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A new approach to design interval observers for linear
systems

Filippo Cacace, Alfredo Germani, Costanzo Manes

Abstract—Interval observers are dynamic systems that provide upper
and lower bounds of the true state trajectories of systems. In this
work we introduce a technique to design interval observers for linear
systems affected by state and measurement disturbances, based on the
Internal Positive Representations (IPRs) of systems, that exploits the
order preserving property of positive systems. The method can be applied
to both continuous and discrete time systems.

Index Terms—Uncertain systems; Linear system observers; Positive
systems.

I. INTRODUCTION

The properties of positive linear systems have been a subject of
study in system theory for long time [11], [14]. Some of these
properties, for example that the trajectories of positive systems are
ordered with respect to the initial conditions and the forcing input,
can be exploited in the problem of state estimation.

This paper proposes a framework for the state observation problem
of linear systems in presence of bounded input/output uncertainties
which is based on the use of positive systems to design interval
observers, that is, a system of observers that provides a confident
region that contains the trajectory of the observed system [13], [16],
[17], [18]. A key tool to apply the positive properties to general (i.e.
non necessarily positive) systems is the internally positive realization
(IPR) [4], [5], [6], [12].

Some recent works on interval observers based on positive systems
is reported in [2], [3], [20], where positive observed systems are
considered. The case of stable linear systems is considered in [16],
where the authors propose an approach based on a time-varying
change of coordinates that transforms an autonomous system into a
positive one. This approach is used to design a Luenberger observer
with a positive error dynamics, on which an interval observer can be
built. This idea has subsequently been extended to complex intervals
in [7], and, using a time invariant change of coordinates, to a class of
nonlinear systems in [18], to linear time-invariant and time-varying
discrete-time systems in [8],[9], and to continuous-time time-varying
systems in [10].

Essentially, the idea behind these approaches is to design a stable
observer by means of an appropriate gain and then to find a coordinate
change such that the resulting error dynamics is positive. In this paper
we propose to reverse the approach: a positive observer of the system
is initially built, and the observer gain is subsequently chosen so as to
have a stable error dynamics. We show that this is always possible for
observable systems. The design technique is very simple and uniform,
it does not require a time-varying change of coordinates and it is
straightforward to extend it to the case of discrete-time systems. The
resulting interval observer has size 4n.

In Section II, we recall some notions about positive systems,
interval observers and positive representations. Section III introduces
interval observers based on positive representations for systems
with input/output disturbances. Section IV provides an example, and
Section V concludes the paper.
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II. BACKGROUND AND PRELIMINARIES

Let R} and C4 (R_, C_) denote the set of nonnegative (nonpos-
itive resp.) reals and the set of complex numbers with nonnegative
(nonpositive resp.) real parts. (z) and (z) respectively denote the
real and imaginary part of a complex z. o(A) denotes the spectrum of
a square matrix A. A is a Hurwitz matrix if (o (A4)) C (R-\{0})
and is a Schur matrix if o (A) is inside the unit disk in C. Throughout
this paper the inequalities and the min and max operators on vectors
and matrices must be understood component-wise. M > 0 denotes a
nonnegative matrix and |M| the matrix where each entry is |m;;]|.

A. Positive systems and positive representations
Consider a continuous-time linear time invariant system X,
z(t) = Axz(t) + Bu(t)
y(t) = Cx(t)
z(0) = xo,

2[,: (])

with z(t) € R", u(t) € RP, y(t) € RY, and therefore A € R™"*",
B e R™*P, C e RT*™.

Definition 1. The system (1) is said to be internally positive if, for
any given nonnegative initial condition xo € Ry and input function
u(t) >0, it is such that, ¥t > 0, x(t) € RY} and y(t) € R%L.

The positivity of system (1) is easy to check using well known
results (see [14], [11]).

Definition 2. A matrix M is said to be Metzler if all its off-diagonal
elements are nonnegative.

Theorem 1. ([14], p. 196.) The system (1) is internally positive if
and only if A is Metzler, B > 0 and C > 0.

Of course, (1) is asymptotically stable if and only if A is also a
Hurwitz matrix. Other stability conditions for a positive system are
proved in [1]. Positive systems have the notable property that they
are ordered with respect to initial conditions and forcing inputs. The
following result is well known in the literature.

Theorem 2. Consider a system X1, (1) where A is Metzler and B >
0. Let z1(t) denote the state trajectory corresponding to the initial
state xo1 and input wy(t). Similarly, let x2(t) denote the trajectory
corresponding to xo2 and usz(t). If To1 < zo2 and ui(t) < ua(t),
then 131(t) < 132(t), Vvt > 0.

Given a matrix (or vector) M, the symbols M * and M~ denote
its positive and negative parts, defined as

M™T =max(M,0), M~ = max(—M,0). )

Then, M* >0, M~ >0and M = MT—M~, |M|=M*+M".
I,, denotes the identity matrix in R™. The following matrices will also
be used: A, = [, — L], I, = I, In]T. Note that A, T, = 0.
The following definitions were originally introduced in [6], [12].

Definition 3. A positive representation of a vector x € R" is a
positive vector X € R3™ such that * = A,X. The min-positive
representation of a vector x € R™ is the positive vector 7(z) € R3"
defined as w(x) = [(z)" (z7)"]". The min-positive representation
of a matrix M € R™*™ is the positive matrix M € R3™**" defined

as M e
M = [ M M+} )
Note that #* and z ™~ are orthogonal, and therefore ||z = ||z (z)]|.

Moreover z = Apm(z) and AnMj MA,, for any x € R"
and M € R™*". From these A,Mn(z) = Mz, Vz € R",
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M € R™ "™ For any given v € R, the vector 7r(a:) +
a positive representation of € R”, in that x = Ay (m(x)
(recall that A, I, = 0).

Given a square matrix M € R™*™ we define its Metzler represen-
R2n><2n

I
+ I,v)

tation [M) € as
_ d}W_i_(M_d]\/f)-!— (M_d]\/])_
R e Y S R

where d™ denotes the matrix having the same diagonal as M and 0
elsewhere. It is easy to check that [M] is Metzler and that it enjoys
the same property as the positive representation, A, [M] = MA,,
thus A, [M]n(z) = Mz.

Note that the min-positive representation of vectors does not
preserve the inequalities, in that 1 < x2 does not imply that
m(x1) < w(x2). Let, for a given a € R™,

dalz) = [‘”“7}, ©)

o=
where a™

Lemma 3. The function ¢, () defined in (5) is such that A, ¢o(x) =
x, Vo € R", and for any three vectors a, x, b in R" such that
a<z<bitfollows 0 < ¢ala) < ga(z) < ¢a(d),

[¢a(@) = ¢ala)ll = [z —all, [[¢a(b) = da(x)|| = [[b—z|. (6)

Remark 1. Note that if a < x, then ¢ () is a positive representation
of z, i.e. pa(z) € R3™ and x = Anda(x). Moreover;, ¢o(a) = 7(a)
(min-positive representation).

= max(—a,0) as in (2). It is easy to prove the following.

~_ This can be extended to matrices of the same size by defining
pa(M) as

A
M+ A™

~ M+ A~
daw) = (M1 9
If A~ < M, &A(M ) is nonnegative. Moreover, if A, X = z then
Anda(M)X = Mz.

Lemma 4. ¢ A(M) defined in (7) is such that for any three matrices
Ay, M, Az in RX™ such that Ay < M < As it follows 0 <
P4, (A1) < ¢a, (M) < ¢a, (Az).

Vectors inequality on positive representations may be preserved
through coordinate changes. Given a nonsingular matrix 7' € R™*"
and a vector @ in R™, and defining U = T7', let us define the
function Y1 q : R" — R2™:

~ Ut U] [z+a”
Yr.a(z) = Uga(z) = [U_ U+] [“’ o ] ®)
Lemma 5. The function ¥r,q(x) defined in (8) is such that
AnT ro(z) =z, Vo eR, )

and, for any three vectors a, x, b in R"™ such that a < x < b we
have 0 S wT,a(a) S wT,a(x) S wT,a(b)-

Internally Positive Representations (IPRs) of systems have been
defined and investigated in [6], [12] for discrete-time systems, and
in [4], [5] for continuous-time systems. An IPR of system ¥, (1) is
an internally positive system, endowed with four transformations TL,
T%, Tty and Ty, that provide the same state and output trajectories as
the original, non necessarily positive, system. Denoting (z(t), y(¢))
the state and output trajectories of system (1), an IPR of (1) is such
that when its positive initial state is computed as X (0) = T (z(0)),
and its positive input as U(t) = Ty (u(t)), then the state and output
trajectories (X (t), Y (¢)) of the IPR are positive and such that z(t) =
T% (X (t)) and y(t) = Ty (Y (t)), t > 0 (see [4] for more details).

In general, any linear system admits infinite IPRs (see [4]). In this
paper we use the V-IPR defined in Theorem 4 of [4]:

X(t) = (41X () + BU(t)
T: (- CX()
T)J; = ( )7 Ty = 71-(“’)7 T)b( = AnXa Ty = AqY,

(10)
where X (t) € R3", U(t) € R?, Y(t) € R [A] € R*™*" is the
Metzler representation of A deﬁned by (4), B and C are the positive
representations of B and C defined by (3).

Theorem 6. [4] System Z in (10) is an IPR of ¥, in (1).

Due to the larger state space, Z has more natural modes than
31, and the stability of ¥ does not imply the stability of Z. In
other words, when A is Hurwitz, [A] is not necessarily Hurwitz. We
summarize the results that are useful in the stability analysis of the
IPR T (see [5]).

Lemma 7. [4] The spectrum of the Metzler representation of a matrix
Ais o([A]) = o(A) Ua(d* +|A—d?)).

The next Lemma links the stability of Z to the position of the
eigenvalues of A via a coordinate change that transforms A in the
Real Jordan Form, the usual Jordan block form where the complex
eigenvalues are represented through blocks with real entries (see [12]
for details).

Lemma 8. [4] Let S C C_ be defined as follows

S={z€C: R(z)+[3(z)| < 0}. (11)

Then, if a square matrix A is in the Real Jordan Form, its Metzler
representation [A] is Hurwitz if and only if 0(A) C S.

Since there is always a coordinate change for ¥ that transforms
A in the Real Jordan Form, the main limitation for the stability of Z
is the position of its eigenvalues. Notice that R_ C S, and therefore
Jordan matrices with only negative real eigenvalues always satisfy
the stability condition of Lemma 8. If A is not in Real Jordan Form,
the condition of Lemma 8 is neither necessary nor sufficient for [A]
being Hurwitz.

B. Interval observers

Informally, interval observers are dynamical systems that provide
an upper and lower bound for the state trajectory of the observed sys-
tem under disturbance inputs and/or parametric uncertainties starting
from a suitable initial condition.

Definition 4. Consider system ¥,

z(t) = Az(t) + Bu(t) + v°(¢)
S, y(t) = Cxt) + ™ (t) (12)
z(0) = zo,

with z(t),v°(t) € R”, u(t) € RP, y(t),v™(t) € RY, both u(t)
and v*(t) piecewise continuous to guarantee the existence of the
solution x(t) in [0, 00). Assume that there are known bounds 7°(t) =
(Vi (t), v5(t)) € R*™ and 5™ (t) = (v*(t), v5*(t)) € R?? on the
unknown disturbances such that, ¥t > 0, v°(t) € [vi(t),v5(t)],
v (t) € [1*(t),vs'(t)). Moreover, two bounds on the initial
condition o1 < xo < o2 are known. Then, a dynamical system

F(Z(t),u(t),y(t),7°(t), 7™ (1)), (13)
G(xo1,x02), and outputs

z(t) = Ha(t, 2(1)),

Z(t) =
with Z(0) =

z(t) = Hi(t,Z(t)), (14)
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is called an interval observer for 3, if

1) the system (13) is Input-State Stable (ISS, see [19]);

2) for any x(0) such that zo1 < x(0) < xo2, the solutions x(t)
and Z(t) of (12), (13) satisfy the inequalities z(t) < z(t) <

T(t) for all t > 0;

if ||[v5(t)—vi(t)|| and ||v3* (t) —vi™ (t)|| are uniformly bounded

then also ||Z(t) — x(t)|| is uniformly bounded, and if vi(t) =

vs(t), V1 (t) = v3*(t) for all t > O then ||Z(t) — z(t)|| — O.

3)

Similar definitions have been proposed elsewhere (see for example
[16]). Here we require that the interval observer behaves like an
ordinary observer when the disturbance is known or absent, and that
if the disturbance is bounded the width of the estimation interval is
bounded, even in the case ||z(t)|] — oo.

I11.

Before describing the proposed interval observers, we present a
positive Luenberger observer for system 3.

IPR-BASED INTERVAL OBSERVERS

A. An IPR-based positive observer
Consider the Luenberger observer of system 3, in (12)
&(t) =(A — KC) i(t) + Bu(t) + Ky(t)
%(0) = o,
From this, defining the matrix Ax = A — KC, the dynamics of the
observation error €(t) = z(t) — Z(t) is given by

e(t) = Ak e(t) + v°(t) — Ku™(¢).

Yo (15)

(16)

If K is chosen such that A is Hurwitz, when v°(t) = v™(¢) =
0, €(t) exponentially goes to zero, and when v°(t) and v™(t) are
uniformly bounded, €(t) is uniformly bounded too. The following
Theorem presents a positive observer for 3, by simply considering
the V-IPR of ¥ with an appropriate choice of K.

Theorem 9. Consider ¥, as in (12). Given K € R"™9, let Ax =
A — KC. If K is such that [Ax] is Hurwitz, then the system
2(t) =[Ax]Z(t) + Br(u(t)) + Kn(y(t)
Z(0) =n(io) € RY"

() = AnZ (1),

Q: a7

where E K are the positive representations of B,K as in (3), is
such that the following propositions hold ¥t > 0:
o if°(t) = v™(t) = 0 then &(t) exponentially converges to x(t).
Moreover if Z(0) = w(x(0)), then &(t) = x(t);
o if x(t), v°(t) and V™ (t) are uniformly bounded then Z(t) is
uniformly bounded.

Proof. The positivity of Z(t) follows from the fact that [Af] is
Metzler, B, K > 0, the inputs are positive and Z(0) > 0. The
assertion #(t) — x(t) exponentially when v°(t) = v™(t) = 0
follows from the fact that (17) is thq IPR of the. Luenberger observer
Yo. To prove this, let us compute Z(t) = AnZ(t).
() = AnZ(t)

=An[AK]Z(t) + ApBr(u(t) + AnK m(y(t))

=ArA.Z(t) + Bu(t) + Ky(t)

— A (t) + Bu(t) + Ky(t), (8)

which is the Luenberger observer (15). Since [Ak] is Hurwitz, the
boundedness of z(t), and hence of m(y(¢)), and of v°(t), v™(t)
implies that Z(t) is bounded too. O

Remark 2. Notice that 2 defined in (17), despite the apparent
similarity to a Luenberger observer, makes use of the nonlinear
Sfunction m(.). Consequently, the ordering of trajectories (see Theorem
2) holds with respect to w(u(t)) and not to u(t).

Remark 3. The main assumption in Theorem 9 is that the observer
gain K is chosen such that [Ak] is Hurwitz. Thanks to Lemma 7,
[Ak| Hurwitz is equivalent to have both Ak and dAK + |[Ax —
d*%| Hurwitz. Recalling that Ax = A — KC, if the pair (A,C)
is detectable, then K can be designed such that Ak is Hurwitz.
However, Ax Hurwitz does not imply that dAK |Ax — dAK\ is
Hurwitz too. This issue is investigated in the Appendix.

B. An IPR-based interval observer in original coordinates

A couple of positive observers built using an IPR like the one in
Theorem 9 can be used to design an interval observer. The following
result, which is well known and simple to prove, suggests that an
interval observer can be built by using a couple of positive observers
of the type (17).

Lemma 10. Let x(t) € R™ be a vector function, and let X (t) € R3"
be a positive representation of z(t), i.e. x(t) = Ap X (t). Considering
positive vector functions X(t) = [X, ()7, X,(®)"]" € R%" and
X(t) = [Xa)T, Xo)T)" € R If for all t > 0, X(t) <
X(t) < X(t), then

X, (t) - X2(t) < z(t) < X1(t) — X, (). (19)

The proposed interval observer is made of two subsystems that
resemble the V-IPR of the Luenberger observer presented in Theorem
9. For the sake of concision it is useful to aggregate the state
and measurement disturbances v°(t), v™(t) into the equivalent
disturbance

w(t) =v°(t) — Kv™(b). (20)

Given an observer gain K a bound @(t) = [w1(t), w2(t)] for w(t)
can be easily derived from the bounds 7°(t), 7™ (t).

The main difference between the interval observer and the Luen-
berger observer of Theorem 9 is that ¢,_, (.) and ¢, (.) replace the
min-positive representation of, respectively, the initial conditions and
the disturbances, in order to preserve inequalities (see Lemma 3).

Theorem 11. Given the system 3, in (12), K € R"*? such that
[Ak] is Hurwitz, where Ax = A — KC, and a bound @(t) on the
equivalent state disturbance, the dynamical system

2(t) =[AK]Z(t) + Br(u(t) + K 7(y(t)) + du, (w1 (t))
Z(t) =[AK]Z(t) + Br(u(t)) + K 7(y(t)) + du, (w2(t)) D
Z(0) = gy (w01), Z(0) = bapy (w02),
together with the functions

() = [In Onxn]Z(t) = [Onxn L) Z(1)

22
Z(t) = [In Onxn]Z(t) — [Onxn In) Z(t)

is an interval observer for 3, according to Definition 4, and in
particular z(t) < z(t) < Z(t).

Proof. Note that the interval observer (21) is made of two positive
subsystem, so that Z(t), Z(t) € R3", and the state of the observer
is Z(t) = 2T, Z®)T)T € RA". Since [Ax] is Hurwitz by
assumption, then (21) is ISS, and Z(t) is uniformly bounded if u(¢),
y(t) and w(t) are uniformly bounded. To prove z(t) < z(t) < Z(t)
the first step is to show that

(6) = [AKIC(H) + Br(u(t)) + K m(y(1)) + duy (w(t))  (23)
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with ¢(0) = ¢z, (x0) € RZ™ is an IPR of X, (12), so that
z(t) = ApC(t). This is easily obtained using the same approach
as in Theorem 9. The second step is to infer that the inequality
Z({t) < (¢(t) < Z(t) holds for all ¢ > 0. This is a
straightforward consequence of the ordering of trajectories induced
by the initial conditions Z(0) < ¢(0) < Z(0) and the forcing
terms, ¢uw, (w1(t)) < Puw, (W(t)) < Pw, (w2(t)), that results from
Lemma 3. At this point the thesis directly follows from Lemma 10
and Theorem 2. When wy (t) = wa(t) for all ¢ > 0, then the two
subsystems in (21) coincide, except for the initial state (note that
this means that w(t) is known, and w(t) = w1 (t) = wa(t), so that
Pw, (W1(t)) = duw(w(t)) = w(w(t)), see Remark 1). Thus, both
subsystems in (21) coincide with the positive observer (17), but have
different initialization. However, thanks to the Hurwitz property of
[Ak] we have || Z(t)—Z(t)|| — 0 and from this ||Z(t)—z(¢)|| — 0. It
remains to prove that ||w2(t) —w1 (¢)|| bounded implies ||T(¢) —z(t)||
bounded. Let &(t) = T(t) — z(t). From (22) we easily derive the
identity £(t) = [In 1])(Z(t) — Z(t)). From this

£(t) = [In L[AK](Z(t) = Z(1)) +wa(t) — wi (1)
= (A 4 1Ak = a5 €00) + wnt) —wi (1),

(24)

The matrix d4% +|Ax —d4% | is Hurwitz, because o (d2% +|Ax —
d4%|) C o([Ak]) (Lemma 7), and [Af] is Hurwitz by assumption.
Then the system (24) is ISS, and therefore ||w2(t) —wi (¢)|| uniformly
bounded implies that ||Z(¢) — z(t)|| is uniformly bounded too. [

C. An interval observer with a coordinate change

In Remark 3 and in Appendix we discussed the non-trivial problem
of finding K that makes [A k] Hurwitz. When this is not possible, we
cannot find an interval observer of the type (21). However, we can
exploit the result of Lemma 8, which provides an easy condition for
the stability of the IPR in the case of matrices in Real Jordan Form.
A straightforward solution to the problem of finding an IPR-based
interval observer can be therefore pursued in three steps:

1) find K assigning to Ax = A — KC a set of eigenvalues in S
aD;

2) find the change of coordinates that transforms Ax in the Real
Jordan Form Jgk;

3) design the interval observer of the transformed system and
translate the intervals back to the original coordinates.

Notice that, for an observable pair (A, C'), step 1 is a standard pole
placement. For step 3 we make use of Lemma 5.

Theorem 12. Given the system ¥, in (12), K € R"*? such that
o(Ak) C S (defined in Lemma 8), a bound w1(t) < w(t) < wa(t)
on the equivalent state disturbance, T € R™ ™ the nonsingular
matrix that transforms Ag in real Jordan form Ji (ie., Jx
T 1A xT), the dynamical system

Z(t) =[Jx)Z(t) + Brm(u(t)) + Kr m(y(t))

+ V1w, (w1 (1))
Z(t) =[J|Z(t) + Brr(u(t)) + Krx(y(t)) @5
+ Y1, (w2(1))
Z(0) = Y10 (x01), Z(0) = ¥r.a0 (z02),
together with the functions
2(t) = [10.JTZ(0) = [0, TITZ(), o6
() = (L, 0JTZ(t) — [0, LITZ(2),

where [Jk] is the Metzler representation of Jk, ET and I~(T are
the min-positive representation of. respectively, Br = T~ 'B and

Kr =T7 'K, is an interval observer for 3, according to Definition
4.

Proof. The observer is ISS because o(Ax) = o(Jx) and, thanks to
Lemma 8, o(Jx) C S implies that [Jk] is Hurwitz. To prove the
trajectory inclusion z(t) < z(t) < Z(t), the first step is to show that
the system

¢(t) = [Tx]C(t) + Brw(u(t)) + Ko w(y(t)) + drw, (w(b)),

with ¢(0) = 1,20, (z0) is such that z(t) = TA,((¢). This is easy
to prove using the same approach as in Theorem 9. Notice that this
implies also x(t) = A,T((t). The second step is to infer that the
inequality Z(t) < ¢(t) < Z(t) holds for all ¢ > 0, which is a conse-
quence of the ordering of trajectories induced by the initial conditions
and the forcing terms, according to Theorem 2. The ordering of
forcing terms is a consequence of Lemma 5. Since 7' is positive, from
Z(t) < ¢(t) < Z(t) we have TZ(t) < T¢(t) < TZ(t). Recalling
that z(t) = A,T((t) the thesis directly follows from Lemma 10.
The boundedness of the interval amplitude is an implication of the
Hurwitz property of [Jx]. O

Remark 4. The observability of (A, C) ensures that it is possible to
assign o(Ak) in S. Of course, such hypothesis can be relaxed, by
only assuming that the eigenvalues of A associated to unobservable
modes, if any, belong to S. Otherwise, a time-varying change of
coordinates can still be used for any detectable pair (A,C) [7], [16].

Remark 5. The results presented here for continuous-time systems
extend immediately to discrete-time systems using the correspond-
ing IPR [6], [12]. The only difference is that the min-positive
representation Ak replaces [Ak] in (21) and Ji replaces [Jk]
in (25). The stability region for the IPR in Real Jordan Form is
Pa={z€C: R(z)+[S(2)| <1} [12].

Remark 6. The approach can be extended to uncertain systems
where disturbances have a structured form, for example B(t, z)u(t),
with the unknown B(t,x) satisfying B1(t) < B(t,z) < Ba(t). In
this case, using Lemma 4, the corresponding bounds on the positive
representation are

¢, (Bi)w(u) < 65, (B(t,2))m(u) < 5, (B2)(u),

that can be introduced in the forcing term of the observer (25).
Another case which is easy to deal with in the IPR approach is that
of nonlinear systems containing terms of the form |z|, see [15].

27)

IV. EXAMPLE

In this section we illustrate the approach described in Section III-C
with a simple example. Consider system ¥, in (12) with

~15 -1 —0.5 1
A=|15 1 -05|, B=|-1],
1 1 0 1
-1 -2 1
C = [1 0 2}7 (28)

and u(t) = 3sin(t) — 2sin(3t). The matrix A has eigenvalues
—0.5 and +j and it is therefore not exponentially stable. Since
(A,C) is observable, we choose Ax = A — KC such that
o(Axk) L = {-1.5, —1.8, —2.1}. The interval observer is
built using a coordinate change z = T~ 'z, where T is such that
T 'AxT = Jx = diag(c(Ax)). After noticing that o(Ax)
L C R_ we conclude that [Jk], the Metzler representation of Jg,
is Hurwitz according to Lemma 8. This is easily confirmed by the
explicit computation of [Jx],

[Jk] =

{ JK 29)

O3x3
O3x3 ’

Jr
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Fig. 1. Interval observer for the state variables x1(t), z2(t), x3(t) for two realizations of the disturbance wq (t), wp(¢) having the same bounds. Interval
estimates computed from the interval observer described in Section III-C for the state variables 1 (t), z2(¢), x3(t). Two distinct realizations of the bounded

disturbance w(t) are reported: w(t) = wq (t) (left) and w(t) = wy(t) (right).

from which it follows that [Jx| has the same spectrum as Ax and
Jk, i.e. 0([Jk]) = o(Ak) = L. Let us consider two different
disturbances w(t), namely wq (t) = By sin(t),

wp(t) = {

with B, 111, 1, 1)". A uniform bound for these disturbances
is |w(t)] < Buw. An interval observer with coordinate change can
now be designed starting from the following bound on the initial
conditions (in the original coordinates), z, = [4, —4, 37 < xo =
[5,—3,4]T < zF = [6,—2, 5] The resulting estimation intervals on
all the state variables for the two cases are shown in Fig. 1. It may be
noticed that in the example the interval width is not uniform across
state variables, but it is independent of the disturbance realization.
It must also be remarked that the size of the estimation interval,
when there is a coordinate change, depends on both the size of w(t)
and the coordinate change 7'. Thus for a different choice of K the
approximation could be worse (or better) than the one shown in this
example even in presence of the same disturbance.

By
— B,

if mod(¢,4) > 3.5

. (30)
if mod(¢,4) < 3.5,

V. CONCLUSIONS

We have shown that an interval observer for continuous-time
and discrete-time linear systems can be designed using simple pole
placement algorithms and a fixed coordinate change. The resulting
algorithm has size 4n and it is guaranteed to be stable if the pair
(A, C) is observable. With respect to [7], [10], [16], [18], whose
algorithms have dimensions 2n, the proposed method is simpler in
that it does not require a time-varying change of coordinates nor
matrix equations to be solved. The explicit representation of positive
and negative parts of state and uncertainties allows to express in a
direct way bounds for the case of multiplicative disturbances, which
can be useful to extend the interval observer approach to other classes
of systems, like nonlinear and time-delay systems. Further issues
to investigate include the optimization of the coordinate change to
minimize the width of the estimation interval.

APPENDIX

In this Appendix we discuss the problem of finding a matrix K
such that the Metzler representation of Ax = A — KC' is Hurwitz.
First of all we show that there are pairs (A, C'), with A unstable, for
which [Ax] can be Hurwitz.

Example 1. Consider X1, in (1) with
A= {0'5 0}, c=[1 1].

0 -1
A is obviously not Hurwitz. Choosing K = [1 1/2]T we have
o(Ax) = o([Ak]) = {-0.134, —1.866} ([Ak] has two negative
eigenvalues of multiplicity 2). Thus Theorem 9 enables us to conclude
that (17) provides a stable positive observer of an unstable non-
positive system.

(3D

Despite this, it may be that Ax is Hurwitz and [Ak] is not. In
such cases, it holds true that 2 (17) is an exponential observer for
system X, but §2 is not ISS.

The problem of finding K that makes [A x| Hurwitz is not trivial,
and in particular for some pair (A, C') it may be impossible to find
K to make [Ak] Hurwitz. Theorem 2.1 of [2] is a useful tool to
investigate this issue. It leads to the following result that we state for
the case of scalar y(t), but whose extension to the multi-output case
is straightforward.

Lemma 13. If, given A = (a;;) € R™"*" and C = (¢;) € R", there
exist K = (k;) € R™, and strictly positive A = (\;) € (R4 \ {0})"
such that Ax = A — KC' is Hurwitz and
i kic; — i — kicj| 2
ai; < kic , Z V|aj 5l y
j=1,j#1

,n, then [Ax| = [A — KC] is Hurwitz.

(32)

holds for i =1, ...

Proof. From Lemma 7, [Ak] is Hurwitz if and only if both Agx
and d*¥ + |Ax — d“¥ | are Hurwitz. Ag is Hurwitz by hypothesis.
Using the fourth stability condition of Theorem 2.1 of [2] we have
(d4% 4+ |Ag — d*%|)X < 0 for X > 0, which is equivalent to
(32). O

Corollary 14. [f, given A and C' as before, there exist K and strictly
positive X such that Ax = A — KC is Metzler and condition (32)
holds for i = 1,...,n, then [Ax] = [A — KC| is Hurwitz.

Proof. If Ak is Metzler, Theorem 2.1 of [2] can be applied. Condi-
tion (32) implies that

A = (d*% + (A — d* )\ < (AP +|Ag —d* )X < 0,
or, equivalently, that A is Hurwitz. O

Notice that (32) taken for ¢ = 1,...,n is a system of equations
in which each k; occurs in just one equation. Corollary 14 restricts
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the search to matrices Ax that are Metzler, but this condition leads
to a system of inequalities for A that is easier to verify than the
condition of being Hurwitz. From the previous discussion it follows
that it is sometimes impossible to find K such that [Ax]| is Hurwitz.
For instance, from Lemma 13 it is clear that no K can make [Ax]
Hurwitz when A is diagonal and contains only positive real entries.
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