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A NEUMANN PROBLEM WITH CRITICAL EXPONENT
IN NONCONVEX DOMAINS AND LIN-NI’'S CONJECTURE

LIPING WANG, JUNCHENG WEI, AND SHUSEN YAN

ABSTRACT. We consider the following nonlinear Neumann problem:

N+2
—Au+pu=uN-2, u>0 in €,
{ % =0 on 09,
where @ C RV is a smooth and bounded domain, pz > 0 and n denotes the
outward unit normal vector of 9Q. Lin and Ni (1986) conjectured that for
w small, all solutions are constants. We show that this conjecture is false
for all dimensions in some (partially symmetric) nonconvex domains . Fur-
thermore, we prove that for any fixed p, there are infinitely many positive
solutions, whose energy can be made arbitrarily large. This seems to be a new
phenomenon for elliptic problems in bounded domains.

1. INTRODUCTION

In this paper, we consider the nonlinear elliptic Neumann problem

_ ol = i
(1.1) { Au+pu—u?=0, u>0 in Q,

g—z =0 on 01,
where 1 < ¢ < +00, it > 0,n denotes the outward unit normal vector of 02, and 2
is a smooth and bounded domain in RY, N > 3.

Equation () arises in many branches of applied science. For example, it can be
viewed as a steady-state equation for the shadow system of the Gierer-Meinhardt
system in biology pattern formation [24], [43], or for parabolic equations in chemo-
taxis, e.g. the Keller-Segel model [38].

When ¢ is subcritical, i.e. ¢ < %, Lin, Ni and Takagi [38] proved that the only
solution, for small p, is the constant one, whereas nonconstant solutions appear for
large p [38] which blow up, as p goes to infinity, at one or several points. The least
energy solution blows up at a boundary point which maximizes the mean curvature
of the boundary [45], [46]. Higher energy solutions exist which blow up at one or
several points, located on the boundary [15], [27], [34], [55], [31], in the interior of
the domain [8], [14], or some of them on the boundary and others in the interior [29].
(A good review can be found in [43].) In the critical case, for large i, nonconstant
solutions exist [I], [54]. As in the subcritical case the least energy solution blows
up, as u goes to infinity, at a unique point which maximizes the mean curvature of
the boundary [3], [42]. Higher energy solutions have also been exhibited, blowing

up at one [2], [55], [48], [26] or several separated boundary points [4], [37], [56],
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[57], [62]. For the study of interior blowups, we refer to [17], [20], [49], [53] and [63].
Some a priori estimates for those solutions are given in [26], [32].
As we mentioned above, in the case of small u, Lin, Ni and Takagi proved in the

subcritical case that problem (LI admits only the trivial solution (i.e. u = ,uﬁ)
Based on this, Lin and Ni [37] asked:

Lin-Ni’s conjecture. For u small and q = %, problem (1)) admits only the
constant solution.

The above conjecture was studied by Adimurthi-Yadava [4], [5] and Budd-Knapp-
Peletier [I1] in the case @ = Br(0) and w radial. Namely, they considered the
following problem:

u is radial, 2—“ =0 on 0Bg(0).

n

(1.2) { Au—,uu—l—u%zo in Bgr(0), u>0 in Bg(0),

The following results were proved:

Theorem A ([, [B], [6], [IT]). For u sufficiently small,
(1) if N =3 or N > 7, problem ([LL2) admits only the constant solution;
(2) if N =4,5 or 6, problem ([L2) admits a nonconstant solution.

Theorem A reveals that Lin-Ni’s conjecture depends very sensitively on the di-
mension N. A natural question is: what about general dimensions? The proofs of
Theorem A use radial symmetry to reduce the problem to an ODE boundary value
problem. Consequently, they do not carry over to general domains. In the general
three-dimensional domain case, M. Zhu [66] and Wei-Xu [65] proved:

Theorem B ([60], [65]). The conjecture is true if N = 3 (¢ =5) and § is convez.

In the case of N = 5,¢q = %, Rey and Wei [52] proved that for any smooth
bounded domain €2, problem (II)) admits a solution, which blows up at K interior
points for any K € N* if g > 0 is small. Therefore, (LLI)) has an arbitrary number
of solutions as p — 0. Thus Lin-Ni’s conjecture is false in dimension five.

When N > 7, Druet, Robert and Wei [19] proved the following result:

Theorem C. Suppose that N > 7 and H(z) # 0 for all x € 00). Assume that
there exists C' > 0 such that

(1.3) / u¥z < C.
Q
Then for u small, u = constant.

The purpose of this paper is to give a negative answer to Lin-Ni’s conjecture in
all dimensions for some nonconvexr domain 2. More precisely, we assume that (2 is
a smooth and bounded domain € satisfying the following conditions:

Lety = (y,y") € RZx RN=2 r = |¢/|. Then

(Hl) Y€ Q ZfCLTLd O’I’Lly Zf (ylay%y?n"'v_yiv"',yN) € Qv Vi :33"'7N'
(H3) (rcosf,rsinf,y”)eQ if (r,0,y") €, V0e(0,2n).
(H3) Let T:=00N{ys =---=yn =0}. There exists a connected component

T of T such that H(x) =~ <0, Vax €T, where H(x) is the mean curvature
of 0 at x € 0N.
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Note that by the assumption (Hz), I' is a circle in the plane y3 = --- = yny = 0.
Thus, we may assume that I' = {y? + y3 =72, y3 = --- = yy = 0}, where 1o > 0

S k()

is a constant. Note also that for x € v, H(z) = -

principal curvatures and ki (z) = ro.

For instance, the domains in Figure 1 satisfy (H;), (Hz) and (Hs). Note that
can be simply connected.

, where k;(x) are the

FIGURE 1

Another example is the annulus: Q = {a < |z] < b} with 0 < a < b < +00.
For normalization reasons, we consider throughout the paper the equation

(1.4) —Au—i—,uu—aNu%:O, u>0 in Q,
’ %:0 on 0f),

where ay = N(IN—2). The solutions are identical up to the multiplicative constant
N-—-2

(an)™ 77
Our main result in this paper can be stated as follows:

Theorem 1.1. Suppose that N > 3 and ) is a smooth and bounded domain satis-
fying (Hy), (Hz) and (Hs). Let p be any fized positive number. Then problem (L4
has infinitely many positive solutions, whose energy can be made arbitrarily large.

We can make ry = 1 by a suitable change of variables, where rq is the radius of
the circle in (Hs).

The constant p in ([4) is fixed. We obtain infinitely many positive solutions.
This is a new phenomenon. For subcritical problems, by a compactness result of
Gidas-Spruck [21], the energy of positive solutions remains uniformly bounded. So
this kind of phenomenon can only happen for critical exponent problems. On the
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other hand, the existence of infinitely many sign-changing radial solutions for an-
other critical exponent problem with Dirichlet boundary condition has been studied
by Cerami-Solimini-Struwe [I3] for N > 7.

A similar phenomenon occurs in the prescribed scalar curvature problem [64].
It is interesting to compare the results in this paper and [64] with recent work of
S. Brendle on the noncompactness of the Yamabe problem. Consider the Yamabe
problem on SV, which can be reduced to the following problem in R¥:

4(N -1
%Agu—Rgu—f—cu%tg =0 in RV,

where A, is the Laplace operator with respect to g, R4 denotes the scalar curvature

(1.5)

of g, and the constant c¢ is the scalar curvature of the new metric -2 g.- R.
Schoen conjectured that all solutions to (A are compact. This conjecture is
proved to be true in dimensions less than 24. See [I8], [33], [35], [36] and [39]. In
[10], S. Brendle constructed a metric ¢ in dimension N > 52, with the following
properties: (i) g;; = d;; for |z| > 1; (ii) g is not conformally flat. Then, for this
metric, there exists a sequence of positive smooth solutions u,, to (I3 such that
SUP|4<1 un(x) — 400, and wu, develops exactly one singularity. This disproves
Schoen’s conjecture in dimensions N > 52. On the one hand, both problems (5]
and (L4)) have no parameters but possess infinitely many positive solutions. The
proofs are similar: a kind of variational reduction method (we call it localized energy
method) is used. On the other hand, the solutions constructed by Brendle have a
single bubble near the origin, and the energy of the solutions remains uniformly
bounded. Here we obtain solutions with arbitrarily many bubbles, and the energy
of the solutions can be arbitrarily large.

We believe that the symmetric condition in Theorem [I[1] is technical. A more
general result, as follows, should be true.

Conjecture. Assume that mingepq H(z) < 0 and that the set {x € 00 | H(x) =
mingean H(x)} is a smooth l-dimensional submanifold on 09, with 1 <1 < N —1.
Then there are infinitely many positive solutions to (LAI).

Recently, we were able to prove that there are convex domains, such that problem
([C2) has infinitely many solutions if N > 4. Thus, the Lin-Ni conjecture is false
even in a convex domain if N > 4. By the result of [66} [65], the condition N > 4 is
necessary. The energy of these solutions is unbounded as 1 — 0, which is consistent
with the result in [19].

2. OUTLINE OF PROOFS

We outline the main idea in the proof of Theorem [T
It is well known that the functions

A
Uxaly) = (m

are the only solutions to the problem

N-—-2

2
) ,A>0, aeRY

N2 .
—Au = ayuv-2, v>0, in RV,

Let us fix a positive integer
k > kOv

where kg is a large positive integer which is to be determined later.
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Integral estimates (see Appendix A) suggest making the additional a priori as-
sumption that A behaves as the following:

A= Llpv=s it N>4

=1 >4,
1 —D3 g klnk .

A= xe D27 if N =3,

where § < A < %,D27D3 are some positive constants in Proposition [A4] § is a
small positive constant which is to be determined later, and Sy is the quantity in
Proposition [A 4] satisfying 8, — 1 as k — +o0.

Fix a € T' C 992. We introduce a boundary deformation which strengthens the
boundary near a. After rotation and translation of the coordinate system, we may
assume that a = 0 and that the inward normal to I' at a is the positive x -axis.
Denote 2’ = (z1,...,7n-1) and B(a,§) = {x € RY : |z — a| < §'}. Then, we can
find a constant ¢’ > 0 such that I' N B(a,d’) can be represented by the graph of a

N—1
smooth function p,(2') = £ 3 kiz? 4+ O(|2’[?), and
i=1

(2.1) QN B(a,d)={(z',zn) € B(a,d) : xn > pa(z’)}.

Here k;,7 = 1,..., N—1 are the principal curvatures at a. Furthermore, the average
of the principal curvatures of I at a is the mean curvature H(a) = Zf\gl ki =
~ because of (Hs). To avoid clumsy notation we drop the index a in p.

On I' N B(a, ¢'), the outward normal vector n(z) is

n(7) = ———(V'p, -1).

VI VT

Let 2* = 22 Using the transformation u(y) — e~ o u(Y), we find that (LZ)
becomes
—Au+pe?u=ayu? " Hu>0 in Q.
(2.2) ou
on — 0 on 695,
where
= it N >4
g = N-—-3 1
2.3 D =
(23) {s—eﬁ?ﬁ’“klnk if N =3

and Q. = {y | ey € Q}.
Define

H, = {u:uEHl(Qg),uis even in y,,h=2,..., N,

2 2mg
u(rcos@,rsinb,y") = u(rcos(f + %)77“5111(94- %)’y/l)vj =1,...,k—1},

and
1 2(7—1 1 2(7—1
T = (gcos ( : )ﬂ-, gsin ( : )
where 0 is the zero vector in RV—2.
We define W ., to be the unique solution of

-~ 2, _ 2% —1 .
(2.4) { Au + petu O‘NU%,% in Q.

g—z =0 on O0f)..
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Let

k
(y) = Z WA,:@ .
j=1

Theorem [[.T]is a direct consequence of the following result:

Theorem 2.1. Suppose that N > 3 and Q is a smooth and bounded domain sat-
isfying (H1), (H2) and (Hs). Then there is an integer ko > 0, such that for any
integer k > ko, Z2) has a solution uy of the form

up = W(y) + w,
where wy, € Hy, and as k — 400, ||wg|pe — 0.

We will use the techniques in the singularly perturbed elliptic problems to prove
Theorem 2.1l In all the singularly perturbed problems, some small parameters are
present either in the operator or in the nonlinearity or in the boundary condition.
Here there is no parameter. Instead, we use k, the number of the bubbles of the
solutions, as the parameter in the construction of bubble solutions for (L4). This
idea is motivated by the recent paper [64], where infinitely many solutions to a
prescribed scalar curvature problem were constructed. The difference is that now
the location of the bubbles is fixed.

The main difficulty in constructing a solution with k& bubbles is that we need to
obtain a better control of the error terms. Since the number of the bubbles is large,
it is very difficult to carry out the reduction procedure by using the standard norm.
Noting that the maximum norm will not be affected by the number of the bubbles,
we will carry out the reduction procedure in a space with weighted maximum norm.
A similar weighted maximum norm has been used in [41], [50]-[52], [64]. But the
estimates in the reduction procedure in this paper are much more complicated than
those in [41], [50]-[52], because the number of the bubbles is large.

3. FINITE-DIMENSIONAL REDUCTION

In this section, we perform a finite-dimensional reduction.
Let

k -1
(3.1) Jull =sup(3_ - L) )]

v Mo (L ly =)=

and

k
(3.2) 1l = sgp(z

Ntz
im ( +\y—$gl) 2t

where we choose

N -3
For this choice of 7, we have
3.4 <C, ifN >4
4 Z o <
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Let

. LOUL,
OWaw Zi = —AY; + 2uY; = (28 — 1)U 2 —A7

Yi= =5 i Yo T OA

‘We consider

k
—Adp + pe®pr — N(N +2)W? 29 =h+c1 Y, Z; inQ.,
i=1
% =0 on 0,

¢k 6 H87
k

for some number ¢1, where (u,v) = [, uv.

Let us remark that in general we should also include the translational derivatives
of W on the right hand side of ([B.3]). However due to the symmetry assumption
¢ € Hy, this part of the kernel automatically disappears. This is the main reason
for imposing the symmetries.

We recall the following result, whose proof is given in [52].

Lemma 3.1. Let [ satisfy || f|l«+« < o0 and let u be the solution of

—Au+pfu=f in Q. 8—u:O on 0.
on

Then we have

w <o [ WL,

Q. |z — y| N2
Next, we need the following lemma to carry out the reduction.

Lemma 3.2. Assume that ¢y, solves BB for h = hg. If ||hg||«x goes to zero as k
goes to infinity, so does ||dk||x.

Proof. We argue by contradiction. Suppose that there are k — 400, h = hy,
Ay € [6,671], and ¢, solving ([B.5) for h = hy, A = Ay, with ||hs|+« — 0, and
lokll« = ¢ > 0. We may assume that ||¢x|l« = 1. For simplicity, we drop the
subscript k.

According to Lemma [3.I] we have

1 .
|¢<y>|sc/ W W2 2|p(2)] dz

+c/

Using Lemma [B.4] there is a strictly positive number @ such that

1 2% -2
‘/Q R (2) dz
k

k
<C .
= clel Z 1+|y—flj )= s T 1+|y—wg|)¥”)

Jj=1 le

(3.6)
|N S (|h(= |+\clzz

(3.7)
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It follows from Lemma [B.3] that

1
—— —h(z dz‘
‘/Qg )

< C||h **/ dz
(38) H || |N 2 Z 1 + |Z _ x]|) ;2+7—
i 1
< |- _
; (14 ly — )=

and

k
1
’/Q 7|Z_y‘N_2ZZi(z)dz
1
3.9 <
(3.9) CZ/N |z—y|N 24z — a2 &

<CZ

Next, we estimate ¢;. Multiplying B35 by Y7 and integrating, we see that ¢;
satisfies

1+|y—m> s

k
(3.10) <Z Zi,Yi)er = (=A¢ + pep — N(N +2)W? 726, Y1) — (b, Y7).

It follows from Lemma [B.2] that

k

(1+ |z—xj|) ST

< C|Afx-
On the other hand,

(=Ap + pe?p — N(N +2)W? 24, Y1)
(3.11) = (=AY) + pe®Ys — N(N +2)W? 72y, ¢)
= N(N + 2)<U2 DOAUL , — WY, 6).

sLj

By Lemma [B1]
lo(y)] < Cl1B].-
On the other hand, it follows from Lemma [A.]] that

Ce|lne| < Ce?|Ine]
Ty =2 ¥2 = ([ [y = o)V

lone (y)] < (

; < __Cc
since € < =71
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We consider the cases N > 6 first. Note that ﬁ < 1 for N > 6. Using
Lemmas [B22] [A.1] and [A22] we obtain

‘(UQ —QaAUl = W2*2Y1,¢>‘

k
1

=2

+1éll / (UF 2 1onon ] + |Y1|\m,xj|2*-2)

_131

(3.12)

< Clol- Z o = |1+C, +o()[[olle = o(D)[[ 4]

For N = 3,4,5, we have 2 > 1. By Lemmas [B.1] [B:2] [A1] and [A22
(3.13)
(w300 )

k k
- r
<o [ v umelre [ (S u.)me
c j=2 j=2

+ [ (U2 H0nonal + U enn L+ o a0l

k

<
Ml [, G 2 T

J=

k
wof (X U4a) T Wil + oD
-

1 . = 1
< O U N 2
1] / A+ |z o @-20- 5) = %,xj ;(1+|y_xi|)¥+r
+o(1)[|#]|-
Let

Q= {y=y)e: (Zr L) =cos 7).

If y € 4, then

QMR‘
Q

1 1
Ty = (1+ |y —ay|)N-2-7-0 ]; |z; — 21| 7+0

1
(14 ly =z )N 27770

= o(1)

and

k
Z N-—2 S C N—2 °*

=1 1+|y—$z\) = (M4 ly—a]) 2
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So, we obtain

k k
1 Es 1 3
/Ql G ey (2 Vhe) .Z< ey, — o)

If y € Q, 1 > 2, then

=2
and
k 1 o
> - —
o (Lt y—xi]) 2 (I+|y—a]) =
As a result,
k
1 4 1
Ul . N—2 —
/Ql (1+\Z—x1|)(N*2)(1*ﬂ)(j; A J) ;(1+|y_$i|)¥+_’_
1 1
<C
ol (1 + |Z - x1|)(N—2)(1—5) (1 + |y - xl‘)4__’
S 18-2 4T )
|z — 1] 2 “~nozf

where 6 > 0 is a fixed small constant.
Note that for > 0 small, M — 4—1 — 6 > 7. Thus

N
k
1
Us,)
/ (L |e =2 JV=20- Z o 1+|y—xl|> T
k 1
< 0(1)"_02 Ntz __dr g :0(1)'

=2 [T —m | 2 T2

So, we have proved

(U7 2000, = W 202.8) = o0

But there is a constant ¢ > 0 such that
k

(> Zivi)=c+o(1).
i=1
Thus we obtain that
= o([l[l) + O[~lx)-
So,

u 1
Z 2 746

j=1 (A+ly—=;]) =
: )

(3.14) 91l < (o(1) + Nheles +

1
=

=1 (+ly—z;)) 2

Since ||¢||« = 1, we obtain from (B.I4) that there is R > 0 such that

(3.15) 16 Br(ai) = co >0,

+r
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for some i. But ¢(y) = ¢(y — x;) converges uniformly in any compact set of RY to
a solution u of
(3.16) Au+ N(N +2)U3 Pu=0

A

for some A € [§,67!], and u is perpendicular to the kernel of ([B.I6). So, u = 0.
This is a contradiction to ([B.IH]). O

From Lemma [3.2] using the same argument as in the proof of Proposition 4.1 in
[41] and Proposition 3.1 in [52], we can prove the following result:

Proposition 3.3. There exists kg > 0 and a constant C > 0, independent of k,
such that for all k > ko and all h € L*>(Q), problem B3) has a unique solution
¢ = Li(h). Besides,

(3.17) [Lk(P)[l« < Cllalles, — lex] < Cllhlls-
Moreover, the map Ly (h) is C1 with respect to A.

Now, we consider

—A(W +0) +p2(W+¢) = an (W +¢)> "+ fjlzi in Q,
(3.18) o = on 1,
¢ € H,
<§:1 Z;, ¢) = 0.
We have

Proposition 3.4. There is an integer kg > 0, such that for each k > kg, § < A <
d~Y, where 6 is a fized small constant, BIR)) has a unique solution ¢, satisfying

]l < Cexte,

where o > 0 is a fized small constant. Moreover, A — ¢(A) is C*.

Rewrite (B.I8) as

k
—A¢+pep — N(N+2)W? 26 =N(¢) + 1 +c1 > Z; inQ,
i=1
@ =
(3.19) o, =0 on 0f).,
(b E HSa
k
<;ZU¢> = 07
where i
and

k
_ 21 2" —1
zk—aN(W Z;Umj).
J:

In order to use the contraction mapping theorem to prove that [B.I9]) is uniquely
solvable in the set where ||@||. is small, we need to estimate N(¢) and .
In the following, we always assume that ||¢|. < e|lne]|.
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Lemma 3.5. We have
IN ()|l < Cllg|IE 12,

Proof. We have

NGy < JC1P V=6
- (WN*2¢2 +]¢[* 1), N =3,4,5.
First, we consider N > 6. We have
k 2% -1
IN(8)] < Cllo? < _ )
; 1+Iy—%\)¥”
(3.20) k k 4
N-—-2
< ClloF ( )
Tk O e

where we use the inequality

1

1 k 1
Za]b <<Z )(ij) %+é:1,aj,bjzo,j:1,...,k.
j=1

Jj=1
By Lemmam and [B3.3), we find

k 1 k C
— < C+ — < C.
;(1+|y—$j|)f jz::z|x1—xj|7
Thus,
k
IN(¢)| < Clgl|Z
Z 1+ |y — = |)

For N = 4,5, similarly to the case N > 6, we have

(3.21)
IN(@)
SN 2
1 N—-2
§C||¢|3< ) ( - )
§1+|y ;| )(N=2)(1=5 ; 1—|—|y—:17]\) ot
k
+C ¢ 2% —1 .
1612 Z T _M)N; -
k 1 2% —1 k 1
s0||¢|z( ) T oflelz ! -
2y ) e
k
< ol S
D e

Now, we discuss the case N = 3. Without loss of generality, we assume y € )y,
where

R o 2 N=2 . Yy Ly ™
yeQ={y=(©y") e R*xRY?: (7, =L} >cos - }.
ANEHN k
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Then for any small a > 5 > 0,

k 1 C

1
<
(Lt ly =27~ (L4 ly—a])'

< z + :
- le—xla B 1+|y—xJ ) (1+y—azq|)t

- (+ly - x1|)1*

Mw

j=

D3
since ¢ = e D7 PRk Ink,

Similarly,

k
) S ©

= Lwy—%n2 S tly—ai)ie

Thus
|Nw»swﬁ@+y_iwﬂﬁa+wmu+wf;)gm
C
< ||¢Hzm, y ey
since a > f can be made as small as desired, and
)1 < Cene® < ﬁ

Thus .
IN(@)]ax < Cllg|[F™E 2.

Next, we estimate [.
Lemma 3.6. We have
1
[Tk ]lex < Ce279,

where o > 0 is a fized small constant.

Proof. Recall

’oo 2 N-2 y/ Lj m
Qj:{y:(y,y)ER x R <\y\ z |>ZCOSE}.
By the symmetry, we can assume that y € ;. Then,
ly—=zil 2 ly—z], Vyeh.
Thus, for y € Qq,

(3.22)

1 k 1

(14 Jy — 21 [)20=H ; (I+ [y —a; HN=20-5)

k 1 2+ —1 k
+C<Z (1—|—|y—xj|)(N*2)(1 ﬁ) Z 1+‘y ) |SOA$J|

=2 j=1

x| < C
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Let us estimate the first term of ([322)). Using Lemma [B:2] we obtain

1 1
L+ ]y = 2 )*00 (14 Jy — ;)N =2)0=5)

1 1 1
<c( + )
B2 =T 0y = e T (g =) T oy — a0

= + N+ 2 I .] .
(1+‘y—x]|)N22 T |:Ej _:E]‘ 22 T (N )/6

Since M — 7 > 1, we find that for 8 > 0 small,

k

1 Z 1
oy O DT gy, V20

1 N+2_ 1
<C - (k:s) 2 (NT28 _ oozt

(L+ |y — ) (L4 Jy— )4

Now, we estimate the second term of (BZZI)

Suppose that N > 5. Then =2 — N—+27' > 1. Using Lemma [B.2] again, we find
for y € Qq,
1 < 1 1
(L [y = 2 DV = (14 |y — )"0 (Lt Jy — y]) "7 )
C 1 1
< N-3 _N-3_ " (N_2)8 ( N-2 N-2_ + N—2+N—2T>
oy R (Tl — ) TR (tly —ag]) T
1
S N 20 N— 2 N-—-2 N—-2
|2; — z1] 2 NRTIN=R8 (1 Jy — gy )T AT
N_QfN_Q-rf(N72)B 1

S C(k{-:) 2 N+2

N—2  N-2_0
+

(L4 ly— )2
which gives for y € ()4,

k 1 2% -1
(& a =)

=2

=Ce¢ .
1+ ]y —a1) 2+ L+]y —z]) 274"

< C(ke) M -r—(N+2)8 1 Lo 1

Q
=

If N =4, by the same computation we get

k k C 1
Zl+|y—l‘\2“" g 37

i=2 oy — 217570 (1 4 [y — g |) 157

Ckel—57-28 Cez—5728
< i = T AS Q.
(T+]y =z )57 (L fy—a])'Hs7

Hence

(o
(1+ [y —a4])20-H (T4 |y — a3+

j=2 =1
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For N = 3, noting € = eDzv’B’“klnk by a similar computation we can get that for
ye Ql;
= (I+ly—z;)=F = 1+ |y Nk =l - 2127?71+ |y —a])?
and thus
(zk: 1 )5 < CE%JrU
Sltly—al/ T (+ly—m))?
Finally, we estimate the last term of ([B.22). From Lemma [A1l we can check
that
i 1 L 1
. lpn, | <Y .
j;(lﬂy—xjw g ;aw_zjwfw
Combining all the above estimates, we obtain the result. O

Now, we are ready to prove Proposition 3.4
Proof of Proposition [3.4] Let us recall that
e— kNS, N >4 e—ema R N 3
Let
Ex={u:ue ), |ul. < ez, / Zz¢—o}

E7,1

if N >4, and

Ba={usue C@) . <t [ S~z — o},

511

Then, B19) is equivalent to
¢ = A(¢) =: L(N(9)) + L(lx)-

Now we prove that A is a contraction map from Ey to Ey. Using Lemma [3.5]
we have

461l < CIN(@)llas + Clliklles < CISIE™ 752+ O]
(3.25) < Cer™n =12 4 Ol v
< Cet 4 O|ll| o

Thus, by Lemma 3.6l we find that A maps Ex to Ey.

Next, we show that A is a contraction map:

[A(¢1) — A(@2)ll« = [[LIN (1)) = LN (2))[l+ < CIN(¢1) = N(¢2) [ ss-
If N > 6, then
IN'(8)] < CJe* 2.

As a result, we have

IN(¢1) — N(¢2)] < C(161* 72+ [$2* ~2)|d1 — 2

k

2-2) 161 = gall. (3 L)
jf

2% -2
= (L+ly—a) =

< C(ll¢x
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As in the proof of Lemma [35] we have
k

2*71 k
(2 ) S Py

=1 1+‘y—l‘]

1+[y— %I)W”'
So,
|A(¢1) — A(¢2)|l« < C|IN(¢1) — N(¢2)]|sx

N « 1
< CO(loullZ 2+ l1d2llF ~2)lIg1 — d2ll« < §||¢1 — ¢2l|«-

Thus, A is a contraction map if N > 6.
If N =3,4,5, then

IN'()] < C(W5=2 ] + 9] 7).
Hence, similar to the proof of Lemma [3.5] we have
IN(¢1) — N(o2)|
< C(WR (|6n] + [g2l) + 017 72 + 62> 72) |61 — 6]

oo [ 1 2
C * * - *” N-2 N-—2
= (||¢1|| + ||¢2|| )”9251 ¢2|| (E_: (1 + |y _ x]|) - +‘r>
60122 + [ o] 2 (Ek: )2* !
Y+ - * N-2
(|¢1 |¢2 |¢l ¢2H = 1+|y—$g\)T+T

C(llgall + lId2ll«) lor — @2« Z

L+ |y —ay]) 7+

So,
|A(p1) — A(@2)[l« < CIN(p1) — N(P2)| 4+

1
< C(loall +ll2ll) 1o = d2lls < 5 lldr — d2ll.

Thus, we have proved that A is a contraction map.
It follows from the contraction mapping theorem that there is a unique ¢ € Ex
such that

¢ =A%)
Moreover, it follows from ([B25) that
o]l < =2+ 4 Clliy |
So, the estimate for ||¢|« follows from Lemma 36 O

4. PROOF OF THEOREM 1]
Let
F(A)=1(W +¢),
where ¢ is the function obtained in Proposition 3.4l and let
1 N —2)? .
rw) =5 [ (pup 4 petty - B2 [
2 Jo. 2 Q.

Using the symmetry, we can check that if A is a critical point of F(A), then
W + ¢ is a solution of ([F)).
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Proposition 4.1. For N > 4, we have
F(A) = k(Ag — A1yAe — AoAV 2 + 0(e)),
where the constant A; > 0,1 = 0,1,2 are positive constants, which are given in

Proposition [A3]
For N =3, we have

1
F(A) = k-(Dl — DyyeAln e DseAkInk + O(e)),

where the constants D;,i = 1,2,3 are strictly positive numbers, which are given in
Proposition [A4l

Proof. There is t € (0,1) such that

)2*72

|Dg|? +e’pug® — N(N +2)(W + t¢ ¢?)

ZI(W)—N(N+2)/Q ((W+t¢)2*72—W2*72)¢2+ N(¢)o

Q.

= 1W) = N +2) [ (74 00)" w26 o[ NG

Q. Qe
/|Nwmw
Q.

< C|N( Mwm/)gj

N_2 .
Qe j—1 1+|y_517]‘) 2 o Aty =)=

Using Lemma [B.2] we find that if N > 4,

(1—|—|y—x] =R

1 1
T Oy i

N-—2
j=1 ﬁég Tty —a) 2 7 (A4 y —m)) =7

1+|y—fc1\) T

I\Mw
> =

k

IA

Il
<. <. <.
— — —

1 1
(1+|y—x\N+27 z:: 1+|y—x\N+Tz;\xi—x1|%T

1

<
(1+ ]y —z|)N+s7

Q
1M

Thus, we obtain that for N > 4,

LINWNMSCWNwWMWMSCMMﬁSCmH?
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Now we consider the case N = 3. In this case, 7 = 0. Let n > 0 be a small
constant. Then it follows that

=1
Y by 1
2y = o) 2 (Ut g —a)E (L + g — i)
k 1 k 1
< + Ce"k
2 ATy o) )N swu e

Thus,

| @8] < Cln L + )Nl

QE

1
< C(kln -+ E)|¢]2 < Cke'te.
Thus, we obtain

FA)=IW) - N(N+2)/ ((W+t¢)2*_2 B Wg*_2)¢2 +0(s110).
Q

e

72, N > 6;

vt e [0
Wewe) =W _{O(Wﬁww*ﬂ N=345

Thus, we have

|-V + 2)/Q (W +10)" " - w2 -2)¢?|

k

<clol | (%5 L)

1 (L y — )
if N >6. If N=3,4,5, noting that N —2 > % + 7, we obtain

‘—N(N+2)/Q ((W+t¢)2**2—w2**2)¢2‘
6-—N * . k 1 2"
scAEWN2|¢3+cAE|¢|2 <ol [ (3 =)

. Vo L+ ly — a5)
Suppose that N > 4. Let 77 > 0 be small. Using Lemma [B.2] if y € Q1, then

1
N_2
i (Ut ly—=)) =+

M=

y 1
: M0 N—2
; 1+|y—x1|> ST Ly — )T
k
1 3 1
¢ = < Ce™ S
(1+\y—x1| R z:; j =@ (14 |y —ay]) = +27
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As a result,

k *
1 )2 s 1

( 5 SC& ! w1 yEQl.

;(1+|y—xj|)N22 (1+‘y—x1|)N+2 1y

Thus
/ (i ! )2* Che2'7
= < Cke = .

0 N (Lt Jy — ) 5

So, we have proved that for N > 4,

’—N(N+ 2)/Q (W +10)" 7" - WQ**2>¢>2‘

€

< Ck€72*f]||¢“inin(3,2*) < Ck€1+g-
For N = 3, we have

‘_1545((W+t¢)4_w4)¢2‘<C”¢”3/ @k: 1+|y—a:])5‘)6

J:1

=

k

k 6 1

SCE ¢2/ — ) <CK'In=||8|2 < Cke'te.
j:1|| | ﬂj((lﬂy—fﬂjl) ) €|| I

So, we have proved

F(A) =I(W)+ O(ke't7).

O
Proof of Theorem 211 We just need to prove that F'(A) has a critical point.
For N > 4 , since v < 0, the function
—Al’yA — AQAN_2
1
A N-—-3
has a maximum point at Ay = (A;(TWQ) . Thus, F(A) attains its maximum

in the interior of [6,67!] if 6 > 0 is small. As a result, F/(A) has a critical point in
[6,671].
Suppose N = 3. Then

_ 1
F(A) := =DyyeAln e D3eABrkInk + O(EA)

= 5(—D27A 1n% + O(A)).

Since

—DyyA ln% +O(A) - —oc0, as A — +o0

and
1
—DyyAln A +O(A) > A, asA— +0,

we see that F'(A) has a maximum point in (§,671), if § > 0 is small. As a result,
F(A) has a critical point in [6,571]. O
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APPENDIX A. ENERGY EXPANSION

In all of the appendices, we always assume that

1 2G-Dr 1. 2G—1
g2 —Dm 12— D)m

xj:(g - , Zsin ? 0), j=1,...,k,

where 0 is the zero vector in RV 2 and

— D
e=k N5, ifN>4, e=eDan Mk gp N3

In this section, we will estimate the energy of W. Recall that
1

rw) =5 [ (DuP + el = 5 [
2 Ja. 2% Ja.
(%) N;?
Ui, (y) = —
P (U ly -
and
k
W(y) =Y W, (),
j=1
where Wy ., is the solution of (2.4).
Let
(A1) Paa; () =Us o (Y) = Waa, (y)-
Then, @y ., satisfies
—Appw; +petpre, = petUs 4 (y)  in Qe
(A2) atpA‘zj 9 aQ
s = %U%% on 0f).

We need to estimate pp .. Write o z; = @1 + p2, where ¢ is the solution of

— Ay + pepr = pe*Us . in £,
(A3 { o1+ petpr = peUs , (y)

OpA a;

=0 on 99,

and 9 is the solution of

(A.4) {—sz + petpa =0 inQ,
‘ dp2 _ D
% = %U%wj on 898
Using Lemma [31] we find that
U, (2)
<C 2 A% d
|901(y)‘ s e ‘/QE |y—Z|N72 z
1
< 052/ dz
(A.5) . (L+ |z —a; )N 2y — 2|V 2
ce? .
W’ N =55
<4 Ce? ln%, N = 4;
Ce, N =3.
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N—2

Next, we estimate 9. Let A = Jt, &; = ex;, and @2(y) =e~ 2 ¢2(ly). Then

(A.6)

_ASZZ + M@Q =0 in Qa
LR on 0f).

Let G(z,y) be the Green function of —A + pf in £ with the Neumann boundary
condition. We have

~ AUy z.(2)
= G Z, 77Jd2:
P2(y) - (2 y)—5
= G(z,y) —=——=dz + G(z,y)——=—>dz
(A7) /ant(;(;zﬂ (=) on ONB; (Z5) =) on

Uy ;. _2
:/ G(z,y)g—](z)dzﬂLO(é‘N"’ )
BQHB%(@-) n

Ify ¢ B5(Z;), then |G(z,y)| < C for all z € B;(&;), which, together with (A7),

gives
(A.8)
¢z(y)=0(5N52/ ~;N72+5N52) =0(°7), yé Bs(@)).
9QNB (%) |z — &

Thus, it remains to estimate ¢2(y) for y € Bs(Z;).
Let K(|z —y|) and H(z,y) be the singular part and the regular part of G(z,y),
respectively. For y € Bs(Z;), we have

H(z,y) = —K(]z—g])(1+ 0(d)),

where 7 is the reflection point of y with respect to 992, and d = d(y, 9). It is easy
to see that
d(y,00) < Cly — z;| if y € Bs(&;).
Noting that

N-—2

OUxz,(2) (N -2)A Nz —Zj,n)
on (1+/\2|z—§:j|2)% ’
we find
OUy 3.
/ Glzy)— 5 ) g,
20NB ; (&) on
(A.9) 2

~ 1 N—-2e Y z—z;n
2—52@/ Glezy)! )1 < zjﬂ>
A2 JoQ.nB 5 (a;) (1+ 3zl —z4)?)2
2e

If N > 4, noting that

d < Cly— ;| = Cele™ 'y — ],
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we can check (see also [51]) that

(A.10)
Uy ;.
/ Glz,y)— 2= ,2) g,
o0NB  (3;) on
N (A€)7N2—4 / 1 1 N -2 Ziizl k:lzf
RN—1 |Z _ 571?//\*951' |N72 ‘Z . s*lifzj ‘N_Q 2 (1 + |Z|2)%
- 1
+ (A;;)-%o((dﬂ)/ ——
RN-1 |Z _ N J |N—2
1 1
b dz)
2 — M|N—2) A+ D2 %
A

N4 ety —x; €
= (Ae)” 2 ((‘OO(T)+O((1+|g*1y—xj|)N*4))’

where Z is the reflection point of z with respect to zy = 0, and g solves the
following linear problem:

—Agpy =0 in RY ={(2/,zn),zn > 0},

dpo _ _N-2 30" ki RN
(A.11) on > ey on ORY,

wo(z) =0 as |z| = +o0.
So, we obtain from (A7), (A8) and (AI0) that

2

N—2 _ 4— N y — X; ) N—2
A12 =g ey) =eA 2 1)+ 0 +e€ .
( ) @2(y) 902( y) 4100( A ) ((1_’_|y_xj‘)]\],4 )

Combining (AZ5) and (A12)), we obtain

2 m
4—N y—l‘] g |1n€‘ N—2
A13 o () = eA T po(=2y 4 0 . N >4,
( ) Pre;(y) =¢ vo( A )+ ((1+|y_$j|)N74+E )

withm=1for N=4,m =0 for N > 5.
Now we study the case N = 3. In this case, (AI0) becomes

(A.14)
OUy 7,
/ Gz y) =5 Gy,
aQnB%(fcj) n
:—(Ag)%( 1 L 1+ 00y — 75D 1Y kiz ©s
2 _ e ly—my e ly—u; 2 (1 + |Z|2)%
R2NB 5 (0) |z il |z — 4=

+ O(e] lna|)).
So, we obtain
(A.15)
Pa(y) = 2 s (ey)

1 1+€0(|y—$j|))lzz?=1 kiz}

1
:—aAE/ — LA dz + O(?|Inel).
w08 (0) |2 — 57 - ] C2(14 ()3
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Denote y* = y—ij and d* = %\y*|, for some large L > 0. Then

2 2
1 1 1> 5 kizs
/ 4 _ )_Zz:l Z’L dZ
B

2+ (0) Iz—yl lz—y*]72 (1 +|22)2

C
< */ dz<C’
d Bd*(0)| 2|

1 1 152 k22
/ ( Lo ke g
Bee(w) 12—V |z =72 (1 +]2)2)2

Suppose that z € Bzi (0) \ (Ba=(0) U Bg=(y*)). Then,

and

1 |y*|
_ 1+0
1= ot
and
1 |y
o)
But

1

_ _ C
uwuwm/ S <
B 5 (O\(Bax (0)UBg= (y)) (14 2])? 1+d

So, we find that

/ L 1Oy LS kit
B g (0\(Bas (0)UB+ (y°)) 12 — Ul lz=y* | T2(1+]22)2

_/ 1+e0(|y* |)Z kz
Bs O\BsOuBee) 1L (1 EgE

—dz + 0(1)

1 1 1
=Ayln — + O(1 +¢]y*|In —) = AyIn — + O(1),
ely*| ely*| ely*|

4603

where A > 0 is a constant. Here we have used ¢|y*| < C. Thus, we have proved

that

1 1
(A.16) Orz; (Y) = p2(y) + O(e) = —eA2 AyIn =]
E-px— =

Combining (AT3) and (A.I€), we obtain

Lemma A.1. We have

2 m
a- y— e*|Ine|
: +0
Py ((1 +ly —a; PN

withm =1 for N =4,m =0 for N > 5, where pq is the solution of (AT,

Ore; (y) =

1
ra,(9) = p2(y) + 0() = —eA* Ayl ——— +0(e), N =3,
ET

for some constant A > 0.
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As a direct consequence of Lemma [A 1] we have

Lemma A.2. There is a constant C > 0 such that

Ce|lne| N > 4:
A7 Onpne,| < Ofly=e;DFmer 7=
( ) 198 2n.z,| {CEIHE N =3.

Moreover, for any fixed small 8 > 0, there is a constant C' > 0, depending on 3,
such that

Wi, | <C' i_f,7 |OAW 2, | < C7
A7

Proof. Differentiating (A2]) with respect to A, we can repeat the same estimates
as in Lemma [A] to obtain (AI7).

On the other hand, noting that ¢ < ﬁ, the other two estimates follow
J
from Lemma [AT] O

The following estimate is well known, whose calculations are quite standard (see

[510):
(A18) OéN/ Ui*,w = AQ - Al’}/Ag + O( 1+a)
Q i

€

where Ag and A; are some positive constants, and ¢ > 0 is a small constant.
Using Lemma [AT] we find that

aN/ U2 _190/\% ——aN/ U2 _15A 2AyIln ——
Q QE

ATi Iy %\
A

+ O(¢)
(A.19)
=- Ag’YAFJlH ot O(e), N =3,

for some A3 > 0. As a result,
(A.20)

| (pwWas i,
Q.
. . - 1
= aN/ U2 — aN/ U2 ;'_1@[\7%, = Ap+ AsyAeln— + O(e), N =3,
Q. M~ Q. N c

and

1 o 2% 2%—2
(A21) = 2—*041\] /QE U%ij — OCN/Q U SOA L +O(/Q U%Jj @A,wj)

- - 1
= ;Ao —I—Ag'yAslng +0(e), N=3.

Similarly, we can prove by using Lemma [A 1] that

7I]

(A.22) aN/ U one, = —AgyAe + O(e'1), N >4,
Q.
for some Az > 0,

(A.23) / (|IDWaq, >+ s%Wg,zj) = Ay + (A3 — A))yAe + O(e'7), N >4,
Qs
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and

1 . 1. 1.
(A.24) 2—*041\;/ Wi, = 2—*A0 + (A3 — 2—*A1)7A5 +0(7), N>4.
Q.

The readers can refer to [51] for details for the cases N > 4.
Next, we discuss the interaction between bubbles.
Define A = ﬁ and Z; = exj, j =1,...,k. Then, we have for i # j,

N-2
(A.25) aN/ Uiy, = BiA +O( ! )
(s

Fowi N gy — g [N2 |y — z;[N-2F0

where By > 0 is a constant, and o > 0 is a fixed small constant.
On the other hand, using Lemma [A.T]

(A.26)
. 1
OéN/ U% _llsﬁlx,,:O(alnf):O(;l>, N:3,Z7é]
Q. MNT A |z — Z;] |Z; — %4>

As a result,

/ (DWa o DWi s, + W, Wi,

Qe
(A.27) = ay /Q Uy 2 Uga, — o /Q UL 2 ¥4,
BlA 1 6%
_ " 0( ) N=3
|z — 4 lzi — x|t | —%‘%
For N > 4, using
C
we also have
2% —1 _ € C
(A.28) aN/Q Ui o Phe, = O(m» N >4, i# 7,
and
[ (DWaes DWas, + W W)

Q.

(A.29) T BA +o( 1 N . ) N
e — V2 |z — ;[N oy — gy N3 T

We are now ready to compute the energy I(W).

Proposition A.3. For N > 4, we have
(W)= k(AO — AjAye — ApAN e 4 0(5)) ,

where A;, 1 = 0,1,2, is some positive constant, and = is the mean curvature of 0f)
along T.
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Proof. By using the symmetry, (A23) and (A29), we have

(A.30)
1

= [ (IDW]? + pe*w?)
2 Ja.

k
1
= ’f(—/ (IDWa o, P +0* W3 ,.,) +Z/ (DWA,IIDWA,W+u52WA,m1WA@j))
2 Qs Q

j=27%
1/ - - _
= k§ (AO + (A3 — Al)’}/AE + 0(6)
k
BlAN72 5 1
o .
+Z(\$1 — ;N2 + (\531 — ;N3 + N _xj|N72+a'))
Jj=2
Let . _
Q= yz(y',y”)EQE: —,—j > Ccos — .
- T Jet) =)
We have

OéN/ WQ*:(J&N]G/ WQ*
2 Ja. 2* Jo,
OAN]{J * _
R < Who, +2 /Q A%lWMﬁLO/ WifoWA% ))
=2 =2

It is easy to check that
1

1 * 1
N w3 = 2—*011\;/ W/%m +0(eNEN In =)
o Q. €

_ _ 1 -
= 2—*140 + (45 — 2_*A1)’YA€ +O0(e')
and

. ByAN—2 1

21 1

aN Wi, Waa, = |27 — 2|V -2 +O( - )
o i~ xj

Thus, we obtain

k N-2
an - R BiA
W2 = k(5o Ao + (As = 5o A)yA
2% Ja. 2* o+ (43 2% 1)V €+Z:2|$z_xj|N2
(A.31) = .
140 142 2% -2 2
+0(7 + (<) /Q v (;U% 2))
Here, we have used
Wi, | < ClnelUs ,
which can be obtained directly from Lemma [A 1l
Note that for y € Oy, |y — ;| > £|x; — 21|. Thus
k k
1 1
S <0y
= i—2 (1+|y—$1|) S Ea
k
1
(1 + |y i=2 1'1
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As a result,

ko B AN-2 .
(A.33) (W) = k(AO ~ AyAe — Z P O(e +0)),
where Ag and A; are some positive constants.
Since
2(7—1
|z; — 1] = 2|x1\sin¥, j=2,...,k,
we have
k 1
; ;= xl‘N_Q 2|371 )N -2 Z (sin =17 1 N-2
E . .
e L2 o s+ @m i ks even;
- 4] A
W Zj2:2 m if k is old.
But G
Jj—1)m
/ S k 1" . ﬁ
0<c < = = j=2. 050

So, there is a constant B4 > 0 such that

Z < | — :mlN 5 = Baleh)™ ™ +O(5N72k)'

N-—2
Using € = £k~ ¥=3, we obtain

I(W) = k(Ag — A1yAe — Ao AN 2 + 0(e)),

where Ay, A; and Ay are some positive constants. O

For the case N = 3, we have

Proposition A.4. For N = 3, we have
1
(W) = k:(D1 — DyyelIn = — DosAfiknk + 0(5)),
where D;, i = 1,2,3, is some positive constant, and B — 1 as k — +oo.

Proof. Similar to the proof of Proposition [A.3] we find

I(W)zk(Dl DQ’yEAln Z . _xl‘ (5)),
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where D;, Dy and D are some positive constants. Noting that lz; — z1] =

% sin w, and
"1
> = =(co+o(1)Ink,
=2’
we obtain
k —
DA
Y ———— = DseABikInk,
= |zj — =1
J=
where B — 1 as k — oo. Thus, the result follows. O

APPENDIX B. BASIC ESTIMATES

First, we prove that W < C, where C' > 0 is a constant, independent of k. We
have a more general result.

Lemma B.1. For any a > 0,

k 1 - 1

LT -a) SC(”ém—wW)’
where C' > 0 is a constant, independent of k.
Proof. Define

Q={y=(.y") eR> xRV 2: <\y\ > cos%}.
Without loss of generality, we assume y € ;. Then,
ly—z;l =2y —x], Vye.

If |y — 21| < |2y — 2], then

ly 50 > Iy — 1]~y — 1] > 3l 51
But if [y — 21| > 1|21 — x;], then

ly — ;] = |y — 21| 2 %\371 —zl, Vye.
Thus,

|y—xj|2%|x1—xj\, VyeQ, j=2,...,k.

Hence,

Mpr

_333)

1
< C(1+JZ_:27371 _$j|a>.

k
< C+
1+|y—:z:J ; (1+1y

j=1
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For each fixed ¢ and j, ¢ # j, consider the following function:
1 1
’ (L+y =) (1+ |y —ai])8
where o > 1 and 8 > 1 are two constants. The following two lemmas can be found
in Appendix B in [64].

Lemma B.2. For any constant 0 < ¢ < min(w, 8), there is a constant C > 0,
such that

C 1 1
9ij(y) < ( — + - )
B N T e R ) e

Lemma B.3. For any constant 0 < 0 < N — 2, there is a constant C' > 0, such
that

1 1 C
foe T S T
Let us recall that
e=k NS if N>4, c=epnlFE g N3
Lemma B.4. Suppose that 7 = N—:g Then there is a small @ > 0 such that
1

/ ;WN4—2 (Z)
ry |y — 2|V 2 (1+ ]2 — \)¥+f

<cz 1 oy

(L+ |y —a5) "= Terra iz (

dz

o
-
i

(I+ly - Ia|)¥+77
where o(1) — 0 as k — +o0.

Proof. First, we consider N > 6. Then ﬁ < 1. Thus

k
1
W~w ) <
_g (1+ |z — x;])4=5)”

where 8 > 0 can be chosen as any small fixed constant. So, we obtain

1 4 1
———=W7r-2(z) dz
N= Nz,
/RN |y—Z| 2 j=1 (1+|Z_mj‘) 7t

1
< dz
Z/N|y—Z|N 2(1+|Z—£L‘|) 15)+N;2+7_

1 1
i — dz.
ZZ/N TEFLE ey (Lt |z —ay) 5

J=11i#j

By Lemma [B.3 if > 0 is so small that Y2 47 + 6 < N — 2, then

/ 1 1 d
z
ry [y = 2N 72 (14 |z — ) 00-B)+ 524

</ 1 1 ©y < C
=~ — VAR —
Ry 1Y — 2N 72 (14 |z — gy )2t A A+ ly— ;)=
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On the other hand, it follows from Lemmas [B.2] and [B.3] that for i # j,

/ 1 1 1 &z
mv [y — 2N (L4 2 = @) (14 |z — )Tt

<o L e )
< — zZ
|2 — 252 Jon [y — 2N 2N 4 |z—ay])2H 2 (14 |z =)

< ¢ ( 1 4 ! )

Tl wP PN y - )T (-

Noting that

1
)2-48 1216 _
D s <O Zl 7 < Ok = o(1),
ji ;
we obtain

§ > 1 1

/ N-2 (1-8) ~—— dz
J= 1175] N |y_Z‘ 1+ |z — ;)X A+ |z =)= 7

Z

1+\y—x]|) e

Suppose now that N = 5. Recall that ¢ = k~2 and
Yy oz T
Q; = yz(y',y”)eQE: —, =) > COS — .
1= W ) 2 F
For z € Qy, we have |z — x| > |z — 21|. Using Lemma [B.2] we obtain
b 1 - 1 u 1
s (L4 12— P00 7 (14 |2 — 2 |)3 otz —x;])3738

Jj=

c
S 173ﬁ 2 S 173[-}
1+ [z —mi))3 JZZQ o —ailf (Il —ai])]

since

Thus,

ol

c C c

4
wie) < ( + )<
= e T a T %) S Ui
As a result, for z € Qy, using Lemma [B.2] again, we find that for # > 0 small,

4
§ E
1+Iz—%l) a

1

C
_|_
(1+\Z—fﬂ )**= +T”z:bca—ﬂﬁlg

RN R R
C
T (l+4]z— x1|)2+%+7+6'

—6—48
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So, we obtain

1 . 1
—F=Ws3(z —dz
/Ql —iE Y —

S/ : 3 < 3 dz < ¢ 3 ,
T e T e T P

which gives

1 P 1
R e iat)s 7
<Z( ¢

L+ [y — ) 3740

Suppose that N = 4. In this case, ¢ = k~2. We have that for z € Q,

k 1 k
<
2 W= a D <1+\z—w1 DE- ”;m—ma
Cezk C
< 3 < 3
(Lt le=z])27 7 (L4 ]z —aa])27
and thus,
k
C 1
<
; 1+\Z—x DT~ (1+\Z—x1|)3*4ﬁZ(H\Z—Ijl)”f
C C
_|_
> (1+‘z—$1|)4+7_45 (1—|—|Z—$ | 2+1+7‘+;745 Z |£L'1 —LL']|2

C
T+ — x1|)2+1+r+%f4ﬁ’

which gives

k
1 1
— = W2 d
/QE ly— 22 (z);ﬂﬂz—xmm :
S
e o PVl

N
—
N
~
M-

dz
—p" O L Gy
o
= 1 + |y —x; | +1+T—4ﬂ
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For N =3,z € Qq, since k"A™% = o(1) for any n > 0 and o > 0 as k — 400, we
have for a > 3 > 0,

k
Z 1 < 1
— (At lz—z)'=7 — (4 [z —m))'”

and

k
1 C
4(3)2 1r = 24+ 1 4742-5a’
(It [z—a;))2™™ = (L4 |z —ay)ratri=me

which gives

k
dz
‘A @—Z| Z;1+k—xﬂ)+
k

k
Eho i
C
SZ (14 |y — x_|)%+7——5a+2'
i=1 ?

y—Z| j=1 1+|Z_‘/EJ|)
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