i=1

Σi,i−1(s, T ))

=− ∂

∂s
θ(Σd(s, T ) +

j
∑

i=1

Σi,i−1(s, T ))− ∂

∂s
lj,j−1(s, T )

+
∂

∂s
θ(Σd(s, T ) +

j−1
∑

i=1

Σi,i−1(s, T )).

❚❤❡♥✱ ✇❡ ❣❡t

∫ t

0

[ ∂

∂T
θ(Σd(s, T ) +

j
∑

i=1

Σi,i−1(s, T )) +
∂

∂T
lj,j−1(s, T )

− ∂

∂T
θ(Σd(s, T ) +

j−1
∑

i=1

Σi,i−1(s, T ))
]

ds

=−
∫ t

0

[ ∂

∂s
θ(Σd(s, T ) +

j
∑

i=1

Σi,i−1(s, T )) +
∂

∂s
lj,j−1(s, T )

− ∂

∂s
θ(Σd(s, T ) +

j−1
∑

i=1

Σi,i−1(s, T ))
]

ds

=− θ(Σd(t, T ) +

j
∑

i=1

Σi,i−1(t, T )) + θ(Σd(0, T ) +

j
∑

i=1

Σi,i−1(0, T ))− lj,j−1(t, T )

+ lj,j−1(0, T ) + θ(Σd(t, T ) +

j−1
∑

i=1

Σi,i−1(t, T ))− θ(Σd(0, T ) +

j−1
∑

i=1

Σi,i−1(0, T )).

✼✹



✸✳✷✳ ▼♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❈✉r✈❡s

❚❤❡ ❧❛st ❡①♣r❡ss✐♦♥s ✐♠♠❡❞✐❛t❡❧② ❧❡❛❞ t♦ t❤❡ ❢♦r♠ ✭✸✳✸✺✮✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❡❛s✐❧② ♦❜t❛✐♥
t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ s❤♦rt s♣r❡❛❞s✳ �

◆❡①t✱ ✇❡ ❞❡r✐✈❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❞❡t❡r♠✐♥✐st✐❝ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♥♦♥✲♥❡❣❛t✐✈✐t②
♦❢ t❤❡ ✭❝♦♥s❡❝✉t✐✈❡✮ ❢♦r✇❛r❞ s♣r❡❛❞s✳ ❲❡ ❡①♣❧✐❝✐t❧② ♠❡♥t✐♦♥ t❤❛t t❤✐s ❛♣♣r♦❛❝❤ ✐s ❝❧♦s❡❧②
r❡❧❛t❡❞ t♦ t❤❡ ♣r♦❝❡❡❞✐♥❣ ♦❢ ❈ré♣❡②✱ ●r❜❛❝✱ ❛♥❞ ◆❣✉②❡♥ ❬✷✸✱ s❡❝t✐♦♥ ✸✳✷❪✳

▲❡t m ≥ 2 ❛♥❞ ❞❡✜♥❡ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ t❡r♠s

µ1,d(t, T ) := s1,dt (T ) +

∫ t

0
σ1,d(s, T )dLs

= s1,d0 (T )− θ(Σd(t, T ) + Σ1,d(t, T )) + θ(Σd(0, T ) + Σ1,d(0, T ))

− l1(t, T ) + l1(0, T ) + θ(Σd(t, T ))− θ(Σd(0, T ))

µ1,d(t) := λ1,d
t +

∫ t

0
σ1,d(s, t)dLs

= s1,d0 (t) + θ(Σd(0, t) + Σ1,d(0, t)) + l1(0, t)− θ(Σd(0, t))

❛♥❞

µj,j−1(t, T ) := sj,j−1
t (T ) +

∫ t

0
σj,j−1(s, T )dLs

= sj,j−1
0 (T )− θ(Σd(t, T ) +

j
∑

i=1

Σi,i−1(t, T ))

+ θ(Σd(0, T ) +

j
∑

i=1

Σi,i−1(0, T ))− lj,j−1(t, T ) + lj,j−1(0, T )

+ θ(Σd(t, T ) +

j−1
∑

i=1

Σi,i−1(t, T ))− θ(Σd(0, T ) +

j−1
∑

i=1

Σi,i−1(0, T ))

µj,j−1(t) := λj,j−1
t +

∫ t

0
σj,j−1(s, t)dLs

= sj,j−1
0 (t) + θ(Σd(0, t) +

j
∑

i=1

Σi,i−1(0, t)) + lj,j−1(0, t)

− θ(Σd(0, t) +

j−1
∑

i=1

Σi,i−1(0, t)),

r❡s♣❡❝t✐✈❡❧②✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ ▲❡t T ∈ [0, T ∗]✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❞✐t✐♦♥s ❛r❡

s❛t✐s✜❡❞✿

✼✺



✸✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

✶✳ ❋♦r ❛♥② t ∈ [0, T ] ❛♥❞ ❡❛❝❤ k ∈ {1, . . . , l}✱ ✇❡ ❤❛✈❡

σ1,d
k (t, T ) = 0

❛♥❞✱ ✐❢ m ≥ 2✱ ✐t ❤♦❧❞s

σj,j−1
k (t, T ) = 0

❢♦r ❡✈❡r② j ∈ {2, . . . ,m}✳

✷✳ ❋♦r ❛❧❧ t ∈ [0, T ]✱ ✐t ❤♦❧❞s

0 ≤ µ1,d(t, T ) = µ1,d(T )− θ(Σd(t, T ) + Σ1,d(t, T ))− l1(t, T ) + θ(Σd(t, T ))

✭✸✳✸✻✮

❛♥❞✱ ✐❢ m ≥ 2✱ ✇❡ ❤❛✈❡

0 ≤ µj,j−1(t, T ) = µj,j−1(T )− θ(Σd(t, T ) +

j
∑

i=1

Σi,i−1(t, T ))− lj,j−1(t, T )

✭✸✳✸✼✮

+ θ(Σd(t, T ) +

j−1
∑

i=1

Σi,i−1(t, T ))

❢♦r ❡✈❡r② j ∈ {2, . . . ,m}✳

❚❤❡♥✱ ✐t r❡s✉❧ts t❤❛t t❤❡ ❢♦r✇❛r❞ s♣r❡❛❞s ♠❡❡t

0 ≤ s1,dt (T ) ❛♥❞ 0 ≤ sj,j−1
t (T )

❢♦r ❡✈❡r② t, T ∈ [0, T ∗] ✇✐t❤ t ≤ T ❛♥❞ ❡❛❝❤ j ∈ {2, . . . ,m}✳

Pr♦♦❢✿ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ µ1,d(t, T ) t❤❛t t❤❡ ♥♦♥✲♥❡❣❛t✐✈✐t② ♦❢ t❤❡ t❡r♠
−
∫ t
0 σ

1,d(s, T )dLs✱ ❢♦r ❛♥② t ∈ [0, T ]✱ t♦❣❡t❤❡r ✇✐t❤ ✭✸✳✸✻✮ ✐♠♣❧② s1,dt (T ) ≥ 0 ❢♦r ❛❧❧
t ∈ [0, T ]✳ ❙✐♠✐❧❛r ❛r❣✉♠❡♥ts ❧❡❛❞ t♦ t❤❡ ♥♦♥✲♥❡❣❛t✐✈✐t② ♦❢ t❤❡ s♣r❡❛❞ sj,j−1

t (T ) ❢♦r ❛♥②
t ∈ [0, T ] ✇✐t❤ t ≤ T ❛♥❞ ❡✈❡r② j ∈ {2, . . . ,m} ✐❢ m ≥ 2✳ �

◆♦t❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ✭✸✳✸✻✮ ❛♥❞ ✭✸✳✸✼✮ r❡s✉❧t ✐♥ ❛❞❞✐t✐♦♥❛❧ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❝♦♥✲
s✐❞❡r❡❞ ❞✐str✐❜✉t✐♦♥ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❞r✐✈✐♥❣ ♣r♦❝❡ss ❛s ✇❡❧❧ ❛s t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡
✈♦❧❛t✐❧✐t② ❛♥❞ ❧✐q✉✐❞✐t② ❢✉♥❝t✐♦♥s✳

✼✻



✸✳✸✳ ❱❛❧✉❛t✐♦♥ ❋♦r♠✉❧❛s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

✸✳✸✳ ❱❛❧✉❛t✐♦♥ ❋♦r♠✉❧❛s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡

❚❤❡♦r②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s♣❡❝✐❢② ♠✐❞ ♣r✐❝❡ ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛s ♦❢ ✐♥t❡r❡st r❛t❡ ❞❡r✐✈❛t✐✈❡s ✐♥ t❤❡
♠✉❧t✐♣❧❡✲❝✉r✈❡ ▲é✈② ❢♦r✇❛r❞ r❛t❡ ♠♦❞❡❧✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ t✇♦✲♣r✐❝❡ t❤❡♦r② ✐s ❛♣♣❧✐❡❞ t♦
s♦♠❡ s♣❡❝✐❛❧ ✜♥❛♥❝✐❛❧ ♣r♦❞✉❝ts ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡s ❛r❡ ❞❡r✐✈❡❞✳

✸✳✸✳✶✳ ❱❛❧✉❛t✐♦♥ ❋♦r♠✉❧❛s ♦❢ ■♥t❡r❡st ❘❛t❡ ❉❡r✐✈❛t✐✈❡s

❲❡ ❜❡❣✐♥ ✇✐t❤ s♦♠❡ ♣r❡❧✐♠✐♥❛r② r❡♠❛r❦s r❡❧❛t❡❞ t♦ t❤❡ ✈❛❧✉❛t✐♦♥ ❛♣♣r♦❛❝❤✳ ▲❡t T ∗ > 0

❜❡ ❛ ✜♥✐t❡ t✐♠❡ ❤♦r✐③♦♥ ❛♥❞ m ∈ N✳ ❘❡❝❛❧❧ t❤❛t ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ m = 0✱ ✇❡ ♦❜t❛✐♥
t❤❡ ❝❧❛ss✐❝❛❧ s✐♥❣❧❡✲❝✉r✈❡ s❡tt✐♥❣ ❛♥❞ t❤❡ ❞✐s❝♦✉♥t ❝✉r✈❡ ✐s r❡❢❡rr❡❞ t♦ ❛s 0 ♦r d✳ ❋♦r
❛♥② k ∈ {0, 1, . . . ,m}✱ ❧❡t T k = {T k

0 , . . . , T
k
nk
} ❜❡ ❛♥ ❡q✉✐❞✐st❛♥t ❞✐s❝r❡t❡ t❡♥♦r str✉❝t✉r❡

✇✐t❤ t❡♥♦r δk✳ ❲❡ ❛ss✉♠❡ t❤❛t 0 ≤ T k
0 = T l

0✱ T k
nk

= T ∗ ❛♥❞ T l ⊂ T k ❢♦r ❡✈❡r②
k, l ∈ {0, 1, . . . ,m} s❛t✐s❢②✐♥❣ k ≤ l ✭δk < δl✮✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✱ ✇❡ ♦♠✐t t❤❡
s✉♣❡rs❝r✐♣ts ❢♦r t❤❡ ❞❛t❡s ❛♥❞ t❡♥♦rs r❡❧❛t❡❞ t♦ ❝✉r✈❡ 0 ✭♦r d✱ r❡s♣❡❝t✐✈❡❧②✮✳

❲❡ ❝♦♥❝❧✉❞❡ ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥s ✭✸✳✶✶✮ ❛♥❞ ✭✸✳✶✾✮ t❤❛t t❤❡ t✐♠❡✲T k
j−1 ❜♦♥❞ ♣r✐❝❡ ♠❛✲

t✉r✐♥❣ ❛t ❞❛t❡ T k
j ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜②

Bd
Tj−1

(Tj) =
Bd

0(Tj)

Bd
0(Tj−1)

exp

(

∫ Tj−1

0
Σd(s, Tj−1, Tj)dLs

+

∫ Tj−1

0

[

θs(Σ
d(s, Tj−1))− θs(Σ

d(s, Tj))
]

ds

)

❢♦r ❡✈❡r② j ∈ {1, . . . , n} ❛♥❞

Bk
Tk
j−1

(T k
j ) =

B0(T
k
j )

B0(T k
j−1)

exp

(

∫ Tk
j−1

0
Σk(s, T k

j−1, T
k
j )dLs

+

∫ Tk
j−1

0

[

θs(Σ
k(s, T k

j−1)) + lk(s, T k
j−1)

− θs(Σ
k(s, T k

j ))− lk(s, T k
j )
]

ds

)

❢♦r ❡✈❡r② j ∈ {1, . . . , nk} ✇✐t❤ k ∈ {1, . . . ,m}✳ ❘❡❝❛❧❧ t❤❛t t❤❡s❡ ❡①♣r❡ss✐♦♥s ❝❛♥ ❝♦♠✲
♣❛❝t❧② ❜❡ ✇r✐tt❡♥ ❛s

Bk
Tk
j−1

(T k
j ) = Dk

j exp(X
k
j ),

✼✼



✸✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

✇❤❡r❡ ✇❡ s❡t t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣❛rt ❛s

Dk
j := Dk(T k

j−1, T
k
j )

❛♥❞ t❤❡ st♦❝❤❛st✐❝ t❡r♠ ❛s

Xk
j := Xk(T k

j−1, T
k
j )

❢♦r ❡✈❡r② k ∈ {d, 1, . . . ,m} ✭❝❢✳ ❡q✉❛t✐♦♥s ✭✸✳✶✷✮✱ ✭✸✳✶✸✮✱ ✭✸✳✷✵✮ ❛♥❞ ✭✸✳✷✶✮✮✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r ♣r♦❝❡ss βd ❛t ❞❛t❡ T ∈ [0, T ∗] ✐s ❝❛❧❝✉❧❛t❡❞ ❛s

βd
T = Bd

0(T ) exp

(

−
∫ T

0
θs(Σ

d(s, T ))ds+

∫ T

0
Σd(s, T )dLs

)

. ✭✸✳✸✽✮

❇② ✉s✐♥❣ ❊❜❡r❧❡✐♥ ❛♥❞ ❘❛✐❜❧❡ ❬✸✽✱ ▲❡♠♠❛ ✸✳✶❪ ♦r ✐ts ❣❡♥❡r❛❧✐s❡❞ ✈❡rs✐♦♥ ❞❡✈❡❧♦♣❡❞ ❜②
❊❜❡r❧❡✐♥ ❛♥❞ ❑❧✉❣❡ ❬✸✸❪✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ Xk

j ✉♥❞❡r P d
T ❝❛♥

❜❡ ❞❡t❡r♠✐♥❡❞ ❛s

ϕT
Xk

j
(u) = EP d

T

[

exp

(

∫ Tk
j−1

0
iuΣk(s, T k

j−1, T
k
j )dLs

)

]

= exp

(

∫ Tk
j−1

0
θTs

(

iuΣk(s, T k
j−1, T

k
j )
)

ds

)

,

✇❤❡r❡ θTs ❞❡♥♦t❡s t❤❡ ❝✉♠✉❧❛♥t ✇✐t❤ r❡s♣❡❝t t♦ P d
T ❛♥❞ T ∈ T d✳ ❇② ❝❤❛♥❣✐♥❣ t♦ t❤❡ s♣♦t

♠❛rt✐♥❣❛❧❡ ♠❡❛s✉r❡ P d ✇✐t❤ t❤❡ ✉s❡ ♦❢ ✭✷✳✶✸✮ t♦❣❡t❤❡r ✇✐t❤ ❡q✉❛t✐♦♥ ✭✸✳✺✮ ✭❝♦♥❝r❡t❡❧②✱
✭✸✳✸✽✮✮✱ ✇❡ ❣❡t t❤❡ ✉s❡❢✉❧ r❡♣r❡s❡♥t❛t✐♦♥s

ϕ
Tk
j

Xk
j

(u) =EP d

[

βd
Tk
j
Bd

0(T
k
j )

−1 exp
(

∫ Tk
j−1

0
iuΣk(s, T k

j−1, T
k
j )dLs

)

]

=exp

(

∫ Tk
j−1

0

[

θs

(

Σd(s, T k
j ) + iuΣk(s, T k

j−1, T
k
j )
)

− θs(Σ
d(s, T k

j ))
]

ds

)

✭✸✳✸✾✮

❛♥❞

ϕ
Tj−1

Xd
j

(u) =EP d

[

βd
Tj−1

Bd
0(Tj−1)

−1 exp
(

∫ Tj−1

0
iuΣd(s, Tj−1, Tj)dLs

)

]

=exp

(

∫ Tj−1

0

[

θs

(

Σd(s, Tj−1) + iuΣd(s, Tj−1, Tj)
)

− θs(Σ
d(s, Tj−1))

]

ds

)

.

✭✸✳✹✵✮
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✸✳✸✳ ❱❛❧✉❛t✐♦♥ ❋♦r♠✉❧❛s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

◆♦t❡ t❤❛t t❤❡s❡ ❡①♣r❡ss✐♦♥s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❝♦♠♣❧❡① ♥✉♠❜❡rs ❜② ✉s✐♥❣ ❛ss✉♠♣t✐♦♥
(EM) ✭❝❢✳ ❙❛t♦ ❬✽✶✱ ❚❤❡♦r❡♠ ✷✺✳✶✼❪✮✳

❚❤❡ ♣❛②♦✛s ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s t❤❛t ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛r❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❞❡t❡r♠✐♥✐s✲
t✐❝ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ r❡❢❡r❡♥❝❡ r❛t❡s Lk

Tk
j−1

(T k
j−1, T

k
j )✳ ❚❤❡s❡ r❛t❡s ❛r❡ FTk

j−1
✲♠❡❛s✉r❛❜❧❡

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ▼♦r❡♦✈❡r✱ t❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r ♣r♦❝❡ss βd ✐s F✲❛❞❛♣t❡❞✳ ❙✐♥❝❡ t❤❡
♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt② ❜❡t✇❡❡♥ F ❛♥❞ G ✉♥❞❡r P d ✐s ✈❛❧✐❞✱ ✇❡ ❝♦♥❝❧✉❞❡ ❢r♦♠
❤②♣♦t❤❡s✐s (H5) ♦❢ s✉❜s❡❝t✐♦♥ ✶✳✷✳✶ t❤❛t ✐t ❤♦❧❞s

(βd
t )

−1
EP d [βd

Tk
j
f(Lk

Tk
j−1

(T k
j−1, T

k
j ))|Gt] = (βd

t )
−1

EP d [βd
Tk
j
f(Lk

Tk
j−1

(T k
j−1, T

k
j ))|Ft]

❢♦r ❡✈❡r② t ∈ [0, T k
j−1] ❛♥❞ ❡❛❝❤ ❇♦r❡❧✲♠❡❛s✉r❛❜❧❡ ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥ f : R → R✳

◆♦t❡ t❤❛t f(Lk
Tk
j−1

(T k
j−1, T

k
j )) ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ✐♥t❡❣r❛❜❧❡ FTk

j−1
✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠

✈❛r✐❛❜❧❡✳ ❇② ✉s✐♥❣ t❤❡ ❛❜str❛❝t ❇❛②❡s r✉❧❡✱ ✇❡ ♦❜t❛✐♥

(βd
t )

−1
EP d

[

βd
Tk
j
f(Lk

Tk
j−1

(T k
j−1, T

k
j ))|Gt

]

= EP d

Tk
j

[

Bd
t (T

k
j )f(L

k
Tk
j−1

(T k
j−1, T

k
j ))|Gt

]

.

❋r♦♠ t❤❡ ♥♦t❡s ♠❛❞❡ ✐♥ s✉❜s❡❝t✐♦♥ ✶✳✷✳✶✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♠❛rt✐♥❣❛❧❡ ✐♥✈❛r✐❛♥❝❡
♣r♦♣❡rt② ❜❡t✇❡❡♥ F ❛♥❞ G ✐s ❛❧s♦ s❛t✐s✜❡❞ ❢♦r ❛♥② ❢♦r✇❛r❞ ♠❡❛s✉r❡ P d

T ✇✐t❤ T ∈ [0, T ∗]✳
❍❡♥❝❡✱ ✇❡ ❤❛✈❡

EP d

Tk
j

[

Bd
t (T

k
j )f(L

k
Tk
j−1

(T k
j−1, T

k
j ))|Gt

]

= EP d

Tk
j

[

Bd
t (T

k
j )f(L

k
Tk
j−1

(T k
j−1, T

k
j ))|Ft

]

❢♦r ❡✈❡r② t ∈ [0, T k
j−1]✳ ❚♦ s✉♠♠❛r✐s❡✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ Gt ❜② Ft ✐♥ ❛❧❧ r✐s❦✲♥❡✉tr❛❧ ♣r✐❝✐♥❣

❢♦r♠✉❧❛s ✐♥ ♦✉r ♠♦❞❡❧✳

◆♦✇✱ ✇❡ ❝♦♥s✐❞❡r k ∈ {d, 1, . . . ,m}✳ ❚❤❡ r❡❧❛t❡❞ ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛s ❢♦r t❤❡ s✐♥❣❧❡✲❝✉r✈❡
s❡tt✐♥❣ ❛r❡ ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✱ t❤❡
♥♦t✐♦♥❛❧ ❛♠♦✉♥t ✐s s❡t t♦ ♦♥❡✳

❋♦r✇❛r❞ ❘❛t❡ ❆❣r❡❡♠❡♥ts

❘❡❝❛❧❧ t❤❛t t❤❡ ♣❛②♦✛ ♦❢ ❛ ❢♦r✇❛r❞ r❛t❡ ❛❣r❡❡♠❡♥t ❛t ♠❛t✉r✐t② T k
j ✐s ❣✐✈❡♥ ❜②

FRATk
j
(T k

j−1, T
k
j , δ

k,K) = δk(Lk
Tk
j−1

(T k
j−1, T

k
j )−K).
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✸✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

❚❤❡♥✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤✐s ♣r♦❞✉❝t ❛t t✐♠❡ t ≤ T k
j−1 ✐s

FRAt(T
k
j−1, T

k
j , δ

k,K) = δk(βd
t )

−1
EP d

[

βd
Tk
j
(Lk

Tk
j−1

(T k
j−1, T

k
j )−K)|Ft

]

= (βd
t )

−1
EP d

[

βd
Tk
j

(

Bk
Tk
j−1

(T k
j )

−1 − K̃k
)

|Ft

]

= Bd
t (T

k
j )EP d

Tk
j

[ (

Bk
Tk
j−1

(T k
j )

−1 − K̃k
)

|Ft

]

✭✸✳✹✶✮

= Bd
t (T

k
j )EP d

Tk
j

[ (

ηkj exp(−Xk
j )− K̃k

)

|Ft

]

,

✇❤❡r❡ ✇❡ s❡t

ηkj :=
1

Dk
j

=
Bd

0(T
k
j−1)

Bd
0(T

k
j )

exp

(

∫ Tk
j−1

0
[Ak(s, T k

j )−Ak(s, T k
j−1)]ds

)

❛♥❞ K̃k := 1 + δkK ✭❝❢✳ ❡q✉❛t✐♦♥ ✭✷✳✶✹✮✮✳ ❚❤❡ t✐♠❡✲t FRA r❛t❡ Kk
t ✐s ❣✐✈❡♥ ❜②

Kk
t = EP d

Tk
j

[ 1

δk
(Bk

Tk
j−1

(T k
j )

−1 − 1)|Ft

]

= EP d

Tk
j

[ 1

δk
(

ηkj exp(−Xk
j )− 1

)

|Ft

]

.

❚♦ ♦❜t❛✐♥ ❛ tr❛❝t❛❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣r✐❝❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠✿

EP d

Tk
j

[

Bk
Tk
j−1

(T k
j )

−1|Ft

]

= ηkjEP d

Tk
j

[

exp
(

−
∫ Tk

j−1

0
Σk(s, T k

j−1, T
k
j )dLs

)

|Ft

]

= ηkj exp

(

−
∫ t

0
Σk(s, T k

j−1, T
k
j )dLs

)

EP d

Tk
j

[

exp
(

−
∫ Tk

j−1

t
Σk(s, T k

j−1, T
k
j )dLs

)

]

= ηkj exp

(

−
∫ t

0
Σk(s, T k

j−1, T
k
j )dLs +

∫ Tk
j−1

t
θ
Tk
j

s (−Σk(s, T k
j−1, T

k
j ))ds

)

,

✇❤❡r❡ θ
Tk
j

t ❞❡♥♦t❡s t❤❡ ❝✉♠✉❧❛♥t ♦❢ L ✉♥❞❡r P d
Tk
j

✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶ ❚❤❡ r✐s❦✲♥❡✉tr❛❧ ♣r✐❝❡ ♦❢ ❛ ❢♦r✇❛r❞ r❛t❡ ❛❣r❡❡♠❡♥t ❛t t✐♠❡ t ❝❛♥ ❜❡

✇r✐tt❡♥ ❛s

FRAt(T
k
j−1, T

k
j , δ

k,K) = Bd
t (T

k
j )
(

V k
t (T

k
j−1, T

k
j )− K̃k

)

,

✽✵
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✇❤❡r❡ ✇❡ ❞❡✜♥❡

V k
t (T

k
j−1, T

k
j ) :=ηkj exp

(

−
∫ t

0
Σk(s, T k

j−1, T
k
j )dLs

)

× exp

(

∫ Tk
j−1

t
[θs(Σ

d(s, T k
j )− Σk(s, T k

j−1, T
k
j ))− θs(Σ

d(s, T k
j ))]ds

)

.

❚❤❡ r❛t❡ Kk
t s✉❝❤ t❤❛t

FRAt(T
k
j−1, T

k
j , δ

k,Kk
t ) = 0

✐s ❣✐✈❡♥ ❜②

Kk
t =

1

δk

(

V k
t (T

k
j−1, T

k
j )− 1

)

.

Pr♦♦❢✿ ●✐✈❡♥ t❤❡ ❢♦r♠✉❧❛ ✭✸✳✹✶✮ ❛♥❞ t❤❡ ❛♥❛❧②s✐s ♠❛❞❡ ❜❡❢♦r❡ t❤✐s Pr♦♣♦s✐t✐♦♥✱ ✐t r❡♠❛✐♥s
t♦ s❤♦✇ t❤❛t

EP d

Tk
j

[

exp
(

−
∫ Tk

j−1

t
Σk(s, T k

j−1, T
k
j )dLs

)

]

=exp

(

−
∫ Tk

j−1

0
Ad(s, T k

j )ds

)

EP d

[

exp
(

∫ Tk
j−1

0
Σd(s, T k

j )dLs

−
∫ Tk

j−1

t
Σk(s, T k

j−1, T
k
j )dLs

)]

=exp

(

−
∫ Tk

j−1

0
θs(Σ

d(s, T k
j ))ds

)

EP d

[

exp
(

∫ t

0
Σd(s, T k

j )dLs

)

]

× EP d

[

exp
(

∫ Tk
j−1

t
Σd(s, T k

j )− Σk(s, T k
j−1, T

k
j )dLs

)

]

=exp

(

−
∫ Tk

j−1

0
θs(Σ

d(s, T k
j ))ds

)

exp

(∫ t

0
θs(Σ

d(s, T k
j ))ds

)

× exp

(

∫ Tk
j−1

t
θs(Σ

d(s, T k
j )− Σk(s, T k

j−1, T
k
j ))ds

)

=exp

(

∫ Tk
j−1

t

[

θs(Σ
d(s, T k

j )− Σk(s, T k
j−1, T

k
j ))− θs(Σ

d(s, T k
j ))
]

ds

)

.

�
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■♥t❡r❡st ❘❛t❡ ❙✇❛♣s

❚❤❡ t✐♠❡✲t ✈❛❧✉❡ ♦❢ ❛♥ ✐♥t❡r❡st r❛t❡ s✇❛♣ ✇✐t❤ ✜①✐♥❣ ❛♥❞ ♣❛②♠❡♥t ❞❛t❡s T k ❝❛♥ ❜❡
❝♦♠♣✉t❡❞ ❛s

Swapt(T
k, δk, S) =

nk
∑

j=1

δkBd
t (T

k
j )EP d

Tk
j

[

(Lk
Tk
j−1

(T k
j−1, T

k
j )− S)|Ft

]

=

nk
∑

j=1

FRAt(T
k
j−1, T

k
j , δ

k, S)

=

nk
∑

j=1

Bd
t (T

k
j )
(

V k
t (T

k
j−1, T

k
j )− S̃k

)

,

✇❤❡r❡ ✇❡ ❞❡✜♥❡ S̃k = 1+ δkS ✭❝❢✳ r❡❧❛t✐♦♥ ✭✷✳✶✼✮✮✳ ❚❤❡ s✇❛♣ r❛t❡ ❛t t✐♠❡ t ✇✐t❤ t ≤ T k
0 ✱

❞❡♥♦t❡❞ ❜② Skt (T
k)✱ ✐s ❞❡✜♥❡❞ ❛s t❤❡ r❛t❡ t❤❛t ♠❛❦❡s t❤❡ t✐♠❡✲t ✈❛❧✉❡ ♦❢ t❤❡ s✇❛♣ ❡q✉❛❧

t♦ ③❡r♦✳ ❲❡ t❤❡r❡❢♦r❡ ♦❜t❛✐♥

Skt (T
k) =

∑nk

j=1B
d
t (T

k
j )
(

V k
t (T

k
j−1, T

k
j )− 1

)

∑nk

j=1 δ
kBd

t (T
k
j )

.

❚❤❡ ▲✐❜♦r✴❊✉r✐❜♦r✲❖■❙ s✇❛♣ s♣r❡❛❞ ✐s ❣✐✈❡♥ ❜②

Skt (T
k)− Sont (T k) =

∑nk

j=1B
d
t (T

k
j )
(

V k
t (T

k
j−1, T

k
j )− 1

)

−Bd
t (T

k
0 ) +Bd

t (T
k
nk
)

∑nk

j=1 δ
kBd

t (T
k
j )

.

❇❛s✐s ❙✇❛♣s

▲❡t ✉s ❝♦♥s✐❞❡r k ≤ l✳ ❋r♦♠ ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛ ✭✷✳✶✽✮✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ♦❜t❛✐♥ t❤❛t

BS1t (T
k,T l) =

nl
∑

j=1

Bd
t (T

l
j)
(

V l
t (T

l
j−1, T

l
j)− 1

)

−
nk
∑

j=1

Bd
t (T

k
j )
(

V k
t (T

k
j−1, T

k
j )− 1

)

.

▼♦r❡♦✈❡r✱ ✐t r❡s✉❧ts ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✾✮ t❤❛t

BS2t (T
k,T l) =

nl
∑

j=1

Bd
t (T

l
j)
(

V l
t (T

l
j−1, T

l
j)− 1

)

−
nk
∑

j=1

Bd
t (T

k
j )
(

V k
t (T

k
j−1, T

k
j )− 1

)

−
n
∑

k=1

δBd
t (Tk) · bst
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❛♥❞

bst =

∑nl

j=1B
d
t (T

l
j)
(

V l
t (T

l
j−1, T

l
j)− 1

)

−∑nk

j=1B
d
t (T

k
j )
(

V k
t (T

k
j−1, T

k
j )− 1

)

∑n
k=1 δB

d
t (Tk)

.

❈❛♣s ❛♥❞ ❋❧♦♦rs

●✐✈❡♥ t❤❡ ♣r✐❝✐♥❣ ❢♦r♠✉❧❛ ✭✷✳✷✵✮✱ t❤❡ t✐♠❡✲t ✈❛❧✉❡ ♦❢ ❛ ❝❛♣ ✇✐t❤ str✐❦❡ r❛t❡K ❛♥❞ ♠❛t✉r✐t②
T ∗ r❡s✉❧ts ✐♥

Capt(T
k, δk,K) =

nk
∑

j=1

(βd
t )

−1
EP d

[

βd
Tk
j

(

Bk
Tk
j−1

(T k
j )

−1 − K̃k
)+|Ft

]

=

nk
∑

j=1

(βd
t )

−1
EP d

[

βd
Tk
j

(

ηkj exp(−Xk
j )− K̃k

)+|Ft

]

=

nk
∑

j=1

EP d

Tk
j

[

Bd
t (T

k
j )
(

ηkj exp(−Xk
j )− K̃k

)+|Ft

]

.

❍❡♥❝❡✱ t❤❡ t✐♠❡✲0 ♣r✐❝❡ ♦❢ ❛ ❝❛♣❧❡t ✇✐t❤ str✐❦❡ r❛t❡ K ✐s ❣✐✈❡♥ ❜②

Cpl0(T
k
j−1, T

k
j ,K) = EP d

[

βd
Tk
j

(

ηkj exp(−Xk
j )− K̃k

)+
]

✭✸✳✹✷✮

= EP d

Tk
j

[

Bd
0(T

k
j )
(

ηkj exp(−Xk
j )− K̃k

)+
]

. ✭✸✳✹✸✮

❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✱ ✇❡ s❡t Y k
j := −Xk

j ✳ ❚❤❡ ❡①t❡♥❞❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ Y k
j

r❡❧❛t✐✈❡ t♦ ♣r✐❝✐♥❣ ♠❡❛s✉r❡ P d
Tk
j

❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s

ϕ
Tk
j

Y k
j

(z) = EP d

Tk
j

[

exp
(

∫ Tk
j−1

0
−izΣk(s, T k

j−1, T
k
j )dLs

)

]

= exp
(

∫ Tk
j−1

0

[

θs(Σ
d(s, T k

j )− izΣk(s, T k
j−1, T

k
j ))− θs(Σ

d(s, T k
j ))
]

ds
)

✭✸✳✹✹✮

❢♦r ❡✈❡r② z ∈ C ✇❤❡r❡ t❤✐s ❢✉♥❝t✐♦♥ ❡①✐sts✳

❚♦ ❡✈❛❧✉❛t❡ t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ❝❛♣❧❡t✱ ✇❡ ✉s❡ t❤❡ ❋♦✉r✐❡r ❜❛s❡❞ ✈❛❧✉❛t✐♦♥ ♠❡t❤♦❞ ✭s❡❡
❊❜❡r❧❡✐♥✱ ●❧❛✉✱ ❛♥❞ P❛♣❛♣❛♥t♦❧❡♦♥ ❬✹✵❪✮✳
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Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✷ ❚❤❡ r✐s❦✲♥❡✉tr❛❧ ♣r✐❝❡ ♦❢ t❤❡ ❝❛♣❧❡t ❛t t✐♠❡ 0 ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Cpl0(T
k
j−1, T

k
j ,K) = Bd

0(T
k
j )

e−Rξkj

π

∫ ∞

0
Re

(

e−iuξkj ϕ
Tk
j

Y k
j

(u− iR)(K̃k)1−R−iu

(−R− iu)(1−R− iu)

)

du

✭✸✳✹✺✮

❢♦r ❛♥② R ∈
(

1, M−M̂
M̂

]

✱ ✇❤❡r❡ ✇❡ s❡t ξkj := − ln ηkj ❛♥❞ M̂ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝❤♦s❡♥ s✉❝❤

t❤❛t M̂ < M
2 ✳ M ✐s t❤❡ ❝♦♥st❛♥t ✐♥ ❛ss✉♠♣t✐♦♥ (EM) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞r✐✈✐♥❣ ♣r♦❝❡ss

L✳

Pr♦♦❢✿ ❈❧❡❛r❧②✱ ✇❡ ❤❛✈❡

ϕ
Tk
j

Y k
j

(u− iR) = exp
(

∫ Tk
j−1

0

[

θs(Σ
d(s, T k

j )− (iu+R)Σk(s, T k
j−1, T

k
j ))

− θs(Σ
d(s, T k

j ))
]

ds
)

❛♥❞

|Re
(

Σd
l (s, T

k
j )− (iu+R)Σk

l (s, T
k
j−1, T

k
j )
)

| = |Σd
l (s, T

k
j )−RΣk

l (s, T
k
j−1, T

k
j )|

≤ M̂ + |R|M̂ ≤ M̂ +
M − M̂

M̂
M̂

= M

❢♦r ❡✈❡r② l ∈ {1, . . . , d}✳ ❚❤❡♥✱ ❜② ❊❜❡r❧❡✐♥✱ ●❧❛✉✱ ❛♥❞ P❛♣❛♣❛♥t♦❧❡♦♥ ❬✹✵✱ ❚❤❡♦r❡♠ ✷✳✷✳❪
❛♥❞ ❛♥ ♦❜✈✐♦✉s s②♠♠❡tr② ♣r♦♣❡rt② ♦❢ t❤❡ ✐♥t❡❣r❛♥❞✱ ✇❡ ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t r✐❣❤t✳ �

❚❤❡ ♣r✐❝❡ ♦❢ ❛ ✢♦♦r❧❡t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ ❛♥ ❛♥❛❧♦❣♦✉s ✇❛②✳
❲❡ t❡♠♣♦r❛r✐❧② ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ m = 0✳ ❚❤r♦✉❣❤ ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❋♦✉r✐❡r

♣r✐❝✐♥❣ ♠❡t❤♦❞✱ ✇❡ ♦❜t❛✐♥

Cpl0(Tj−1, Tj ,K) =

= Bd
0(Tj−1)K̃

e−R1ξj

π

∫ ∞

0
Re

(

e−iuξjϕ
Tj−1

Xd
j

(u− iR1)
K̃−(1−R1−iu)

(−R1 − iu)(1−R1 − iu)

)

du

✭✸✳✹✻✮

❛♥❞

Flt0(Tj−1, Tj ,K) =

= Bd
0(Tj−1)K̃

e−R2ξj

π

∫ ∞

0
Re

(

e−iuξjϕ
Tj−1

Xd
j

(u− iR2)
K̃−(1−R2−iu)

(−R2 − iu)(1−R2 − iu)

)

du

✽✹
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✇✐t❤ R1 ∈
[

−M−M̂
M̂

, 0
)

❛♥❞ R2 ∈
(

1, 1 + M−M̂
M̂

]

❢♦r ❛ s✉✐t❛❜❧❡ M̂ s❛t✐s❢②✐♥❣ M̂ < M ❛♥❞

ξj := − lnDd
j ✳ ❍❡r❡ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t ❛ ❝❛♣❧❡t ✭✢♦♦r❧❡t✮ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ♣✉t

✭❝❛❧❧✮ ♦♣t✐♦♥ ♦♥ ❛ ❜♦♥❞✳

❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♥✉♠❡r✐❝❛❧❧② ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s t♦ ❝♦♠♣✉t❡ t❤❡ ♣r✐❝✐♥❣ ❢♦r♠✉❧❛s
✭✸✳✹✺✮ ❛♥❞ ✭✸✳✹✻✮ ❛❧❧♦✇s t♦ ❝❛❧✐❜r❛t❡ t❤❡ ♠♦❞❡❧ t♦ ♠❛r❦❡t ❞❛t❛ ✭✜rst st❡♣ ♦❢ t❤❡ ❝❛❧✐❜r❛t✐♦♥
♣r♦❝❡❞✉r❡ ✷✳✹✮✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❜② ♦✉r ♠♦❞❡❧ ✭s❡❡ ❝❤❛♣t❡r ✹✮✳ ◆♦t❡ t❤❛t ❢r♦♠ t❤❡ ❢♦r♠
♦❢ t❤❡ ❝❛♣❧❡ts ✭✢♦♦r❧❡ts✮ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❞❡❞✉❝❡ t❤❡ ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛ ♦❢ t❤❡ ❝❛♣ ✭✢♦♦r✮
♣r✐❝❡✳

❉✐❣✐t❛❧ ❖♣t✐♦♥s

❋r♦♠ ❢♦r♠✉❧❛ ✭✷✳✷✷✮✱ ✇❡ ❣❡t t❤❡ t✐♠❡✲T ♣r✐❝❡ ♦❢ ❛ ❞❡❧❛②❡❞ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ❛s

DDk
T (T

k
j−1, T

k
j , T, B,w) = ✶{wLk

Tk
j−1

(Tk
j−1,T

k
j )>wB},

✇❤❡r❡ ✇❡ ❤❛✈❡ 0 < B✱ T k
j−1 ≤ T ❛♥❞

w =

{

1, ❢♦r ❛ ❞❡❧❛②❡❞ ❞✐❣✐t❛❧ ❝❛❧❧

−1, ❢♦r ❛ ❞❡❧❛②❡❞ ❞✐❣✐t❛❧ ♣✉t.

❚❤❡♥✱ t❤❡ t✐♠❡✲t ♣r✐❝❡ ✭t ≤ T k
j−1✮ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜②

DDk
t (T

k
j−1, T

k
j , T, B,w) = (βd

t )
−1

EP d

[

βd
T✶{wLk

Tk
j−1

(Tk
j−1,T

k
j )>wB}|Ft

]

= Bd
t (T )EP d

T

[

✶{wLk

Tk
j−1

(Tk
j−1,T

k
j )>wB}|Ft

]

= Bd
t (T )EP d

T

[

✶{w(1+δkB)−1>wBk

Tk
j−1

(Tk
j )}|Ft

]

.

❚❤✐s ❢♦r♠✉❧❛ ❝❛♥ ❢✉rt❤❡r ❜❡ ✇r✐tt❡♥ ❛s

DDk
t (T

k
j−1, T

k
j , T, B,w) = Bd

t (T )EP d
T

[

✶{w(1+δkB)−1>wBk
t (T

k
j )Bk

t (T
k
j−1)

−1Hk(t,Tk
j−1)}

|Ft

]

✇✐t❤

Hk(t, T k
j−1) := exp

(

−
∫ Tk

j−1

t
Ak(s, T k

j−1, T
k
j )ds+Xk

t,j

)

,

✇❤❡r❡ ✇❡ s❡t

Ak(s, T k
j−1, T

k
j ) := Ak(s, T k

j )−Ak(s, T k
j−1)

✽✺
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❛♥❞

Xk
t,j :=

∫ Tk
j−1

t
Σk(s, T k

j−1, T
k
j )dLs.

❇② t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ Xk
t,j ❛♥❞ Ft ✭✐♥❞❡♣❡♥❞❡♥t ✐♥❝r❡♠❡♥ts ♦❢ t❤❡ ♣r♦❝❡ss L✮ ❛♥❞ t❤❡

Ft✲♠❡❛s✉r❛❜✐❧✐t② ♦❢
Bk

t (T
k
j )

Bk
t (T

k
j−1)

✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ❑❛❧❧❡♥❜❡r❣ ❬✻✵✱ ❚❤❡♦r❡♠ ✻✳✹❪ t❤❛t

DDk
t (T

k
j−1, T

k
j , T, B,w) =Bd

t (T ) · gkw

(

Bk
t (T

k
j )

Bk
t (T

k
j−1)

)

=Bd
t (T ) · gkw

(

F k(t, T k
j−1, T

k
j )

−1
)

✇❤❡r❡ F k(t, T k
j−1, T

k
j ) =

Bk
t (T

k
j−1)

Bk
t (T

k
j )

❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ gkw : R → [0, 1] ✐s ❞❡✜♥❡❞ ❜②

gkw(y) := EP d
T

[

✶{w(1+δkB)−1>wyHk(t,Tk
j−1)}

]

.

❋♦r ❡✈❡r② y > 0✱ ✇❡ ❤❛✈❡

gkw(y) = P d
T









w exp
(

Xk
t,j

)

< w

exp

(

∫ Tk
j−1

t Ak(s, T k
j−1, T

k
j )ds

)

(1 + δkB)y









= P
d,Xk

t,j

T









w exp (x) < w

exp

(

∫ Tk
j−1

t Ak(s, T k
j−1, T

k
j )ds

)

(1 + δkB)y









=







































P
d,Xk

t,j

T






x < log







exp

(

∫ Tk
j−1

t Ak(s,Tk
j−1,T

k
j )ds

)

(1+δkB)y












, ❢♦r w = 1

1− P
d,Xk

t,j

T






x ≤ log







exp

(

∫ Tk
j−1

t Ak(s,Tk
j−1,T

k
j )ds

)

(1+δkB)y












, ❢♦r w = −1,

✭✸✳✹✼✮

✽✻
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✇❤❡r❡ ✇❡ ❞❡♥♦t❡ ❜② P
d,Xk

t,j

T t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Xk
t,j ✳ ❚❤❡ ❡①t❡♥❞❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥

♦❢ Xk
t,j ✉♥❞❡r P d

T ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜②

ϕT
Xk

t,j
(z) = exp

(

∫ Tk
j−1

t
θs(Σ

d(s, T ) + izΣk(s, T k
j−1, T

k
j ))− θs(Σ

d(s, T ))ds

)

❢♦r ❡✈❡r② z ∈ C ✇❤❡r❡ t❤✐s ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞✳

◆♦✇✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ✭t = 0✮ ♦❢ ❛ ❞❡❧❛②❡❞ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ❜② ❛♣♣❧②✐♥❣ t❤❡
❋♦✉r✐❡r ❜❛s❡❞ ✈❛❧✉❛t✐♦♥ ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ❜② ❊❜❡r❧❡✐♥✱ ●❧❛✉✱ ❛♥❞ P❛♣❛♣❛♥t♦❧❡♦♥ ❬✹✵✱
❚❤❡♦r❡♠ ✷✳✼✳❪✳ ❚♦ t❤✐s ❡♥❞✱ ❧❡t ✉s ✇r✐t❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞❡❧❛②❡❞ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ❛t t✐♠❡
t = 0 ❛s

DDk
0(T

k
j−1, T

k
j , T, B,w)

= Bd
0(T )EP d

T

[

✶{w exp(Xk
j −ξkj )<w(1+δkB)−1}

]

= Bd
0(T )P

d
T

(

w exp
(

Xk
j − ξkj

)

< w(1 + δkB)−1
)

=







Bd
0(T )P

d
T

(

Xk
j < log((1 + δkB)−1) + ξkj

)

, ❢♦r w = 1

Bd
0(T )P

d
T

(

Xk
j > log((1 + δkB)−1) + ξkj

)

, ❢♦r w = −1

=







Bd
0(T )P

d
T

(

Xk
j < log((1 + δkB)−1) + ξkj

)

, ❢♦r w = 1

Bd
0(T )[1− F T

Xk
j

(log((1 + δkB)−1) + ξkj )], ❢♦r w = −1

=: V j,k
w (ξkj ),

✇❤❡r❡ ✇❡ ♦❜t❛✐♥ ξkj = − log(Dk
j ) ∈ R ❛♥❞ F T

X ❞❡♥♦t❡s t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝✲

t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✉♥❞❡r P d
T ✳ ▲❡t ✉s ❝♦♥s✐❞❡r V j,k

w ❛s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞❡✲
❧❛②❡❞ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ❝♦♠♣r❡❤❡♥❞❡❞ ❛s ❢✉♥❝t✐♦♥ ♦❢ ξkj ✱ ✐✳❡✳ ✇❡ ❞❡✜♥❡ t❤❡ ♠❛♣ R ∋ ξkj 7→
V j,k
w (ξkj ) ∈ R+✳ ❈❧❡❛r❧②✱ V j,k

w ❤❛s ❧♦❝❛❧❧② ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❞✐str✐✲
❜✉t✐♦♥ ♦❢ Xk

j ✉♥❞❡r P d
T ✐s ❛t♦♠❧❡ss ✭s❡❡ ❊❧str♦❞t ❬✹✸❪✮✳ ❚❤❡♥✱ ✐t ❤♦❧❞s

V j,k
w (ξkj ) =







Bd
0(T )F

T
Xk

j

((1 + δkB)−1 + ξkj ), ❢♦r w = 1

Bd
0(T )(1− F T

Xk
j

((1 + δkB)−1 + ξkj )), ❢♦r w = −1.

■t ❢♦❧❧♦✇s t❤❛t V j,k
w ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ❚❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥ ♦❢ ❛ ❞✐❣✐t❛❧ ❝❛❧❧ ♦♣t✐♦♥

✇✐t❤ ❜❛rr✐❡r B ∈ R+ ✐s ❣✐✈❡♥ ❜②

fw(x) = ✶{wex<wB̃−1
k

},

✇❤❡r❡ ✇❡ s❡t B̃k = 1 + δkB✳ ❊❛s② ❝❛❧❝✉❧❛t✐♦♥s ❧❡❛❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠ ♦❢ t❤❡ ❋♦✉r✐❡r

✽✼
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tr❛♥s❢♦r♠ ♦❢ fw ❢♦r ❡✈❡r② z ∈ C ✇❤❡r❡ ✐t ✐s ❞❡✜♥❡❞✿

f̂w(z) =







B̃−iz
k

iz , ❢♦r w = 1 ❛♥❞ Im(z) ∈ (−∞, 0)

− B̃−iz
k

iz , ❢♦r w = −1 ❛♥❞ Im(z) ∈ (0,∞).

▲❡t ✉s ❞❡♥♦t❡ t❤❡ ❞❛♠♣❡♥❡❞ ♣❛②♦✛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ❜② dw✳ ❘❡❝❛❧❧ t❤❛t ✐t
✐s ❣✐✈❡♥ ❜② dw(x) = e−Rxfw(x)✳ ❲❡ ❡❛s✐❧② ✈❡r✐❢② t❤❛t dw ∈ L1(R) ❢♦r ❡✈❡r②

{

R ∈ (−∞, 0), ❢♦r w = 1,

R ∈ (0,∞), ❢♦r w = −1.

❖❜s❡r✈❡ t❤❛t ✇❡ ❝❛♥ ✜♥❞ ❛♥ R t❤❛t s❛t✐s✜❡s t❤❡ ♣r❡r❡q✉✐s✐t❡s ♦❢ ❊❜❡r❧❡✐♥✱ ●❧❛✉✱ ❛♥❞
P❛♣❛♣❛♥t♦❧❡♦♥ ❬✹✵✱ ❚❤❡♦r❡♠ ✷✳✼✳❪✳ ❚❤❡♥✱ ✇❡ ❝♦♥❝❧✉❞❡ ❢r♦♠ t❤✐s ❚❤❡♦r❡♠ t❤❛t t❤❡ ✈❛❧✉❡
♦❢ ❛ ❞❡❧❛②❡❞ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ❛t ♣♦✐♥t ξkj ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

DDk
0(T

k
j−1, T

k
j , T, B,w)

=























Bd
0(T ) · lim

A→∞

e
−Rξkj

π

∫ A
0 Re

( e
−iuξkj ϕT

Xk
j

(u−iR)B̃R+iu
k

−R−iu

)

du, ❢♦r w = 1 ❛♥❞ R < 0

Bd
0(T ) · lim

A→∞

e
−Rξkj

π

∫ A
0 Re

( e
−iuξkj ϕT

Xk
j

(u−iR)B̃R+iu
k

R+iu

)

du, ❢♦r w = −1 ❛♥❞ R > 0.

◆♦t❡ t❤❛t t❤❡ ♣r✐❝❡ ♦❢ ❛ ❞❡❧❛②❡❞ r❛♥❣❡ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ✇✐t❤ ❜❛rr✐❡rs B,B s❛t✐s❢②✐♥❣ 0 <

B < B ❝❛♥ ❞❡t❡r♠✐♥❡❞ ❜② ❢♦r♠✉❧❛ ✭✷✳✷✸✮✳

✸✳✸✳✷✳ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

◆♦✇✱ t❤❡ t❤❡♦r② ♦❢ t✇♦ ♣r✐❝❡s ✐s ❛♣♣❧✐❡❞ t♦ ♦✉r ♠✉❧t✐♣❧❡✲❝✉r✈❡ ♠♦❞❡❧✳ ❲❡ ♣r♦✈✐❞❡ ❛s❦
❛♥❞ ❜✐❞ ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛s ❢♦r s♦♠❡ s♣❡❝✐❛❧ ✐♥t❡r❡st r❛t❡ ❞❡r✐✈❛t✐✈❡s✳ ▲❡t ✉s ❝♦♥s✐❞❡r
m ∈ N ❛♥❞ ❛♥ ❡q✉✐❞✐st❛♥t ❞✐s❝r❡t❡ t❡♥♦r str✉❝t✉r❡ T k = {T k

0 , . . . , T
k
nk
} ✇✐t❤ t❡♥♦r δk

❛♥❞ k ∈ {0, 1, . . . ,m}✳ ❆s ❜❡❢♦r❡✱ ✐♥st❡❛❞ ♦❢ ✇r✐t✐♥❣ 0 ❢♦r t❤❡ ❞✐s❝♦✉♥t ❝✉r✈❡ ✇❡ ❛❧s♦
✇r✐t❡ d✳

❆s❦ ❛♥❞ ❇✐❞ Pr✐❝❡ ♦❢ ❈❛♣❧❡ts ❛♥❞ ❋❧♦♦r❧❡ts

❖✉r ✜rst ❛✐♠ ✐s t♦ ❞❡r✐✈❡ ❡①♣❧✐❝✐t ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛s ♦❢ ❛s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡s ♦❢ ❝❛♣❧❡ts ❛♥❞
✢♦♦r❧❡ts✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ t✇♦✲♣r✐❝❡ t❤❡♦r② ✐♥ s❡❝t✐♦♥ ✷✳✶✱ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡s❡
❢♦r♠✉❧❛s ✇❡ ❤❛✈❡ t♦ ❞✐st♦rt t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐s❝♦✉♥t❡❞ ♣❛②♦✛

βd
Tk
j
(ηkj exp(−Xk

j )− K̃k)+ ✭✸✳✹✽✮

✽✽



✸✳✸✳ ❱❛❧✉❛t✐♦♥ ❋♦r♠✉❧❛s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

✇✐t❤ r❡s♣❡❝t t♦ ♠❡❛s✉r❡ P d ✭❝❢✳ r❡❧❛t✐♦♥ ✭✸✳✹✷✮✮✳ ❆❧t❤♦✉❣❤ t❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❛♥❛❧②t✐❝❛❧❧②✱
t❤✐s ❝❛❧❝✉❧❛t✐♦♥ ✐s✱ ✐♥ ❣❡♥❡r❛❧✱ ❛ ❝❤❛❧❧❡♥❣✐♥❣ t❛s❦✳ ■♥ ♠♦st ❝❛s❡s✱ ✐t ❤❛s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞
♥✉♠❡r✐❝❛❧❧② ❛♥❞ ✐ts ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ✐s ❡①tr❡♠❡❧② t✐♠❡✲❝♦♥s✉♠✐♥❣✳ ❚❤❡ ♠❛✐♥ r❡❛s♦♥
❢♦r t❤✐s ❧✐❡s ✐♥ t❤❡ ❥♦✐♥t ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s βd

Tk
j

❛♥❞ Xk
j ✐♥ ✭✸✳✹✽✮✳ ❚♦

❤❛♥❞❧❡ t❤✐s ✐ss✉❡✱ ✇❡ s✇✐t❝❤ t♦ t❤❡ ❢♦r✇❛r❞ ♠❛rt✐♥❣❛❧❡ ♠❡❛s✉r❡ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♠♦r❡
tr❛❝t❛❜❧❡ ❞✐s❝♦✉♥t❡❞ ♣❛②♦✛

Cplkj,K := Bd
0(T

k
j )(η

k
j exp(−Xk

j )− K̃k)+

✭❝❢✳ ♣r✐❝✐♥❣ ❢♦r♠✉❧❛ ✭✸✳✹✸✮ ❛♥❞ t❤❡ ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✸✮✳ ❆♥❛❧♦❣♦✉s❧②✱ ✇❡
❞❡❛❧ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✢♦♦r❧❡ts q✉❛♥t✐t②

Fltkj,K := Bd
0(T

k
j )(K̃

k − ηkj exp(−Xk
j ))

+.

▲❡t ✉s ❞❡♥♦t❡ ❜② F T
Y t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Y ✉♥❞❡r

P d
T ✇✐t❤ T ∈ [0, T ∗]✳

▲❡♠♠❛ ✸✳✸✳✶ ✶✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t Xk
j ❤❛s ❡①♣♦♥❡♥t✐❛❧ ♠♦♠❡♥ts ♦❢ ♦r❞❡r 1 < Mk

j

✉♥❞❡r P d
Tk
j

✳ ❚❤❡♥✱ ✐t r❡s✉❧ts t❤❛t

✭✐✮ ❢♦r ❛♥② γ ≥ 0✱ ✇❡ ❤❛✈❡

a
Tk
j

γ (Cplkj,K) =

∫ 0

−∞
Ψmv

γ (F
Tk
j

−Cplkj,K
(x))dx

❛♥❞

b
Tk
j

γ (Cplkj,K) =

∫ ∞

0

(

1−Ψmv
γ (F

Tk
j

Cplkj,K
(x))

)

dx.

✭✐✐✮ ❢♦r t❤❡ t❤❡ ❢❛♠✐❧② Ψ = (Ψγ)γ≥0 ∈ {Ψmav,Ψmmv,Ψmamv} ♦❢ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥s

❛♥❞ ❡✈❡r② γ ∈ [0, u1 − 1)✱ ✇❡ ❤❛✈❡

a
Tk
j

γ (Cplkj,K) =

∫ 0

−∞
Ψγ(F

Tk
j

−Cplkj,K
(x))dx

❛♥❞

b
Tk
j

γ (Cplkj,K) =

∫ ∞

0

(

1−Ψγ(F
Tk
j

Cplkj,K
(x))

)

dx,

✇❤❡r❡ ✇❡ ❤❛✈❡ 1 < u1 ≤ Mk
j ✳

✽✾



✸✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

✷✳ ❋♦r ❡✈❡r② Ψ = (Ψγ)γ≥0 ∈ {Ψmv,Ψmav,Ψmmv,Ψmamv} ❛♥❞ γ ≥ 0✱ ✇❡ ♦❜t❛✐♥

a
P
Tk
j−1

γ (Fltkj,K) =

∫ 0

−∞
Ψγ(F−Fltkj,K

(x))dx

❛♥❞

b
P
Tk
j−1

γ (Fltkj,K) =

∫ ∞

0

(

1−Ψγ(FFltkj,K
(x))

)

dx.

Pr♦♦❢✿ ❲❡ ♥❡❡❞ t♦ ✈❡r✐❢② ❢♦r ✇❤✐❝❤ γ ≥ 0 ❝♦♥❞✐t✐♦♥ ✭✷✳✶✵✮ ✐s s❛t✐s✜❡❞✳ ❲❡ ❢r❡q✉❡♥t❧②
✉s❡ t❤❡ ❝❤❛♥❣❡✲♦❢✲✈❛r✐❛❜❧❡ ❢♦r♠✉❧❛ ❤❡r❡ ✭s❡❡ ❇✐❧❧✐♥❣s❧❡② ❬✶✸✱ ❚❤❡♦r❡♠ ✶✻✳✶✸✳❪✮✳ ❙✐♥❝❡
Cplkj,K ≥ 0✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❝♦♥s✐❞❡r t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧ ✐♥ ✭✷✳✶✵✮✳

✶✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❇❡r♥♦✉❧❧✐✬s ✐♥❡q✉❛❧✐t② ❧❡❛❞s t♦ Ψmv
γ (y) ≤ (1+γ)y✳ ❋♦r ❛♥② γ ≥ 0✱

✇❡ ♦❜t❛✐♥
∫ ∞

0
Ψmv

γ (1− FCplkj,K
(y))dy ≤ (1 + γ)

∫ ∞

0
1− FCplkj,K

(y)dy

= (1 + γ)Bd
0(T

k
j )

∫ ∞

0
1− F

Tk
j

(ηkj exp(−Xk
j )−K̃k)+

(y)dy

= (1 + γ)Bd
0(T

k
j )

∫ ∞

0
1− F

Tk
j

ηkj exp(−Xk
j )−K̃k

(y)dy

= (1 + γ)Bd
0(T

k
j )

∫ ∞

K̃k

F
Tk
j

Xk
j

(− log(yDk
j ))dy

≤ (1 + γ)Bd
0(T

k
j )C1

∫ ∞

K̃k

e−u1 log(yDk
j )dy

= (1 + γ)Bd
0(T

k
j )C1

∫ ∞

K̃k

(yDk
j )

−u1dy < ∞,

✇❤❡r❡ ✇❡ ✉s❡❞ ▲❡♠♠❛ ✷✳✶✳✶ ✇✐t❤ C1 > 0 ❛♥❞ 1 < u1 ≤ Mk
j ✳

✷✳ ❙✐♥❝❡ ✐t ❤♦❧❞s

Ψmamv
γ (y) = Ψmav

γ (Ψmv
γ (y)) ≤ Ψmav

γ ((1 + γ)y) = (1 + γ)
1

1+γΨmav
γ (y)

Ψmmv
γ (y) = Ψmv

γ (Ψmav
γ (y)) ≤ (1 + γ)Ψmav

γ (y),

✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥ Ψmav✳ ■♥ ❛ s✐♠✐❧❛r
✇❛② ❛s ❛❜♦✈❡✱ ✇❡ ❣❡t

∫ ∞

0
Ψmav

γ (1− FCplkj,K
(y))dy ≤ Bd

0(T
k
j )C

1
1+γ

1 (ηkj )
u1
1+γ

∫ ∞

K̃k

y
−

u1
1+γ dy < ∞

❢♦r ❡✈❡r② γ s❛t✐s❢②✐♥❣ 0 ≤ γ < u1 − 1✳

✾✵



✸✳✸✳ ❱❛❧✉❛t✐♦♥ ❋♦r♠✉❧❛s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

✸✳ ❈❧❡❛r❧②✱ ✇❡ ❤❛✈❡

M
Tk
j

Fltkj,K
(u) = EP d

Tk
j

[

exp
(

uFltkj,K

)

]

< exp
(

uBd
0(T

k
j )K̃

k
)

< ∞

❢♦r ❡✈❡r② u ∈ R✳ ❚❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s t❤r♦✉❣❤ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✳

❚❤❡ ♣r✐❝✐♥❣ ❢♦r♠✉❧❛s ✐♠♠❡❞✐❛t❡❧② r❡s✉❧t ❢r♦♠ s✉❜s❡❝t✐♦♥ ✭✷✳✶✳✺✮✳ �

■t ❢♦❧❧♦✇s t❤❛t

✶✳ Cplkj,K ✐s r❡❣✉❧❛r ✇✐t❤ r❡s♣❡❝t t♦ αmv✱

✷✳ Cplkj,K ✐s r❡❣✉❧❛r ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, u1 − 1) ✇✐t❤ r❡s♣❡❝t t♦ αmav✱ αmmv ❛♥❞ αmamv

❛♥❞

✸✳ Fltkj,K ✐s r❡❣✉❧❛r ✇✐t❤ r❡s♣❡❝t t♦ αmv✱ αmav✱ αmmv ❛♥❞ αmamv✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥ st❛t❡s ✉s❡❢✉❧ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r ❛s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡s
♦❢ ❝❛♣❧❡ts ❛♥❞ ✢♦♦r❧❡ts ✇✐t❤ r❡s❡t ❞❛t❡ T k

j−1✱ s❡tt❧❡♠❡♥t ❞❛t❡ T k
j = T k

j−1 + δk ❛♥❞ str✐❦❡
r❛t❡ K ❛t ❛ ♣❡r♠✐tt❡❞ ❧❡✈❡❧ γ✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✸ ▲❡t Ψ = (Ψx)x≥0 ❜❡ ❛ ♣r♦♣❡r ❢❛♠✐❧② ♦❢ ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥s ❛♥❞

γ ≥ 0 ❜❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✷✳✶✵✮ ✐s s❛t✐s✜❡❞ ❢♦r t❤❡ ❝❛♣❧❡t ❛♥❞ ✢♦♦r❧❡t✳ ❚❤❡♥✱

t❤❡ ❛s❦ ♣r✐❝❡ ♦❢ t❤❡ ❝❛♣❧❡t ✐s ❣✐✈❡♥ ❜②

a
Tk
j

γ (Cplkj,K) = Bd
0(T

k
j )

∫ ∞

K̃k

Ψγ(F
Tk
j

Xk
j

(− log(xDk
j )))dx ✭✸✳✹✾✮

❛♥❞ t❤❡ ❜✐❞ ♣r✐❝❡ ♦❢ t❤❡ ❝❛♣❧❡t ❤❛s t❤❡ ❢♦r♠

b
Tk
j

γ (Cplkj,K) = Bd
0(T

k
j )

∫ ∞

K̃k

[

1−Ψγ(1− F
Tk
j

Xk
j

(− log(xDk
j )))

]

dx. ✭✸✳✺✵✮

❚❤❡ ❛s❦ ♣r✐❝❡ ♦❢ t❤❡ ✢♦♦r❧❡t ✐s ❞❡t❡r♠✐♥❡❞ ❜②

a
Tk
j

γ (Fltkj,K) = Bd
0(T

k
j )

∫ K̃k

0
Ψγ(1− F

Tk
j

Xk
j

(− log(xDk
j )))dx

❛♥❞ t❤❡ ❜✐❞ ♣r✐❝❡ ♦❢ t❤❡ ✢♦♦r❧❡t ✐s r❡♣r❡s❡♥t❡❞ ❜②

b
Tk
j

γ (Fltkj,K) = Bd
0(T

k
j )

∫ K̃k

0

[

1−Ψγ(F
Tk
j

Xk
j

(− log(xDk
j )))

]

dx.

Pr♦♦❢✿ ❲❡ ♠❛✐♥❧② ❛♣♣❧② t❤❡ ❝❤❛♥❣❡✲♦❢✲✈❛r✐❛❜❧❡ ❢♦r♠✉❧❛ ❤❡r❡ ✭s❡❡ ❇✐❧❧✐♥❣s❧❡② ❬✶✸✱ ❚❤❡♦r❡♠
✶✻✳✶✸✳❪✮✳ ❚❤❡♥✱ ✇❡ ❣❡t t❤❡ ♣r✐❝❡s ❛s✿

✾✶



✸✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

✶✳ ❆s❦ ♣r✐❝❡✿

a
Tk
j

γ (Cplkj,K) =

∫ 0

−∞
Ψγ(F

Tk
j

−Cplkj,K
(x))dx

=

∫ 0

−∞
Ψγ(1− F

Tk
j

(ηkj exp(−Xk
j )−K̃k)

+(−xBd
0(T

k
j )

−1))dx

= Bd
0(T

k
j )

∫ ∞

0
Ψγ(1− F

Tk
j

(ηkj exp(−Xk
j )−K̃k)

+(x))dx

= Bd
0(T

k
j )

∫ ∞

0
Ψγ(1− F

Tk
j

(ηkj exp(−Xk
j )−K̃k)

(x))dx

= Bd
0(T

k
j )

∫ ∞

0
Ψγ(1− F

Tk
j

ηkj exp(−Xk
j )
(x+ K̃k))dx

= Bd
0(T

k
j )

∫ ∞

K̃k

Ψγ(1− F
Tk
j

ηkj exp(−Xk
j )
(x))dx

= Bd
0(T

k
j )

∫ ∞

K̃k

Ψγ(1− F
Tk
j

−Xk
j

(log(xDk
j )))dx

= Bd
0(T

k
j )

∫ ∞

K̃k

Ψγ(F
Tk
j

Xk
j

(− log(xDk
j )))dx

✷✳ ❇✐❞ ♣r✐❝❡✿

b
Tk
j

γ (Cplkj,K) =

∫ ∞

0

(

1−Ψγ(F
Tk
j

Cplkj,K
(x))

)

dx

=

∫ ∞

0

(

1−Ψγ(F
Tk
j

(ηkj exp(−Xk
j )−K̃k)+

(xBd
0(T

k
j )

−1))

)

dx

= Bd
0(T

k
j )

∫ ∞

0

(

1−Ψγ(F
Tk
j

(ηkj exp(−Xk
j )−K̃k)+

(x))

)

dx

= Bd
0(T

k
j )

∫ ∞

0

(

1−Ψγ(F
Tk
j

(ηkj exp(−Xk
j )−K̃k)

(x))

)

dx

= Bd
0(T

k
j )

∫ ∞

0

(

1−Ψγ(F
Tk
j

ηkj exp(−Xk
j )
(x+ K̃k))

)

dx

= Bd
0(T

k
j )

∫ ∞

K̃k

(

1−Ψγ(F
Tk
j

−Xk
j

(log(xDk
j )))

)

dx

= Bd
0(T

k
j )

∫ ∞

K̃k

(

1−Ψγ(1− F
Tk
j

Xk
j

(− log(xDk
j )))

)

dx

✾✷
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✶✳ ❆s❦ ♣r✐❝❡✿

a
Tk
j

γ (Fltkj,K) =

∫ 0

−∞
Ψγ(F

Tk
j

−Fltkj,K
(x))dx

=

∫ 0

−∞
Ψγ(1− F

Tk
j

(K̃k−ηkj exp(−Xk
j ))

+(−xBd
0(T

k
j )

−1))dx

= Bd
0(T

k
j )

∫ ∞

0
Ψγ(1− F

Tk
j

(K̃k−ηkj exp(−Xk
j ))

+(x))dx

= Bd
0(T

k
j )

∫ ∞

0
Ψγ(1− F

Tk
j

(K̃k−ηkj exp(−Xk
j ))

(x))dx

= Bd
0(T

k
j )

∫ ∞

0
Ψγ(F

Tk
j

ηkj exp(−Xk
j )
(K̃k − x))dx

= Bd
0(T

k
j )

∫ K̃k

0
Ψγ(F

Tk
j

ηkj exp(−Xk
j )
(K̃k − x))dx

= Bd
0(T

k
j )

∫ K̃k

0
Ψγ(F

Tk
j

ηkj exp(−Xk
j )
(x))dx

= Bd
0(T

k
j )

∫ K̃k

0
Ψγ(F

Tk
j

−Xk
j

(log(xDk
j )))dx

= Bd
0(T

k
j )

∫ K̃k

0
Ψγ(1− F

Tk
j

Xk
j

(− log(xDk
j )))dx

✾✸



✸✳ ❚❤❡ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ▲é✈② ❋♦r✇❛r❞ ❘❛t❡ ▼♦❞❡❧ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

✷✳ ❇✐❞ ♣r✐❝❡✿

b
Tk
j

γ (Fltkj,K) =

∫ ∞

0

(

1−Ψγ(F
Tk
j

Fltkj,K
(x))

)

dx

=

∫ ∞

0

(

1−Ψγ(F
Tk
j

(K̃k−ηkj exp(−Xk
j ))

+(xB
d
0(T

k
j )

−1))

)

dx

= Bd
0(T

k
j )

∫ ∞

0

(

1−Ψγ(F
Tk
j

(K̃k−ηkj exp(−Xk
j ))

+(x))

)

dx

= Bd
0(T

k
j )

∫ ∞

0

(

1−Ψγ(F
Tk
j

(K̃k−ηkj exp(−Xk
j ))

(x))

)

dx

= Bd
0(T

k
j )

∫ ∞

0

(

1−Ψγ(1− F
Tk
j

ηkj exp(−Xk
j )
(K̃k − x))

)

dx

= Bd
0(T

k
j )

∫ K̃k

0

(

1−Ψγ(1− F
Tk
j

ηkj exp(−Xk
j )
(K̃k − x))

)

dx

= Bd
0(T

k
j )

∫ K̃k

0

(

1−Ψγ(1− F
Tk
j

ηkj exp(−Xk
j )
(x))

)

dx

= Bd
0(T

k
j )

∫ K̃k

0

(

1−Ψγ(1− F
Tk
j

−Xk
j

(log(xDk
j )))

)

dx

= Bd
0(T

k
j )

∫ K̃k

0

(

1−Ψγ(F
Tk
j

Xk
j

(− log(xDk
j )))

)

dx.

�

■♥ t❤❡ ♦♥❡ ❝❛s❡ ✇❤❡r❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ s✐♥❣❧❡✲❝✉r✈❡ s❡tt✐♥❣ ✭✐✳❡✳ m = 0✮✱ ✇❡ ♦❜t❛✐♥✿

✶✳ ❋♦r ❡✈❡r② Ψ = (Ψγ)γ≥0 ∈ {Ψmv,Ψmav,Ψmmv,Ψmamv} ❛♥❞ γ ≥ 0✱ ✐t ❤♦❧❞s

a
Tj−1
γ (Cpldj,K) = Bd

0(Tj−1)K̃

∫ K̃−1

0
Ψγ(F

Tj−1

Xd
j

(log(xηdj )))dx ✭✸✳✺✶✮

❛♥❞

b
Tj−1
γ (Cpldj,K) = Bd

0(Tj−1)K̃

∫ K̃−1

0

[

1−Ψγ(1− F
Tj−1

Xd
j

(log(xηdj )))

]

dx. ✭✸✳✺✷✮

✷✳ ❋♦r ❡✈❡r② Ψ = (Ψγ)γ≥0 ∈ {Ψmv,Ψmav,Ψmmv,Ψmamv} ❛♥❞ ❛ ♣❡r♠✐tt❡❞ γ ≥ 0 ❢♦r
✇❤✐❝❤ ❝♦♥❞✐t✐♦♥ ✭✷✳✶✵✮ ✐s ✈❛❧✐❞✱ ✐t ❤♦❧❞s

a
Tj−1
γ (Fltdj,K) = Bd

0(Tj−1)K̃

∫ ∞

K̃−1

Ψγ(1− F
Tj−1

Xd
j

(log(xηdj )))dx

✾✹



✸✳✸✳ ❱❛❧✉❛t✐♦♥ ❋♦r♠✉❧❛s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

❛♥❞

b
Tj−1
γ (Fltdj,K) = Bd

0(Tj−1)K̃

∫ ∞

K̃−1

[

1−Ψγ(F
Tj−1

Xd
j

(log(xηdj )))

]

dx.

❖♥❝❡ ❛❣❛✐♥ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t ❛ ❝❛♣❧❡t ✭✢♦♦r❧❡t✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ♣✉t ✭❝❛❧❧✮ ♦♣t✐♦♥
♦♥ ❛ ❜♦♥❞✳

❖♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❛♥❛❧②s✐s ✇❡ ❥✉st ♠❛❞❡ ❛❜♦✈❡✱ ✐t ❢♦❧❧♦✇s t❤❛t ✇❡ ❤❛✈❡ t♦ ✐❞❡♥t✐❢② t❤❡
❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F T

Xk
j

t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❛s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡s✳ ❯♥❢♦rt✉♥❛t❡❧②✱

❢♦r ❛ s♦♣❤✐st✐❝❛t❡❞ ❞r✐✈✐♥❣ ♣r♦❝❡ss L ❛♥❞ ❛♥ ❛❞✈❛♥❝❡❞ ✈♦❧❛t✐❧✐t② ❢✉♥❝t✐♦♥ Σk ✐t ✐s✱ ✐♥
❣❡♥❡r❛❧✱ ♥♦t ❦♥♦✇♥✳ ❚♦ ❤❛♥❞❧❡ t❤✐s ✐ss✉❡✱ ✇❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ ❲❡ ✜rst ❞❡t❡r♠✐♥❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ Xk
j ✉♥❞❡r P d

T ✳

✷✳ ❚❤❡♥✱ ✇❡ ❛♣♣❧② t❤❡ ❝♦♠♠♦♥ ✐♥✈❡rs✐♦♥ ❢♦r♠✉❧❛ st❛t❡❞ ❜② ❇✐❧❧✐♥❣s❧❡② ❬✶✸✱ ❚❤❡♦r❡♠
✷✻✳✷❪ ♦r ❉✉rr❡tt ❬✷✼❪ t♦ ❛♣♣r♦①✐♠❛t❡ F T

Xk
j

✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❛s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥

♦❢ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r

F T
Xk

j
(y) ≈ lim

M→∞

1

π
·
∫ M

0
Re

(

e−iux − e−iuy

iu
ϕT
Xk

j
(u)

)

du ✭✸✳✺✸✮

❢♦r ❛ s✉✐t❛❜❧❡ x ∈ R s❛t✐s❢②✐♥❣ x < y ❛♥❞ P
d,Xk

j

T ({x}) = P
d,Xk

j

T ({y}) = 0✱ ✇❤❡r❡

P
d,Xk

j

T ❞❡♥♦t❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Xk
j ✇✐t❤ r❡s♣❡❝t t♦ P d

T ✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ✭✸✳✺✸✮
❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ♥✉♠❡r✐❝❛❧❧② ✇✐t❤ s♦♠❡ ❡✛♦rt✳

❆s❦ ❛♥❞ ❇✐❞ Pr✐❝❡ ♦❢ ❉✐❣✐t❛❧ ❖♣t✐♦♥s

❚❤❡ ❞✐s❝♦✉♥t❡❞ ♣❛②♦✛ ♦❢ ❛ ❞❡❧❛②❡❞ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ✐s

DDk
T (w) := Bd

0(T )✶{w exp(Xk
j )<wB̃−1

k
exp(ξkj )}

.

❖♥❡ ❡❛s✐❧② s❡❡s t❤❛t DDk
T (w) ✐s r❡❣✉❧❛r ✇✐t❤ r❡s♣❡❝t t♦ αmv✱ αmav✱ αmmv ❛♥❞ αmamv✳

❚❤❡♥✱ ✇❡ st❛t❡ ✐ts ❛s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✹ ❚❤❡ ❛s❦ ♣r✐❝❡ ♦❢ t❤❡ ❞❡❧❛②❡❞ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ❛t ❧❡✈❡❧ γ ≥ 0 ✐s ❣✐✈❡♥ ❜②

aTγ (DD
k
T (w)) = Bd

0(T )Ψγ

(

P d
T (we

Xk
j < wB̃−1

k exp(ξkj ))
)

❛♥❞ t❤❡ ❜✐❞ ♣r✐❝❡ ❛t ❧❡✈❡❧ γ ≥ 0 ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

bTγ (DD
k
T (w)) = Bd

0(T )
[

1−Ψγ

(

P d
T (we

Xk
j ≥ wB̃−1

k exp(ξkj ))
)]

.

✾✺
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Pr♦♦❢✿ ❖♥❡ ✈❡r✐✜❡s t❤❛t t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
−DDk

T (w) ❛♥❞ DDk
T (w) ✉♥❞❡r P

d
T r❡s✉❧t ✐♥

F T
−DDk

T (w)
(y) =















1, y ≥ 0

P d
T (w exp(Xk

j ) < wB̃−1
k exp(ξkj )), y ∈ [−Bd

0(T ), 0)

0, y < −Bd
0(T )

❛♥❞

F T
DDk

T (w)
(y) =















1, y ≥ Bd
0(T )

P d
T (w exp(Xk

j ) ≥ wB̃−1
k exp(ξkj )), y ∈ [0, Bd

0(T ))

0, y < 0.

❚❤❡♥✱ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛s❦ ❛♥❞ ❜✐❞ ♣r✐❝❡ ❢♦r♠✉❧❛s st❛t❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✷✳✶✳✺✱ ✇❡ ✐♠✲
♠❡❞✐❛t❡❧② ❣❡t t❤❡ st❛t❡♠❡♥t✳ �

❚❤❡ ❞✐s❝♦✉♥t❡❞ ♣❛②♦✛ ♦❢ ❛ ❞❡❧❛②❡❞ r❛♥❣❡ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ✇✐t❤ ❜❛rr✐❡rs B ❛♥❞ B ✐s ❣✐✈❡♥
❜②

DRDk
T := Bd

0(T ) ·✶{ exp(ξk
j
)

B̃k

<exp(Xk
j )<

exp(ξk
j
)

B̃k

}.

❲❡ ❝❛♥ ❡❛s✐❧② ✈❡r✐❢② t❤❛t DRDk
T ✐s r❡❣✉❧❛r ✇✐t❤ r❡s♣❡❝t t♦ αmv✱ αmav✱ αmmv ❛♥❞ αmamv✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✺ ❚❤❡ ❛s❦ ♣r✐❝❡ ♦❢ t❤❡ ❞❡❧❛②❡❞ r❛♥❣❡ ❞✐❣✐t❛❧ ♦♣t✐♦♥ ❛t ❧❡✈❡❧ γ ≥ 0 ✐s

❣✐✈❡♥ ❜②

aTγ (DRD
k
T ) = Bd

0(T )Ψγ

(

P d
T

(

exp(ξkj )

B̃k

< exp(Xk
j )

)

+ P d
T

(

exp(Xk
j ) <

exp(ξkj )

B̃k

))

❛♥❞ t❤❡ ❜✐❞ ♣r✐❝❡ ❛t ❧❡✈❡❧ γ ≥ 0 ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

bTγ (DRD
k
T ) =Bd

0(T )

×
[

1−Ψγ

(

P d
T

(

exp(Xk
j ) ≤

exp(ξkj )

B̃k

)

+ P d
T

(

exp(ξkj )

B̃k

≤ exp(Xk
j )

))]

.

Pr♦♦❢✿ ❍❡r❡✱ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s r❡s✉❧t ✐♥

F T
−DRDk

T
(y) =



















1, y ≥ 0

P d
T

(

exp(ξkj )

B̃k

< exp(Xk
j )
)

+ P d
T

(

exp(Xk
j ) <

exp(ξkj )

B̃k

)

, y ∈ [−Bd
0(T ), 0)

0, y < −Bd
0(T )

✾✻



✸✳✸✳ ❱❛❧✉❛t✐♦♥ ❋♦r♠✉❧❛s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✇♦✲Pr✐❝❡ ❚❤❡♦r②

❛♥❞

F T
DRDk

T
(y) =



















1, y ≥ Bd
0(T )

P d
T

(

exp(Xk
j ) ≤

exp(ξkj )

B̃k

)

+ P d
T

(

exp(ξkj )

B̃k

≤ exp(Xk
j )
)

, y ∈ [0, Bd
0(T ))

0, y < 0.

❚❤❡♥✱ t❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s ❜② t❤❡ ❢♦r♠✉❧❛s ♦❢ s✉❜s❡❝t✐♦♥ ✷✳✶✳✺✳ �

✾✼





❈❍❆P❚❊❘

❋❖❯❘

▼❖❉❊▲ ❈❆▲■❇❘❆❚■❖◆

■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ t✇♦✲♣r✐❝❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ♠♦❞❡❧ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ✐s ❝❛❧✐❜r❛t❡❞
t♦ ♠❛r❦❡t ❞❛t❛ ❢♦r ❞❛t❡s ❜❡❢♦r❡ ❛♥❞ ❞✉r✐♥❣ t❤❡ ❝r✐s✐s✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r
q✉♦t❡❞ ❝❛♣ ✈♦❧❛t✐❧✐t✐❡s ♦♥ 15th ❆✉❣✉st ✷✵✵✻ ❛♥❞ ♦♥ 15th ❙❡♣t❡♠❜❡r ✷✵✵✾✳ ❚❤❡ ❝❛❧✐❜r❛t✐♦♥
♣r♦❝❡❞✉r❡ ♦❢ s❡❝t✐♦♥ ✷✳✹ ✐s ❛♣♣❧✐❡❞✳ ❇❡❢♦r❡ ❞♦✐♥❣ t❤✐s✱ ✇❡ ❤❛✈❡ t♦ ❝♦♥✈❡rt t❤❡ ❝❛♣ ✈♦❧❛t✐❧✲
✐t✐❡s ✐♥ ❝❛♣ ♣r✐❝❡s ❜② ✉s✐♥❣ ❛ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ ♠❛r❦❡t ♠♦❞❡❧✳ ❲❡
❛❧s♦ ✐❧❧✉str❛t❡ t❤❡ ❝❛❧✐❜r❛t✐♦♥ r❡s✉❧ts ❜② ♠❡❛♥s ♦❢ t❤❡ r❡❧❛t✐✈❡ ❡rr♦rs ♦❢ t❤❡ ♠❛r❦❡t ❛♥❞
♠♦❞❡❧ ♣r✐❝❡s ✐♥ t❤❡ ❛♣♣❡♥❞✐❝❡s✳

✹✳✶✳ ❉❡s❝r✐♣t✐♦♥ ❛♥❞ Pr♦❝❡ss✐♥❣ ♦❢ ❈❛♣ ❛♥❞ ❋❧♦♦r ▼❛r❦❡t

❉❛t❛

❚❤❡ ♠❛r❦❡t q✉♦t❡s ❛s❦✱ ♠✐❞ ❛♥❞ ❜✐❞ ♣r✐❝❡s ♦❢ ✭❢♦r✇❛r❞✮ ❝❛♣s ❛♥❞ ✢♦♦rs ♠❛✐♥❧② ✐♥ t❤❡ ❢♦r♠
♦❢ t❤❡✐r ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t✐❡s ✭st❛t❡❞ ❛♥♥✉❛❧✐s❡❞ ❛♥❞ ✐♥ ♣❡r❝❡♥t❛❣❡s✮✳ ❚❤✐s ❢❛❝t ✐♥✈♦❧✈❡s t❤❡
❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❛ st❛♥❞❛r❞ ♠❛r❦❡t ♠♦❞❡❧✳ ❖t❤❡r✇✐s❡ ✐t ✇♦✉❧❞ ❝❧❡❛r❧② ♠❛❦❡ ♥♦ s❡♥s❡ t♦
q✉♦t❡ ♣r✐❝❡s ❛s ❛ ♠♦❞❡❧ ♣❛r❛♠❡t❡r✳ ❚❤❡ st❛♥❞❛r❞ ♠❛r❦❡t ♠♦❞❡❧ ❜❡❢♦r❡ t❤❡ ❝r✐s✐s ✐s ❜❛s❡❞
♦♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥ ❢r❛♠❡✇♦r❦ ✭s❡❡ t❤❡ s❡♠✐♥❛❧ ♣❛♣❡rs ♦❢ ❇❛❝❤❡❧✐❡r ❬✺❪✱ ❖s❜♦r♥❡
❬✼✻❪✱ ❙❛♠✉❡❧s♦♥ ❬✽✵❪✱ ❇❧❛❝❦ ❛♥❞ ❙❝❤♦❧❡s ❬✶✹❪ ❛♥❞ ▼❡rt♦♥ ❬✼✷❪✮✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ t❤✐s
❛♣♣r♦❛❝❤ ❝♦♥s✐❞❡rs ❛ ✇♦r❧❞ t❤❛t ✐s ❢♦r✇❛r❞ r✐s❦ ♥❡✉tr❛❧ ✇✐t❤ r❡s♣❡❝t t♦ ③❡r♦ ❝♦✉♣♦♥ ❜♦♥❞s
✭s❡❡ ❍✉❧❧ ❬✺✺✱ ❝❤❛♣t❡r ✷✽❪✮✳

❲❡ ❝❧♦s❡❧② ❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ▼❡r❝✉r✐♦ ❬✻✾❪ ❛♥❞ ❛❞❥✉st t❤❡ ❝❧❛ss✐❝❛❧ st❛♥❞❛r❞
♠❛r❦❡t ♠♦❞❡❧ t♦ t❤❡ ♠♦❞❡r♥ ♠✉❧t✐♣❧❡✲❝✉r✈❡ s❡tt✐♥❣✳ ❚❤❡ ♠❛r❦❡t ♠♦❞❡❧ ♣r✐❝❡s ♦❢ ❝❛♣s
✭❝❛♣❧❡ts✮ ❛♥❞ ✢♦♦rs ✭✢♦♦r❧❡ts✮ ❛r❡ t❤❡♥ st❛t❡❞✳ ❚♦ t❤✐s ❡♥❞✱ ❧❡t T i = {T i

0, . . . , T
i
ni
} ❜❡ ❛♥

❛r❜✐tr❛r② ❡q✉✐❞✐st❛♥t ❞✐s❝r❡t❡ t❡♥♦r str✉❝t✉r❡✱ ✇❤❡r❡ ✇❡ ❤❛✈❡ i ∈ {0, . . . ,m} ❛♥❞ m ∈ N✳
❆s ✉s✉❛❧✱ ✇❡ ❞❡♥♦t❡ ❜② δi := δi(T i

k−1, T
i
k) t❤❡ ②❡❛r ❢r❛❝t✐♦♥ ✭t❡♥♦r✮ ❜❡t✇❡❡♥ ❞❛t❡ T i

k−1

❛♥❞ T i
k ❢♦r ❡✈❡r② k ∈ {1, . . . , ni}✳ ❚❤❡ r✐s❦✲♥❡✉tr❛❧ ♣r✐❝❡ ♦❢ ❛ ❝❛♣❧❡t ✇✐t❤ str✐❦❡ r❛t❡ K✱

r❡s❡t ❞❛t❡ T i
k−1 ❛♥❞ s❡tt❧❡♠❡♥t ❞❛t❡ T i

k ❢♦r ❛♥② k ∈ {1, . . . , ni} t❤❛t ♣r♦✈✐❞❡s ❛ ♣❛②♦✛ ❛t

✾✾



✹✳ ▼♦❞❡❧ ❈❛❧✐❜r❛t✐♦♥

t✐♠❡ T i
k✱ ✐s ❣✐✈❡♥ ❜②

Cplismm(T
i
k−1, T

i
k,K, σ̃i

k) := δiBd
0(T

i
k)EP d

Ti
k

[

(Li
T i
k−1

(T i
k−1, T

i
k)−K)+

]

.

❲❡ ❡♠♣❤❛s✐s❡ t❤❛t ✇❡ ♦❜t❛✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s✐♥❣❧❡✲❝✉r✈❡ ♠❛r❦❡t ❢♦r♠✉❧❛ ❜② s❡tt✐♥❣ i = 0

❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t Ld
Tk−1

(Tk−1, Tk) ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❧♦❣✲♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ❛♥❞

Ld(Tk−1, Tk) ✐s ❛ ♠❛rt✐♥❣❛❧❡ ✉♥❞❡r P d
Tk
✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ❢♦r ❡✈❡r② i ∈ {1, . . . ,m}✱ t❤❡

❢♦r✇❛r❞ r❡❢❡r❡♥❝❡ r❛t❡ Li(T i
k−1, T

i
k) ✐s ♥♦t ❛ P d

T i
k

✲♠❛rt✐♥❣❛❧❡ ✐♥ ❣❡♥❡r❛❧✳

❚♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ r❡♣❧❛❝❡ t❤❡ ❢♦r✇❛r❞ r❛t❡ ✇✐t❤ ✐ts ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❡❞ ✈❛❧✉❡
✭t❤❡ t✐♠❡✲t ✭♠♦❞✐✜❡❞✮ FRA✲r❛t❡❀ ❝❢✳ s✉❜s❡❝t✐♦♥ ✷✳✷✳✹ ❛♥❞ t❤❡ r❡❧❛t✐♦♥s ✭✷✳✶✺✮ ❛♥❞ ✭✷✳✶✻✮✮✱
t❤❛t ✐s ❛ ♠❛rt✐♥❣❛❧❡ ✉♥❞❡r t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r✐❝✐♥❣ ♠❡❛s✉r❡✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r

Ki
t,k = EP d

Ti
k

[

Li
T i
k−1

(T i
k−1, T

i
k)|Gt

]

❛s t❤❡ ❦❡② q✉❛♥t✐t② t♦ ♠♦❞❡❧ ✭❜② ❞❡✜♥✐t✐♦♥✱ ✐t ✐s ❛ P d
T i
k

✲♠❛rt✐♥❣❛❧❡✮✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡

Ki
T i
k−1,k

= Li
T i
k−1

(T i
k−1, T

i
k).

❚❤❡r❡❢♦r❡✱ t❤❡ ❝❛♣❧❡t ♣r✐❝✐♥❣ ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Cplismm(T
i
k−1, T

i
k,K, σi

k) = δiBd
0(T

i
k)EP d

Ti
k

[

(Ki
T i
k−1,k

−K)+
]

. ✭✹✳✶✮

❚❤❡ ❞②♥❛♠✐❝s Ki ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❣✐✈❡♥ ❜②

Ki
t,k = Ki

0,k exp

(

σi
kWt −

1

2
(σi

k)
2t

)

, ❢♦r ❛♥② t ∈ [0, T i
k−1],

✇❤❡r❡ W = (Wt)t∈[0,T i
k−1]

✐s ❛ st❛♥❞❛r❞ ❲✐❡♥❡r ♣r♦❝❡ss ✉♥❞❡r P d
T i
k

✱ σi
k > 0 ✐s ❛ ❝♦♥st❛♥t

✈♦❧❛t✐❧✐t② ❛♥❞ Ki
0,k ✐s ❛♣♣r♦①✐♠❛t❡❧② ❣✐✈❡♥ ❜②

Ki
0,k ≈ Li

0(T
i
k−1, T

i
k) =

1

δ

(

Bi
0(T

i
k−1)

Bi
0(T

i
k)

− 1

)

.

◆♦t❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❝✉r✈❡sBd
0 ❛♥❞ Bi

0 ❛r❡ ❝♦♥str✉❝t❡❞ ❜② ✉s✐♥❣ t❤❡ ❜♦♦tstr❛♣♣✐♥❣ ♠❡t❤♦❞
❞❡✈❡❧♦♣❡❞ ❜② ❆♠❡tr❛♥♦ ❛♥❞ ❇✐❛♥❝❤❡tt✐ ❬✸❪✳ ❙✐♥❝❡ Ki

T i
k−1,k

✐s ❧♦❣✲♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞

✉♥❞❡r P d
T i
k

✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ♠❛r❦❡t ♠♦❞❡❧ ♣r✐❝❡ ✭✹✳✶✮ ❜❡❝♦♠❡s

Cplismm(T
i
k−1, T

i
k,K, σi

k) = δiBd
0(T

i
k) ·

(

Ki
0,k ·Φ(di1,k)−K ·Φ(di2,k)

)

,

✶✵✵



✹✳✶✳ ❉❡s❝r✐♣t✐♦♥ ❛♥❞ Pr♦❝❡ss✐♥❣ ♦❢ ❈❛♣ ❛♥❞ ❋❧♦♦r ▼❛r❦❡t ❉❛t❛

✇❤❡r❡ Φ ❞❡♥♦t❡s t❤❡ st❛♥❞❛r❞ ●❛✉ss✐❛♥ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱

di1,k :=

ln

(

Ki
0,k

K

)

+ 1
2(σ

i
k)

2T i
k−1

σi
k

√

T i
k−1

❛♥❞

di2,k := di1,k − σi
k

√

T i
k−1 =

ln

(

Ki
0,k

K

)

− 1
2(σ

i
k)

2T i
k−1

σi
k

√

T i
k−1

.

❆♥❛❧♦❣♦✉s❧②✱ t❤❡ ♠♦❞❡❧ ♣r✐❝❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✢♦♦r❧❡t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

Fltismm(T
i
k−1, T

i
k,K, σi

k) := δiBd
0(T

i
k) ·

(

K ·Φ(−di2,k)−Ki
0,k ·Φ(−di1,k)

)

.

❚♦ s✉♠ ✉♣✱ t❤❡ ♠♦❞❡r♥ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ♠❛r❦❡t ♠♦❞❡❧ ♣r✐❝❡s ♦❢ ❝❛♣❧❡ts ❛♥❞ ✢♦♦r❧❡ts ❛r❡
❛❣❛✐♥ st❛t❡❞ ✐♥ ❛ ❇❧❛❝❦✲❙❝❤♦❧❡s✲▼❡rt♦♥ ❢r❛♠❡✇♦r❦✳ ❚❤❡ ❞✐✛❡r❡♥❝❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
❝❧❛ss✐❝❛❧ ❢♦r♠✉❧❛s ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ✉♥❞❡r❧②✐♥❣ r❛t❡✱ ✇❤✐❝❤ ✐s ♥♦✇ t❤❡ FRA✲r❛t❡✱ ❛♥❞ ❜②
t❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦rs t❤❛t ❛r❡ ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ❞✐s❝♦✉♥t ❝✉r✈❡ d✳

❚❤❡ ♠❛r❦❡t ❢♦r♠✉❧❛ ❢♦r t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ✐♥t❡r❡st r❛t❡ ❝❛♣ t❤❛t ✐s s❡tt❧❡❞ ✐♥ ❛rr❡❛rs ❛♥❞
♠❛t✉r❡s ❛t T i

ni
✇✐t❤ ✜①✐♥❣ ❛♥❞ ♣❛②♠❡♥t ❞❛t❡s ❛❧♦♥❣ T i ✐s ❣✐✈❡♥ ❜②

Capsmm
0 (T i,K, σi

T i
ni

) :=

ni
∑

k=1

Cplismm(T
i
k−1, T

i
k,K, σi

T i
ni

). ✭✹✳✷✮

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢♦r♠✉❧❛ ♦❢ t❤❡ ✢♦♦r ✐s

Floorsmm
0 (T i,K, σi

T i
ni

) :=

ni
∑

k=1

Fltismm(T
i
k−1, T

i
k,K, σi

T i
ni

).

❖❜s❡r✈❡ t❤❛t t❤❡ s❛♠❡ ✈♦❧❛t✐❧✐t② σi
T i
ni

✐s ✉s❡❞ ❢♦r ❛❧❧ ❝❛♣❧❡ts ✭✢♦♦r❧❡ts✮ ♦❢ t❤❡ ❝❛♣ ✭✢♦♦r✮✳

❚❤✐s ✈♦❧❛t✐❧✐t② ✐s ❝❛❧❧❡❞ ✢❛t ♦r ❢♦r✇❛r❞ ✈♦❧❛t✐❧✐t②✳ ■t ✐s ❡①❛❝t❧② t❤❡ q✉♦t❡❞ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t②
♦❢ ❝❛♣s ✭✢♦♦rs✮ ✐♥ t❤❡ ♠❛r❦❡t✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② ✐s t♦ ✉s❡ ❛ ❞✐✛❡r❡♥t ✈♦❧❛t✐❧✐t② ❢♦r ❡❛❝❤
❝❛♣❧❡t ✭✢♦♦r❧❡t✮✳ ❚❤❡s❡ t②♣❡s ♦❢ ✈♦❧❛t✐❧✐t✐❡s ❛r❡ r❡❢❡rr❡❞ t♦ ❛s s♣♦t ♦r ❢♦r✇❛r❞ ❢♦r✇❛r❞
✈♦❧❛t✐❧✐t✐❡s✳

❚❤❡ s♣♦t ✈♦❧❛t✐❧✐t✐❡s ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ✢❛t ✈♦❧❛t✐❧✐t✐❡s ❛♥❞ ✈✐❝❡ ✈❡rs❛ ✉♥❞❡r t❤❡
❝♦♥s✐st❡♥❝② ❝♦♥❞✐t✐♦♥s

ni
∑

k=1

Cplismm(T
i
k−1, T

i
k,K, σi

T i
ni

) =

ni
∑

k=1

Cplismm(T
i
k−1, T

i
k,K, σi

k)

✶✵✶



✹✳ ▼♦❞❡❧ ❈❛❧✐❜r❛t✐♦♥

❛♥❞

ni
∑

k=1

Fltismm(T
i
k−1, T

i
k,K, σi

T i
ni

) =

ni
∑

k=1

Fltismm(T
i
k−1, T

i
k,K, σi

k).

❲❡ ❡♠♣❤❛s✐s❡ t❤❛t ✇❡ ✉s❡ s♣♦t ✈♦❧❛t✐❧✐t✐❡s ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s✳
❲✐t❤♦✉t t❤❡s❡ ❝♦♥❞✐t✐♦♥s t❤❡r❡ ✐s ❛ ❦✐♥❞ ♦❢ ✐♥❝♦♥s✐st❡♥❝② ✐♥ ❝❛♣ ✈♦❧❛t✐❧✐t✐❡s✿ ❚❤❡ s❛♠❡
❝❛♣❧❡t ❝♦✉❧❞ ❜❡ ❧✐♥❦❡❞ t♦ ❞✐✛❡r❡♥t ✭s♣♦t✮ ✈♦❧❛t✐❧✐t✐❡s ✇❤❡♥ ✐t ✐s r❡❧❛t❡❞ t♦ ❞✐✛❡r❡♥t ❝❛♣s
✇✐t❤ s❡♣❛r❛t❡ ✢❛t ✈♦❧❛t✐❧✐t②✳

❲❡ ❜r✐❡✢② ❞❡s❝r✐❜❡ t❤❡ ❜♦♦tstr❛♣♣✐♥❣ t❡❝❤♥✐q✉❡ t♦ ❡①tr❛❝t s♣♦t ✈♦❧❛t✐❧✐t✐❡s ❢r♦♠ t❤❡
✢❛t ✈♦❧❛t✐❧✐t✐❡s ❛♥❞ ✈✐❝❡ ✈❡rs❛✿

✶✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ✢❛t ✈♦❧❛t✐❧✐t✐❡s ❢r♦♠ t❤❡ s♣♦t ✈♦❧❛t✐❧✐t✐❡s ❛r❡ ❡✈✐❞❡♥t✳

✷✳ ❚❤❡ s♣♦t ✈♦❧❛t✐❧✐t✐❡s σi
1, . . . , σ

i
ni

❛r❡ ✐♥❞✉❝t✐✈❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r❡❧❛t✐♦♥s

Capsmm
0 ({T i

0, . . . , T
i
m},K, σi

T i
m
) =

m
∑

k=1

Cplismm(T
i
k−1, T

i
k,K, σi

k)

♦r

Floorsmm
0 ({T i

0, . . . , T
i
m},K, σi

T i
m
) =

m
∑

k=1

Fltismm(T
i
k−1, T

i
k,K, σi

k),

✇❤❡r❡ ✇❡ st❛rt ✇✐t❤ m = 1 ❛♥❞ ♣r♦❝❡❡❞ ✉♣ t♦ m = ni✳ ■♥ ❡❛❝❤ st❡♣✱ ✇❡ ❝♦♠♣✉t❡
t❤❡ s♣♦t ✈♦❧❛t✐❧✐t② ❛s ✭✉♥✐q✉❡✮ r♦♦t ♦❢ ❛ ❢✉♥❝t✐♦♥✳ ❚❤❡② ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❜② ❛♣♣❧②✐♥❣
t❤❡ ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ❜② ❙♦❡t❛❡rt ❛♥❞ ❍❡r♠❛♥ ❬✽✺✱ ❡①❛♠♣❧❡s ❢r♦♠ ❝❤❛♣t❡r ✼❪ ❛♥❞
❜② ✉s✐♥❣ t❤❡ ❘✲♣❛❝❦❛❣❡ ❵r♦♦t❙♦❧✈❡❵ ✭s❡❡ ❙♦❡t❛❡rt ❬✾✶❪✮✳

◆♦t❡ t❤❛t ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ❛ ❝❛♣❧❡t ✭✢♦♦r❧❡t✮ ♣r✐❝❡ ❜② s✉❜tr❛❝t✐♥❣ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❝❛♣
✭✢♦♦r✮ ♣r✐❝❡s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♣r✐❝❡ ♦❢ ❛ ❝❛♣❧❡t r❡❧❛t❡❞ t♦ t❤❡ s✐①✲♠♦♥t❤ ❝✉r✈❡ ❛♥❞ ❛
♠❛t✉r✐t② ♦❢ t❤r❡❡ ②❡❛rs ✐s ❣✐✈❡♥ ❜② t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t❤r❡❡✲②❡❛r ❛♥❞ t❤❡ 2.5✲②❡❛r
❝❛♣ ♣r✐❝❡✳

❚❤❡ q✉♦t❡❞ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t✐❡s ❢♦r ❝❛♣s ❛♥❞ ✢♦♦rs t②♣✐❝❛❧❧② ❤❛✈❡ ♠❛t✉r✐t✐❡s ♦❢ 1, 2, . . . , 20
②❡❛rs ❛♥❞ str✐❦❡ r❛t❡s ♦❢ 1.75, 2.00, 2.25, 2.50, 3.00, 3.50, 4.00, 5.00, . . . , 9.00, 10.00 ♣❡r❝❡♥t✳
❲❡ ❢♦❝✉s ♦♥ ♠♦st ❧✐q✉✐❞ ❝❛♣s ❛♥❞ ✢♦♦rs ✇✐t❤ ♠❛t✉r✐t✐❡s 1, 2, . . . , 10 ✐♥ t❤❡ ❊✉r♦♣❡❛♥ ♠❛r✲
❦❡t✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❡❢❡r❡♥❝❡ r❛t❡ ✐s t❤❡ ❊✉r✐❜♦r✳ ■t ✐s ♠❛r❦❡t ❝♦♥✈❡♥t✐♦♥ t❤❛t q✉♦t❡s
❢♦r ❝❛♣s ✇✐t❤ ♠❛t✉r✐t✐❡s ✉♣ t♦ t✇♦ ②❡❛rs ❛r❡ ✐♥❞❡①❡❞ ♦♥ t❤❡ t❤r❡❡✲♠♦♥t❤ ❊✉r✐❜♦r ❛♥❞
q✉♦t❡s ✇✐t❤ ♠❛t✉r✐t✐❡s ❣r❡❛t❡r t❤❛♥ t✇♦ ②❡❛rs ❛r❡ ✐♥❞❡①❡❞ ♦♥ t❤❡ s✐①✲♠♦♥t❤ ❊✉r✐❜♦r✳
❚❤❡ ♠✐ss✐♥❣ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t✐❡s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❝✉❜✐❝ s♣❧✐♥❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡
q✉♦t❡❞ ♠❛t✉r✐t✐❡s ❛♥❞ ❡①tr❛♣♦❧❛t✐♦♥✳ ❲❡ ✉s❡ t❤❡ ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ❜② ❋♦rs②t❤❡✱ ▼♦❧❡r✱
❛♥❞ ▼❛❧❝♦❧♠ ❬✹✼❪ ❢♦r t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥✳ ❚❤✐s ♠❡t❤♦❞ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❘✲♣❛❝❦❛❣❡

✶✵✷



✹✳✷✳ ❈❛❧✐❜r❛t✐♦♥ ♦❢ ❈❛♣s ✐♥ t❤❡ ❚✇♦✲Pr✐❝❡ ❛♥❞ ❙✐♥❣❧❡✲❈✉r✈❡ ❙❡tt✐♥❣

❵❙t❛ts❵ ❝r❡❛t❡❞ ❜② t❤❡ ❘ ❈♦r❡ ❚❡❛♠ ❬✾✷❪✳ ❚❤❡ ❡①tr❛♣♦❧❛t✐♦♥ ✐s ♠❛❞❡ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡
❘✲♣❛❝❦❛❣❡ ❵❍♠✐s❝✬ ❝r❡❛t❡❞ ❜② ❍❛rr❡❧❧ ❏r ❬✽✽❪✳
❲❡ str❡ss t❤❛t ✇❡ ❝❛♥ ✉s❡ t❤❡ s✐♥❣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤ ❢♦r ❞❛t❛ s❡ts ❜❡❢♦r❡ t❤❡ ❝r✐s✐s✳ ❇✉t

✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❞❛t❛ s❡ts ❞✉r✐♥❣ t❤❡ ❝r✐s✐s✱ ✇❡ ❤❛✈❡ t♦ ❛♣♣❧② ♦✉r ♠✉❧t✐♣❧❡✲❝✉r✈❡ ♠♦❞❡❧✳

✹✳✷✳ ❈❛❧✐❜r❛t✐♦♥ ♦❢ ❈❛♣s ✐♥ t❤❡ ❚✇♦✲Pr✐❝❡ ❛♥❞ ❙✐♥❣❧❡✲❈✉r✈❡

❙❡tt✐♥❣

❚♦ ✐❧❧✉str❛t❡ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ♣r♦❝❡❞✉r❡✱ ✇❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ❞❛t❛ s❡t ❜❡❢♦r❡ t❤❡ ❝r✐s✐s✳
❚❤❡ t✇♦✲♣r✐❝❡ t❤❡♦r② ❛♥❞ t❤❡ s✐♥❣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤ ❛r❡ ❛♣♣❧✐❡❞✳

✹✳✷✳✶✳ ❉❛t❛ ❙❡ts

❋✐❣✉r❡ ✹✳✶ ♣r❡s❡♥ts ❛ s✉r❢❛❝❡ ♦❢ t❤❡ q✉♦t❡❞ ✐♠♣❧✐❡❞ ♠✐❞ ✈♦❧❛t✐❧✐t✐❡s ❢♦r ❝❛♣s ♦♥ 15th

❆✉❣✉st ✷✵✵✻✳ ❲❡ ❡①t❡♥❞ t❤❡ ✈❛❧✉❡s t♦ t❤❡ ♠✐ss✐♥❣ ♠❛t✉r✐t✐❡s ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥✳ ❚❤❡ ✐♥✐t✐❛❧ ③❡r♦ ❝♦✉♣♦♥ ❜♦♥❞ ♣r✐❝❡s ❛r❡ ❧✐st❡❞ ✐♥ t❛❜❧❡ ✹✳✶ ❛♥❞ ✹✳✷✳ ❚❤❡ ♠❛r❦❡t
♠♦❞❡❧ ♣r✐❝❡s ♦❢ ❝❛♣s ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛ ✭✹✳✷✮✳ ❚❤❡♥✱ ✇❡ ❛♣♣❧② t❤❡
❜♦♦tstr❛♣♣✐♥❣ ♠❡t❤♦❞ ♦❢ s❡❝t✐♦♥ ✹✳✶ t♦ ❡①tr❛❝t t❤❡ s♣♦t ✈♦❧❛t✐❧✐t✐❡s ♦❢ t❤❡ ❝❛♣❧❡ts✳ ❚❤❡
r❡s✉❧t✐♥❣ s♣♦t ✈♦❧❛t✐❧✐t✐❡s ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✹✳✷✳ ❚❤❡ ❛s❦ ❛♥❞ ❜✐❞ s♣r❡❛❞s ❜❡t✇❡❡♥
t❤❡ ✐♠♣❧✐❡❞ ✭s♣♦t✮ ✈♦❧❛t✐❧✐t✐❡s ♦❢ ❝❛♣❧❡ts ❢♦r s♦♠❡ s♣❡❝✐❛❧ ♠❛t✉r✐t✐❡s ❛♥❞ str✐❦❡ r❛t❡s ❛r❡
❣✐✈❡♥ ✐♥ ✜❣✉r❡ ✹✳✸ ❛♥❞ ✹✳✹✳

▼❛t✉r✐t② ■♥✐t✐❛❧ ❇♦♥❞ Pr✐❝❡

✵✳✷✺ ❨❡❛r ✵✳✾✾✷✺✻✵
✵✳✺✵ ❨❡❛r ✵✳✾✽✹✵✽✸
✵✳✼✺ ❨❡❛r ✵✳✾✼✺✶✽✶
✶✳✵✵ ❨❡❛r ✵✳✾✻✻✶✺✻
✶✳✷✺ ❨❡❛r ✵✳✾✺✼✶✻✾
✶✳✺✵ ❨❡❛r ✵✳✾✹✽✷✼✶
✶✳✼✺ ❨❡❛r ✵✳✾✸✾✹✽✻
✷✳✵✵ ❨❡❛r ✵✳✾✸✵✼✾✶

❚❛❜❧❡ ✹✳✶✳✿ ❉✐s❝♦✉♥t ❜♦♥❞ ♣r✐❝❡s Bd
0(T ) ♦♥ 15th ❆✉❣✉st ✷✵✵✻✳

✹✳✷✳✷✳ ❈❛❧✐❜r❛t✐♦♥ Pr♦❝❡❞✉r❡

❲❡ ♣r♦❝❡❡❞ ❛s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✹✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r

H = {(T,K) : T ∈ {0.5, 0.75, 1, 1.25, 1.5, 1.75, 2, 2.5, 3, 3.5, . . . , 9.5, 10},
K ∈ {0.0175, 0.02, 0.0225, 0.025, 0.03, 0.04, . . . , 0.1}}

✶✵✸



✹✳ ▼♦❞❡❧ ❈❛❧✐❜r❛t✐♦♥

M
aturity (years)

2

4

6

8

10

Strik
e ra

te (p
ercent)

2
4

6

8

10

Im
p
lie

d
 vo

la
tility

 (p
e
rc

e
n
t)

10

15

20

25

Cap volatility surface

❋✐❣✉r❡ ✹✳✶✳✿ ❊❯❘ ❝❛♣ ♠❛r❦❡t ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② s✉r❢❛❝❡ ♦♥ 15th ❆✉❣✉st ✷✵✵✻✳

❛♥❞

H̄T = {(T,K) : K ∈ {0.0175, 0.02, 0.0225, 0.025, 0.03}} ⊂ H

❢♦r ❛♥② T ∈ {1.25, 1.5, 1.75, 2}✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ T ∗ = 10✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛s❦✱ ♠✐❞
❛♥❞ ❜✐❞ ♠❛r❦❡t ♣r✐❝❡s ♦❢ ❝❛♣❧❡ts ❛r❡ ❞❡♥♦t❡❞ ❜② Πask(T,K),Πmid(T,K) ❛♥❞ Πbid(T,K)✳
❚❤❡✐r ♠♦❞❡❧ ♣r✐❝❡s ❛r❡ st❛t❡❞ ✐♥ ✭✸✳✺✶✮✱ ✭✸✳✹✻✮ ❛♥❞ ✭✸✳✺✷✮✳ ❖❜✈✐♦✉s❧②✱ ✐t ❤♦❧❞s

Cpl0(Tj−1, Tj ,K) = a
Tj−1

0 (Cpldj,K) = b
Tj−1

0 (Cpldj,K).

❙✐♥❝❡ t❤❡ ♠♦❞❡❧ ♣r✐❝❡s ❞❡♣❡♥❞ ♦♥ ♣❛r❛♠❡t❡rs✱ ✇❡ s❡t

a(Tj−1,K, θ, γ) := a
Tj−1
γ (Cpldj,K)

Cpl0(Tj−1,K, θ) := Cpl0(Tj−1, Tj ,K)

b(Tj−1,K, θ, γ) := b
Tj−1
γ (Cpldj,K),

✇❤❡r❡ ✇❡ ❞❡♥♦t❡ ❜② Θ t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛♥❞ θ ∈ Θ✳

✶✵✹



✹✳✷✳ ❈❛❧✐❜r❛t✐♦♥ ♦❢ ❈❛♣s ✐♥ t❤❡ ❚✇♦✲Pr✐❝❡ ❛♥❞ ❙✐♥❣❧❡✲❈✉r✈❡ ❙❡tt✐♥❣

▼❛t✉r✐t② ■♥✐t✐❛❧ ❇♦♥❞ Pr✐❝❡

✵✳✺✵ ❨❡❛r ✵✳✾✽✹✵✽✸
✶✳✵✵ ❨❡❛r ✵✳✾✻✻✶✺✻
✶✳✺✵ ❨❡❛r ✵✳✾✹✽✷✼✶
✷✳✵✵ ❨❡❛r ✵✳✾✸✵✼✾✶
✷✳✺✵ ❨❡❛r ✵✳✾✶✸✻✽✵
✸✳✵✵ ❨❡❛r ✵✳✽✾✻✼✾✸
✸✳✺✵ ❨❡❛r ✵✳✽✽✵✶✵✹
✹✳✵✵ ❨❡❛r ✵✳✽✻✸✺✵✶
✹✳✺✵ ❨❡❛r ✵✳✽✹✻✾✻✻
✺✳✵✵ ❨❡❛r ✵✳✽✸✵✺✷✸
✺✳✺✵ ❨❡❛r ✵✳✽✶✹✶✻✼
✻✳✵✵ ❨❡❛r ✵✳✼✾✼✽✾✹
✻✳✺✵ ❨❡❛r ✵✳✼✽✶✼✺✵
✼✳✵✵ ❨❡❛r ✵✳✼✻✺✼✹✷
✼✳✺✵ ❨❡❛r ✵✳✼✹✾✾✸✵
✽✳✵✵ ❨❡❛r ✵✳✼✸✹✷✻✾
✽✳✺✵ ❨❡❛r ✵✳✼✶✽✽✽✹
✾✳✵✵ ❨❡❛r ✵✳✼✵✸✻✻✼
✾✳✺✵ ❨❡❛r ✵✳✻✽✽✻✽✻
✶✵✳✵ ❨❡❛r ✵✳✻✼✸✾✺✵

❚❛❜❧❡ ✹✳✷✳✿ ❉✐s❝♦✉♥t ❜♦♥❞ ♣r✐❝❡s Bd
0(T ) ♦♥ 15th ❆✉❣✉st ✷✵✵✻✳

■♥ t❤❡ ✜rst st❡♣ ♦❢ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ♣r♦❝❡❞✉r❡✱ ✇❡ s♦❧✈❡ t❤❡ ♠✐♥✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠✿

O1(θ̂, H) = min
θ∈Θ

∑

T,K∈H

(

Cpl0(T,K, θ)−Πmid(T,K)
)2

.

❲❡ ♦❜t❛✐♥ ❛♥ ❛❞♠✐ss✐❜❧❡ θ̂ ❜② ✉s✐♥❣ t❤❡ ♠❡t❤♦❞s st❛t❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✹✳ ❆t t❤✐s st❛❣❡✱ t❤✐s
s✐t✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❧❛ss✐❝❛❧ ♥♦✲❛r❜✐tr❛❣❡ ✈❛❧✉❛t✐♦♥ t❤❡♦r② ✇✐t❤ ♦♥❡ ♣r✐❝❡ ✭❝❢✳
❉❡❧❜❛❡♥ ❛♥❞ ❙❝❤❛❝❤❡r♠❛②❡r ❬✷✺❪✮✳ ❚❤❡♥✱ ✇❡ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ s❡❝♦♥❞ st❡♣✳ ❘❡❝❛❧❧ t❤❛t t❤❡
✭✐❧✮❧✐q✉✐❞✐t② ♣❛r❛♠❡t❡r ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❛t✉r✐t② ♦❢ t❤❡ ❝❛♣❧❡t ❛♥❞ ✇❡ t❤❡r❡❢♦r❡ ❝♦♥s✐❞❡r
t❤❡ ♣❛r❛♠❡t❡r γj ✱ ✇❤❡r❡ ✇❡ ❤❛✈❡ j ∈ {1, 2, 3, 4}✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❡✈❡r② j ∈ {1, 2, 3, 4}✱
✇❡ ❝♦♥t✐♥✉❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣❛r❛♠❡t❡r γ̂j ❜② s♦❧✈✐♥❣

O2(γ̂j , θ̂, H̄Tj
) = min

γj≥0
O2(γj , θ̂, H̄Tj

),

✶✵✺
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Caplet implied volatility surface

❋✐❣✉r❡ ✹✳✷✳✿ ❊①t❡♥❞❡❞ ❊❯❘ ❝❛♣❧❡t ✐♠♣❧✐❡❞ s♣♦t ✈♦❧❛t✐❧✐t② s✉r❢❛❝❡ ♦♥ 15th ❆✉❣✉st ✷✵✵✻✳

✇❤❡r❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

O2(γj , θ̂, H̄Tj
) =

∑

(Tj ,K)∈H̄Tj

[ (

a(Tj−1,K, θ̂, γj)−Πask(Tj−1,K)
)2

+
(

b(Tj−1,K, θ̂, γj)−Πbid(Tj−1,K)
)2 ]

❛♥❞ Tj ∈ {1.25, 1.5, 1.75, 2}✳

✹✳✷✳✸✳ ▼♦❞❡❧ ❋r❛♠❡✇♦r❦ ✭■✮

❚❤❡ ✈❛r✐❛♥❝❡ ❣❛♠♠❛ ♣r♦❝❡ss ✐s st✉❞✐❡❞ ❜② ▼❛❞❛♥ ❛♥❞ ❙❡♥❡t❛ ❬✻✼❪ ❛♥❞ ▼❛❞❛♥ ❛♥❞ ▼✐❧♥❡
❬✻✻❪✳ ❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s ♣r♦❝❡ss ✐s ❣✐✈❡♥ ❜② ▼❛❞❛♥✱ ❈❛rr✱ ❛♥❞ ❈❤❛♥❣
❬✻✽❪✳ ❋♦r ♣r❛❝t✐❝❛❧ ♣✉r♣♦s❡s✱ ✇❡ r❡❢❡r t♦ ❙❡♥❡t❛ ❬✽✸❪ ❛♥❞ t❤❡ ❘✲♣❛❝❦❛❣❡ ✬❱❛r✐❛♥❝❡●❛♠♠❛✬
❝r❡❛t❡❞ ❜② ❙❝♦tt ❬✾✵❪✳ ◆♦t❡ t❤❛t t❤❡ ✈❛r✐❛♥❝❡ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s
❧✐♠✐t✐♥❣ ❝❛s❡ ♦❢ t❤❡ ❣❡♥❡r❛❧✐s❡❞ ❤②♣❡r❜♦❧✐❝ ❞✐str✐❜✉t✐♦♥ ✭s❡❡ ❊❜❡r❧❡✐♥ ❛♥❞ ❍❛♠♠❡rst❡✐♥
❬✸✶❪✮✳ ❚❤✉s✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝❤❛r❛❝t❡r✐s❡ t❤❡ s❡t ♦❢ ❞✐str✐❜✉t✐♦♥ ♣❛r❛♠❡t❡rs ✐♥ t✇♦ ✇❛②s✿

✶✵✻
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M
a
tu

rity (ye
a
rs) 1.2

1.4

1.6

1.8

2.0

Strike rate (percent)
2.0

2.5

3.0

0.0

0.1

0.2

0.3

0.4

0.5

Caplet volatility spread

❋✐❣✉r❡ ✹✳✸✳✿ ❙♣r❡❛❞ ❜❡t✇❡❡♥ ❛s❦ ❛♥❞ ❜✐❞ ✭s♣♦t✮ ✈♦❧❛t✐❧✐t✐❡s ♦❢ ❝❛♣❧❡ts ♦♥ 15th ❆✉❣✉st
✷✵✵✻✳ ❲❡ ❝♦♥s✐❞❡r ♠❛t✉r✐t✐❡s ♦❢ 1.25, 1.5, 1.75 ❛♥❞ 2 ②❡❛rs ❛♥❞ str✐❦❡ r❛t❡s
♦❢ 1.75, 2, 2.25, 2.5, 3 ♣❡r❝❡♥t✳

✭✐✮ (σ, ν, θ, c) ∈ Λ1 := (0,∞)× (0,∞)× R× R✳

✭✐✐✮ (λ, α, β, µ) ∈ Λ2 := {(λ0, α0, β0, µ0) ∈ Λ1 | |β0| < α0}✳

❚❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❜♦t❤ ♣❛r❛♠❡t❡r r❡♣r❡s❡♥t❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②

λ =
1

ν
α =

√

2

νσ2
+

(

θ

σ2

)2

β =
θ

σ2
µ = c

❛♥❞

ν =
1

λ
σ2 =

2λ

α2 − β2
θ =

2λβ

α2 − β2
c = µ.

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✈♦❧❛t✐❧✐t② str✉❝t✉r❡ ❛♥❞ ❞r✐✈✐♥❣ ♣r♦❝❡ss ✭d = 1✮✿
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M
a
tu

rity (ye
a
rs)2.5

3.0

3.5

4.0

Strike rate (percent)
2.0

2.5

3.0

0.0

0.1

0.2

0.3

0.4

0.5

Caplet volatility spread

❋✐❣✉r❡ ✹✳✹✳✿ ❙♣r❡❛❞ ❜❡t✇❡❡♥ ❛s❦ ❛♥❞ ❜✐❞ ✭s♣♦t✮ ✈♦❧❛t✐❧✐t✐❡s ♦❢ ❝❛♣❧❡ts ♦♥ 15th ❆✉❣✉st
✷✵✵✻✳ ❲❡ ❝♦♥s✐❞❡r ♠❛t✉r✐t✐❡s ♦❢ 2.5, 3, 3.5 ❛♥❞ 4 ②❡❛rs ❛♥❞ str✐❦❡ r❛t❡s ♦❢
1.75, 2, 2.25, 2.5, 3 ♣❡r❝❡♥t✳

(Vol.I) ❱❛s✐❝❡❦ ✈♦❧❛t✐❧✐t② str✉❝t✉r❡

σd(t, T ) = σ̂ exp (−a(T − t))

✇✐t❤

Σd(t, T ) =

{

σ̂
a (1− exp (−a(T − t))) , ✇❤❡♥ t ≤ T

0, ✇❤❡♥ t > T.

(DP.I) ❱❛r✐❛♥❝❡✲●❛♠♠❛ ♣r♦❝❡ss L = (Lt)t∈[0,T ∗] ❞❡✜♥❡❞ ♦♥ B̂✳

❚❤❡ ❣❡♥❡r❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❱❛r✐❛♥❝❡✲●❛♠♠❛ ♣r♦❝❡ss ♣♦ss❡ss❡s ❛ ♠♦♠❡♥t ❣❡♥✲
❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠

MVG(λ,α,β,µ)(u) = eµu
(

α2 − β2

α2 − (β + u)2

)λ

✶✵✽
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❢♦r ❡✈❡r② u ∈ (−α− β, α− β)✳ ❊q✉✐✈❛❧❡♥t❧②✱ ✇❡ ♦❜t❛✐♥

MVG(σ,ν,θ,c)(u) = ecu

(

1

1− νθu− σ2ν
2 u2

)1/ν

.

❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ r❡s✉❧ts ✐♥

ϕVG(λ,α,β,µ)(u) = eiµu
(

α2 − β2

α2 − (β + iu)2

)λ

,

✇❤❡r❡ ✇❡ ❡①♣❧♦✐t t❤❡ r❡❧❛t✐♦♥ ϕVG(λ,α,β,µ)(u) = MVG(λ,α,β,µ)(iu)✳ ❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ❣❡t

ϕVG(σ,ν,θ,c)(u) = eicu

(

1

1− iνθu+ σ2ν
2 u2

)1/ν

.

❚❤❡♥✱ t❤❡r❡ ✐s ❛♥ ❛♥❛❧②t✐❝ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ t♦ t❤❡ str✐♣ R− i(−α−
β, α− β) ⊂ C ✭❝❢✳ ❙❛t♦ ❬✽✶✱ ❚❤❡♦r❡♠ ✷✺✳✶✼❪✮✳ ❋r♦♠ t❤❡ s✐♠♣❧❡ ❢♦r♠ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
❢✉♥❝t✐♦♥✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

Lt ∼ VG(
√
tσ, ν/t, tθ, tc)

❢♦r ❡✈❡r② t ∈ (0, T ∗]✳

■t ✐s ♠♦r❡ ❝♦♠❢♦rt❛❜❧❡ t♦ ✇♦r❦ ✇✐t❤ ♣❛r❛♠❡t❡r s❡t (ii) ❞✉❡ t♦ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❝❤❛r❛❝✲
t❡r✐st✐❝ ❢✉♥❝t✐♦♥✳ ▲❡t ✉s ❞❡✜♥❡ m(α, β) := min{|−α−β|, α−β} ❛♥❞ ✜① ❛ ρ ✇✐t❤ 0 < ρ <

m(α, β)✳ ❲❡ ❝❤♦♦s❡ ǫ ❛♥❞ M ❢r♦♠ ❝♦♥❞✐t✐♦♥ (EM) s✉❝❤ t❤❛t (1 + ǫ)M = m(α, β) − ρ✳
❚❤❡♥✱ ✇❡ s♣❡❝✐❢② M̂ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✐t s❛t✐s✜❡s 0 < M̂ < min{1,M}✳ ❙✐♥❝❡ t❤❡
♣❛r❛♠❡t❡r σ̂ ♦❢ t❤❡ ✈♦❧❛t✐❧✐t② str✉❝t✉r❡ ❝❛♥ ❜❡ ❡❧✐♠✐♥❛t❡❞ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✭❝❢✳
❊❜❡r❧❡✐♥ ❛♥❞ ❑❧✉❣❡ ❬✸✸❪✮✱ ✇❡ ❝❤♦♦s❡ σ̂ = |a|✳ ❚❤❡ ❥✉st✐✜❝❛t✐♦♥ ❢♦r t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❛t
❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t ♦❢ t❤❡ ✈♦❧❛t✐❧✐t② str✉❝t✉r❡ ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥
♣❛r❛♠❡t❡rs ♦❢ L ❛♥❞ ✐t ✐s t❤❡r❡❢♦r❡ r❡❞✉♥❞❛♥t✳ ❚❤❡♥✱ ✐t ❢♦❧❧♦✇s t❤❛t

Σd(t, T ) =

{

sign(a) (1− exp (−a(T − t))) , ✇❤❡♥ t ≤ T

0, ✇❤❡♥ t > T.

◆♦t✐❝❡ t❤❛t✱ ❢♦r ❡✈❡r② a 6= 0✱ ✐t ❤♦❧❞s t❤❛t Σd(t, T ) ≥ 0 ❢♦r ❛❧❧ (t, T ) ∈ [0, T ∗]× [0, T ∗]✳
❋✉rt❤❡r✱ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r ♣❛r❛♠❡t❡rs a 6= 0 ✇❤✐❝❤ s❛t✐s❢②

sup
0≤t≤T≤T ∗

{

sign(a) (1− exp(−a(T − t)))
}

≤ M̂ < M.

■t ❢♦❧❧♦✇s t❤❛t ❛♥② ♣❛r❛♠❡t❡r a ❤❛s t♦ ❜❡ r❡str✐❝t❡❞ t♦ t❤❡ s❡t
[

− ln(1+M̂)
10 ,− ln(1−M̂)

10

]

\{0}✳
▼♦r❡♦✈❡r✱ t❤❡ ♠❛♣♣✐♥❣ [0, T ∗] ∋ t 7→ σ̂ exp(−a(T − t)) ∈ R ✐s ♦❜✈✐♦✉s❧② ❝♦♥t✐♥✉♦✉s ❢♦r

✶✵✾
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❡✈❡r② T ∈ [0, T ∗]✳ ❈♦♥s❡q✉❡♥t❧②✱ ❝♦♥❞✐t✐♦♥ (DET) ✐s s❛t✐s✜❡❞✳ ❆s s❡❡♥ ✐♥ s❡❝t✐♦♥ ✸✳✸✳✶✱

✇❡ ❤❛✈❡ t♦ ❝❤♦♦s❡ R1 ∈
[

−M−M̂
M̂

, 0
)

✐♥ t❤❡ ❝❛♣❧❡t ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛✳ ❚❤❡ ❡①t❡♥❞❡❞
❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥ θs ♦❢ L r❡s✉❧ts ✐♥

θs(z) = µz + λ ln

(

α2 − β2

α2 − (β + z)2

)

❢♦r ❡✈❡r② z ∈ C ✇✐t❤ |Re(z)| ≤ M ✭❝❢✳ ❙❛t♦ ❬✽✶✱ ❚❤❡♦r❡♠ ✷✺✳✶✼❪✮✳ ❚❤❡♥✱ ❜② ✉s✐♥❣
❡①♣r❡ss✐♦♥ ✭✸✳✹✵✮✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ Xd

j ✉♥❞❡r P d
Tj−1

❛t ♣♦✐♥t u− iR1 ✐s

ϕ
Tj−1

Xd
j

(u− iR1)

= exp
(

∫ Tj−1

0
−µsign(a)(R1 + iu)[exp(−a(Tj − s))− exp(−a(Tj−1 − s))]

+ λ ln

(

α2 − (β + sign(a) (1− exp (−a(Tj−1 − s))))2

α2 − (β + ηj(s, u, a,R1))2

)

ds
)

,

✇❤❡r❡ ✇❡ s❡t

ηj(s, u, a,R1) :=sign(a)
(

1− exp(−a(Tj−1 − s))

+ (R1 + iu)[exp(−a(Tj−1 − s))− exp(−a(Tj − s))]
)

.

❚❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣❛rt Dd
j ❝❛♥ ❡❛s✐❧② ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s

Dd
j =

Bd
0(Tj)

Bd
0(Tj−1)

exp

(

∫ Tj−1

0
µsign(a)[exp(−a(Tj − s))− exp(−a(Tj−1 − s))]

+ λ ln

(

α2 − (β + sign(a)(1− exp(−a(Tj − s))))2

α2 − (β + sign(a)(1− exp(−a(Tj−1 − s))))2

)

ds

)

❛♥❞ ✇❡ ♦❜t❛✐♥ ξj = − lnDd
j ❛♥❞ ηdj = 1

Dd
j

✳ ❚❤❡ ❝❛♣❧❡t ✭♠✐❞✮ ♠♦❞❡❧ ♣r✐❝❡ ❝❛♥ ❜❡ ❞❡t❡r✲

♠✐♥❡❞ ❜②

Cpl0(Tj−1, Tj ,K) =
Bd

0(Tj−1)K̃

π
· Ij(λ, α, β, a,R1,K), ✭✹✳✸✮

✶✶✵
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✇❤❡r❡ ✇❡ ❞❡✜♥❡

Ij(λ, α, β, a,R1,K) :=

∫ ∞

0
Re

(

[

Bd
0(Tj)

Bd
0(Tj−1)

]R1+iu

× K̃−(1−R1−iu)

(−R1 − iu)(1−R1 − iu)

× exp
(

∫ Tj−1

0
λ ln

(

α2 − (β + sign(a) (1− exp (−a(Tj−1 − s))))2

α2 − (β + ηj(s, u, a,R1))2

)

+ (R1 + iu)λ ln

(

α2 − (β + sign(a)(1− exp(−a(Tj − s))))2

α2 − (β + sign(a)(1− exp(−a(Tj−1 − s))))2

)

ds
)

)

du.

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♣❛r❛♠❡t❡r µ ✭r❡s♣❡❝t✐✈❡❧② c✮ ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛
✭✹✳✸✮✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ♣❛r❛♠❡t❡r ❞♦❡s ♥♦t ❤❛✈❡ ❛♥ ✐♠♣❛❝t ♦♥ t❤❡ ♣r✐❝❡ ❛♥❞ µ ✭r❡s♣❡❝t✐✈❡❧②
c✮ ❝❛♥ ❜❡ s❡t ❡q✉❛❧ t♦ ③❡r♦ ✭❝❢✳ ❊❜❡r❧❡✐♥ ❛♥❞ ❑❧✉❣❡ ❬✸✸❪✮✳

❋✐♥❛❧❧②✱ t❤❡ ❛s❦ ❛♥❞ ❜✐❞ ♠♦❞❡❧ ♣r✐❝❡s ♦❢ t❤❡ ❝❛♣❧❡t ❛r❡ ♦❜t❛✐♥❡❞ ❜② ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛s
✭✸✳✺✶✮ ❛♥❞ ✭✸✳✺✷✮✳

✹✳✷✳✹✳ ❈❛❧✐❜r❛t✐♦♥ ❘❡s✉❧ts ♦❢ ▼♦❞❡❧ ❋r❛♠❡✇♦r❦ ✭■✮

❲❡ ♣r❡s❡♥t t❤❡ ❝❛❧✐❜r❛t✐♦♥ r❡s✉❧ts ♦❢ ♠♦❞❡❧ ❢r❛♠❡✇♦r❦ ✭■✮✳ ❚❤❡ ❝❛❧✐❜r❛t❡❞ ❞✐str✐❜✉t✐♦♥
♣❛r❛♠❡t❡rs ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ t❛❜❧❡ ✹✳✸ ❛♥❞ t❤❡ ❝❛❧✐❜r❛t❡❞ ✈♦❧❛t✐❧✐t② str✉❝t✉r❡ ♣❛r❛♠❡t❡r
✐s ❣✐✈❡♥ ✐♥ t❛❜❧❡ ✹✳✹✳

P❛r❛♠❡t❡r ❚②♣❡ ✭✐✮ ❱❛❧✉❡ P❛r❛♠❡t❡r ❚②♣❡ ✭✐✐✮ ❱❛❧✉❡

σ ✵✳✷✽✶✻✺✷ λ ✵✳✺✽✵
ν ✶✳✼✷✹✶✸✽ α ✸✳✽✼✵
θ ✲✵✳✵✹✼✷✵✵ β ✲✵✳✺✾✺

❚❛❜❧❡ ✹✳✸✳✿ ❈❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡rs ♦❢ ✈❛r✐❛♥❝❡ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥✳

P❛r❛♠❡t❡r ❱❛❧✉❡

a ✵✳✵✷✹

❚❛❜❧❡ ✹✳✹✳✿ ❈❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡r ♦❢ ❱❛s✐❝❡❦ ✈♦❧❛t✐❧✐t② str✉❝t✉r❡✳

❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ r❡s✉❧ts ✐♥

O1(θ̂, H) = 2.956576 · 10−06.

❚❤❡ ♠❛r❦❡t ♣r✐❝❡s ♦❢ ❝❛♣❧❡ts ❛♥❞ ❝❛♣s ❛r❡ ❡①❝❡❧❧❡♥t❧② ✜tt❡❞ ❢♦r str✐❦❡ r❛t❡s ✉♣ t♦ s✐①

✶✶✶



✹✳ ▼♦❞❡❧ ❈❛❧✐❜r❛t✐♦♥

♣❡r❝❡♥t ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ✜❣✉r❡s ✹✳✺ ❛♥❞ ✹✳✻✳ ❲❡ ❛❧s♦ ✐❧❧✉str❛t❡ t❤❡ ❝❛❧✐❜r❛t✐♦♥ r❡s✉❧ts ✐♥
❢♦r♠ ♦❢ t❤❡ r❡❧❛t✐✈❡ ❡rr♦rs ❜❡t✇❡❡♥ ♠❛r❦❡t ❛♥❞ ♠♦❞❡❧ ♣r✐❝❡s✱ ✐✳❡✳ ✇❡ ❝♦♥s✐❞❡r

relative error =

∣

∣

∣

∣

model price−market price

market price

∣

∣

∣

∣

.

❚❤❡② ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡s ❆✳✶ ❛♥❞ ❆✳✷ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳ ❲❡ str❡ss t❤❛t t❤❡ ❞✐s❝r❡♣✲
❛♥❝✐❡s ❢♦r s❤♦rt ♠❛t✉r✐t✐❡s ❛♥❞ str✐❦❡ r❛t❡s ❣r❡❛t❡r t❤❛♥ s✐① ♣❡r❝❡♥t r❡s✉❧t ❢r♦♠ t❤❡ ✈❡r②
s♠❛❧❧ ✈❛❧✉❡s ♦❢ t❤❡ r❡❧❛t❡❞ ♣r✐❝❡s✳
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❋✐❣✉r❡ ✹✳✺✳✿ ▼❛r❦❡t ❛♥❞ ♠♦❞❡❧ ✭♠✐❞✮ ♣r✐❝❡s ♦❢ ❝❛♣❧❡ts ✇✐t❤ ♠❛t✉r✐t② ♦❢ t✇♦ ②❡❛rs ✭t♦♣
❧❡❢t✮✱ ✜✈❡ ②❡❛rs ✭t♦♣ r✐❣❤t✮✱ ❡✐❣❤t ②❡❛rs ✭❜♦tt♦♠ ❧❡❢t✮ ❛♥❞ t❡♥ ②❡❛rs ✭❜♦tt♦♠
r✐❣❤t✮ ❢♦r str✐❦❡ r❛t❡s ♦❢ ✶✳✼✺✱ ✷✳✵✵✱ ✷✳✷✺✱ ✷✳✺✵✱ ✸✳✵✵✱ ✸✳✺✵✱ ✹✳✵✵✱ ✺✳✵✵ ❛♥❞ ✻✳✵✵
♣❡r❝❡♥t ♦♥ 15th ❆✉❣✉st ✷✵✵✻✳

❋✐❣✉r❡ ✹✳✼ s❤♦✇s t❤❡ ✜t ♦❢ t❤❡ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t✐❡s ♦❢ t❤❡ ❝❛♣ ❢♦r ❛ s♣❡❝✐❛❧ ♠❛t✉r✐t②✳ ■t ✐s ❛
✇❡❧❧✲❦♥♦✇♥ ❢❛❝t t❤❛t ❛♥ ❤♦♠♦❣❡♥❡♦✉s ▲é✈② ♣r♦❝❡ss ✐s ♥♦t ❛❜❧❡ t♦ ✜t ♣r❡❝✐s❡❧② t❤❡ ✐♠♣❧✐❡❞
✈♦❧❛t✐❧✐t✐❡s ❛❧♦♥❣ ❛❧❧ ♠❛t✉r✐t✐❡s✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s✱ ✇❡ ❤❛✈❡ t♦ ✉s❡ t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ▲é✈②
♣r♦❝❡ss❡s ✭s❡❡ ❊❜❡r❧❡✐♥ ❛♥❞ ❑❧✉❣❡ ❬✸✹❪✮✳

❚❤❡ ❝❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡rs γ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥
O2 ❛r❡ ❧✐st❡❞ ✐♥ t❛❜❧❡ ✹✳✺✳ ❲❡ ✉s❡ t❤❡ ❢❛♠✐❧② (Ψmmv

γ )γ≥0 ♦❢ MINMAXVAR ❞✐st♦rt✐♦♥
❢✉♥❝t✐♦♥s ❢♦r t❤❡ ❝❛❧✐❜r❛t✐♦♥✳

❲❡ ✈✐s✉❛❧✐s❡ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞r✐✈✐♥❣ ♣r♦❝❡ss ❜② ♠❡❛♥s ♦❢ t❤❡ ❞❡♥s✐t②
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝❛❧✐❜r❛t❡❞ ✈❛r✐❛♥❝❡ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ✐♥ ✜❣✉r❡ ✹✳✽ ❛♥❞ ❢♦✉r s❛♠♣❧❡
♣❛t❤s ✐♥ ✜❣✉r❡ ✹✳✾✳ ❚❤❡ ❘✲♣❛❝❦❛❣❡ ❵❱❛r✐❛♥❝❡●❛♠♠❛✬ ✐s ❛♣♣❧✐❡❞✳

✶✶✷



✹✳✷✳ ❈❛❧✐❜r❛t✐♦♥ ♦❢ ❈❛♣s ✐♥ t❤❡ ❚✇♦✲Pr✐❝❡ ❛♥❞ ❙✐♥❣❧❡✲❈✉r✈❡ ❙❡tt✐♥❣
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❋✐❣✉r❡ ✹✳✻✳✿ ▼❛r❦❡t ❛♥❞ ♠♦❞❡❧ ✭♠✐❞✮ ♣r✐❝❡s ♦❢ ❝❛♣s ✇✐t❤ ♠❛t✉r✐t② ♦❢ t✇♦ ②❡❛rs ✭t♦♣ ❧❡❢t✮✱
✜✈❡ ②❡❛rs ✭t♦♣ r✐❣❤t✮✱ ❡✐❣❤t ②❡❛rs ✭❜♦tt♦♠ ❧❡❢t✮ ❛♥❞ t❡♥ ②❡❛rs ✭❜♦tt♦♠ r✐❣❤t✮
❢♦r str✐❦❡ r❛t❡s ♦❢ ✶✳✼✺✱ ✷✳✵✵✱ ✷✳✷✺✱ ✷✳✺✵✱ ✸✳✵✵✱ ✸✳✺✵✱ ✹✳✵✵✱ ✺✳✵✵ ❛♥❞ ✻✳✵✵ ♣❡r❝❡♥t
♦♥ 15th ❆✉❣✉st ✷✵✵✻✳

✹✳✷✳✺✳ ▼♦❞❡❧ ❋r❛♠❡✇♦r❦ ✭■■✮

❇❛r♥❞♦r✛✲◆✐❡❧s❡♥ ❛♥❞ ❍❛❧❣r❡❡♥ ❬✻❪ st✉❞✐❡❞ t❤❡ ❝❧❛ss ♦❢ ❣❡♥❡r❛❧✐s❡❞ ❤②♣❡r❜♦❧✐❝ ✭●❍✮ ❞✐s✲
tr✐❜✉t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡② s❤♦✇❡❞ t❤❡✐r ✐♥✜♥✐t❡ ❞✐✈✐s✐❜✐❧✐t②✳ ❍❡♥❝❡✱ ❡❛❝❤ t②♣❡ ♦❢ t❤✐s
❞✐str✐❜✉t✐♦♥ ❢❛♠✐❧② ✇✐t❤ ♣❛r❛♠❡t❡rs (λ, α, β, δ, µ) s❛t✐s❢②✐♥❣ λ ∈ R, 0 ≤ |β| < α, 0 < δ

❛♥❞ µ ∈ R ❣❡♥❡r❛t❡s ❛ ▲é✈② ♣r♦❝❡ss ✭❝❢✳ ❙❛t♦ ❬✽✶❪✮✳ ❚❤✐s ♣r♦❝❡ss ✐s ❝❛❧❧❡❞ ❣❡♥❡r❛❧✐s❡❞
❤②♣❡r❜♦❧✐❝ ▲é✈② ♠♦t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡rs (λ, α, β, δ, µ)✳ ❆ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ♦❢ t❤✐s t②♣❡
♦❢ ♣r♦❝❡ss❡s ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ✜♥❛♥❝❡ ✐s ❣✐✈❡♥ ❜② ❊❜❡r❧❡✐♥ ❬✷✽❪✳ ❲❡ ❛❧s♦ r❡❢❡r t♦ t❤❡
♦✈❡r✈✐❡✇ ❛❜♦✉t ❥✉♠♣✲t②♣❡ ▲é✈② ♣r♦❝❡ss❡s ❣✐✈❡♥ ❜② ❊❜❡r❧❡✐♥ ❬✷✾❪✳

❚❤❡ ♥♦r♠❛❧ ✐♥✈❡rs❡ ●❛✉ss✐❛♥ ✭◆■●✮ ❞✐str✐❜✉t✐♦♥ ✐s ❛♥ ✐♠♣♦rt❛♥t s✉❜❝❧❛ss ♦❢ t❤❡ ●❍
❞✐str✐❜✉t✐♦♥✳ ■t ✐s ♦❜t❛✐♥❡❞ ❜② s❡tt✐♥❣ t❤❡ ♣❛r❛♠❡t❡r λ = −1

2 ✳ ❚❤❡ ▲é✈② ♣r♦❝❡ss t❤❛t ✐s
❣❡♥❡r❛t❡❞ ❜② t❤✐s ❞✐str✐❜✉t✐♦♥ ✐s ❝❛❧❧❡❞ ♥♦r♠❛❧ ✐♥✈❡rs❡ ●❛✉ss✐❛♥ ▲é✈② ♠♦t✐♦♥ ✭s❡❡ ❊❜❡r❧❡✐♥
❬✷✽✱ ❙❡❝t✐♦♥ ✺❪✮✳ ❚❤✐s t②♣❡ ♦❢ ♣r♦❝❡ss ✇❛s ✜rst ❝♦♥s✐❞❡r❡❞ ✐♥ ✜♥❛♥❝❡ ❜② ❇❛r♥❞♦r✛✲◆✐❡❧s❡♥
❬✼❪✳

❚❤✐s ♠♦❞❡❧ ❛♣♣r♦❛❝❤ ✐s s♣❡❝✐✜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ✈♦❧❛t✐❧✐t② str✉❝t✉r❡ ❛♥❞ ❞r✐✈✐♥❣ ♣r♦✲
❝❡ss ✭d = 1✮✿

✶✶✸



✹✳ ▼♦❞❡❧ ❈❛❧✐❜r❛t✐♦♥

2 3 4 5 6

1
6

1
8

2
0

2
2

2
4

Strike rate

implied market volatilities
implied model volatilities

❋✐❣✉r❡ ✹✳✼✳✿ ❈❛❧✐❜r❛t❡❞ ✐♠♣❧✐❡❞ ♠♦❞❡❧ ✈♦❧❛t✐❧✐t✐❡s ❛♥❞ ✐♠♣❧✐❡❞ ♠❛r❦❡t ✈♦❧❛t✐❧✐t✐❡s ❢♦r t❤❡
♠❛t✉r✐t② ♦❢ ✸✳✺ ②❡❛rs ♦♥ 15th ❆✉❣✉st ✷✵✵✻✳

▼❛t✉r✐t② P❛r❛♠❡t❡r ❖❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥

✶✳✷✺ ❨❡❛r 4.5 · 10−05 5.57 · 10−09

✶✳✺✵ ❨❡❛r ✵✳✵✵✵✶✽ 3.96 · 10−09

✶✳✼✺ ❨❡❛r ✵✳✵✵✵✷✹ 1.38 · 10−09

✷✳✵✵ ❨❡❛r ✵✳✵✵✵✸✻ 1.76 · 10−11

❚❛❜❧❡ ✹✳✺✳✿ ❈❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡r γ ❢♦r ❞✐✛❡r❡♥t ♠❛t✉r✐t✐❡s✳

(Vol.II) ❱❛s✐❝❡❦ ✈♦❧❛t✐❧✐t② str✉❝t✉r❡

σd(t, T ) = σ̂ exp (−a(T − t))

✇✐t❤

Σd(t, T ) =

{

σ̂
a (1− exp (−a(T − t))) , ✇❤❡♥ t ≤ T

0, ✇❤❡♥ t > T.

(DP.II) ◆♦r♠❛❧ ✐♥✈❡rs❡ ●❛✉ss✐❛♥ ▲é✈② ♠♦t✐♦♥ L = (Lt)t∈[0,T ∗] ❞❡✜♥❡❞ ♦♥ B̂✳

❚❤❡ ♠♦♠❡♥t ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧ ✐♥✈❡rs❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✐s ❣✐✈❡♥

✶✶✹
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❋✐❣✉r❡ ✹✳✽✳✿ ❈❛❧✐❜r❛t❡❞ ❞❡♥s✐t② ♦❢ ✈❛r✐❛♥❝❡ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r σ =
0.2816519✱ ν = 1.724138 ❛♥❞ θ = −0.047200✳

❜②

MNIG(α,β,δ,µ)(u) =
exp(µu+ δ

√

α2 − β2)

exp(δ
√

α2 − (β + u)2)

❢♦r ❡✈❡r② u ∈ (−α− β, α− β)✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ❛s

ϕNIG(α,β,δ,µ)(u) =
exp(iµu+ δ

√

α2 − β2)

exp(δ
√

α2 − (β + iu)2)
.

◆♦t❡ t❤❛t ✇❡ ❛r❡ ❛❜❧❡ t♦ ❡①t❡♥❞ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ s❡tR−i(−α−β, α−β) ⊂
C✳ ■t ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ t❤✐s ❢✉♥❝t✐♦♥ t❤❛t

Lt ∼ NIG(α, β, tδ, tµ)

❢♦r ❛❧❧ t ∈ (0, T ∗]✳

❲❡ ❝❤♦♦s❡ R1, ǫ✱ M ❛♥❞ M̂ ❛♥❞ ❞❡❛❧ ✇✐t❤ Σd ✐♥ ❛♥ ❛♥❛❧♦❣♦✉s ✇❛② ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s

✶✶✺
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0

❋✐❣✉r❡ ✹✳✾✳✿ ❋♦✉r s❛♠♣❧❡ ♣❛t❤s ♦❢ ❛ ✈❛r✐❛♥❝❡ ❣❛♠♠❛ ♣r♦❝❡ss ✇✐t❤ ❝❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡r✳

❢r❛♠❡✇♦r❦✳ ❚❤❡ ❡①t❡♥❞❡❞ ❝✉♠✉❧❛♥t θs ♦❢ L ✐s ❞❡t❡r♠✐♥❡❞ ❜②

θs(z) = µz + δ
√

α2 − β2 − δ
√

α2 − (β + z)2

❢♦r ❡✈❡r② z ∈ C ✇✐t❤ |Re(z)| ≤ M ✳ ❋r♦♠ t❤✐s t❡r♠✱ ✇❡ ❣❡t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢
Xd

j ✉♥❞❡r P d
Tj−1

❛t ♣♦✐♥t u− iR1 ❛s

ϕ
Tj−1

Xd
j

(u− iR1)

= exp

(

∫ Tj−1

0

[

− µsign(a)(R1 + iu)[exp(−a(Tj − s))− exp(−a(Tj−1 − s))]

+ δ
(

√

α2 − (β + sign(a)(1− exp(−a(Tj−1 − s))))2

−
√

α2 − (β + χj(s, u, a,R1))2
)

]

ds

)

,

✶✶✻
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✇❤❡r❡ ✇❡ s❡t

χj(s, u, a,R1) :=sign(a)(1− exp(−a(Tj−1 − s))

+ (R1 + iu)[exp(−a(Tj−1 − s))− exp(−a(Tj − s))]).

❖❜s❡r✈❡ t❤❛t t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣❛rt Dd
j r❡s✉❧ts ✐♥

Dd
j =

Bd
0(Tj)

Bd
0(Tj−1)

exp

(

∫ Tj−1

0
µsign(a)[exp(−a(Tj − s))− exp(−a(Tj−1 − s))]

+ δ
(

√

α2 − (β + sign(a)(1− exp(−a(Tj − s))))2

−
√

α2 − (β + sign(a)(1− exp(−a(Tj−1 − s))))2
)

ds

)

❛♥❞ ✇❡ ♦❜t❛✐♥ ξj = − lnDd
j ✳ ❚❤❡♥✱ t❤❡ ❝❛♣❧❡t ✭♠✐❞✮ ♠♦❞❡❧ ♣r✐❝❡ ✐s ❣✐✈❡♥ ❜②

Cpl0(Tj−1, Tj ,K) =
Bd

0(Tj−1)K̃

π
· Ij(α, β, δ, a,R1,K),

✇❤❡r❡ ✇❡ ❞❡✜♥❡

Ij(α, β, δ, a,R1,K) :=

∫ ∞

0
Re

(

[

Bd
0(Tj)

Bd
0(Tj−1)

]R1+iu
K̃−(1−R1−iu)

(−R1 − iu)(1−R1 − iu)

× exp
(

∫ Tj−1

0
δ
(

√

α2 − (β + sign(a)(1− exp(−a(Tj−1 − s))))2

−
√

α2 − (β + χj(s, u, a,R1))2
)

+ (R1 + iu)δ
(

√

α2 − (β + sign(a)(1− exp(−a(Tj − s))))2

−
√

α2 − (β + sign(a)(1− exp(−a(Tj−1 − s))))2
)

ds
)

)

du.

✹✳✷✳✻✳ ❈❛❧✐❜r❛t✐♦♥ ❘❡s✉❧ts ♦❢ ▼♦❞❡❧ ❋r❛♠❡✇♦r❦ ✭■■✮

❚❤❡ ❝❛❧✐❜r❛t❡❞ ❞✐str✐❜✉t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❛❜❧❡ ✹✳✻ ❛♥❞ t❤❡ ❝❛❧✐❜r❛t❡❞
✈♦❧❛t✐❧✐t② str✉❝t✉r❡ ♣❛r❛♠❡t❡r ✐s ❣✐✈❡♥ ✐♥ t❛❜❧❡ ✹✳✼✳

❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s

O1(θ̂, H) = 2.39577 · 10−06.

❚❤❡ ♠❛r❦❡t ♣r✐❝❡s ♦❢ ❝❛♣❧❡ts ❛♥❞ ❝❛♣s ❢♦r str✐❦❡ r❛t❡s ✉♣ t♦ s✐① ♣❡r❝❡♥t ❛r❡ ❣r❡❛t❧②
❝❛❧✐❜r❛t❡❞ ❛s t❤❡ ✜❣✉r❡s ✹✳✶✵ ❛♥❞ ✹✳✶✶ s❤♦✇✳ ❚❤❡ r❡❧❛t✐✈❡ ❡rr♦rs ♦❢ t❤❡ ♠❛r❦❡t ❛♥❞ ♠♦❞❡❧

✶✶✼



✹✳ ▼♦❞❡❧ ❈❛❧✐❜r❛t✐♦♥

P❛r❛♠❡t❡r ❱❛❧✉❡

α ✼✳✽✻✷
β ✲✻✳✺✵✽
δ ✵✳✹✸✾✾✵✾

❚❛❜❧❡ ✹✳✻✳✿ ❈❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡r ♦❢ ♥♦r♠❛❧ ✐♥✈❡rs❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✳

P❛r❛♠❡t❡r ❱❛❧✉❡

a ✵✳✵✶✶✾

❚❛❜❧❡ ✹✳✼✳✿ ❈❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡r ♦❢ ❱❛s✐❝❡❦ ✈♦❧❛t✐❧✐t② str✉❝t✉r❡✳

♣r✐❝❡s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡s ❇✳✶ ❛♥❞ ❇✳✷ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❢r❛♠❡✇♦r❦✱
t❤❡ ❞✐✈❡r❣❡♥❝❡s ❢♦r s❤♦rt ♠❛t✉r✐t✐❡s ❛♥❞ str✐❦❡ r❛t❡s ♦✈❡r s✐① ♣❡r❝❡♥t r❡s✉❧t ❢r♦♠ t❤❡ ✈❡r②
s♠❛❧❧ ✈❛❧✉❡s ♦❢ t❤❡ ♣r✐❝❡s✳ ❋✐❣✉r❡ ✹✳✶✷ ✐❧❧✉str❛t❡s t❤❡ ✜t ♦❢ t❤❡ ✈♦❧❛t✐❧✐t② s♠✐❧❡ ❢♦r t❤❡
♠❛t✉r✐t② ♦❢ ✸✳✺ ②❡❛rs✳

❚❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✐s ♣❧♦tt❡❞ ✐♥ ✜❣✉r❡ ✹✳✶✸ ❛♥❞ ❢♦✉r ♣❛t❤s ♦❢ t❤❡ ❞r✐✈✐♥❣ ♣r♦❝❡ss ❛r❡
✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✹✳✶✹✳

✹✳✸✳ ❈❛❧✐❜r❛t✐♦♥ ♦❢ ❈❛♣s ✐♥ t❤❡ ❚✇♦✲Pr✐❝❡ ❛♥❞

▼✉❧t✐♣❧❡✲❈✉r✈❡ ❙❡tt✐♥❣

◆♦✇ ✇❡ ❝♦♥s✐❞❡r ♠❛r❦❡t ❝❛♣ ✈♦❧❛t✐❧✐t✐❡s q✉♦t❡❞ ❞✉r✐♥❣ t❤❡ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ♦♥ 15th ❙❡♣t❡♠✲
❜❡r ✷✵✵✾✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♥❡❡❞ t♦ ❛♣♣❧② t❤❡ ♠✉❧t✐♣❧❡✲❝✉r✈❡ ❛♣♣r♦❛❝❤✳ ❲❡ ♣r♦❝❡❡❞ ✇✐t❤
t❤❡ ❣✐✈❡♥ ❞❛t❛ s❡ts ❛s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✶✳ ❘❡❝❛❧❧ t❤❛t q✉♦t❡s ✉♣ t♦ ❛ ♠❛t✉r✐t② ♦❢
t✇♦ ②❡❛rs ❛r❡ ✐♥❞❡①❡❞ ♦♥ t❤❡ t❤r❡❡✲♠♦♥t❤ ❊✉r✐❜♦r ❛♥❞ q✉♦t❡s ❧❛r❣❡r t❤❛♥ ✷ ②❡❛rs ❛r❡
r❡❧❛t❡❞ t♦ t❤❡ s✐①✲♠♦♥t❤ ❊✉r✐❜♦r✳

✹✳✸✳✶✳ ❉❛t❛ ❙❡ts

❚❤❡ ✐♥✐t✐❛❧ ❞✐s❝♦✉♥t ❜♦♥❞ ♣r✐❝❡s ❛r❡ ❣✐✈❡♥ ✐♥ t❛❜❧❡ ✹✳✽ ❛♥❞ ✹✳✾✳ ❚❤❡ ❡❞✐t❡❞ s✉r❢❛❝❡s ♦❢
t❤❡ q✉♦t❡❞ ❝❛♣ ✭♠✐❞✮ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t✐❡s ❜❛s❡❞ ♦♥ t❤❡ t❤r❡❡✲♠♦♥t❤ ❛♥❞ s✐①✲♠♦♥t❤ t❡♥♦r
❛r❡ ♣❧♦tt❡❞ ✐♥ ✜❣✉r❡s ✹✳✶✺ ❛♥❞ ✹✳✶✻✳ ■♥ ✜❣✉r❡s ✹✳✶✼ ❛♥❞ ✹✳✶✽✱ ✇❡ ♣r❡s❡♥t t❤❡ ❛s❦ ❛♥❞ ❜✐❞
s♣r❡❛❞s ❜❡t✇❡❡♥ t❤❡ ✐♠♣❧✐❡❞ ✭s♣♦t✮ ✈♦❧❛t✐❧✐t✐❡s ♦❢ ❝❛♣❧❡ts ❢♦r t❤❡ r❡❧❡✈❛♥t ♠❛t✉r✐t✐❡s ❛♥❞
str✐❦❡ r❛t❡s✳ ❆s ✇❡ ❝❛♥ s❡❡ t❤❡ s♣r❡❛❞s ❛r❡ s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡r t❤❛♥ ✐♥ t❤❡ ♣r❡✲❝r✐s✐s ❞❛t❛
s❡ts ✭❝❢✳ ✜❣✉r❡s ✹✳✸ ❛♥❞ ✹✳✹✮✳

✶✶✽
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0.000

0.001

0.002

0.003

0.004

Strike rate

caplet market price
caplet model price

2 3 4 5 6

0.000

0.002

0.004

0.006

0.008

Strike rate

caplet market price
caplet model price

2 3 4 5 6

0.002

0.004

0.006

0.008

Strike rate

caplet market price
caplet model price

2 3 4 5 6

0.002

0.004

0.006

0.008

Strike rate

caplet market price
caplet model price

❋✐❣✉r❡ ✹✳✶✵✳✿ ▼❛r❦❡t ❛♥❞ ♠♦❞❡❧ ✭♠✐❞✮ ♣r✐❝❡s ♦❢ ❝❛♣❧❡ts ✇✐t❤ ♠❛t✉r✐t② ♦❢ t✇♦ ②❡❛rs ✭t♦♣
❧❡❢t✮✱ ✜✈❡ ②❡❛rs ✭t♦♣ r✐❣❤t✮✱ ❡✐❣❤t ②❡❛rs ✭❜♦tt♦♠ ❧❡❢t✮ ❛♥❞ t❡♥ ②❡❛rs ✭❜♦tt♦♠
r✐❣❤t✮ ❢♦r str✐❦❡ r❛t❡s ♦❢ ✶✳✼✺✱ ✷✳✵✵✱ ✷✳✷✺✱ ✷✳✺✵✱ ✸✳✵✵✱ ✸✳✺✵✱ ✹✳✵✵✱ ✺✳✵✵ ❛♥❞ ✻✳✵✵
♣❡r❝❡♥t ♦♥ 15th ❆✉❣✉st ✷✵✵✻✳

✹✳✸✳✷✳ ❈❛❧✐❜r❛t✐♦♥ Pr♦❝❡❞✉r❡

❲❡ ♣r♦❝❡❡❞ ❛s ✐t ✐s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✹✱ ✇❤❡r❡ ✇❡ ❝♦♥s✐❞❡r

H = {(T,H) : T ∈ {1, 1.25, 1.5, 2, 2.5, . . . , 5.5, 6},
K ∈ {0.0175, 0.02, 0.0225, 0.025, 0.03, 0.035, 0.04, 0.05}}

❛♥❞

HT = {(T,K) : K ∈ {0.0175, 0.02, 0.0225, 0.025, 0.03}}

❢♦r T = 3✳ ❍❡r❡✱ ✇❡ ❤❛✈❡ T ∗ = 6✳

✹✳✸✳✸✳ ▼♦❞❡❧ ❋r❛♠❡✇♦r❦

❲❡ ❞❡s✐❣♥ t❤❡ ♠♦❞❡❧ ✐♥ s✉❝❤ ❛ ♠❛♥♥❡r ❛s ✐t ✐s st❛t❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✳ ❚❤✐s ❛♣♣r♦❛❝❤
❣✉❛r❛♥t❡❡s t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❝✉r✈❡s✳ ◆♦t❡ t❤❛t ✇❡ ❝♦♥s✐❞❡r t❤r❡❡ t❡r♠ str✉❝t✉r❡s✿
t❤❡ ❞✐s❝♦✉♥t ❝✉r✈❡✱ t❤❡ t❤r❡❡✲♠♦♥t❤ ❝✉r✈❡ ❛♥❞ t❤❡ s✐①✲♠♦♥t❤ ❝✉r✈❡✳

❚❤❡ ✈♦❧❛t✐❧✐t② ❢✉♥❝t✐♦♥✱ t❤❡ ❧✐q✉✐❞✐t② ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❞r✐✈✐♥❣ ♣r♦❝❡ss ❛r❡ s♣❡❝✐✜❡❞ ❛s
❢♦❧❧♦✇s ✭d = 3✱ m = 2 ❛♥❞ l = 1✮✿

✶✶✾



✹✳ ▼♦❞❡❧ ❈❛❧✐❜r❛t✐♦♥

2 3 4 5 6

0.000

0.005

0.010

0.015

0.020

0.025

0.030

Strike rate

cap market price
cap model price

2 3 4 5 6

0.00

0.02

0.04

0.06

0.08

Strike rate

cap market price
cap model price

2 3 4 5 6

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

Strike rate

cap market price
cap model price

2 3 4 5 6

0.05

0.10

0.15

Strike rate

cap market price
cap model price

❋✐❣✉r❡ ✹✳✶✶✳✿ ▼❛r❦❡t ❛♥❞ ♠♦❞❡❧ ✭♠✐❞✮ ♣r✐❝❡s ♦❢ ❝❛♣s ✇✐t❤ ♠❛t✉r✐t② ♦❢ t✇♦ ②❡❛rs ✭t♦♣
❧❡❢t✮✱ ✜✈❡ ②❡❛rs ✭t♦♣ r✐❣❤t✮✱ ❡✐❣❤t ②❡❛rs ✭❜♦tt♦♠ ❧❡❢t✮ ❛♥❞ t❡♥ ②❡❛rs ✭❜♦tt♦♠
r✐❣❤t✮ ❢♦r str✐❦❡ r❛t❡s ♦❢ ✶✳✼✺✱ ✷✳✵✵✱ ✷✳✷✺✱ ✷✳✺✵✱ ✸✳✵✵✱ ✸✳✺✵✱ ✹✳✵✵✱ ✺✳✵✵ ❛♥❞ ✻✳✵✵
♣❡r❝❡♥t ♦♥ 15th ❆✉❣✉st ✷✵✵✻✳

✭Vol✮ ❱❛s✐❝❡❦ ✈♦❧❛t✐❧✐t② str✉❝t✉r❡✿

• ❉✐s❝♦✉♥t ❝✉r✈❡

σd(t, T ) =







σ̂d exp (−ad(T − t))

0

0







T

✇✐t❤

Σd
1(t, T ) =

{

σ̂d

ad
(1− exp (−ad(T − t))) , ✇❤❡♥ t ≤ T

0, ✇❤❡♥ t > T

❛♥❞ Σd
2(t, T ) = Σd

3(t, T ) = 0 ❢♦r ❛♥② t, T ∈ [0, T ∗]✱ ✇❤❡r❡ σ̂d > 0 ❛♥❞ ad 6= 0✳

• ❙♣r❡❛❞s r❡❧❛t❡❞ t♦ ♠✉❧t✐♣❧❡ t❡r♠ str✉❝t✉r❡s✿

✶✷✵



✹✳✸✳ ❈❛❧✐❜r❛t✐♦♥ ♦❢ ❈❛♣s ✐♥ t❤❡ ❚✇♦✲Pr✐❝❡ ❛♥❞ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❙❡tt✐♥❣

2 3 4 5 6

1
6

1
8

2
0

2
2

2
4

Strike rate

implied market volatilities
implied model volatilities

❋✐❣✉r❡ ✹✳✶✷✳✿ ❈❛❧✐❜r❛t❡❞ ✐♠♣❧✐❡❞ ♠♦❞❡❧ ✈♦❧❛t✐❧✐t✐❡s ❛♥❞ ✐♠♣❧✐❡❞ ♠❛r❦❡t ✈♦❧❛t✐❧✐t✐❡s ❢♦r t❤❡
♠❛t✉r✐t② ♦❢ ✸✳✺ ②❡❛rs ♦♥ 15th ❆✉❣✉st ✷✵✵✻✳

✭✶✮ ❙♣r❡❛❞ ❜❡t✇❡❡♥ ❝✉r✈❡ d ❛♥❞ 1✿

σ1,d(t, T ) =







0

σ̂1d exp (−a1d(T − t))

0







T

✇✐t❤

Σ1,d
2 (t, T ) =

{

σ̂1d
a1d

(1− exp (−a1d(T − t))) , ✇❤❡♥ t ≤ T

0, ✇❤❡♥ t > T,

❛♥❞ Σ1,d
1 (t, T ) = Σ1,d

3 (t, T ) = 0 ❢♦r ❡✈❡r② t, T ∈ [0, T ∗]✱ ✇✐t❤ σ̂1d > 0 ❛♥❞
a1d 6= 0✳

✭✷✮ ❙♣r❡❛❞ ❜❡t✇❡❡♥ ❝✉r✈❡ 1 ❛♥❞ 2✿

σ2,1(t, T ) =







0

0

σ̂21 exp (−a21(T − t))







T

✶✷✶



✹✳ ▼♦❞❡❧ ❈❛❧✐❜r❛t✐♦♥

−3 −2 −1 0 1

0
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0
.2

0
.4

0
.6

0
.8

1
.0

❋✐❣✉r❡ ✹✳✶✸✳✿ ❉❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ ♥♦r♠❛❧ ✐♥✈❡rs❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ❝❛❧✐❜r❛t❡❞
♣❛r❛♠❡t❡r✳

✇✐t❤

Σ2,1
3 (t, T ) =

{

σ̂21
a21

(1− exp (−a21(T − t))) , ✇❤❡♥ t ≤ T

0, ✇❤❡♥ t > T,

❛♥❞ Σ2,1
1 (t, T ) = Σ2,1

2 (t, T ) = 0 ❢♦r ❛❧❧ t, T ∈ [0, T ∗]✱ ✇❤❡r❡ σ̂21 > 0 ❛♥❞
a21 6= 0✳

✭L✮ ▲✐q✉✐❞✐t② ❢✉♥❝t✐♦♥ ✭s❡❡ ❇r✐❣♦ ❛♥❞ ▼❡r❝✉r✐♦ ❬✶✼❪✮✿

lj(t, T ) = σj · (T − t) exp(−bj(T − t)),

✇❤❡r❡ σj , bj > 0 ❢♦r ❛♥② j ∈ {1, 2}✳

❆s ✐♥ s❡❝t✐♦♥ ✹✳✷✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ σ̂d = |ad|✱ σ̂1d = |a1d|✱ ❛♥❞ σ̂21 = |a21|✳ ❋♦r t, T ∈

✶✷✷



✹✳✸✳ ❈❛❧✐❜r❛t✐♦♥ ♦❢ ❈❛♣s ✐♥ t❤❡ ❚✇♦✲Pr✐❝❡ ❛♥❞ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❙❡tt✐♥❣

0 2 4 6 8 10

−
6
0

−
4
0

−
2
0

0

❋✐❣✉r❡ ✹✳✶✹✳✿ ❋♦✉r s❛♠♣❧❡ ♣❛t❤s ♦❢ ❛ ♥♦r♠❛❧ ✐♥✈❡rs❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✇✐t❤ ❝❛❧✐❜r❛t❡❞
♣❛r❛♠❡t❡r✳

[0, T ∗] ✇✐t❤ t ≤ T ✱ ✇❡ t❤❡r❡❢♦r❡ ♦❜t❛✐♥

Σ1(t, T ) = Σd(t, T ) + Σ1,d(t, T ) =







sign(ad) (1− exp (−ad(T − t)))

sign(a1d) (1− exp (−a1d(T − t)))

0







T

❛♥❞

Σ2(t, T ) =Σd(t, T ) + Σ1,d(t, T ) + Σ2,1(t, T )

=







sign(ad) (1− exp (−ad(T − t)))

sign(a1d) (1− exp (−a1d(T − t)))

sign(a21) (1− exp (−a21(T − t)))







T

.

■♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ❛ss✉♠♣t✐♦♥ (MC.DET)✱ ✇❡ r❡q✉✐r❡ t❤❡ ♣❛r❛♠❡t❡r ad✱ a1d ❛♥❞ a21 t♦
❜❡ r❡str✐❝t❡❞ t♦ ✈❛❧✉❡s s✉❝❤ t❤❛t t❤❡ ✈♦❧❛t✐❧✐t② ❢✉♥❝t✐♦♥ Σ2 ✐s ❜♦✉♥❞❡❞ ✐♥ ❡❛❝❤ ❝♦♠♣♦♥❡♥t
❜② ❛ ❝♦♥st❛♥t M̂ s❛t✐s❢②✐♥❣ 0 < M̂ < M ✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❝❧❛✐♠ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡
❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥ θ ❛t Σ2(t, T ) ❢♦r ❛❧❧ t, T ∈ [0, T ∗] ✇✐t❤ t ≤ T ✳ ❚❤❡♥✱ ✐t ❛❧s♦ ❡①✐sts ❛t

✶✷✸



✹✳ ▼♦❞❡❧ ❈❛❧✐❜r❛t✐♦♥

▼❛t✉r✐t② ■♥✐t✐❛❧ ❇♦♥❞ Pr✐❝❡

✵✳✷✺ ❨❡❛r ✵✳✾✾✾✵✵✺✷
✵✳✺✵ ❨❡❛r ✵✳✾✾✼✾✺✵✻
✵✳✼✺ ❨❡❛r ✵✳✾✾✻✵✾✸✹
✶✳✵✵ ❨❡❛r ✵✳✾✾✸✷✻✾✽
✶✳✷✺ ❨❡❛r ✵✳✾✽✾✺✸✵✷
✶✳✺✵ ❨❡❛r ✵✳✾✽✹✾✼✾✵
✶✳✼✺ ❨❡❛r ✵✳✾✼✾✼✸✸✷
✷✳✵✵ ❨❡❛r ✵✳✾✼✸✾✵✻✺

❚❛❜❧❡ ✹✳✽✳✿ ❉✐s❝♦✉♥t ❜♦♥❞ ♣r✐❝❡s Bd
0(T ) ♦♥ 15th ❙❡♣t❡♠❜❡r ✷✵✵✾✳

Σd(t, T ) ❛♥❞ Σ1(t, T )✳ ❈❧❡❛r❧②✱ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❧✐q✉✐❞✐t② ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ r❡str✐❝t❡❞
t♦ ❛ s❡t s✉❝❤ t❤❛t t❤❡ ❧✐q✉✐❞✐t② ❢✉♥❝t✐♦♥ ✐s ❜♦✉♥❞❡❞✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❝♦♥s✐❞❡r❡❞ ✈♦❧❛t✐❧✐t②
❛♥❞ ❧✐q✉✐❞✐t② ❢✉♥❝t✐♦♥s s❛t✐s❢② ❛ss✉♠♣t✐♦♥ (VL)✳ ❚♦ ❡♥s✉r❡ t❤❡ ❞r✐❢t ❝♦♥❞✐t✐♦♥ ✭✸✳✷✻✮✱ ✇❡
❤❛✈❡ t♦ ❝❤♦♦s❡ t❤❡ ❞r✐❢t t❡r♠s A1,d ❛♥❞ A2,1 ❛s

A1,d(t, T ) = θ(Σ1(t, T ))− θ(Σd(t, T )) + l1(t, T )

❛♥❞

A2,1(t, T ) = θ(Σ2(t, T ))− θ(Σ1(t, T )) + l21(t, T ).

✭DP✮ ❚❤❡ ❞r✐✈✐♥❣ ♣r♦❝❡ss L = (L1, L2, L3)T ❞❡✜♥❡❞ ♦♥ (Ω,G ,G, P d) ✐s ❝♦♥str✉❝t❡❞ ❛s
❢♦❧❧♦✇s✿

✭✐✮ N ✐s ❛ ♥♦r♠❛❧ ✐♥✈❡rs❡ ●❛✉ss✐❛♥ ▲é✈② ♠♦t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡rs α, β, δ, µ s❛t✲
✐s❢②✐♥❣ 0 ≤ |β| < α, δ > 0 ❛♥❞ µ ∈ R ❛♥❞ Zj ✐s ❛ ●❛♠♠❛ ♣r♦❝❡ss ✇✐t❤
♣❛r❛♠❡t❡rs αj , βj > 0 ❢♦r ❛♥② j ∈ {1, 2, 3}✳

✭✐✐✮ N ✱ Z1✱ Z2 ❛♥❞ Z3 ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ st♦❝❤❛st✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t✳

✭✐✐✐✮ Y 1 := L1 = N + Z3✳

✭✐✈✮ Y 2 := (L2, L3)T = −(Z1 + Z3, Z2 + Z3)T✳

❈❧❡❛r❧②✱ t❤❡ ❝♦♠♣♦♥❡♥ts L1, L2 ❛♥❞ L3 ❛r❡ st♦❝❤❛st✐❝❛❧❧② ❞❡♣❡♥❞❡♥t✳ ❋✉rt❤❡r✱ t❤❡ ♣r♦✲
❝❡ss❡s N,Z1, Z2, Z3 ❞♦ ♥♦t ♣♦ss❡ss ❛ ❝♦♥t✐♥✉♦✉s ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ♣❛rt✳
▲❡t ✉s ❞❡✜♥❡ t❤❡ ✈❡❝t♦r ♣r♦❝❡ss V := (N,Z1, Z2, Z3)T✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ st❛t❡s

s✐♠✐❧❛r r❡s✉❧ts ❛s ♥♦t❡❞ ❜② ❈ré♣❡②✱ ●r❜❛❝✱ ❛♥❞ ◆❣✉②❡♥ ❬✷✸✱ ❊①❛♠♣❧❡ ✸✳✻❪ ❛♥❞ ✐s ❛♥❛❧♦✲
❣♦✉s❧② ♣r♦✈❡❞✳

▲❡♠♠❛ ✹✳✸✳✶ ✶✳ ❚❤❡ ▲é✈② ♠❡❛s✉r❡ F V ♦❢ V ✐s ❣✐✈❡♥ ❜②

F V (A) = FN (A1) + FZ1
(A2) + FZ2

(A3) + FZ3
(A4),

✶✷✹



✹✳✸✳ ❈❛❧✐❜r❛t✐♦♥ ♦❢ ❈❛♣s ✐♥ t❤❡ ❚✇♦✲Pr✐❝❡ ❛♥❞ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❙❡tt✐♥❣

▼❛t✉r✐t② ■♥✐t✐❛❧ ❇♦♥❞ Pr✐❝❡

✵✳✺✵ ❨❡❛r ✵✳✾✾✼✾✺✵✻
✶✳✵✵ ❨❡❛r ✵✳✾✾✸✷✻✾✽
✶✳✺✵ ❨❡❛r ✵✳✾✽✹✾✼✾✵
✷✳✵✵ ❨❡❛r ✵✳✾✼✸✾✵✻✺
✷✳✺✵ ❨❡❛r ✵✳✾✻✵✼✻✺✹
✸✳✵✵ ❨❡❛r ✵✳✾✹✻✵✶✼✼
✸✳✺✵ ❨❡❛r ✵✳✾✸✵✵✶✹✻
✹✳✵✵ ❨❡❛r ✵✳✾✶✸✵✸✾✻
✹✳✺✵ ❨❡❛r ✵✳✽✾✺✷✽✼✽
✺✳✵✵ ❨❡❛r ✵✳✽✼✻✾✺✾✵
✺✳✺✵ ❨❡❛r ✵✳✽✺✽✷✶✺✺
✻✳✵✵ ❨❡❛r ✵✳✽✸✾✷✶✽✻
✻✳✺✵ ❨❡❛r ✵✳✽✷✵✵✺✽✷
✼✳✵✵ ❨❡❛r ✵✳✽✵✵✾✶✶✹
✼✳✺✵ ❨❡❛r ✵✳✼✽✶✽✵✹✾
✽✳✵✵ ❨❡❛r ✵✳✼✻✷✽✹✽✹
✽✳✺✵ ❨❡❛r ✵✳✼✹✹✶✷✺✾
✾✳✵✵ ❨❡❛r ✵✳✼✷✺✻✸✵✵
✾✳✺✵ ❨❡❛r ✵✳✼✵✼✹✺✷✹
✶✵✳✵ ❨❡❛r ✵✳✻✽✾✻✺✵✼

❚❛❜❧❡ ✹✳✾✳✿ ❉✐s❝♦✉♥t ❜♦♥❞ ♣r✐❝❡s Bd
0(T ) ♦♥ 15th ❙❡♣t❡♠❜❡r ✷✵✵✾✳

✇❤❡r❡ A ∈ B(R4) ❛♥❞ ✇❡ s❡t Ak := {x ∈ R | xek ∈ A} ❢♦r ❛♥② k ∈ {1, 2, 3, 4} ✇✐t❤

✉♥✐t ✈❡❝t♦r ek ✐♥ R
4 t❤❛t ❤❛s t❤❡ ❡♥tr② ♦♥❡ ✐♥ t❤❡ kth✲❝♦♠♣♦♥❡♥t ❛♥❞ ③❡r♦ ♦t❤❡r✇✐s❡✳

✷✳ ❚❤❡ ▲é✈② ♠❡❛s✉r❡ F ♦❢ L ✐s ❣✐✈❡♥ ❜②

F (B) =FN ({x ∈ R | (x, 0, 0)T ∈ B})
+ FZ1

({x ∈ R | (0,−x, 0)T ∈ B}) + FZ2
({x ∈ R | (0, 0,−x)T ∈ B})

+ FZ3
({x ∈ R | (x,−x,−x)T ∈ B}),

✇❤❡r❡ B ∈ B(R3\{0})✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣r♦❝❡ss −Y 2 ✐s ❛ s✉❜♦r❞✐♥❛t♦r✳

Pr♦♦❢✿ ❙✐♥❝❡ N ✱ Z1✱ Z2 ❛♥❞ Z3 ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ t❤❡ ✜rst ❛ss❡rt✐♦♥ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢
❙❛t♦ ❬✽✶✱ ❊①❡r❝✐s❡ ✶✷✳✶✵❪✿ ❚❤❡ ❝♦♠♣♦♥❡♥ts X1, . . . , Xp ♦❢ ❛♥ R

p✲✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡
X = (X1, . . . , Xp)T ✇✐t❤ ✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❣❡♥❡r❛t✐♥❣ tr✐♣❧❡t (A, ν, γ)
✭s❡❡ ❙❛t♦ ❬✽✶✱ ❝❤❛♣t❡r ✷✱ s❡❝t✐♦♥ ✽❪✮ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ A ✐s ✐♥ ❞✐❛❣♦♥❛❧ ❢♦r♠
❛♥❞ ν ✐s s✉♣♣♦rt❡❞ ♦♥ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ ❛①❡s✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱
✇❡ ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❡①❡r❝✐s❡ ❢♦r ♦✉r s✐t✉❛t✐♦♥ ✭A = 0 ❛♥❞ p = 4✮✿

✶✷✺
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❋✐❣✉r❡ ✹✳✶✺✳✿ ✭▼✐❞✮ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② s✉r❢❛❝❡ ❜❛s❡❞ ♦♥ t❤❡ t❤r❡❡✲♠♦♥t❤ t❡♥♦r✳

▲❡t ✉s s✉♣♣♦s❡ t❤❛t F V ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ ❛①❡s✳ ❚❤✐s ♠❡❛♥s
t❤❛t ✇❡ ❤❛✈❡

F V (A) =

4
∑

k=1

F̂k(Ak),

✇❤❡r❡ A ∈ B(R4) ❛♥❞ F̂k ✐s ❛ ♠❡❛s✉r❡ ❢♦r ❡❛❝❤ k ∈ {1, . . . , 4}✳ ❖♥❡ ❡❛s✐❧② ❝♦♥❝❧✉❞❡s ❢r♦♠
❙❛t♦ ❬✽✶✱ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✵❪ t❤❛t F̂k = F V k

❢♦r ❡✈❡r② k ∈ {1, . . . , 4}✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡

EP d

[

exp (i〈u, Vt〉)
]

= exp

(

t
(

i〈b, u〉+
∫

R4

(ei〈u,x〉 − 1− i〈u, h(x)〉)F V (dx)
)

)

= exp

(

t
4
∑

k=1

(

ibkuk +

∫

R

(eiukxk − 1− iukh
k(xk))F

V k

(dxk)
)

)

=
4
∏

k=1

EP d

[

exp
(

iukV
k
t

)

]

❢♦r s♦♠❡ tr✉♥❝❛t✐♦♥ ❢✉♥❝t✐♦♥ h ∈ C 4
t ✳ ❚❤✐s s❤♦✇s t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢

t❤❡ ▲é✈② ♣r♦❝❡ss V ✳ ❋♦r t❤❡ ❝♦♥✈❡rs❡ st❛t❡♠❡♥t ❧❡t ✉s ❞❡✜♥❡ ❛ ♠❡❛s✉r❡ F̂ ♦♥ (R4,B(R4))

✶✷✻
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❋✐❣✉r❡ ✹✳✶✻✳✿ ✭▼✐❞✮ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② s✉r❢❛❝❡ ❜❛s❡❞ ♦♥ t❤❡ s✐①✲♠♦♥t❤ t❡♥♦r✳

❜②

F̂ (A) :=

4
∑

k=1

F V k

(Ak).

❈❧❡❛r❧②✱ ✐t ❤♦❧❞s F̂ ({0}) = 0 ❛♥❞

∫

R4

(|x|2 ∧ 1)F̂ (dx) =
4
∑

k=1

∫

R

(|xk|2 ∧ 1)F V k

(dxk) < ∞.

❚❤❡r❡❢♦r❡✱ ✐t ❢♦❧❧♦✇s t❤❛t F̂ ✐s ❛ ▲é✈② ♠❡❛s✉r❡✳ ❇② ✉s✐♥❣ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦♠✲
♣♦♥❡♥ts✱ ✇❡ ♦❜t❛✐♥

EP d

[

exp (i〈u, Vt〉)
]

= exp

(

t
4
∑

k=1

(

ibkuk +

∫

R

(eiukxk − 1− iukh
k(xk))F

V k

(dxk)
)

)

= exp

(

t
(

i〈b, u〉+
∫

R4

(ei〈u,x〉 − 1− i〈u, h(x)〉)F̂ (dx)
)

)

❢♦r s♦♠❡ h ∈ C 4
t ✳ ❖♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

✶✷✼
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❋✐❣✉r❡ ✹✳✶✼✳✿ ❙♣r❡❛❞ ❜❡t✇❡❡♥ ❛s❦ ❛♥❞ ❜✐❞ ✭s♣♦t✮ ✈♦❧❛t✐❧✐t✐❡s ♦❢ ❝❛♣❧❡ts ♦♥ 15th ❙❡♣t❡♠❜❡r
✷✵✵✾✳ ❲❡ ❝♦♥s✐❞❡r ♠❛t✉r✐t✐❡s ♦❢ 1.25, 1.5, 1.75 ❛♥❞ 2 ②❡❛rs ❛♥❞ str✐❦❡ r❛t❡s
♦❢ 1.75, 2, 2.25, 2.5, 3 ♣❡r❝❡♥t✳

F̂ = F V ✳ ❋♦r t❤❡ s❡❝♦♥❞ ❝❧❛✐♠✱ ✇❡ ❞❡✜♥❡ t❤❡ ♠❛tr✐①

U :=







1 0 0 1

0 −1 0 −1

0 0 −1 −1







s✉❝❤ t❤❛t L = UV ✳ ❚❤❡♥✱ ❜② ❙❛t♦ ❬✽✶✱ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✵❪✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

F (B) =F V ({x ∈ R
4 | Ux ∈ B})

=F V ({x ∈ R
4 | (x1 + x4,−x2 − x4,−x3 − x4)

T ∈ B})
=FN ({x ∈ R | (x, 0, 0)T ∈ B})

+ FZ1
({x ∈ R | (0,−x, 0)T ∈ B}) + FZ2

({x ∈ R | (0, 0,−x)T ∈ B})
+ FZ3

({x ∈ R | (x,−x,−x)T ∈ B}),

✶✷✽
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❋✐❣✉r❡ ✹✳✶✽✳✿ ❙♣r❡❛❞ ❜❡t✇❡❡♥ ❛s❦ ❛♥❞ ❜✐❞ ✭s♣♦t✮ ✈♦❧❛t✐❧✐t✐❡s ♦❢ ❝❛♣❧❡ts ♦♥ 15th ❙❡♣t❡♠❜❡r
✷✵✵✾✳ ❲❡ ❝♦♥s✐❞❡r ♠❛t✉r✐t✐❡s ♦❢ 2.5, 3, 3.5 ❛♥❞ 4 ②❡❛rs ❛♥❞ str✐❦❡ r❛t❡s ♦❢
1.75, 2, 2.25, 2.5, 3 ♣❡r❝❡♥t✳

✇❤❡r❡ B ∈ B(R3\{0})✳ �

❚♦ ❡♥s✉r❡ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ❢♦r✇❛r❞ s♣r❡❛❞s✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡t❡r♠✐♥✐st✐❝
r❡str✐❝t✐♦♥s ♦♥ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ ❛♥❞ ❝♦♥❞✐t✐♦♥s ✭✸✳✸✻✮ ❛♥❞
✭✸✳✸✼✮✮✿ ❋♦r ❡✈❡r② T ∈ [0, T ∗]✱ ✇❡ ❛ss✉♠❡ t❤❛t

θ(Σ1(t, T ))− θ(Σd(t, T )) + l1(t, T ) ≤ s1,d0 (T ) + θ(Σ1(0, T ))− θ(Σd(0, T )) + l1(0, T )

❛♥❞

θ(Σ2(t, T ))− θ(Σ1(t, T )) + l2,1(t, T ) ≤s2,10 (T ) + θ(Σ2(0, T ))− θ(Σ1(0, T )) + l2,1(0, T )

❢♦r ❛❧❧ t ∈ [0, T ]✳ ❚❤❡♥✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❞❡s✐r❡❞ ♠♦♥♦t♦♥✐❝✐t② ✭✸✳✷✼✮ ✐s s❛t✐s✜❡❞✳

❇② ✉s✐♥❣ t❤❡ st♦❝❤❛st✐❝ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♣r♦❝❡ss❡s N ✱ Z1✱ Z2 ❛♥❞ Z3✱ ✇❡ ❝❛♥

✶✷✾



✹✳ ▼♦❞❡❧ ❈❛❧✐❜r❛t✐♦♥

❡①♣r❡ss t❤❡ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥ θ ♦❢ L ✉♥❞❡r ♠❡❛s✉r❡ P d ❛s

θ(z) =θN (z1) + θZ
1
(−z2) + θZ

2
(−z3) + θZ

3
(z1 − z2 − z3)

=µz1 + δ
√

α2 − β2 − δ
√

α2 − (β + z1)2 − β1 log

(

1 +
z2
α1

)

− β2 log

(

1 +
z3
α2

)

− β3 log

(

1− z1 − z2 − z3
α3

)

❢♦r ❡✈❡r② z = (z1, z2, z3) ∈ C
3 s✉❝❤ t❤❛t ❛❧❧ t❤❡ t❡r♠s ❛r❡ ✇❡❧❧✲❞❡✜♥❡❞✳ ▼♦r❡ s♣❡❝✐✜✲

❝❛❧❧②✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❝✉♠✉❧❛♥t ♣r♦❝❡ss ✐s ❣✉❛r❛♥t❡❡❞ ❢♦r ❛♥② z = (z1, z2, z3) ∈ R
3

s❛t✐s❢②✐♥❣✿

✭✐✮ |z1| < min{|−α− β|, α− β}✳

✭✐✐✮ zk ∈ (−αk,∞) ❢♦r ❡❛❝❤ k ∈ {2, 3}✳

✭✐✐✐✮ z1 − z2 − z3 < α3✳

❚❤❡♥✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥s ♦❢ Xk
j ❛♥❞ Y k

j ✉♥❞❡r P d
Tk
j

❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ✉s✐♥❣

❢♦r♠✉❧❛s ✭✸✳✸✾✮ ❛♥❞ ✭✸✳✹✹✮✳ ❚❤❡ ❞❡t❡r♠✐♥✐st✐❝ t❡r♠ Dk
j ✐s ❣✐✈❡♥ ❜② t❤❡ r❡❧❛t✐♦♥ ✭✸✳✷✵✮

❢r♦♠ ✇❤✐❝❤ ✇❡ ❣❡t ξkj = − ln ηkj ✳ ❋✐♥❛❧❧②✱ t❤❡ ❛s❦✱ ♠✐❞ ❛♥❞ ❜✐❞ ♠♦❞❡❧ ♣r✐❝❡s ♦❢ t❤❡ ❝❛♣❧❡t
❛r❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛s ✭✸✳✹✾✮✱ ✭✸✳✹✺✮ ❛♥❞ ✭✸✳✺✵✮✳

✹✳✸✳✹✳ ❈❛❧✐❜r❛t✐♦♥ ❘❡s✉❧ts

❚❤❡ ❝❛❧✐❜r❛t❡❞ ❞✐str✐❜✉t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❛❜❧❡ ✹✳✶✵ ❛♥❞ ✹✳✶✶✳ ❲❡ st❛t❡
t❤❡ ❝❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ✈♦❧❛t✐❧✐t② ❛♥❞ ❧✐q✉✐❞✐t② ❢✉♥❝t✐♦♥ ✐♥ t❛❜❧❡ ✹✳✶✷ ❛♥❞ ✹✳✶✸✳
❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s

O1(θ̂, H) = 6.597836 · 10−05.

◆♦r♠❛❧ ✐♥✈❡rs❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss ❱❛❧✉❡

α ✼✳✹✷✻✹✼✷
β ✲✶✳✼✼✸✽✷✺
δ ✻✳✸✸✹✾✹✷

❚❛❜❧❡ ✹✳✶✵✳✿ ❈❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡rs ♦❢ ♥♦r♠❛❧ ✐♥✈❡rs❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✳

❚❤❡ ♠❛r❦❡t ✭♠✐❞✮ ♣r✐❝❡s ♦❢ ❝❛♣s ❢♦r str✐❦❡ r❛t❡s ✉♣ t♦ t❤r❡❡ ♣❡r❝❡♥t ❛r❡ s❛t✐s❢❛❝t♦r✐❧②
✜tt❡❞✳ ❊s♣❡❝✐❛❧❧②✱ t❤❡ ♣r✐❝❡s r❡❧❛t❡❞ t♦ t❤❡ s✐①✲♠♦♥t❤ ❝✉r✈❡ ❛r❡ ✇❡❧❧✲❛❞❛♣t❡❞ ❢♦r t❤❡s❡
str✐❦❡ r❛t❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ❢♦r s♦♠❡ ♠❛t✉r✐t✐❡s ✐♥ ✜❣✉r❡s ✹✳✶✾ ❛♥❞
✹✳✷✵✳ ❚❤❡ r❡❧❛t✐✈❡ ❡rr♦rs ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡s ❈✳✶ ❛♥❞ ❈✳✷ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳ ❆s ✐♥ t❤❡

✶✸✵



✹✳✸✳ ❈❛❧✐❜r❛t✐♦♥ ♦❢ ❈❛♣s ✐♥ t❤❡ ❚✇♦✲Pr✐❝❡ ❛♥❞ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❙❡tt✐♥❣

●❛♠♠❛ ♣r♦❝❡ss ❱❛❧✉❡

α1 ✵✳✵✵✷✾✵✶✾✶✶
β1 ✵✳✵✵✹✹✺✶✵✾✺
α2 ✵✳✵✵✸✼✵✻✵✽✼
β2 ✵✳✵✵✶✻✸✻✸✽✷
α3 ✵✳✵✵✵✸✽✼✵✵✵
β3 ✵✳✵✵✻✽✾✼✶✻✵

❚❛❜❧❡ ✹✳✶✶✳✿ ❈❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ●❛♠♠❛ ♣r♦❝❡ss❡s✳

❱♦❧❛t✐❧✐t② str✉❝t✉r❡ ♣❛r❛♠❡t❡r ❱❛❧✉❡

ad 1.000 · 10−09

a1d −1.929 · 10−05

a21 1.197 · 10−05

❚❛❜❧❡ ✹✳✶✷✳✿ ❈❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡rs ♦❢ ✈♦❧❛t✐❧✐t② str✉❝t✉r❡✳

s✐♥❣❧❡✲❝✉r✈❡ s❡tt✐♥❣✱ ✇❡ ❡♠♣❤❛s✐s❡ t❤❛t t❤❡ ❞✐s❝r❡♣❛♥❝✐❡s ✐♥ t❤❡ ❝❛❧✐❜r❛t✐♦♥s✬ ♦✉t❝♦♠❡s
r❡s✉❧t ❢r♦♠ t❤❡ ✈❡r② s♠❛❧❧ ✈❛❧✉❡s ♦❢ t❤❡ r❡❧❛t❡❞ ♣r✐❝❡s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❤✐❣❤ ❝♦♠♣❧❡①✐t②
♦❢ t❤❡ ❢r❛♠❡✇♦r❦✳
❚❤❡ ❝❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡r γ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ O2

✐s ❧✐st❡❞ ✐♥ t❛❜❧❡ ✹✳✶✹✳ ❚❤❡ ❢❛♠✐❧② (Ψmmv
γ )γ≥0 ♦❢ MINMAXVAR ❞✐st♦rt✐♦♥ ❢✉♥❝t✐♦♥s ✐s

✉s❡❞ ❢♦r t❤❡ ❝❛❧✐❜r❛t✐♦♥✳
❚❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ❛r❡ ♣❧♦tt❡❞ ✐♥ ✜❣✉r❡s ✹✳✷✶ ❛♥❞ ✹✳✷✷✳ ❚❤r❡❡ ♣❛t❤s ♦❢ t❤❡ ♣r♦❝❡ss

L1 ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✹✳✷✸✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❛♠♣❧❡ ♣❛t❤s ♦❢ t❤❡ s❡❝♦♥❞ ❛♥❞
t❤✐r❞ ❝♦♠♣♦♥❡♥t ♦❢ L ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡s ✹✳✷✹ ❛♥❞ ✹✳✷✺✳ ❲❡ ✉s❡ t❤❡ ❘✲♣❛❝❦❛❣❡
❵●❡♥❡r❛❧✐③❡❞❍②♣❡r❜♦❧✐❝✬ ❝r❡❛t❡❞ ❜② ❙❝♦tt ❬✽✾❪✳

✶✸✶



✹✳ ▼♦❞❡❧ ❈❛❧✐❜r❛t✐♦♥

▲✐q✉✐❞✐t② ❢✉♥❝t✐♦♥ ♣❛r❛♠❡t❡r ❱❛❧✉❡

b1 ✵✳✵✵✻✷✷✽✵✽✵✵
σ1 ✵✳✵✵✵✸✾✵✸✶✷✾
b2 ✵✳✵✵✽✸✼✾✶✸✽✵
σ2 ✵✳✵✵✵✺✽✾✷✼✻✵

❚❛❜❧❡ ✹✳✶✸✳✿ ❈❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡rs ♦❢ ❧✐q✉✐❞✐t② ❢✉♥❝t✐♦♥✳

2.0 2.5 3.0 3.5 4.0 4.5 5.0

0
.0

0
5

0
.0

1
0

0
.0

1
5

Strike rate

cap market price
cap model price

❋✐❣✉r❡ ✹✳✶✾✳✿ ❈❛❧✐❜r❛t✐♦♥ ♦❢ ✭♠✐❞✮ ❝❛♣ ♣r✐❝❡s ❢♦r ♠❛t✉r✐t② ♦❢ ✸ ②❡❛rs✳

▼❛t✉r✐t② P❛r❛♠❡t❡r ❖❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥

✸✳✵✵ ❨❡❛r 0.001 1.37 · 10−07

❚❛❜❧❡ ✹✳✶✹✳✿ ❈❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡r γ ❢♦r ♠❛t✉r✐t② T = 3✳

✶✸✷



✹✳✸✳ ❈❛❧✐❜r❛t✐♦♥ ♦❢ ❈❛♣s ✐♥ t❤❡ ❚✇♦✲Pr✐❝❡ ❛♥❞ ▼✉❧t✐♣❧❡✲❈✉r✈❡ ❙❡tt✐♥❣

2.0 2.5 3.0 3.5 4.0 4.5 5.0

0
.0

2
0
.0

4
0
.0

6
0
.0

8

Strike rate

cap market price
cap model price

❋✐❣✉r❡ ✹✳✷✵✳✿ ❈❛❧✐❜r❛t✐♦♥ ♦❢ ✭♠✐❞✮ ❝❛♣ ♣r✐❝❡s ❢♦r ♠❛t✉r✐t② ♦❢ ✻ ②❡❛rs✳

−6 −4 −2 0 2

0
.0

0
.1

0
.2

0
.3

0
.4

❋✐❣✉r❡ ✹✳✷✶✳✿ ❉❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ ♥♦r♠❛❧ ✐♥✈❡rs❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ❝❛❧✐❜r❛t❡❞
♣❛r❛♠❡t❡rs✳

✶✸✸



✹✳ ▼♦❞❡❧ ❈❛❧✐❜r❛t✐♦♥
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❋✐❣✉r❡ ✹✳✷✷✳✿ ❉❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ ●❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❝❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡rs✿ ✭•✮
α1 = 0.002901911✱ β1 = 0.004451095 ✭•✮ α2 = 0.003706087✱ β2 =
0.001636382 ❛♥❞ ✭•✮ α3 = 0.000387000✱ β3 = 0.006897160✳
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❋✐❣✉r❡ ✹✳✷✸✳✿ ❙❛♠♣❧❡ ♣❛t❤s ♦❢ L1 ✇✐t❤ ❝❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡rs✳
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