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Introduction

Sommerfeld integrals [1] appearing in the Green’s function for layered media pose
significant challenges in computation of the tail part of the integrand when the
observer and source locations have large lateral separations with the observer close
to the interface(s) [2]-[5]. Analytical [3],[4] and novel numerical [5] methods have
been utilized to circumvent such problems, and is the subject of this paper. The
purpose of this investigation is to obtain improved analytical forms for closed-form
evaluation of the Sommerfeld integral tail that are more general compared to [3],[4].

The limitation of the results presented here are that only the Gzx component of a
HED located at the interface of air-dielectric are included. The results are, however,
significant because electrically thick substrates are considered in this paper. The
poles of the integrand for such cases are investigated following the algorithm in [6].
Following the detailed studies in [7] for antennas layered media, the results here
are related to the z-component of far and near fields due to a HED located at the
interface for observation point moving from inside the substrate to outside (air).

In what follows, the algorithm for real-axis integration of Sommerfeld integral is
presented. The main results for behavior of the integrand with and without pole
singularities are included.

Problem Formulation and Analyis

The z-component of the electric field for a x-oriented HED, shown in Fig. 1, of
current moment magnitude px is Em

z =−jη0k0Gm
zxpx. For observation point in air

and substrate, m = 0, 1, respectively. The Green’s function

Gm
zx =

j cos φ

2πk2
0

+∞∫
0

ξ2J1(ρξ)Fm
zx(ξ)dξ. (1)

contains the Sommerfeld integral whose evaluation along the �e(ξ) axis is the prin-
cipal subject of this paper. In (1) the integrand

Fm
zx(ξ) = exp(−jκ0|z|)κ1 sin(κ1d)

DTM(ξ)
, when point P is in air m = 0 in Fig. 1,

=
−εr1κ0

DTM(ξ)
cos[κ1(d − |z|)], when point P is inside substrate m = 1 in Fig. 1;
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Figure 1: A x̂ oriented Hertzian electric dipole (HED) radiating on the air-dielectric
interface of a single-layer media terminated by a PEC ground plane.

DTM = εr1κ0 cos(κ1d) + κ1 sin(κ1d). (2)

In (2) the z-directed propagation wavenumbers

κm =
{√

k2
m − ξ2, when km ≥ ξ,

−j
√

ξ2 − k2
m, when km ≤ ξ.

(3)

In (3), km =
√

εmμm. Real axis integration involves determination of a “breakpoint”,
ξA, such that one can derive the following sequence of steps:

Gm
zx = C0

+∞∫
0

ξ2J1(ρξ)Fm
zx(ξ)dξ

≈ C0

{ ξA∫
0

ξ2J1(ρξ)Fm
zx(ξ)dξ +

+∞∫
ξA

ξ2J1(ρξ)Fm∞
zx (ξ ≥ ξA)dξ

}

≈ C0

{ ξA∫
0

ξ2J1(ρξ)[Fm
zx(ξ) −Fm∞

zx (ξ ≥ ξA)]dξ + ρz
e−jkmr

r5
(3 + 3jkmr − (kmr)2)

}
.

(4)

The tail part of the Sommerfeld integral ξA ≤ ξ ≤ ∞, defined by the second integral
of the second line in (4), can thus be evaluated in closed form. To date, the best
result for the closed form evaluation of the Sommerfeld tail is given [4, Eq. (A4)],
since that result does not approximate the Bessel function by its trigonometric forms
as in [3]. The details of the derivation, and the algorithm for locating the poles ξp,
defined by DTM(ξ = ξp)=0 can be found [8].

Results and Discussion

The results of this section reflect the “smoothness” of the integrand in (4) when
the effects of the poles are subtracted out. The assumption here is that the poles
are of the first order and lie on the proper Riemann sheet. The residues at these



poles are calculated and then utilized to form a smooth integrand as in (4). The
details are available in [2]. The poles, for a single layer substrate, lie in the strip
k0 ≤ ξ ≤ �e(k1), where k1 = k0

√
εr1. Here μ1 = μ0. The results refer to ρ =

10λ,|εr1| = 9.8,tan δ = 0,d = λ,φ = 0◦. Figs. 2 and 3 show the smooth behavior

Figure 2: Here z = −λ
2 and the observation point is inside (m = 1) the substrate.

of the integrand in the when the effects of the pole singularities are subtracted
out. This observation facilitates the direct numerical integration for Gzx in (4).
(Additional results from [7] and [8] will be presented at the time of the conference.)

Summary

A new, closed-form analytical result for evaluating the Sommerfeld integral tail for
single-layer PEC-backed substrates is included. The numerical results demonstrate
the smoothness of the integrand when pole singularities are subtracted out, and
hence facilitate the application of real-axis numerical integration.
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