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A Natural Experiment in the Organization of Entry-Level
Labor Markets: Regional Markets for New Physicians
and Surgeons in the United Kingdom

By ALvin E. Rotu*

The histories of seven regional markets for new physicians and surgeons in the
United Kingdom are considered. Like the American market, these markets have
experienced failures that led to the adoption of centralized market mechanisms.
Because different regions employ different centralized mechanisms, these mar-
kets provide a test of the hypothesis that the success of the American market is
related to the fact that it produces matches which are stable in the sense that no
two agents mutually prefer to be matched to one another than to their assigned
partners. Even in the more complex U.K. markets, this kind of stability plays an
important role. Centralized markets that produced unstable matches in environ-
ments in which agents could act upon instabilities fared no better than the
decentralized markets they replaced. (JEL C78, D00, J41, J44)

In this paper, 1 seek to analyze a unique
natural experiment that has emerged over
the last 20 years in the United Kingdom,
concerning the organization of entry-level
labor markets. The markets in question
are those in which newly graduated medical
students seek their first hospital posi-
tions, called preregistration house-officer
positions. These positions are closely com-
parable to first-year intern positions in
American hospitals (although there are
some important differences, which will be

*Department of Economics, University of Pitts-
burgh, Pittsburgh, PA 15260. In the course of gathering
information about the markets described here, I have
been helped by numerous British physicians and medi-
cal administrators, who have taken the time to corre-
spond with me at length on these matters and some-
times to unearth old records. Among those who have
taken pains to help me, I would be remiss not to
mention Drs. J. Anderson, T. J. Bayley, P. G. Bevan,
K. C. Calman, S. C. Farrow, J. Fraser, F. J. Goodwin,
T. M. Hayes, K. Johns, J. H. Lazarus, D. Mclnnes,
G. A. Mogey, R. Mulligan, K. M. Parry, R. P. Ryan,
D. A. Shaw, D. M. Taylor, H. R. A. Townsend, and
N. D. Wright. Of course, they are in no way responsi-
ble for any errors or omissions in my account of these
markets, nor for the conclusions reached in this paper.
I am also grateful to Dr. Susan Mongell, who helped
assemble the published literature on this topic. This
work has been supported by the National Science
Foundation and the Alfred P. Sloan Foundation.

415

discussed). The natural experiment arises
because these markets are organized dif-
ferently in different regions of the National
Health Service. These different markets al-
low investigation of how market behavior is
influenced by market organization. This di-
verse set of markets also invites comparison
with the American market for interns and
allows the hypothesis advanced in Roth
(1984a) about the behavior of that market
to be tested and refined.!

The particular forms of market organiza-
tion in the United Kingdom that are the
subject of this paper arose in reaction to
problems that emerged in the 1960’s. Prior
to the mid-1960’s, the preregistration
house-officer markets in the various regions
of the National Health Service were largely
run in a decentralized way, with students
responsible for finding positions on their
own and with consultants (as senior physi-
cians and surgeons are called) responsible
for filling the positions under their supervi-
sion. Competition among students for desir-
able positions and among consultants for
desirable house officers eventually led to

'Some of my conclusions about this comparison
were earlier described briefly in Roth (1990).
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these positions being filled earlier and ear-
lier in the students’ education. The situa-
tion is described as follows by A. Doig and
G. Munday (1969):

The filling of preregistration house-
officer posts by private arrangements
between consultants and students is
considered unsatisfactory by most stu-
dents and by an increasing number of
consultants. This practice allows con-
sultants to offer appointments to
promising students early in their clini-
cal years and often causes subsequent
regret on the part of those who accept
when they are later offered more de-
sirable posts; broken agreements cause
considerable inconvenience and irrita-
tion to consultants. [p. 1250]

J. Alexander-Williams and Ivor Stephenson
(1973), writing about the situation in Bir-
mingham prior to the mid-1960’s, describe
things similarly.

Our graduates who wished to take
posts in the teaching hospital insisted
on promises earlier and earlier in their
undergraduate careers as a result of
the many more attractive posts in the
region being promised years in ad-
vance to graduates imported from
other regions. [p. 605]

Doig and Munday further note that

...an initial attempt was made to ef-
fect improvement by simply standard-
ising the dates for the receipt of appli-
cations and the offering of posts; this
procedure had the unfortunate effect
of telescoping many of the difficulties
and frustrations which had previously
occurred over a year or more into a
much shorter period. [1969 p. 1250]

This early history is strikingly similar to
that of the American market for interns
from 1900 to 1951, described in Roth
(1984a). By 1944, the standard date at which
internship appointments were made in the
American market had advanced to two full
years before the internship was to begin. In
1945, standardized appointment dates
nearer the beginning of employment were
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successfully established through the inter-
vention of the medical schools. However,
problems manifested themselves in the wait-
ing period between the time offers of in-
ternships were made and the time students
were required to accept them. Roth (1984a)
describes these as follows:

...a student who was offered an in-
ternship at, say, his third choice hospi-
tal, and who was informed he was an
alternate (i.e., on a waiting list) at his
second choice, would be inclined to
wait as long as possible before accept-
ing the position he had been offered,
in the hope of eventually being offered
a preferable position. Students who
were pressured into accepting offers
before their alternate status was re-
solved were unhappy if they were ulti-
mately offered a preferable position,
and hospitals whose candidates waited
until the last minute to reject them
were unhappy if their preferred alter-
nate candidates had in the meantime
already accepted positions. Hospitals
were unhappier still when a candidate
who had indicated acceptance subse-
quently failed to fulfill his commit-
ment after receiving a preferable offer.
In response to pressure originating
chiefly from the hospitals, a series of
small procedural adjustments were
made in the years 1945-51. [p. 994]

These adjustments primarily involved
shortening the time during which students
were allowed to hold offers without either
accepting or rejecting them. By 1949, a time
of only 12 hours had been rejected as too
long, and by 1951 it was widely recognized
both that there were serious problems in
the last stage of the matching process and
that these could not be resolved by com-
pressing this last stage into shorter and
shorter time periods.

At this juncture, a centralized (and com-
puterized?) matching procedure was pro-
posed and adopted in the American market.

2Initially the procedure was carried out with card-
sorting machines.
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Students and hospital programs continued
to interview one another as before, but then
students submitted to a central clearing-
house a list of hospital programs ranked in
order of preference, and hospital programs
submitted a list of students. On the ap-
pointed day, students were notified of the
hospital program to which they had been
matched, hospital programs were notified of
the students with which they had been
matched, and both hospitals and students
were encouraged to sign the necessary con-
tracts with one another. Note that at every
stage of the procedure, from the decision to
submit preference lists to the decision
whether to accept the match ultimately pro-
posed, this matching procedure was insti-
tuted as a voluntary procedure. It is there-
fore particularly notable that it achieved
very high rates of voluntary participation,
with the proposed matchings accounting for
the large preponderance of jobs filled in this
market for many years following its incep-
tion. This matching procedure has survived
for many years; the algorithm used today to
accomplish the match is still essentially the
one first used in 1952.

When a Royal Commission on Medical
Education (1965-68) issued a report on the
problems confronting the preregistration
market, the organization of the American
market presented an obvious alternative.
Many medical schools and their affiliated
regional hospitals introduced centralized
matching procedures, but different regions
used different algorithms to determine the
match from the submitted preferences.
(Some, but by no means all, of these cen-
tralized schemes were implemented by com-
puter.) It appears that more than a dozen
regional matching procedures were intro-
duced, but in contrast to the American ex-
perience, only a few have survived to the
present. Most failed to solve the problems
that motivated their introduction and were
abandoned.

The principal goal of the present paper is
to investigate what common properties
might distinguish those centralized proce-
dures that failed and were abandoned from
those that succeeded and are still in use
today. This will also present an opportunity
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to test and refine, in a different environ-
ment, the hypothesis advanced in Roth
(1984a) about the success of the centraliz-
ed procedure introduced in the American
market.

It was shown in Roth (1984a) that the
algorithm employed in the American mar-
ket produces a stable matching in terms of
the submitted preferences, where a match-
ing is called stable if no student or hospital
is matched to an unacceptable mate and if
there is no student and hospital not matched
to one another who would both prefer to be
matched to each other than to (one of) their
partner(s) in the matching. The next section
recounts briefly how the major develop-
ments in the American market can be ex-
plained in terms of stability or the lack of it,
which leads naturally to the hypothesis that
the success of the American procedure is
intimately related to the stability of the
matching it produces. Therefore, one goal
of the present study is to provide a test of
this “stability hypothesis” as it applies to
the U.K. markets. Another goal is to con-
sider the incentives agents may have to sub-
mit other than their true preferences and
the effects this may have.

The regional markets in the United King-
dom provide a stringent test of the stability
hypothesis for two reasons. First, adminis-
trative authority is more centralized in those
markets than in the American market. In
some of the regions in which a centralized
matching procedure was tried in the United
Kingdom, for the period in which it was in
effect it was the only way to formalize em-
ployment agreements. In contrast to the
American market, students in such regions
could not decline a job with which they had
been matched and arrange instead another
job in the same region, and consultants
could not decline a student with whom they
had been matched in favor of another par-
ticipant in the match.?> However, as will be
seen, it was sometimes possible for students
and consultants to circumvent the match by

3However, students could sometimes arrange jobs in
other regions.
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coordinating with one another before the
formal match. The second reason why insta-
bilities might have less consequence in the
U.K. markets than in the American market
is that the UK. markets are smaller than
the American market by a factor of about
100. Consequently, there are many reasons
why, even in regions in which other avenues
to formalize employment agreements ex-
isted in principle, students and consultants
might feel obliged to “play by the rules”
and accept a suggested match, even if a
better one might have been available. Such
reasons might not apply in the much larger
and more impersonal American market.

Even in the U.K. markets, the stability of
matchings plays an important role, as will
be seen below. Perhaps even more impor-
tant than the formal stability conditions is
whether agents can anticipate (or detect
ex post) and act upon any instabilities that
may occur. The centralized markets that
were unstable in this way fared no better
than the decentralized markets they re-
placed.

This paper concentrates on seven differ-
ent procedures by which regional markets in
the United Kingdom have been organized.
These seven are all of those for which I
have been able to obtain sufficiently precise
descriptions of the matching algorithm (all
seven were computerized). Of these seven,
two are based upon modifications of an
algorithm that always produces stable
matchings, and both of these have con-
trolled the unravelling of appointment dates
and survived to the present. The five re-
maining schemes are based upon algorithms
that may frequently produce instabilities.
Only two of these have survived (and these
are in the two smallest markets); the other
three have been abandoned.

The organization of this paper is as fol-
lows. Section I discusses the American mar-
ket. Section II describes the chief differ-
ences between the American market and
the U.K. markets and describes a formal
model suitable for the U.K. markets. The
main result of this section is that, even at a
stable matching, in these markets there may
exist higher-order instabilities of a kind not
present in the American market. Section III
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begins the analysis of particular market or-
ganizations in the United Kingdom, starting
with three defunct schemes, which all had
particularly severe problems due to the fact
that agents had incentives to submit other
than their true preferences and to form
pairwise coalitions prior to the formal
match. Section IV discusses the two mar-
kets organized around stable matching pro-
cedures and the modifications that have
been made in each, and Section V considers
the two other surviving schemes and the
particular markets in which they operate.
Section VI considers some of the difficulties
presented by the fact that there is no real
national market in the United Kingdom for
preregistration positions, but only a collec-
tion of regional markets, and conclusions
are presented in Section VII. Some of the
necessary formal apparatus and proofs will
be deferred to the Appendix.® (See Roth
and Marilda Sotomayor [1990] for a full
account of the literature.)

I. The American Market

In the American market, students each
seek one position, while each hospital seeks
some number of students.’ The size of the
market has approximately doubled since
1952: today roughly 20,000 positions are of-
fered annually.

Interns’ salaries are part of the job de-
scription and are not negotiated by each
hospital and intern. Therefore, salaries will
not play an explicit role in the model but
will simply be one of the factors that deter-
mine the preferences that students have over
hospitals. Similarly, hospitals can rank stu-
dents. Because a hospital typically employs
more than one student, a full description of
a hospital’s preferences must include how it

*Because of the way the paper is organized, it may
be easiest to read the Appendix last, rather than refer-
ring to it whenever a proof is deferred to the Ap-
pendix.

3Strictly speaking, the agents on the institution side
of the market are hospital programs rather than hospi-
tals, since different internship programs within a hospi-
tal are separately administered and students apply to
specific programs.
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evaluates alternative groups of students. A
simple assumption connecting a hospital’s
preferences for groups of students to its
ranking of individual students is that, if two
groups of students differ only by a single
individual, the hospital prefers the group
containing the higher-ranked individual.
Preferences of this sort are said to be re-
sponsive (to the hospital’s ranking of indi-
vidual students). (More general assumptions
are possible, as will be discussed in the next
section.) A student is unacceptable to a hos-
pital if the hospital would prefer to keep a
position vacant rather than fill it with that
student, and a hospital is unacceptable to a
student if, rather than accept one of its
positions, the student would prefer to re-
main unmatched (and seek employment in a
secondary market).

An outcome of the market is a matching
of students and hospitals, such that no hos-
pital is assigned more students than it has
positions and no student is assigned to more
than one position. A matching is stable if no
student is matched to an unacceptable hos-
pital, no hospital is matched to an unaccept-
able student, and no student and hospital
who are not matched to one another would
both prefer to be matched together.
(Specifically, the hospital must prefer the
student to one of the students it is matched
with, or if it has some unfilled positions, it
must prefer the student to leaving a position
unfilled.)

In Roth (1984a), I undertook to explain
three episodes in the history of this market.
From 1945 through 1951, the market was
characterized by chaotic last-minute recon-
tracting, with students seeking to improve
on the positions they had been firmly of-
fered (and had sometimes accepted) by con-
tacting the hospitals they preferred and with
hospitals sometimes pressuring students into
premature decisions in order to be able to
contact students on their waiting lists
promptly. This behavior persisted despite
repeated attempts by various medical orga-
nizations to establish more orderly norms of
behavior. However, from 1952, following the
introduction of the centralized matching
procedure, until the mid-1970’s, there was a
very high degree of voluntary orderly partic-

ROTH: ORGANIZATION OF ENTRY-LEVEL LABOR MARKETS 419

ipation, with in the neighborhood of 95 per-
cent of American medical school graduates
participating in the matching procedure and
ultimately being offered and accepting the
position they were matched with. However
starting in the mid-1970’s, as increasing
numbers of married couples sought to ob-
tain two positions in the same vicinity, the
rate of participation in the match began to
drop, with high percentages of married cou-
ples seeking and finding positions outside of
the centralized match. So there are two
transitions to explain: 1) the transition from
chaotic recontracting to orderly voluntary
participation that took place in 1952 and
2) the transition from uniformly high rates
of participation among medical school grad-
uates prior to the 1970’s to the defection of
married couples in the late 1970’s and early
1980’s.

The stability hypothesis is based on the
demonstration in Roth (1984a) that the 1952
matching algorithm produces a stable
matching (in terms of any preferences that
may be submitted) and that the procedure
used to assign married couples two jobs in
the same vicinity was particularly prone to
produce unstable matchings.® Note that a
student who has been offered or has had
proposed to him a specific job (or a couple
which has been matched with a pair of jobs)
has only to make a few phone calls to deter-
mine whether any of his preferred hospitals
would be willing to offer him a position, so
the problem of determining whether there
are any exploitable instabilities is not a dif-
ficult one. Thus, the “stability hypothesis”
applied to this market is that the chaotic
conditions prior to 1952 reflected the insta-
bilities then present in the market, that the
success of the centralized procedure was

°In recent years, changes in the way married cou-
ples are handled by the match show some signs of
ameliorating this problem. However, the problem is
not completely tractable, since it was shown in Roth
(1984a) that, when there are married couples in the
market, the set of stable matchings may be empty. It
should also be noted that other developments in the
match during the 1970’s contributed to the decline in
participation during that period.
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due to the stability of the matching it pro-
duced, and that the decline in participation
among married couples in the 1970’s was
because they once again found instabilities.

Of course, even though the stability hy-
pothesis seems to account for the major
developments in this market, the real expla-
nations might lie elsewhere. For example, it
might be postulated that any centralized
market organization would have solved the
problems experienced prior to 1951 and that
the experience of married couples has less
to do with instabilities of the kind dealt with
here than with the difficulties young couples
have in making decisions. Therefore, it is
particularly illuminating to be able to con-
sider the kind of natural experiment, involv-
ing both stable and unstable centralized
matching mechanisms, that one finds in the
United Kingdom.

Before moving on to the U.K. markets, it
will be useful to make two somewhat techni-
cal observations relevant both to those mar-
kets and to the American market. The first
is that agents may have incentives to submit
rank-orderings to the centralized matching
procedure that differ from their true prefer-
ences.” It was shown in Roth (1982) that no
stable matching mechanism exists that
makes it a dominant strategy for all agents
to state their true preferences, and it was
shown in Roth (1985a) that no stable proce-
dure can make it a dominant strategy for all
hospital programs with more than one posi-
tion to rank students in order of their true
preferences. In the American market, stat-
ing true preferences is not a dominant strat-
egy for either students or hospitals.

This raises another question about the
stability hypothesis: if agents may have rea-
son not to submit their true preferences to
the centralized matchmaker, then the fact
that the matching algorithm produces a
matching that is stable with respect to the

"In 1951, an algorithm for the American market was
proposed that gave agents clear incentives to state
rank-orderings different from their true preferences.
For this reason, it was replaced by the 1952 algorithm,
which was claimed to give agents no such incentives.
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submitted preferences does not assure that
the matching is stable with respect to the
true preferences (i.e., the preferences ac-
cording to which agents search for and ac-
cept alternative opportunities).

One approach to addressing this question
is to consider what will happen when the
rank-orderings that agents submit are in
equilibrium, even though they may be dif-
ferent from the true preferences. It was
shown in Roth (1984b) that, when algo-
rithms equivalent to the one used in the
American market are employed, every Nash
equilibrium in undominated strategies yields
a matching that is stable with respect to the
true preferences (as well as to the stated
preferences) in the special case arising when
all hospital programs have only a single
position to fill. In the (actual) case, when
hospitals fill multiple positions, fewer
strategies are dominated, and so only weaker
results have so far been obtained: there are
equilibria at which the resulting matching is
stable with respect to the true preferences,
and other equilibria such that it is not (Roth,
1985a). Another approach is to ask whether
the agents in the market have the kind of
information about one another’s prefer-
ences needed to profit from submitting
rank-orderings different from their true
preferences. (These information require-
ments are considerable; cf. Roth, 1989.) If
not, submitted preferences might approxi-
mate true preferences sufficiently to pro-
duce stable outcomes. Viewed in this way,
the question remains largely an empirical
one, which gives further reason to make
additional observations of the kind consid-
ered in this paper.

The second technical observation con-
cerns the significance of defining stability in
terms of individual agents and pairs of
agents, without reference to larger coali-
tions of agents, such as coalitions consisting
of a hospital and several students (all of
whom might be employable by the same
hospital) or coalitions consisting of multiple
hospitals and students. When the rules of
the market are that any student and hospi-
tal may sign a contract with one another if
they both agree, the following result from
Roth (1985b) says essentially that nothing is
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lost by not considering such coalitions ex-
plicitly.

PROPOSITION 1: The set of stable out-
comes equals the core defined by weak
domination® of the market in which hospitals
employ multiple students but students take
only one position.

It will be seen that the conclusions of
Proposition 1 do not carry over to the U.K.
markets considered next, as a consequence
of the fact that most students seek two
positions in those markets.

II. The U.K. Markets

A medical school graduate in the United
Kingdom is eligible only for provisional reg-
istration with the General Medical Council.
To become eligible for full registration, a
doctor must complete 12 months in a pre-
registration position, typically six months
in a medical position and six months in a
surgical position. These positions are super-
vised by different consultants and are
arranged separately, so each graduating
medical student must typically find two pre-
registration positions. An outcome of this
market is thus a matching of students and
consultants such that no consultant is as-
signed more students than he has positions
and no student is assigned more than two
positions, one medical and one surgical.

Most positions are filled on a regional
basis, with graduates of a given medical
school going to one of the associated teach-
ing hospitals or to other hospitals in the

8An outcome x of a market is dominated if there is
some coalition S of agents that, by trading among
themselves, can obtain allocations they all prefer to x.
The outcome x is weakly dominated if such a coalition
S can obtain allocations that all its members like at
least as well as x and that at least one member strictly
prefers to x. The core is the set of outcomes that are
undominated, and the core defined by weak domina-
tion is the subset of the core consisting of outcomes
that are not even weakly dominated. Any core outcome
is Pareto optimal.
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same region.” Despite their regional charac-
ter, these markets have a centralized com-
ponent absent from the American market;
the Department of Health and Social Secu-
rity sets targets for the number of preregis-
tration house-officer posts for each English
Regional Health Authority. These regional
markets are two full orders of magnitude
smaller than the American market: for 1988
the largest English region was the West
Midlands, with just over 300 positions, and
the smallest was East Anglia, with just over
100 positions.

The fact that students seek two positions,
rather than one as in the American market,
means that a different model must be used
to represent the market. The simplest modi-
fication is to assume that students have sep-
arate rank-orderings over medical consul-
tants and over surgical consultants. As in
the model of the American market, consul-
tants have rank-orderings over students, but
now both sides of the market must have
preferences not just over individuals but
over sets; that is, consultants have prefer-
ences over groups of students, and students
have preferences over pairs of jobs. Again,
the simplest assumption is that these prefer-
ences are responsive to the rank-orderings
of individuals, as defined in the previous
section. As before, a matching is stable if no
matches are unacceptable and if no student
and consultant who are not matched to one
another would both prefer to be matched
together. However, even when the assump-
tions of the model are kept closely compa-
rable to those for the American market in
this way, the fact that matchings are many-
to-two (i.e., consultants have more than one
student, and students need two jobs) rather
than many-to-one has the consequence that
stable matchings need no longer be in the
core of the market or even be Pareto effi-
cient. That is, in this market there is no

gHowever, in London, where there are many more
graduates of local medical schools than local preregis-
tration positions, medical schools commonly have ar-
rangements with hospitals elsewhere.
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parallel to Proposition 1. Instead, one has
the following result, whose proof is in the
Appendix:

PROPOSITION 2: In the many-to-two
matching model with responsive preferences,
the set of stable matchings is nonempty for all
preferences, but a stable matching need not
be in the core and need not even be Pareto
optimal.

The proposition implies that, even when
no student and consultant can together ar-
range to do better than a given matching,
there might be a larger coalition, consisting
of many consultants and students, who by
rearranging job assignments could obtain
preferred assignments for all its members.
Needless to say, identifying and organizing
large coalitions may be more difficult than
making private arrangements between two
parties, and it will become clear in what
follows that the set of stable matchings is
still of primary concern.

There are still further generalizations that
must be made to the model to allow it to
represent faithfully the variety of special
constraints found in the various regional
markets. In particular, the assumption that
agents have responsive preferences must
sometimes be relaxed to allow more com-
plex connections between rank-orderings of
individuals and preferences over groups.

On the student side of the market, these
complexities arise because students require
one of each of two types of jobs. However,
perhaps the most unusual example of the
sort of complicated preferences I have in
mind arises on the consultant side of the
market administered from Edinburgh. Fol-
lowing what I gather must have been tradi-
tional practice!® before the introduction of
a centralized matching scheme, surgeons
have the option of indicating that they do
not wish to employ more than one female
preregistration house officer at a time.
Therefore, a consultant surgeon could con-
ceivably submit a rank-order list in which
his top four choices, say, were female, but

10Particularly among urological surgeons.
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nevertheless indicate that he wishes to em-
ploy at most one of these at any one time.

It is easy to see that these preferences are
not responsive to the rank-ordering of indi-
viduals as discussed above, since the sur-
geon in question would prefer to employ his
first and fifth choices rather than his first
and second choices. Similarly, students
clearly prefer one medical and one surgical
position to any other combination, regard-
less of their preferences for individual posi-
tions. It will therefore sometimes be conve-
nient to model agents’ preferences for sets
of alternatives directly, without explicitly
considering their rank-orderings of individ-
ual students or positions.

Thus, faced with a set S of student appli-
cants, a consultant C can determine which
subset of S he would most prefer to hire.
We call this C’s choice from S, and denote
it by Ch.(S). That is, for any set S of
students, C’s choice set is Ch(S)=S' such
that S' is contained in S and S’ is (at least
weakly) preferred to any other subset S" of
S. It will be convenient (but not essential) in
what follows to assume that all agents have
strict preferences, so that the choice set is
unique. Thus, a consultant’s preferences are
given by a rank-ordering of sets of students,
S1,S5,--+,S,, ®,..., with S, being his first-
choice set of house officers and so forth
(and with any unacceptable set being less
preferred than the empty set). These prefer-
ences determine the choice function (i.e.,
for any set S, Ch(S) is C’s most preferred
subset S' of S). A student’s preferences over
(pairs of) positions can be represented anal-
ogously.!! The constraints mentioned above
are consistent with the preferences meeting
the following condition:

Definition: An agent A (a consultant or a
student) has substitutable preferences over
sets of alternatives (i.e., sets of students or
pairs of jobs) if, for any set T that contains

"n this representation of preferences, the require-
ment that students have one medical and one surgical
position would be represented by having sets consisting
of a pair of two medical jobs, for instance, be unaccept-
able to the student.
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distinct elements ¢ and ¢, if ¢ is in Ch ,(T)
then ¢ is in Ch (T —¢").

If a consultant, for example, has substi-
tutable preferences, then if his preferred set
of employees from T includes student ¢, so
will his preferred set of employees from any
subset of T that still includes ¢. (This
follows by repeated application of the defi-
nition.) Therefore, the consultant regards
student ¢ and the other students more as
substitutes than as complements and contin-
ues to want to employ ¢ even if some of the
other students in his choice set become
unavailable. Note that responsive prefer-
ences are substitutable, so this condition on
preferences is a generalization of what has
been considered so far.!> One can similarly
generalize the definition of stability as fol-
lows.

Consider a matching w which assigns to
each consultant C the set of students u(C)
and to each student s the set of (no more
than two) jobs w(s). The matching up is
stable if there is no student s who would
prefer to reject one of the jobs in u(s), no
consultant C who would prefer to reject
one of the students in w(C), and no student
s and consultant C who are not matched to
one another but who would prefer to be.
That is, w is stable if there is no student s
such that u(s) # Ch (u(s)), no consultant C
such that u(C)# Ch (u(C)), and no stu-
dent s and consultant C such that s is not
in u(C) [and so C is not in u(s)] but such
that s is contained in Ch(u(C)Us) and C
is contained in Ch (u(s)U C). It is possible
to state the following proposition, which is
proved in the Appendix:

PROPOSITION 3: In many-to-two match-
ing, when all agents have substitutable prefer-
ences, the set of stable matchings is nonempty.

2gubstitutable preferences in two-sided matching
were first studied by Alexander Kelso and Vincent
Crawford (1982). Charles Blair (1988) showed that, in
many-to-many matching with substitutable preferences,
the core could be empty even though the set of stable
matchings is not. (Proposition 2 shows that this is
related to many-to-many matching, not merely to com-
plex preferences.)
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In summary, although there are clear sim-
ilarities between the American market for
interns and the regional markets in the
United Kingdom for preregistration house
officers, there are also some important dif-
ferences. Some of these have to do with the
fact that the U.K. regional markets are both
more centralized and much smaller than the
American market. Other differences have to
do with the fact that students in the U.K.
markets seek two jobs. As a result of the
latter differences, preferences in the U.K.
markets cannot always be modeled as sim-
ply as in the American market and require
the more general model described in this
section.

In considering the operation of the vari-
ous regional markets, the more general
model will be required to establish what is a
stable matching. However, when the proce-
dures that produce unstable matchings are
considered, it will be possible to demon-
strate the instabilities even within the con-
fines of the simpler models.

III. Matching by Priority: Newcastle,
Birmingham, and Edinburgh (1967)

This section considers three closely re-
lated matching schemes, all developed in
the late 1960’s, and all subsequently aban-
doned.” In each of these schemes, a stu-
dent’s ranking of a particular consultant was
combined with the consultant’s ranking of
that student to produce a “priority” for that
student to be employed by that consultant.
The three schemes differ in the way in which
this priority was determined, and each will
be discussed below with examples. In each
scheme, the overall matching of students
with consultants was determined by making
the individual matches of students with con-
sultants in order of priority. That is, the first
step of each of the three algorithms was to
make all of the first-priority matches. Then
consultants with unfilled positions and stu-
dents still needing jobs were scanned to

13The Edinburgh scheme was replaced around 1969
by another centralized system, considered in the next
section.
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identify any second-priority matches, and so
on.

The schemes introduced in Newcastle
in 1967 (A. G. Leishman and R. P.
Ryan, 1970) and in Birmingham in 1966
(Alexander-Williams and Stephenson, 1973)
were almost identical. They each used the
product of the student’s ranking of the con-
sultant and the consultant’s ranking of the
student as the basis for the priorities. If a
consultant and student each ranked one an-
other first [a “(1,1) match”], they had a
priority of 1. If the consultant ranked the
student first but the student ranked the
consultant second [a “(1,2) match”], they
had a priority of 2, as did a consultant who
ranked a student second but was ranked
first by the student [a “(2,1) match”]. The
two schemes differed in how they broke ties:
in Birmingham, ties were broken in the con-
sultant’s favor, so that a (1,2) match would
have a higher priority than a (2, 1) match. In
Newcastle, ties were broken in the student’s
favor.'

In the scheme introduced in Edinburgh in
1967, priorities were lexicographic in con-
sultants’ preferences. That is, (1,1) matches
were the first priority, followed by (1,2),
(1,3), (1,4), and so forth. Only when all
consultants’ first choices had been ex-
hausted were other matches [(2,1), (2,2),
(2,3), etc.] considered. The following exam-
ple will illustrate the similarities and dif-
ferences among these three schemes and
also prove the following proposition about
them:

PROPOSITION 4: Each of these schemes
may produce unstable matchings."

Example 1. For simplicity, consider six con-
sultants, each of whom has only one posi-
tion to fill, and six students, each of whom

VAt least initially. A later modification was to re-
verse this method of tie-breaking. I am indebted to Dr.
D. A. Shaw, the Dean of Medicine at Newcastle, for
this observation (pers. comm., 13 May 1987).

5A stronger result, namely that any priority match-
ing scheme will sometimes produce unstable match-
ings, is proved in Proposition 10 in the Appendix.
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needs only one position. (It will be clear
that the example does not depend on this
simplification.) The rank-orderings of the
agents are as follows.

[GFHE TP s1:Cy,. ..

Cy:i 51, 83, 83, 84, 55, 8¢ 57:C,,C,C3,Cy,Cs, Cg
C3: 53,84, 530 Cy, Cy,...

Cyt 84, 83,... 54:C3,Cy,...

Cs: 51,57, S5, 53, 54, 8¢ 55:C1,Cy,Cs,C3,Cy, Cq
Cg: 55, 55,... s: Cs, Co\y...

Then the Birmingham algorithm makes
the following matches (the priority is indi-
cated in parentheses after each set of
matches): C;s; (1,1), Cys; and Cys, (1,2),
C,s, (3,1), Css, (6,1), Cyss (2,6). This out-
come is unstable because Cs and s are one
another’s third choices, but in the Birming-
ham match they are not matched to each
other, but are each matched to their sixth
choices.

The Newcastle algorithm makes the
matches: C;s; (1,1), Css, and C,s; (2,1),
C,s, (3,1), Css4 (6,1), Cyss (2,6). This out-
come is also unstable with respect to Cs and
Ss.

The Edinburgh (1967) algorithm makes
the following matches: C;s, (1,1), Cys5 and
C,s,(1,2), Cys,(1,6), Css5(3,3), Cys6 (6,2).
This outcome is also unstable, but with re-
spect to C, and s,, who would each prefer
one another to their assigned partners (they
are each matched to their sixth choices).

So far, the example has been analyzed as
if the agents all state their true preferences.
Before considering the incentives that agents
may have to do otherwise, it will be illumi-
nating to examine the history of these
matching systems after their introduction
and how they failed and were abandoned.

The various accounts I have received of
the demise of these systems all agree on the
main events.'® The following description is

16] have been able to obtain the least information
about the demise of the Edinburgh system, which by
1969 had already been replaced. I have been able to
obtain much more detailed accounts, from multiple
sources, of the experiences at Newcastle and Birming-
ham.
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from a letter by Dr. John Anderson, the shortly before the scheme was dis-
Postgraduate Dean at Newcastle (pers. carded we found that in up to 80% of
comm., 6 May 1987): cases students and consultants only
used the computer to indicate a first
preference.... The main reason for

To understand why our computerized
scheme was discarded [in 1981], you
should know that in the Northern Re-
gion there are 202 recognised posts
(this target is set by the DHSS [De-
partment of Health and Social Secu-
rity]) in 26 approved hospitals. Each
year we normally graduate a maximum
of 130 students, so that we regularly
have a shortfall of at least 70 and
usually more, since a number of our
graduates obtain pre-registration posts
in other regions. We are therefore a
major importing region and each six
months fill between 50 and 60 posts
with graduates of other regions. How-
ever, we have never filled more than
185 posts and this means that up to 20
pre-registration posts are regularly un-
filled. Sometimes Senior House Of-
ficers will be appointed to these posts,
but every six months there is a small
number of posts that are left unfilled.

This is the background to our prob-
lems, and this imbalance between lo-
cal graduates and posts explains why
the computerized scheme failed. Un-
derstandably, consultants in the pe-
riphery of the region were anxious to
fill their posts as quickly as possible
and often entered into private ar-
rangements with undergraduates.
...the practice of making private ar-
rangements outwith the computer
match scheme gradually spread to the
Teaching Hospitals. Those who stuck
rigidly to the scheme often found that
they were left without any housemen
to appoint, as there was no way of
preventing these private arrangements
and no sanctions could be introduced
against those who operated outside the
scheme.

In the late 70s and early 80s an
increasing number of problems
cropped up, mainly concerning con-
flicts between private arrangements
and the formal application procedure.
There was a feeling that the computer
scheme was an impersonal mechanism
which inhibited personal contact be-
tween students and consultants and

the abandonment of the scheme,
therefore, was that there were prob-
lems in getting students and consul-
tants to participate in an orderly way,
and this led to those who rigidly ob-
served the requirements of the scheme
to be penalized.

The experience in Birmingham was simi-
lar, but there the centralized procedure,
which was initiated in 1966 for a limited
group of hospitals, failed after a few years,
was resumed on a larger scale in 1971, failed
once more, was restarted again around 1978,
and was finally abandoned again around
1981. Of the initial experience, Alexander-
Williams and Stephenson (1973) say:

Perhaps the most important cause of
failure was the lack of enthusiasm by
the consultant staff who did not wish
to be deprived of the right to choose
their junior staff and so, suspicious
that the matching programme might
allocate them someone whom they did
not want, still tended to make a
promise to the first acceptable student
who approached them. While there
are obviously no objections to first
choices being mutually agreed, it soon
became known among the undergrad-
uates that certain posts were already
promised and so began once again the
unseemly struggle that the matching
programme was designed to avoid. The
breakdown of the scheme was to the
disadvantage of the diffident student
or the one who waited until he had
‘surveyed the field. [p. 606]

Dr. P. G. Bevan, the director of the board
of graduate clinical studies at the University
of Birmingham Medical School, writes as
follows about the most recent attempt (pers.
comm., 2 November 1984):

The main cause of failure for this
Matching Plan was the fact that too
many Consultants did not abide by the
conditions and promised their job to
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one particular Student.... In view of
this we finally abandoned the Match-
ing Plan three years ago.

A recurrent theme in these accounts is
that, after the centralized matching had
been in use for a short while, increasing
numbers of jobs began once again to be
privately arranged in advance between con-
sultants and students and that this worked
to the detriment of those who tried to par-
ticipate in the scheme without prior ar-
rangement.

To understand this phenomenon, con-
sider now the incentives which these prior-
ity procedures give to the agents. For this
purpose, consider again Example 1. (In the
example, there are equal numbers of stu-
dents and positions, but it will be clear that
the behavior described below could exist at
least as easily when there is an imbalance
between the two.) To make the example
clear, suppose consultants C,-C, are in the
most desirable teaching hospital, Cs is in
the next most desirable regional hospital,
and Cg is in a relatively undesirable rural
hospital. Similarly, suppose students s;—ss
are all top graduates of their medical school,
while s¢ has a less distinguished record.

Then, under the Birmingham or Newcas-
tle system, Cs is gravely disappointed to
learn that his new junior house officer will
be sq, all the more when he learns that
student s5, whom he liked reasonably well,
is quite unhappy with his own appointment
and would have preferred to work for Cs. If
Cs had submitted a rank-ordering on which
ss was his first choice, they would have been
matched, as would also have been the case
if 55 had submitted a rank-ordering on which
C, was his first choice. The example shows
there may be incentives for both students
and consultants to submit rank-orderings
different from their true preferences.

Furthermore, these priority-ranking sys-
tems allow such incentives to build upon
one another, so that as more agents adapt
their submitted rank-orderings to improve
their matches, the greater is the incentive
for other agents to do so. To see this, sup-
pose Cs in Example 1 resolves not to suffer
the same fate the following year. He there-
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fore approaches one of the good students in
the next year’s class, in advance of the for-
mal match, and suggests that they mutually
agree to be matched, which they will accom-
plish by ranking one another first in the
formal match.!” The student, chastened by
the experience of ss the previous year, is
receptive. Now consider the situation in the
formal match, when a number of positions
have been prearranged to be (1,1) matches.
Suppose students t,, ¢,, and t; have made
such arrangements with consultants C;, C,,
and Cs, but consultant C,, not knowing this,
submits his true rank-ordering, which is
t,ty,ts,t4,ts,..., and ¢, submits his true
rank-ordering C;,C4,Cs,C,,.... Although
C, does not know it, ¢, is his highest-rank-
ing student who is actually available, and C,
is t,’s most-preferred available consultant.
However, since the product of their rank-
ings is 16, C, could well end up with his
15th-choice student. So when some matches
have been prearranged, those not in the
know, students as well as consultants, stand
to do very poorly if they do not also prear-
range their matches. Furthermore, when an
agent’s top n choices have all arranged to
indicate only a first preference in the formal
match (as in the above quote from Ander-
son), then the agent can do no better in the
match than to reach such an agreement
himself with his »n + 1st choice. Therefore,
the following proposition, which applies as
well to the Edinburgh (1967) system,'® has
been proved:

PROPOSITION 5S: It is not a dominant
strategy for any agent to submit his true
preferences in these priority matching systems.

"In the context of these relatively small markets,
both parties to such an agreement can be confident
that it will be carried out, since a consultant with a
reputation for not delivering on his promises will soon
find it difficult to attract good junior house officers, and
a junior physician is reluctant to incur the enmity of a
senior physician in the region in which he hopes to
practice.

¥Under the Edinburgh (1967) system, C, in Exam-
ple 1 could have improved his match by ranking s,
first, and s, could have improved his match by ranking
C, as unacceptable.
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Furthermore, there are multiple equilibria at
which all agents submit only a first choice.

In fact, Proposition 5 does not capture
the full strength of what has been proved.
Under priority matching, a student and con-
sultant who rank one another first will be
matched regardless of what the other agents
do. So the problems of coordination that
afflict many equilibria do not arise here:
pairs of agents may secure their part of the
equilibrium by private arrangement. These
results thus go a long way toward explaining
both why a high percentage of appoint-
ments were soon arranged in advance under
these systems and why this worked to the
disadvantage of those who tried to arrange
employment through these priority-based
formal match procedures.'’

IV. Stable Matching: Edinburgh (1969)
and Cardiff

This section considers two very closely
related systems, both built around the same
stable matching algorithm. That the two sys-
tems are closely related is not an accident:
the Cardiff system was adapted around 1971
from the system initiated in Edinburgh
around 1969 to replace the Edinburgh (1967)
priority matching system. However the two
markets are rather different, with Cardiff
regularly having more positions than local
graduates and with Edinburgh regularly
having more graduates than positions.?®
Both systems remain in operation today,

Y1t appears that something very similar (if not
identical) to a priority matching scheme was tried and
subsequently abandoned at Sheffield, but I have not
included that system among those formally analyzed
here because the match was done by a committee,
whose exact procedures therefore cannot be deter-
mined. However, A. D. Clayden and James Parkhouse
(1971 p. 9) report a computer program designed in
their words “to mimic the manual allocation,” and that
program implements a priority algorithm like the Edin-
burgh (1967) system, except in giving lexicographic
priority to students’ preferences rather than to consul-
tants’ preferences.

The Edinburgh system is furthermore open to
students from medical schools in other regions (Sir
James Fraser, pers. comm., 7 May 1987).
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having achieved and maintained high rates
of orderly participation.

It is also not an accident that the basic
algorithm produces stable matchings, but it
is a curious bit of intellectual history. In the
1960’s and 1970’s the architects of the vari-
ous matching systems in the United King-
dom knew of the experience of the Ameri-
can markets since 1952, but it was not then
known that the American algorithm pro-
duced a stable matching. However, uncon-
nected with any of these markets, David
Gale and Lloyd Shapley (1962) formulated a
simple model of one-to-one matching and
defined the set of stable matchings, which in
that model equals the core of the game.
They also developed a ‘“deferred-accep-
tance” algorithm (described below) for pro-
ducing stable matchings and observed that
it could be applied as well to problems of
many-to-one matching.?! Two British com-
puter scientists, D. G. McVitie and L. B.
Wilson further explored this algorithm, and
apparently through their work, the algo-
rithm came to the attention of Dr. H. R. A.
Townsend, the author of the Edinburgh
(1969) matching procedure, known as
PRAMS (for Pre-Registration Appointment
Matching Scheme).”> He used Gale and
Shapley’s deferred-acceptance algorithm as
the basis for PRAMS, adapting it to the
requirements of the preregistration market
and to the local conditions in Edinburgh.
The Edinburgh PRAMS algorithm was sub-
sequently adopted in Cardiff, where it was

2'Gale and Shapley (1962) concentrated primarily
on the one-to-one matching problem, and for many
years thereafter one-to-one and many-to-one matching
came to be regarded as essentially equivalent. That
they are not, in ways that are important for the subject
at hand, was first observed in Roth (1985a).

ZTownsend (1981) cites McVitie and Wilson (1971)
in the PRAMS.80 manual, which documents the cur-
rent (as of 1984) version of his computer program, and
which he graciously sent to me (pers. comm., 23
November 1984; see also McVitie and Wilson, 1970a,b).
Townsend himself is a clinical neurophysiologist, who
at the time also held a part-time appointment in Edin-
burgh’s department of Machine Intelligence and Per-
ception, and it was in that capacity that he undertook
the design of the PRAMS system (pers. comm., 27 July
1989).
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further adapted to local conditions. Before
discussing the adaptations introduced in
Edinburgh and Cardiff, I will consider first
the unmodified?® deferred-acceptance algo-
rithm for many-to-one matching.

Step 1: Each consultant C with g, posi-
tions makes offers to his g, highest-
ranked acceptable students (or to all of
them if there are fewer than g.).

Step k: (i) Each student s rejects all but
the highest-ranked of the acceptable of-
fers he has received in steps 1 through
k —1. (i) Each consultant C who has
received r > 1 rejections in part (i) of step
k, and who now has g, — r (nonrejected)
offers outstanding, makes offers to his
gc — r highest-ranked acceptable stu-
dents among those who have not yet re-
jected him. (iii) The algorithm stops at
any step k =T at which no rejections are
issued, and the resulting matching places
each student with the consultant (if any)
whose offer he has not rejected and leaves
unmatched any student not holding an
offer.

Since each student holds at most one
unrejected offer at any step of the algorithm
and since no consultant makes an offer twice
to the same student, the algorithm stops
and produces a matching. This matching is
stable, because if some consultant C would
prefer a different group of students than he
receives, then if he has responsive prefer-
ences?* he will have proposed to those stu-

23Except to allow that some students and consul-
tants may find some matches unacceptable.
Responsive preferences, which play an essential
role in the argument for the case of many-to-one
matching, were introduced in Roth (1985a). Earlier
treatments of many-to-one matching had argued from
analogy with the case of one-to-one matching and had
not considered that C’s preferences must be based on
comparisons of groups of students. A notable excep-
tion is the paper of Kelso and Crawford (1982), which
considers preferences defined directly over groups,
without reference to an underlying preference over
individuals.
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dents at an earlier step of the algorithm and
been rejected. This implies that these stu-
dents prefer the positions they get from the
algorithm to C, so the matching is stable.

Note that there is another version of the
algorithm in which students make applica-
tions for positions and each consultant re-
fuses all but the best g. acceptable offers
from among those he has received. While
the Edinburgh matching scheme adapts the
consultant-proposing version of the algo-
rithm, the present Cardiff version adapts
the student-proposing version.”® Both ver-
sions produce stable matchings in many-to-
one markets.

The markets to which this algorithm was
adapted involve many-to-two matchings, and
as has already been seen from Proposition
2, this changes the market in important
ways. Furthermore, some of the adaptations
in both Edinburgh and Cardiff imply that
the preferences of the agents are not re-
sponsive. Consider the following con-
straints:

1) Each student desires no more than one
medical and one surgical position.

2) Edinburgh surgeons may specify that they
will employ no more than one female
house officer in any six-month period.

3) In Cardiff (for some of the period under
consideration, but not presently), at most
one of a student’s two positions could be
a teaching-hospital position.?

B0ver the years, the computer code used in Cardiff
has undergone a number of programming and proce-
dural changes designed to cope with increasing num-
bers of positions and with changes in available comput-
ers. The current system goes under the name of PASHA
(Preferential Allocation System for House Appoint-
ments), and during 1973-1982 it went under the name
of CHAMP (Computerized House Appointments
Matching Plan), during which time the consultant-pro-
posing version of the algorithm was implemented. I am
indebted to Dr. Kelvyn Johns for documentation of the
various systems (pers. comm., 6 November 1984 and 23
Junze 1989).

®These descriptions abstract somewhat from the
actual adaptations. In Edinburgh, a surgeon may actu-
ally only specify that he does not wish to employ more
than two female house officers, since his positions for
two consecutive six-month periods are allocated simul-
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Constraints 1 and 2 obviously concern
agents’ preferences (i.e., certain sets are
unacceptable), and constraint 3 can be mod-
eled as part of students’ preferences, since
it has the effect that students will not (be-
cause they cannot) choose two teaching-
hospital positions, either during the formal
match or in any postmatch exploration of
potential instabilities. The Edinburgh adap-
tation of the algorithm to constraints 1 and
2 is straightforward: students may hold up
to two offers at any step in the algorithm
but no more than one medical and one
surgical, and they must reject the rest. In
the Cardiff adaptation to constraints 1 and
3, students could apply at any step of the
algorithm to no more than one medical or
surgical position and to no more than one
teaching-hospital position.?” Subject to these
constraints, students’ and consultants’ offers
and rejections within the algorithms are
otherwise governed by their submitted
rank-orderings of individual positions, as in
the deferred-acceptance algorithm de-
scribed above. (In Edinburgh, students sub-
mit two preference lists, one for surgical
positions and one for medical. In Cardiff,
they submit one preference list containing
both kinds of positions.?

taneously. It then remains to schedule the house offi-
cers so that two female house officers are not assigned
to the same six-month period. Scheduling may present
other difficulties as well, some of which may involve
“higher-order” instabilities, which will be briefly dis-
cussed later. In Cardiff, when constraint 3 was in effect,
if some teaching-hospital positions were left unfilled by
the initial run of the algorithm, these positions were
then “unmarked,” so that a student who already had
one teaching-hospital position became eligible to fill
them.

2T This might involve, for example, a student apply-
ing at the first step of the algorithm to his first-choice
medical position in the teaching hospital and to his
fifth-choice surgical position. If he were subsequently
rejected by the medical position, he might wish to
apply to a surgical position in the teaching hospital,
which might be his second-choice position. The algo-
rithm gave him the opportunity to do so, which in-
volved withdrawing his application from his fifth-choice
surgical position. Thus, unlike the original deferred-
acceptance procedure, applications could be withdrawn
as well as rejected.

B This allows medical and surgical teaching-hospital
positions to be compared, as they must be to imple-
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PROPOSITION 6: Student preferences sat-
isfying constraint 1 and consultant prefer-
ences satisfying constraint 2, but otherwise
responsive to a simple rank-ordering , are sub-
stitutable. Student preferences satisfying con-
straints 1 and 3 and otherwise responsive to a
simple rank-ordering need not be substi-
tutable.

Together with Proposition 3, Proposition
6 (which is proved in the Appendix) estab-
lishes that stable matchings continue to ex-
ist in the Edinburgh market and in the
current Cardiff market. The following
proposition (also proved in the Appendix)
states that the algorithms adapted as de-
scribed for the Edinburgh market and for
the present Cardiff market (without con-
straint 3) in fact produce stable matchings:

PROPOSITION 7: The consultant-propos-
ing deferred-acceptance algorithm adapted to
preferences that obey constraints 1 and 2 but
are otherwise responsive to a simple rank-
ordering produces a stable matching, as does
the student-proposing algorithm adapted to
preferences that obey constraint 1.

There are some complications that have
so far been passed over, the chief of which
involves scheduling the jobs each student
has been assigned into the August and
February starting periods in a way that gives
each consultant the right number of house
officers in each period. Occasionally (al-
though apparently rarely) the necessary
scheduling may be infeasible, as when a
number of individuals require a job at a
particular time, as a consequence of having
arranged their other assignment outside of
the region. These situations are resolved at
the discretion of the PRAMS committee,
typically by editing a job from the prefer-
ence lists of one of the students (Townsend,
1981 p. 42). Of course this may produce an
instability, but it is not one that could be

ment condition 3. Prior to 1973, winter positions in
Cardiff were matched before summer positions, but
since 1973 they have been matched simultaneously.
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predicted in advance, nor can it be acted on
following the match, given the rules by which
jobs are formally assigned. Although stu-
dents are invited to indicate the order in
which they prefer to fill their medical and
surgical positions, these preferences are not
honored if they interfere with a feasible
scheduling, so there may be some instabili-
ties involving exchange of time slots among
groups of students and consultants. I call
these instabilities “higher-order” to indicate
that they involve coalitions larger than a
student and consultant. In the case of
scheduling changes, they involve at least
two students and two consultants. As noted
in Proposition 2, such higher-order instabili-
ties may result from other causes as well,
but such higher-order instabilities are likely
to be of lesser importance, since they are
so difficult to act on. A case in point is
the allocation of married couples, which
poses the same theoretical difficulties in the
United Kingdom as in the United States,
but which seems to have had less practical
consequence. Whereas an American couple
needs to find two jobs in the same location,
in the United Kingdom a couple may need
to find four jobs in two locations (in two
time periods), and the difficulties of identi-
fying a set of such jobs that both the couple
and the relevant consultants prefer to those
allocated by the match are formidable.

The situation in Cardiff was even more
complex during the years in which students
were constrained to hold no more than one
teaching-hospital position. Aside from the
higher-order instabilities just discussed, the
combination of constraint 3 with constraint
1 on the preferences may sometimes have
the consequence that no stable matchings
exist (see Example 4 in the Appendix). In
such circumstances, as well as in certain
others?® the Cardiff scheme would produce
matchings with some instabilities. As near
as I can determine (and I do not know how

The full computer code for Cardiff PASHA (as of
1984, including the code for handling constraint 3) is
more than 2,000 lines long and creates many special
situations, such as those involving filled and unfilled
teaching-hospital positions.
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to make this precise), these instabilities
arose relatively rarely.®® What is certain is
that they could not be predicted in advance,
and so neither the Cardiff system (with or
without constraint 3) nor the Edinburgh sys-
tem allows mutually beneficial “prematch”
agreements of the kind discussed in the
previous section.?!

V. Matching by Linear Programming:
Cambridge and The London
Hospital Medical College

This section considers two closely related
matching schemes which do not produce
stable matchings in terms of the stated pref-
erences but which are still in use. The first
was developed in 1973 at the London Hos-
pital and its Medical College, and the sec-
ond was developed in 1978 at the University
of Cambridge School of Clinical Medicine.
Both schemes involve the linear-program-
ming assignment algorithm.

The London Hospital scheme takes as
input the rank-orderings of students and
consultants.®> Numerical weights are as-
signed to choices. These are summed for
each potential student-consultant pair.

1 have no information suggesting that constraint 3
was discarded because of its potential to produce insta-
bilities; apparently, the facility for automatically ac-
commodating married couples was also eliminated at
around the same time, for reasons of simplicity
(K. Johns, pers. comm., 23 June 1989).

’lNote, however, that in these systems also, students
and consultants may assure themselves of being
matched by ranking one another first. In this connec-
tion, a noteworthy feature of the Cardiff system is that
consultants may make their preference list publicly
available before the students submit their own prefer-
ence lists, and in recent years most of them have
apparently done so (K. Johns, pers. comm., 3 August
1989). Thus, students will often know where they are in
the consultants’ rankings before having to submit their
own,

2The students are all graduates of the London
Hospital Medical College, and the consultants include
all those offering house-officer posts at the London
Hospital, together with a group of affiliated hospitals.
In a recent year there were approximately 40 posts in
London and 70 in regional hospitals. I am indebted to
Dr. F. J. Goodwin, the Postgraduate Sub-Dean at the
London Hospital Medical College for this information
(pers. commun., 31 October, 1984).
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A. R. Shah and S. C. Farrow (1976) report
that for the first five uses of the algorithm
(once in 1973 and twice in 1974 and in 1975)
choices 1, 2, 3, and 4 were given weights of
20, 14, 9, and 5, respectively. Thus (1,1)
matches received a weight of 40, (1,2) and
(2,1) matches each received a weight of 34,
and so forth. The resulting weights for each
potential student—consultant pair form the
basis for the linear-programming assign-
ment problem of matching students to con-
sultants so as to maximize the sum of the
matches. Shah and Farrow report that:

The general procedure is for the com-
puter solution to be submitted to the
sub-committee of the academic board.
On each occasion it has formed a very
satisfactory basis for the final solution,
although several hand adjustments
have been made.* [p. 477]

The Cambridge scheme was first imple-
mented in 1978 for posts beginning in
February and August 1979. (Students, who
normally graduate in December, may apply
for positions beginning in February, in Au-
gust, or for one of each.) Students rank
consultants as A, B, C, or unacceptable.
“Students may make only two A choices for
medicine, and only one of these may be for
a medical job at Addenbrooke’s, the main
teaching hospital. Similarly for surgery. As
many B and C choices as they wish are
allowed” (D. M. Taylor, pers. comm., 5 June
1987). Consultants rank students similarly
(but after learning how the students ranked
them, and without a constraint on the num-
ber of A rankings.) As in the London
scheme, weights are given to each potential
match, but in the Cambridge scheme these
weights are lexicographic in consultants’

33Shah and Farrow (1976 p. 477) also note that, to
adjust the match, the preferences of different individu-
als may be weighted differently. “[IJn July 1974 the
initial solution led to several applicants, who had com-
pleted 6 months, not being allocated a second appoint-
ment. This made it necessary to rerun the programme
with a reduction in weight of newly qualified appli-
cants. This second run achieved the designed outcome.”
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preferences, so consultant—student (A,A)
matches have the highest weight, followed
by (A,B), (A, C), (B,A), and so forth. As in
the London scheme, the matching giving the
highest total weight forms the basis of the
matching of students and consultants. This
matching is also subject to some adjustment
(e.g., students are permitted to have only
one of their two jobs at Addenbrooke’s
Hospital). Example 2 proves the following
proposition:

PROPOSITION 8: Both of these schemes
may produce unstable matchings.>* Further-
more, they may fail to make (1, 1) matches.

Example 2. For simplicity, consider three
consultants, each of whom has only one
position to fill, and three students, each of
whom needs only one position. Their rank
orderings are as follows:

Cii8y, 85, 83 51:Cy, Gy, Cy
Cyi 8, 83, 5, §,:Cy, Cy, Cy
Cs: 54, 50, 8, 5530 C5, C,, C

The unique stable matching is w such that
u(C)=s,, u(C,) =s,, and u(C;) = s,. [This
follows since (C,,s;) and (Cj;,s;) are both
(1,1) matches and so must be included in
any stable matching.] However, the London
Hospital scheme (with weights as given
above) gives u a weight of 98, while the
highest total weight (108) is achieved by the
unstable matching v with »(C,) =s,, v(C,)
=s,, and v(C;)=s;. Similarly the Cam-
bridge scheme [with (A, A) matches worth 8,
(A,B) worth 7, and so on, down to (C,C)
worth 0 for this example] chooses v (which
has a total weight of 20, compared to p with
total weight of 16).

In this example, no individual agent can
improve his outcome by changing his stated
preference.’® More to the point, even when

*That the London scheme may produce unstable
matchings was noted by Townsend (1977).

35Actually, this depends on how unacceptable
matches are weighted. When unacceptable matches are
part of the matching with the highest total weight, they
correspond to unmatched students and positions.
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all pairs of agents but one organize them-
selves into (1, 1) matches (as in the example),
they cannot be sure of being matched (un-
less they both rank all other options as
unacceptable). Thus, private arrangements
are more difficult to make and are less
certain than in any of the other matching
schemes considered here. Nevertheless, the
following parallel to Proposition 5 for prior-
ity matching systems applies as well to these
linear-programming systems; the proof is left
to the reader:

PROPOSITION 9: It is not a dominant
strategy for any agent to submit his true
preferences in these linear-programming
matching systems. Furthermore, there are
multiple equilibria at which all agents submit
only a first choice.

While these systems have some important
differences from the failed priority match-
ing systems [as exemplified by the fact that
(1,1) matches are not assured of forming],
they have enough significant similarities so
that one may wonder how to account for the
longevity of the London Hospital and Cam-
bridge schemes. One hypothesis is that the
environments in which the markets are con-
ducted differ significantly from other envi-
ronments: each of these two schemes is for
the graduates of a single medical school, on
the small end of the range of markets con-
sidered here.*® Thus, there may be social
and other kinds of pressures that make it
difficult to circumvent the formal matching
scheme. In this regard S. C. Farrow (pers.
comm., 23 October 1984) writes:

Candidates are not obliged to accept
allocated posts and have been known
to decline; this is of course frowned
upon by the scheme and they try hard

36They are thus not completely “impersonal” mar-
kets, particularly since the most desirable positions are
in the associated teaching hospital, and the most desir-
able house officers are the top students in the class.
Since total class sizes are around 100, the key players
on both sides of the market have often had the oppor-
tunity to get to know one another in the course of the
students’ medical education.
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to dissuade people from taking such a
course.

Similarly, Goodwin (pers. comm., 31 Oc-
tober 1984) adds:

Virtually all candidates accept the
posts allocated to them. Indeed, we
achieve a match of the candidates’ and
consultants’ first choices in around 70
percent of cases which is obviously
satisfactory to all concerned. The re-
mainder nearly always accept the post
to which they have been allocated. Of
course, we have no legal right to pre-
vent someone from declining a post
after it has been allocated to him but
this would be considered pretty bad
form and the candidates know it.

Thus, in markets of this size and composi-
tion, it may be that participation in the
matching scheme may be somewhat less vol-
untary than in larger markets or markets in
which many of the agents are not so inti-
mately connected with one another.?’

Another hypothesis, in view of the high
reported percentage of (1,1) matches, is that
the agents manage to adapt to the system by
coordinating among themselves before the
formal match or by modifying the rank-
orderings they submit. In such a case, the
outcome of the match might even be stable.
(To test such a hypothesis, it would be nec-
essary to have better information about the
submitted rank-orderings than I presently
have. However, see Susan Mongell and Roth
[1991] for an account of an unstable match-

YB. T. Colvin, the present Postgraduate Medical
Sub-Dean at The London Hospital Medical College,
writes that “Much of the goodwill in the system relies
on the Postgraduate Sub-Dean’s personal knowledge
of the candidates, consultants and posts, and his ability
to impose on both parties the moral obligation to
comply with the allocations...” (pers. comm., 10 Au-
gust 1989). To the extent that agents in this market are
obliged or feel obliged to comply, it would of course be
unsurprising that unstable matchings and matching
procedures can persist: the National Football League
draft and the process by which graduates of the U.S.
Naval Academy obtain their first assignments (see Roth
and Marilda Sotomayor, 1990) are good examples of
such markets.
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ing procedure for which such data were
available; the data gathered for that proce-
dure supported an equilibrium misrepresen-
tation hypothesis of this kind.)

In either case, these matching schemes
and the environment in which they operate
appear to make prematch coordination both
more difficult and less rewarding than do
the priority matching schemes discussed in
Section III.

VI. Interregional Instabilities and the
Current State of Affairs

Students who fail to obtain two positions
in the regional markets can participate in a
secondary market, called the Safety Net,
organized by the Councils for Postgraduate
Medical Education,® which distributes in-
formation on unfilled posts and unplaced
students. Consultants with unfilled positions
may hire senior house officers (instead of
preregistration house officers) after a cer-
tain date. In 1983, about 25 graduates of
U.K. medical schools failed to obtain any
preregistration position, in part because
some consultants apparently hired senior
house officers before the preregistration
market had cleared. The incentives for con-
sultants to do so were apparently height-
ened by the fact that some students would
break arrangements made in this market if
a more desirable position became available
at the last minute (see Henry Yellowlees,
1983; E. D. Acheson, 1984).

In response to these events, a working
group was established to study the current
market, and their 1987 report (Department
of Health and Social Security, 1987) de-
scribes the current state of affairs as fol-
lows:

...matching arrangements are tending
to take place increasingly early in the

3 The Council for Postgraduate Medical Education
in England and Wales has recently been replaced by
the Standing Committee on Postgraduate Medical Ed-
ucation (SCOPME). As of 1 April 1989, the responsi-
bility for the Safety Net has passed to the Department
of Health (no longer DHSS, social security having been
separated from health in mid-1988).
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clinical years. In some cases, students
are matched to posts even before they
have entered the final clinical year... .
The earlier a student is matched to a
post, the greater the chance that for
some reason he or she may decide not
to fulfil the arrangements but to take
some other post instead. Where medi-
cal schools run particularly early
matching schemes it appears that some
Districts not involved in the schemes
then advertise their pre-registration
posts at an even earlier date in order
to try to pre-empt the matching
scheme. This has led to some posts
being advertised as much as 18 months
before their start date. [p. 11]

The report also notes that medical schools
should help in:

...ensuring that their unmatched stu-
dents are made aware that it is unethi-
cal, while holding an offer for one
post, to accept an offer for another
before negotiating release from the
prior bargain... . [p. 11]

What seems to be occurring is that, as the
centralized matching schemes in individual
regions of the National Health Service have
unravelled backward in time and been
abandoned, the situation in most regions
today has come to resemble that of the late
1960’s.>° The instabilities that underlie the
contemporary problems appear to involve
not only instabilities in a given region, but
also instabilities between regions.*’

*In another contemporary report, J. H. Gillard and
T. H. S. Dent (1988 p. 344) note that “Both matching
schemes and free markets with an official start date
were reported to be vulnerable to pre-empting. This
criticism was conveyed most vigorously from Notting-
ham and Southampton [both with “free market” dc
centralized systems], and caused considerable anxiety
Students feared that their colleagues were making pri-
vate arrangements with consultants, while consultants
were keen to avoid missing the more attractive stu-
dents. If a formal match operates later, students might
waste an application if the posts have been covertly
allocated by student and consultant agreeing to place
each other first in their order of preference.”

Instabilities involving positions in other regions
can affect even regions with stable regional matching
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In view of the experience in the regional
markets and in the American market, per-
haps the most promising plan to remedy the
unraveling of appointment dates and the
problems that accompany it would be to
replace the patchwork of regional markets
with a national market organized around a
set of stable procedures (such as those in
use in Edinburgh).*!

VII. The Implications for Other Markets

The environment in which the various
U.K. markets operate differs in important
ways from that of the American market in
size, in the number of jobs sought by each
student, and in the centralization of author-
ity (at least within a given region). Still, the
experience of the various centralized match-
ing schemes considered here allows two very
different hypotheses about matching mar-
kets which might have been formed on the
basis of the evidence of the American mar-
ket to be rejected.

The first of these hypotheses, which might
be called the “pure-transaction-cost hypoth-
esis,” is that, because a centralized match-
ing mechanism reduces the high transaction
costs found in the chaotic decentralized
markets, any centralized procedure would
obtain high rates of participation. The rapid
failure of the priority matching schemes in
the regions where they were tried is clear
evidence against this hypothesis.

The second of these hypotheses, which
might be called the “pure-efficiency hypoth-
esis” (or perhaps the “core hypothesis”) is
that, in order to achieve high rates of partic-
ipation, a scheme must produce matchings
that do not allow coalitions of any size to
profit by defecting from the scheme. The

procedures. Sir James Fraser (pers. comm., 10 July
1987), writing of the Edinburgh PRAMS, notes that
‘... one of the principles behind the Scheme is that a
student is committed to accept the Unit to which he is
allotted. Rarely, this formal agreement is broken, more
commonly by applicants from outside Edinburgh....”

Of course, there may be formidable and perhaps
intractable problems of coordination, having to do with
different schedules and jurisdictions, involved in setting
up such a national market.
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higher-order instabilities that can occur in
the Edinburgh (1969) and Cardiff schemes
(and which Proposition 2 suggests may be
endemic), not to mention the pairwise insta-
bilities that can arise in the linear program-
ming schemes, suggest that this is not the
case either.

A more accurate description seems to lie
somewhere in between. Centralized match-
ing schemes like the priority matching
schemes, which make it ecasy for pairwise
coalitions to defect profitably, experience
widespread defection even when the system
is endowed with enough authority to re-
quire at least pro forma participation. How-
ever, orderly participation in a centralized
matching scheme appears to be much more
likely when the opportunities it presents for
defection are rare and difficult to find or
when they primarily involve large coalitions.

Another observation that may have con-
siderable generality is that markets of this
kind have a propensity to unravel back-
wards in time, with dates of appointment
becoming earlier and earlier. This phe-
nomenon seems to occur in very different
kinds of markets. (Indeed, the membership
drives of American sororities are called
“rush” precisely because they have unrav-
eled in this way [see Mongell and Roth,
1991]. Among the markets presently experi-
encing this sort of unraveling are some of
those for newly graduated lawyers, about
which I hope to have more to say in the
future.) This suggests that the kind of mod-
els considered here may be useful tools with
which to explore a wide variety of entry-level
labor markets and related matching pro-
cesses. Centralized markets have been a
productive place to begin this kind of study,
because they make it relatively straightfor-
ward to determine the “rules of the game”
in the kind of detail demanded by game-
theoretic analysis. However, with the expe-
rience gained from studying such markets, it
should be possible to study decentralized
markets in related ways.*?

427 theoretical question related to the study of
decentralized markets has recently been resolved in a
paper by Roth and John Vande Vate (1990), which
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In closing, a few words are probably in
order about the methodology this paper
shares with the related empirical studies of
matching in Roth (1984a) and Mongell and
Roth (1991). The chief analytical tools (sta-
bility and strategic equilibrium) are a mix
drawn from what has traditionally been
called cooperative and noncooperative game
theory. Their use together here should help
make clear why this is not always a useful
distinction, since these two approaches to
game theory are complements, rather than
substitutes. While the rules of the game
must be identified in great detail in order to
speak about equilibrium, the stability of a
matching may be discussed somewhat inde-
pendently of the specific rules of the mar-
ket. One of the phenomena that emerges
from these studies is that, when the out-
comes are unstable, agents have incentives
to change the rules of the game, as when
they decide to introduce a centralized
matching procedure or to defect from one.
In principle, all such decisions could be
modeled in terms of some larger, all-encom-
passing game, and much of the contempo-
rary theoretical literature in game theory
takes this point of view. However, this will
seldom be an option in modeling complex
real systems, whose rules need to be deter-
mined by observation (and determining rules
by observation will often be subject to un-
certainty, since as has been seen, formal
rules sometimes turn out to be less than
fully binding, while informal unwritten rules
may impose real constraints). If game the-
ory is to play as important a role in empiri-
cal economics as it already plays in eco-
nomic theory, increased attention must be
paid to modeling complex games whose rules
can only be observed imperfectly.

APPENDIX

Proposition 10 below is an impossibility
result that strengthens the conclusions of

shows that a wide class of random processes converge
with probability 1 to a stable matching. Some prelimi-
nary results on strategic behavior in such markets are
contained in Roth and Vande Vate (1991).
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Proposition 4 and shows that no priority
matching scheme always produces stable
matchings. An arbitrary priority matching
scheme is given by a priority function f:
NU{x}xNU{x} > NuU{x}, where N is the
set of positive integers and x indicates that
a match is unacceptable. Thus, if a, is
student j’s rank in consultant i’s ordering
(ie., a;;=k means student j is consultant
i’s kth choice) and bj; is consultant i’s rank
in student j’s ordering, f(aij,x)=f(x,bj,)
=x, and f(a,,b,) €N, where f(a,;b;) is
the priority of the match between i and j.
The matching w, is created by performing
all first-priority matches [ f(a,;, b;) = 1], fol-
lowed by all second-priority matches among
those agents not yet matched, and so forth.
Note that the function f restricted to ac-
ceptable matches must be one-to-one (i.c.,
f: NXN—- N is one-to-one) because, for
example, (1,2) matches cannot have the
same priority as (2,1) matches, since a given
consultant might be part of a (1,2) match
with s, and a (2,1) match with s,. Without
loss of generality (by taking a monotone
transformation of f if necessary), one may
also assume that the function f is onto N
[i.c., that there are values of a;; and b, for
which f(a,,b;) equals 1, 2, etc., with no
gaps]. The impossibility result can now be
stated.

PROPOSITION 10: No priority matching
function f always produces stable matches .

PROOF:

It will be sufficient to prove the proposi-
tion for the symmetric case of one-to-one
matching. First observe that if (1,1) matches
are not first-priority (i.e., if f(1,1)# 1) then
f does not always produce stable matchings.
To see this, suppose (i,j) matches are
first-priority, and suppose j > 1. Let a,, =1
and b, =j, so C, and s, are matched at
the matching u ; but let a,, =1=b,,, 50 C,
and s, are a (1,1) match. Then u, is unsta-
ble with respect to C; and s,, which proves
the first observation.

Next observe that if (i,j)#(1,1) is
second-priority and i>1 then u, may be
unstable, even if (1,1) matches are first-
priority. To see this, let (1,1) matches be
first-priority and let Cy, C,, s, §,, and s; be
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such thata,,=1,a,,=i>1,b,,=2,b,=1,
a,=1,b, =j,and by, =1. Then C, and s,
are matched in the (1,1) phase, and C,, s,
and s, are not (if j #1, let b,, =1). There-
fore, C,; and s, are matched in the ()
phase, and the resulting matching is unsta-
ble with respect to C; and s,, which proves
the second observation.

A symmetric argument shows that unsta-
ble matchings may result unless j=1 also.
However, since (i, j) = (1,1), this completes
the proof of the proposition.

A formal model of matching sufficiently
general for all the cases covered here is the
following. There are two sets of agents, C =
{C,....,C,}) and S={s,...,s,,}, namely con-
sultants and students. Each consultant C
seeks to fill no more than some number g,
of positions, and each student s seeks to
obtain no more than g,=2 positions. A
matching is a function from CUS into the
set of all subsets of CUS such that, for
every C in C and s in S:

1) u(C) is contained in S and wu(s) is con-
tained in C (either set may be empty);

2) |u(C)| < g, for all C in C;

3) lu(s)l<gq,=2forall sinsS;

4) s is in w(C) if and only if C is in u(s).

Each agent A4 has preferences over sets
of agents on the other side of the market
that determine a choice function Ch, as in
Section II. Each agent’s preferences over
matchings are sensitive only to his own part
of the matching, so that if w and v are
matchings such that w(A4)=1v(A4), then
agent A is indifferent between w and v.

An agent A has responsive preferences if
he has a rank-ordering of the individual
agents on the other side of the market such
that, for any subset T of such agents, Ch (T)
is the set of the g, highest-ranked accept-
able individuals in T (or all the acceptable
individuals in T if there are fewer than g ,).
Note that this is a slightly weaker definition
than that given in Section I, since this defi-
nition deals only with the agents’ choice sets
and ignores preferences between subsets T
that would not arise as choices from a com-
mon set. Note also that responsive prefer-
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ences are substitutable, as defined in Sec-
tion II.

The following example proves the second
part of Proposition 2, namely that stable
matchings need not be in the core, nor even
be Pareto optimal, in many-to-many match-
ing with responsive preferences.

Example 3. There are four consultants, each
of whom seeks two house officers, and four
students, each of whom seeks two positions.
The (responsive) preferences of the agents
are given by the following rank-orderings of
acceptable subsets:

Syt {C17 Cz}, {Cl, C3}’ {Cp C4}, {Cz’ C3}a
{C,,CHAC,, CLACHLACH {CH {C)

8yt {Cz, C]}, {Cz, C4}7 {C27 C3}7 {Cl’ C4}’
{C17C3}, {C4’ C3}’ {C2}7 {Cl}a {C4}7 {C3}

S3 {C3, C4}, {C3, Cl}’ {C3’ Cz}’ {C4, C]}’
{C,, C L AC, CLACH{C) {C) {Cy)
Syt {C4, C3}, {C4, Cz}, {C47 C1}7 {C:,’ Cz},
{C5,C 1L G, C L {C) Gy} (CL), (C)
Cy: {54,830, {84, 8,) {sg80), {s3,8,) (55,8},
{s5,8.} {54}, {3}, {2}, {5}

C,: {53734}, {33,51}, {83,52}, {54951}’ {54,52},
{517 sz}’ {53}, {S4}, {51}, {sz}

C3: {Sz,sl}, {S2,S4}, {52,53}, {51954}7 {31733},
{54,535}, {55}, {54}, {54}, {53}

C43 {Sl,Sz}, {51’53}, {51,54}, {52953}, {32,54}a

{53, 54}» {Sl}, {SZ}’ {S3}, {84}.

Each agent’s preferences over individuals
can be read from the last four (singleton)
entries in his preference list P over sets.
The matching p that matches each agent to
his fourth-choice set of agents [emphasized
in boldface in the preferences; i.e., u(s;) =
{C,,C,}, uw(C))={sy,s,), etc] is stable. To
see this, note that for each s,, all improve-
ments on u(s,) involve consultant C,, but C;
is not interested in dealing with s; alone,
since s, is C,’s last-choice individual. How-
ever, u is not in the core and is not Pareto
optimal, since it is dominated by the match-
ing ' that gives each agent his third-choice
set of agents.*?

“In each case, the responsive preferences have
been chosen so that an agent prefers to be matched
with the set consisting of his first- and fourth-choice



VOL. 81 NO. 3

To adapt the example to the requirement
that students must obtain one medical and
one surgical position, suppose C, and C,
offer surgical positions, while C, and C,
offer medical positions. Then, the student
preferences given above can be modified by
simply deleting from the preference lists the
unacceptable sets {C,,C,} and {C,,C,},
which leaves the conclusion of the example
unchanged. Similarly, by deleting the set
{s,,s,} from the preferences of C, (who
might be a urological surgeon from Edin-
burgh), we obtain the kind of substitutable
preferences that result when a gender quota
is invoked.

Proposition 3 (and therefore the first part
of Proposition 2) is proved next.

PROPOSITION 3: In the many-to-many
matching model in which all agents have
substitutable preferences, the set of stable
matchings is nonempty.

The proof will use the following algorithm.

Step 1: Each C makes offers to every s in
the set Q(C,1) = Ch(S).

Step k: (i) Each s rejects any offers re-
ceived so far that are not in the set
Ch(O(s, k — 1)), where O(s,k —1) is the
set of offers s has received in steps
1,...,k—1 and not yet rejected by the
end of step k —1. (ii) Each C who has
received at least one rejection in part (i)
of step k and who now has (nonrejected)
offers outstanding to the students in the
set N(C, k), and has been rejected in steps
1,..., k by the students in the set R(C, k),
makes (or renews) offers to his most pre-
ferred set of students Q(C, k) in the col-
lection of sets {Q € S\R(C, k) such that

individuals rather than his second and third choices.
This is not a consequence of responsiveness; it is easy
to check that reversing this preference would still leave
the preferences responsive.
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Q contains N(C, k)}. (Subtraction of sets
is denoted by \.) That is, C’s outstanding
offers at the end of step k include all
those issued at previous steps and not yet
rejected and none of those that have al-
ready been rejected. (iii) The algorithm
stops at any step kK =T at which no rejec-
tions are issued, and the resulting match-
ing is u such that u(C)=N(C,T) for
each C in C.

The proof, which involves showing that the
matching u resulting from the algorithm is
stable (as defined in Section II) when pref-
erences are substitutable, makes use of the
following lemmas. The first says that the
requirement that consultants keep open all
offers that have not been rejected does not
constrain them: at each step, they issue of-
fers to their choice set from among those
that have not yet rejected them. (The lem-
mas, like the algorithm, are stated as if
preferences are strict so that there is always
a unique choice set. This assumption is for
notational convenience only; if it were re-
laxed, it would be necessary to denote a
choice set, meaning one among the collec-
tion of most-preferred sets, instead of the
choice set as below.)

LEMMA 1: For each step k=1,...,T and
each C in C,

Q(C, k) = Cho(S\R(C, k)).

PROOF:

For k=1, R(C,1)=¢, so Q(C,1)=
Ch(S\R(C,1)). Suppose now, inductively,
that Q(C,j)=Ch(S\R(C,j—1)) for j=
1,...,k —1. Then, if s is in N(C, k), s is in
Q(C, k —1) = Ch(S\R(C, k —1)); but
{S\R(C, k — 1)} contains {S\R(C, k)}, and s
is an element of {S\R(C,k)}, so substi-
tutability implies that s is an element of
Ch(S\R(C, k)) [i.e., that Ch(S\R(C,k))
contains N(C, k)]. Therefore, Q(C, k)=
Ch (S\R(C, k)), which completes the proof
by induction.

The next lemma says that, no matter what
the sequence of offers a student receives, he
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never regrets having rejected earlier offers
when he discovers what the later offers are.

LEMMA 2: For each s in S, if the algorithm
stops at step T,

u(s)y=0(s, T—1)

=Ch,(O(s,T — 1))
=Chs( LTJ O(s,k —1)).
k=2

PROOF:

Suppose that C is an eclement of
Ch (U ,O(s,k —1)), and let k be such that
C is an element of O(s,k —1). Then by
substitutability, C is an element of
Ch(O(s, k —1)). Therefore, s does not re-
ject C at any step of the algorithm, so C
is an element of O(s, T — 1), and
Ch,(U,O(s,k —1)) is a subset of u(s).
However, u(s)= Ch(O(s,T —1)) cannot
be strictly preferred to its subset
Ch,(U,O(s,k —1)), and so when prefer-
ences are strict the two sets must be equal
(and when preferences are not strict the
choice sets can always be selected so that
the two sets are equal).

The proof of Proposition 3 is now simple.

PROOF OF PROPOSITION 3:

The lemmas imply that u(s)= Ch,(u(s))
for all students s, and wu(C)= Ch(u(C))
for all consultants C. Now consider a stu-
dent s and consultant C, not matched to
one another at w, such that s is an element
of Ch(u(C)Us). Lemma 1 implies that,
during the course of the algorithm, C made
an offer to s and was rejected. Then, Lemma
2 implies that Ch (u(s)U C) = u(s). There-
fore, u is stable.

The above proof demonstrates that the
set of stable matchings is nonempty in
many-to-two matching with substitutable
preferences. Proposition 6 states that pref-
erences constrained to obey constraints 1 or
2 described in Section IV are substitutable,
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while those constrained to obey 1 and 3 are
not.

PROOF OF PROPOSITION 6:

First consider an agent A4 with quota g,
(=21if A is a student) whose preferences
are responsive except insofar as they satisfy
either constraint 1 (if A4 is a student) or 2
(in which case A4 must be a consultant sur-
geon). That is, A has a rank-ordering over
the agents in the opposite set, which can be
represented as a set of the form B= B, UB,,
and A finds it unacceptable to be matched
to any subset S of B that contains more than
one member of B, (and, if A4 is a student,
more than one member of B,). Thus, for
any subset T of B, Ch ,(T) is a set consisting
of the g, highest-rank acceptable members
of T (or all of them if there are fewer than
q4), providing that these contain no more
than one member of B, (or B,), and other-
wise it is a set consisting of the highest-
ranked member of B, NT and the g, —1
highest-ranked acceptable members of B; N
T (or all of them if there are fewer than
q4—1). Now it is easy to check that, for any
tinB,orB,and t'#¢ in B, or B,, if t isin
Ch (T) then it is also in Ch (T —t'). This
completes the proof of the proposition for
the case of preferences satisfying con-
straints 1 or 2.

Now consider a student s whose prefer-
ences satisfy constraints 1 and 3 but are
otherwise responsive to a rank-ordering over
individual consultants, and let this rank or-
dering be C,,C,,C5,C,, where C, and Cj4
are teaching-hospital positions in medicine
and surgery, respectively, and where C, and
C, are nonteaching hospital positions in
medicine and surgery, respectively. Then, it
is possible to have Ch({C,C,,C;,C,})=
{C,,C,} but Ch({C,,Cy,C,hH ={C,, Cy},
which does not contain C,, so these prefer-
ences are not substitutable. This completes
the proof of Proposition 6.

PROOF OF PROPOSITION 7:

Recall that each consultant in the de-
ferred-acceptance algorithm as modified at
Edinburgh submits a rank-ordering of indi-
vidual students. Following a rejection in the
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algorithm, a consultant extends an offer to
the highest-ranked (eligible) student who
has not yet received an offer from him,
where only male students may be eligible if
the consultant is a surgeon who has exer-
cised his option to limit the number of
female house officers. Each student has sub-
mitted separate lists of medical and surgical
positions and rejects all but the best offer in
each category.

It is immediate from the above descrip-
tion of the algorithm and from Proposition
6 that this conforms to the version of the
algorithm used here to prove Proposition 3,
if the consultants have responsive prefer-
ences that are lexicographic in their lower-
ranked (more preferred) candidates (e.g., a
consultant C whose rank-ordering is sy, s,,
§3,84,... must prefer {s;,s,} to {s,,s5} in
order for the algorithm to correspond to
that used to prove Proposition 3). Thus, if
the consultants have such preferences, the
matching is stable. However, suppose they
have responsive preferences that are not
lexicographic in this way (e.g., suppose the
above consultant C prefers {s,,s3} to
{sy,s,}). If there were a student s such that
the resulting matching was unstable with
respect to (s,C), then the matching would
be unstable with respect to any preferences
that are responsive to C’s rank-ordering of
individual students. Since this cannot be,
the resulting matching is stable.

The following example shows that the set
of stable matchings may be empty when
student preferences obey both constraints 1
and 3 from Section 1V:

Example 4. Consider a market that includes
four students applying to consultants MT,,
ST,, ST,, SNT, MNT, where M stands for a
medical position, S for a surgical position, T
for a teaching-hospital position and NT for
a nonteaching-hospital position. For sim-
plicity, each consultant seeks only one stu-
dent. Each student seeks one medical and
one surgical position and may not hold more
than one teaching-hospital position. The
preferences over individual students and
positions are given by the following rank
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orderings:
§;: SNT, ST,, MT, MT,: s, s,
s,: MT,, ST, ST 55, 85
s5: ST, SNT ST,: s, 84
s4: ST, SNT: s3, 54, 5,
MNT: sy, s,.

To see that every matching w is unstable in
this example, first suppose that w is stable
and that w(SNT) #s,. Stability implies
w(SNT) = s;, which implies w(ST,)=s,,
which implies w(MT,)=s,, which implies
that u is unstable with respect to (s,,ST,),
a contradiction. Thus, if u 1is stable,
u(SNT) = s,. However, this implies u(ST,)
= 55, which implies u(MT,) = s,, which im-
plies that w is unstable with respect to
(s,,MT,), which is the contradiction needed
to prove that no matching is stable.
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