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ABSTRACT: We present a new approach to describe hydrodynamics carrying non-Abelian
macroscopic degrees of freedom. Based on the Kaluza-Klein compactification of a higher-
dimensional neutral dissipative fluid on a manifold of non-Abelian isometry, we obtain a
four-dimensional colored dissipative fluid coupled to Yang-Mills gauge field. We derive
transport coefficients of resulting colored fluid, which feature non-Abelian character of
color charges. In particular, we obtain color-specific terms in the gradient expansions and
response quantities such as the conductivity matrix and the chemical potentials. We argue
that our Kaluza-Klein approach provides a robust description of non-Abelian hydrodynam-
ics, and discuss some links between this system and quark-gluon plasma and fluid/gravity
duality.
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Denn die Menschen glauben an die Wahrheit dessen,
was ersichtlich stark geglaubt wird.

All truthful things are subject to interpretation.
Which interpretation prevails at a given time

is a function of power, not truth.

— Friedrich Nietzsche — ‘The Will to Power’
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1 Introduction

Hydrodynamics has been an efficient approach for the description of strongly interacting
state of matter. This boosted the research and application of hydrodynamics models, such
as transport phenomena or hydrodynamic instabilities. One aspect in hydrodynamics that



has not been explored in detail yet is the dynamics of a colored fluid charged under non-
Abelian Yang-Mills gauge fields, where the constituents of the fluid carry non-Abelian color
charges and interact with non-Abelian vectors. Due to its non-Abelian nature, we expect
that this system gives rise to a variety of physical phenomena richer than its Abelian coun-
terpart, viz. Maxwell plasma. Nevertheless, the level of rigor in formulating the theoretical
foundations of this model and the understanding of its ensuing physical properties are far
lesser.

A robust description will contribute to the characterization of some important phys-
ical systems. For example, the quark-gluon plasma behaves as an almost perfect dense
fluid carrying SU(3) color charge. However, the detailed microscopic understanding of the
equilibration mechanisms after the heavy-ion collisions is still left to be an outstanding
problem. A transient phase in the equilibration process is reached when the system is at
local thermal equilibrium with yet non-equilibrated colored quark and gluon degrees of
freedom (DOFs). Most of the analysis done so far is based on kinetic theory [1-8] and
on the single-particle approach [9]. Integrating out momentum, one obtains a covariant
color continuity equation which, together with the mechanical conservation laws of the
fluid, constitute the main equations of the system. Still, the construction of the required
collision terms which enter the Boltzmann equation is highly non-trivial and, except at
weak coupling regime, there is no first-principles derivation. In addition, the applicability
of kinetic theory is valid for not-so-far from equilibration situations. Consequently, we
conclude that kinetic theory is a useful complementary tool, requiring prior knowledge of
the structure of the hydrodynamic equations.

Alternative approaches include the Poisson bracket formulation [10] and the action
principle [11, 12] of ideal fluid dynamics. In contrast, the study of dissipative effects, which
constitute an integral part of hydrodynamics is well understood only at the level of the
equations of motion (EOMs). The description of these effects at the level of an action
requires placing the fluid on the Schwinger-Keldysh contour [13], which leads to certain
additional supersymmetric DOFs [14, 15].

Another aspect that sheds light on the understanding of hydrodynamic structure is
the duality between fluids and black holes [16-19]. This allowed us to discover previously
neglected parity-breaking terms that were originated by quantum anomalies [20-22]. To
study non-Abelian DOF's coupled to fluids, we need a new background of black hole with
non-Abelian Yang-Mills hair [23-25]. However, in AdS/CFT correspondence, local symme-
try in the bulk gravity is mapped to global symmetry in the boundary theory. Therefore, as
the background field in the boundary theory is usually external and non-dynamical, we have
no way of promoting non-Abelian global symmetries to gauge symmetries in the boundary
theory. We note that some proposals have been put forward to modify the boundary con-
ditions in such a way the the resulting boundary has dynamical fields [26]. However, these
ideas have not been consistently embedded into the fluid /gravity duality and may present
additional difficulties in the hydrodynamic formulation of non-Abelian fluids.

For these reasons, we view this state of affair at odds: self-gravitating hydrodynamics,
whose gravitational interaction is also intrinsically nonlinear, has been rigorously investi-
gated in various contexts of relativistic astrophysics of compact objects [27] and cosmology



of large-scale structures [28, 29]. We thus expect that non-Abelian hydrodynamics, at least
at classical level, can also be rigorously formulated and investigated as much as the self-
gravitating hydrodynamics. Such study would have a direct application to wider phenom-
ena featuring non-Abelian DOF's such as the quark-gluon plasma [30] and the spintronics
with strong spin-orbit coupling [31, 32].

In this work we propose a completely new approach to bypass all the above conceptual
and technical difficulties. We start from a neutral and dissipative fluid coupled to Einstein
gravity in D dimensions, which we assume is completely characterized. The idea is to
perform a Kaluza-Klein (KK) compactification [33, 34| of this system and obtain a fluid in
d = D —n dimensions whose constituents are charged under non-Abelian Yang-Mills fields,
where n is the dimension of the internal manifold. That is to say, we use KK dimensional
reduction as a method to construct an ab initio description of non-Abelian hydrodynamics.
The KK compactification mechanism endows the lower-dimensional system with a set of
gauge fields, the so-called KK gauge fields. The compactification ansatz of internal manifold
elucidate the resulting gauge symmetry of d-dimensional system. As we are interested in
non-Abelian hydrodynamics, we will compactify on an SU(2) group manifold [35, 36].
Therefore, we will take n = dim(G) = 3, where G is the gauge group. We will perform
this procedure on the EOMs of the starting higher-dimensional neutral fluid, which include

dissipative terms.!

Our approach is based on the non-Abelian Kaluza-Klein compactification on a SU(2)
group manifold, which we interpret as an internal manifold whose isometries generate the
non-Abelian color symmetry in the physical system. Since we start with a fluid from the
outset, the resulting theory is valid in the long-wavelength limit, coupled to new non-
Abelian DOFs that the compactification generates.

KK compactification provided a robust tool for the understanding of the (hidden)
structure and the dynamics of gravity-matter systems, which descends from a more fun-
damental theory such as string/M-theories. If we start with a fundamental theory in D
dimensions defined on a manifold M p, we can find a stable solution of its equations of
motion of the form Mp = My x X,,, where d = (D — n), My is non-compact, reduced
spacetime, and X,, is a compact manifold of characteristic size R. At low energies, the
compact space X, is not accessible by direct observations: it would take excitations of
energy F ~ 1/R to probe spacetime structures of a scale of order R. If R is sufficiently
small, this energy scale is gapped from the low-energy dynamics on M . Nevertheless, the
properties of X,, will have important effects on the reduced theory. As emphasized, if X,
is a manifold with isometry group G, then metric fluctuations along the Killing directions
of X, generate Yang-Mills gauge fields with gauge group G, which will be present in the
dynamics of the lower-dimensional theory.

From the viewpoint of KK theory, a novelty of our work is that we include energy-
momentum tensor of dissipative fluid, sourcing the Einstein field equations. The procedure,
however, must be self-consistent. A KK compactification is said to be consistent if all the

'Heavy-ion collisions and other phenomenologically relevant phenomena occur off the equilibrium and
consequently, dissipative effects are very important in their descriptions.
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Figure 1. Our starting system is a D-dimensional dissipative fluid coupled to gravity (left). After

KK compactification on a n-dimensional internal manifold with non-Abelian isometries, we obtain a
d-dimensional dissipative fluid that, apart from being coupled to gravity, is charged under dynamic
non-Abelian Yang-Mills gauge fields (right).

solutions of the d-dimensional theory satisfy the D-dimensional EOMs. In this work, we
also present the necessary conditions to achieve a consistent reduction of fluid energy-
momentum tensor.

Summarizing, the salient features of our approach are the following;:

e We apply the KK method to a neutral fluid at the outset coupled to gravity, thus
bypassing kinetic theory.

e The approach applies to dissipative fluids, for the compactification is at the level of
equations of motion rather than action.

e The proposed KK method “generates” dynamical (non-)Abelian gauge fields which
are self-consistently coupled to a charged/colored fluid.

e This mechanism provides an ab initio approach to (non-)Abelian hydrodynamics,
distinct from gauge-gravity duality or fluid/gravity duality.

This paper is organized as follows. In section 2 we present the main results of our work:
the dynamics of the system, its symmetries and its properties. In the following sections we
explain the KK dimensional reduction and the method for obtaining our results. In partic-
ular, section 3 reviews the basics of relativistic hydrodynamics and provides the necessary
set-up and notations for our calculations. In section 4, we review the dimensional reduction
of the system Einstein-perfect fluid on a circle. This results in a fluid charged under a U(1)
gauge field. In section 5 we do the KK compactification on an SU(2) group manifold of the
Einstein-dissipative fluid system and study the conservation laws of the system. In section



6 we evaluate our energy-momentum tensor and identify all the dissipative coefficients of
the d-dimensional fluid. In section 7 we explain the main properties of our system and
discuss future directions we are currently investigating. Appendices provide the details of
our computations.

2 Dissipative fluid dynamics with Yang-Mills charge

In this section, we recapitulate the dynamics and the main properties of a d-dimensional
dissipative fluid that carries charges of non-Abelian Yang-Mills gauge group G.

We denote space-time indices by u,v,p = 1,...,d, and the adjoint representation of
the Yang-Mills group G indices by o, 3,... =1,...,dim(G).?

The energy-momentum tensor consists of two contributions by dissipative fluid and
non-Abelian Yang-Mills gauge fields:

i 1 1
T;Egtal :Tlij;nd + ch Q(x) <FaupFapy - QUHV(F’Y)z) 5 (21)

where F¢,,,, is the non-Abelian field strength of the gauge field A%, Q. refers to the cou-
pling constant® and repeated color indices are summed over. The fluid energy-momentum
tensor is further split to perfect fluid and dissipative parts,

T[I;l;lid _ Tﬁﬁrfect + TSL&. ) (22)
The perfect fluid contribution is given by
TR (@) = [e(2) + p(@)] wpwn + p() Ny (2.3)

where p is pressure, € is energy density, u, is the velocity field and 7, is Minkowski metric.
As for the dissipative part T;},i,ss, in this description we will not choose any specific
frame and will consider a generic energy-momentum tensor. Though we will make further
explicit assumptions in section 6.4, we can generalize our results to any frame independent
prescription.
The thermodynamic relation for the SU(2) charged perfect fluid after the KK com-

color

color agsociated to the color charges Q,,

pactification accounts for the chemical potentials p
e+p="Ts+Quelr. (2.4)

T is the temperature and s is the entropy density.

Let us specify the dynamics of the system. The first EOM corresponds to the fluid
dynamics evolution. Inspired by the KK compactification of a fluid coupled to gravity (in
particular Bianchi identities of Einstein equations, cf. section 5), we obtain the conservation
of the total energy-momentum tensor,

VAT = 0. (2.5)

2dim(G) will correspond to the dimension of the internal group manifold in the KK compactification.

3From the KK perspective Q. = Q.(z) is a scalar quantity that corresponds to the dilaton-dependent
gauge coupling, Qc(x) e?®) . When we set ¢ constant-valued, then Q. plays the role of a Yang-Mills
coupling constant and it disappears from the EOMs of the gauge fields.



The second EOM describes the dynamics of the non-Abelian Yang-Mills gauge fields and
introduces a non-Abelian colored current.

(DYF ) (z) = I3 (=) . (2.6)
The quantity J zoéor(a:)

It (@) = Qe Q% () up(x) + Iy (), (2.7)

allows us to define a covariantly conserved current?
jau = Qz [J,Cf - D" (Qc_2) Faw/] s (Dyju)m =0, (2'8)

where 9, () is the color charge density attached to the fluid.

Although the dissipative part contribution in Jdlss( ) is frame-dependent, the color
current J zoéor( ) is always covariantly conserved independent of the choice of frame. Further
details for specific frame choices can be found in section 6.4.

The colored fluid must interact with the Yang-Mills gauge fields through the Lorentz
force. In our formulation, for a the fluid characterized by the energy-momentum tensor
T E;Iid, the Lorentz force naturally arises from the conservation of energy-momentum tensor
current,

VTR (2) = Q. F*Vyu(x) TN (). (2.9)

As the expression of energy-momentum tensor current is frame-dependent, departure
from the Landau frame does not permit to read the transport coefficients associated with
the dissipative effects from lei,ifs. To correctly identify these coefficients, we need a frame-
invariant formulation of the dissipative terms which is in agreement with the second law of
thermodynamics, V#J°, > 0, where J°, refers to the covariant entropy current. We adopt
the following generalizations:

(Pr@IRA@) ~ T Bu0)PP (@) ) T ) = ~20(0) (o)

(@395, ) + (P = ) T ) = G0,
v diss D diss v Hn 1 n v\ _
P () (J ot T )—K,mn(:c) (—Pu D, (?>—|—7_F Wu) =0, (2.10)

where P, = 1, + uyu, is the projector to the hypersurface orthogonal to the fluid, K.,y
is the non-Abelian conductivity tensor, and 6 = V, u*, 0, (, 0, are various dissipative
coefficients. Covariant derivatives are defined in section 5.

This completes the summary of the equations that govern our system. It now remains
to establish this set of EOMs and conservation laws. In this paper, we established them
by starting from a higher-dimensional neutral fluid and then making a KK dimensional
reduction. The idea was that we used the KK compactification as a guiding principle to

41f Q. plays the role of a coupling constant, then the second term vanishes. We will explore the details
of non-constant (). and in section 5.



obtain expressions that preserve SU(2) covariance and the conservation laws, which arise
upon recasting the higher-dimensional ones.
In the following sections, we explicitly show the calculations that lead to these equa-

tions.

3 Kaluza-Klein approach

Our goal is to construct non-Abelian hydrodynamics. It consists of two components: the
colored matter fluid and the Yang-Mills gauge field. Constructing its hydrodynamics start-
ing from a microscopic Yang-Mills-matter theory (such as QCD) is just a theoretical idea: it
is not feasible nor shedding light on physics. As such, we look for a mesoscopic approach.
The idea is to utilize the Kaluza-Klein compactification to construct both components
of non-Abelian hydrodynamics simultaneously. Our starting point is a self-gravitating,
dissipative and neutral fluid in a dynamic D-dimensional spacetime Mp(gyn), viz. a
dissipative and neutral fluid coupled to the Einstein gravity, all in D dimensions.” Our
working assumption is that the D-dimensional matter is strongly interacting at the outset.
While gravity is fundamentally weak, effective strength for the fluid depends on macro-
scopic conditions such as density and temperature.

3.1 Self-gravitating dissipative fluid

We will first characterize strongly interacting dissipative, neutral fluid in curved D-
dimensional spacetime Mp(gayn). The hydrodynamic field variables of fluid consist of
the velocity vector field @™ (Z) and various other scalar fields. The velocity field is time-
like, normalized®

aM(@)aN (@) gun (@) = -1, (3.1)

such that it carries (D — 1) independent components. On the other hand, the number of
independent scalar fields is set by the number of equations of state that we consider. For
a perfect fluid, we will consider temperature f@), pressure p(Z), and energy density €(Z)
to be independent scalar variables. Likewise, for the dissipative coefficients, we take shear
viscosity 7, bulk viscosity E , shear tensor o 4p, and expansion scalar f as the independent
response variables associated with the D-dimensional neutral fluid.

The conservation laws and EOMs of the D-dimensional dissipative, neutral fluid follow
from the conservation of energy-momentum tensor

VN T 3y = . (3.2)

In the long-wavelength limit, the energy-momentum tensor is given by a derivative ex-
pansion of hydrodynamic fields, which in our case consists of parity-even terms up to the
first-order in gradients. It is given by two terms:

TN (@) = Tiy™ @) + THN @) (33)

5We denote all D-dimensional variables as hatted quantities.
SWe use the mostly plus signature.



where T %r\f%t is the perfect fluid part and fj‘\iﬁ\s, contains the dissipative effects. In this work,
we do not assume a priori an equation of state for the fluid, so we treat all hydrodynamic
fields as being independent. For later treatment, we find it convenient to use the vielbein

formalism. The vielbein Ej/4 is related to the metric as”
Jun (@) = ExyA (@) Ex® @)nas nag=(—+...4). (3.4)
Thus,
Ti@) = Ea @) Ex® @) (TR @) + TH5 @) - (3.5)

At zeroth-order in the gradient expansion, the fluid is perfect, so

Toeet(2) = [6(@) + P(@)]an (2)an () + D@)garn (@) - (3.6)

To study the dissipative part of energy-momentum tensor, it is necessary to specify the
hydrodynamic frame. This dependence on the hydrodynamic frame arises as a consequence
that the macroscopic variables that characterize the fluid do not have unique microscopic
definitions. This permits us to have some freedom to select a convenient frame and therefore
redefine them in a simple manner. A convenient choice to fix this arbitrariness utilizes
the projection of the dissipative part in the energy-momentum tensor to the hypersurface
orthogonal to the velocity vector,

aMTdiss = 0. (3.7)

This is referred to as the Landau frame. In this frame, the most general form of dissipative
part of energy-momentum tensor is given by

~ ~ ~

T4 (@) = —27(2) 54(7) — (&) Pap(2) 6(2), (3.8)

where 7] is the shear viscosity and Z is the bulk viscosity of the D-dimensional neutral fluid.
We also denote the projection tensor to the hypersurface orthogonal to the velocity vector
as Psp, the shear tensor as ¢ 45, and the expansion scalar as 8. They are defined as follows:

Pap(Z) = lap + Ga(Z)up(T),
G45(@) = Pu° (@) Py P (2)Dciip() —

6(z) =D.u73),

(%) Pap(%), (3.9)

where ©4 = E4M0y + ©4(%) is the Lorentz covariant derivative, and &, is the spin
connection acting on the tangent frame.

We minimally couple this D-dimensional neutral, dissipative fluid to the D-dimensional
gravity, whose metric field is given by gasn. The system is described by the D-dimensional
Einstein field equations sourced by the fluid,

~ A 1. ~ D~ Tperfec iss
Ryn(2) — 5aun(@RE) = 87Gp |Tiy™ @) + THR (@) - (3.10)

"We can straightforwardly incorporate fermionic DOF's, such as a supersymmetric fluid interacting with
supergravity, as our scheme utilizes the vielbein formalism approach.



Two remarks are in order. First, it is important to stress that the energy-momentum tensor
sourcing the Einstein’s equation includes both ideal and dissipative parts. Second, our
approach admits straightforward extension to any higher orders in the gradient expansion.
This is an interesting program we leave for future development.

Before we dwell into details of computations, in the next section, we overview the main
aspects of the KK compactification of this system.

3.2 Non-Abelian Kaluza-Klein reduction

Our goal is to construct self-consistent non-Abelian hydrodynamics using the approach of
the dimensional reduction in KK theory. In this section, we sketch the main aspects of the
KK compactification approach and the guidelines of our developments.

We start with the D-dimensional Einstein-neutral fluid system given by eq. (3.10)
and dimensionally reduce it on n-dimensional compact space X,,. We can effectively split
the gravitational DOFs in D dimensions into gravitational and additional DOFs in the
d = (D — n)-dimensional reduced spacetime. The additional DOFs are scalar fields that
characterize the size and shape of X,, and, if the manifold admits Killing symmetries, vector
fields with gauge symmetries. Likewise, we can split the fluid energy-momentum tensor in D
dimension into fluid’s energy-momentum tensor and some vector currents in d-dimensional,
reduced spacetime. Depending on the properties of Killing vectors on X,,, these vector
currents can be either Abelian or non-Abelian. In this treatment, one must only keep
a consistent truncation of light modes, setting the massive modes to zero. Consistency
requires that heavy modes that are dropped are not sourced by the light modes one keeps.

Note that we are performing the KK dimensional reduction for both the gravity in
the left-hand side of (3.10) and the fluid in the right-hand side. As for the gravity, it is
known that the KK dimensional reductions that involve Abelian isometries are always
guaranteed to be consistent, as the heavy and light modes do not mix each other. It
is also known that, for some internal spaces (maximally symmetric spaces and group
manifolds), dimensional reductions that involve non-Abelian isometries are consistent
as well. As for the matter, KK compactification of a fluid without gravity (and hence,
without dynamical gauge fields coupled to the fluid) on n-dimensional torus X,, = T" is
straightforward, as was recently studied in [37]. The reduction leads to a fluid carrying
U(1)™ “global” charges, and to relations between D-dimensional heat transport coefficients
and d-dimensional, reduced charge transport coefficients. The results are in agreement
with results known independently, so it suggests that the KK reduction that involves
Abelian isometries is consistent for the fluid as well.

Consider next the KK dimensional reduction of Einstein-fluid system on a group mani-
fold X,, = G [35] of dimension n = dim(G) and of curvature scale R. The group manifold G
is describable in terms of the Maurer-Cartan one-forms ¢”. These one-forms are invariant
under left multiplications by a group element g € G. Thus, this left multiplication is an
isometry of metric g(G) of the n-dimensional internal space. So, in d-dimensional reduced
spacetime, the gauge symmetries include the diffeomorphisms of spacetime and the massless
fields of the d-dimensional, system will be the metric g,,, and the non-Abelian Yang-Mills
gauge fields with gauge group G. Likewise, in d-dimensional reduced spacetime, the neu-



tral fluid we started with becomes a fluid carrying G ‘global’ charges. The Einstein-fluid
equation then gauges this global charges to G ‘color’ charges so that the fluid is mini-
mally coupled to the non-Abelian gauge field. This is the main reason why we reduce the
higher-dimensional Einstein-fluid system on group manifolds: the reduction naturally lead
to ‘color’ charges and couples the G-colored fluid to dynamical G-color Yang-Mills fields.
The reduction will translate the D-dimensional conservation laws into the d-dimensional,
reduced conservation of both energy-momentum tensor and non-Abelian vector currents.

From the KK compactification, we obtain the system of colored fluid interacting with
Yang-Mills theory. Nevertheless, the reduction also will bring in additional DOFs. De-
pending on the physical situations we are interested in, one may keep them as part of the
system or truncate them out. For the formulation of non-Abelian hydrodynamics, we will
only keep the non-Abelian gauge field dynamics but none others such as the gravitational
dynamics. That is, we will decouple the gravitational DOFs and consider non-Abelian
hydrodynamics on d-dimensional Ricci-flat spacetime. Such decoupling can be achieved if,
for instance, one takes in D dimensions nontrivial cosmological constant and n-form field
strength and the Freund-Rubin ansatz. With fine-tuning of the cosmological constant and
taking G'p to zero while keeping R""2/Gp held fixed, one can decouple the gravity while
keeping nontrivial Yang-Mills gauge dynamics in Ricci-flat d-dimensional spacetime. We
will also need to truncate the dilaton (that parametrizes the volume of G) and other scalar
fields that emerge by setting them to be constant-valued. Varying them, however, would
result in change of the d-dimensional equations of state.

Let us stress that the above approach we propose relies on neither kinetic theory nor
Lagrangian formulations. In this regard, our approach offers an ab initio derivation of
the non-Abelian hydrodynamics modulo well-motivated assumption that a neutral fluid
coupled to Einstein field equations is self-consistent in D dimensions.

Finally, let us comment on a technical caveat related to the Yang-Mills gauge group.
In our approach, the KK dimensional reduction is done on the EOMs. This bears some
consequences in the possible choices of the group manifold X;, = G. In particular, di-
mensional reduction of the EOMs allows for gauge groups whose structure constants are
traceful, i.e., fmn"™ # 0 (cf. [38]).

4 Charged fluid coupled to Maxwell theory

As a step to introduce the technicalities that KK theory requires and build intu-
itions therein, we first consider the KK reduction of Einstein-fluid system on a group
manifold with Abelian isometries. Thus, we choose the internal manifold to be a
n-torus, X, = U(1)". For simplicity, we will take the internal manifold isotropic,
Ry = Ry = --- = R, = R, and we will restrict ourselves to a perfect fluid, leaving
incorporation of the dissipative effects to next section.

Consider the KK reduction of a perfect fluid given by eq. (3.10) on a S! internal circle
of radius R, where T fuid f]{)f]r\fed. We will show that the KK reduction gives rise to a
charged perfect fluid interacting with Maxwell electromagnetism.

~10 -



4.1 Reduction on Abelian group manifold

For the KK reduction on a circle, let us assume the following ansatz for the vielbein Ej4(2)

R ea¢($)e a x €B¢($)A x
Exv(@) = ( o () eﬁ¢<x’§( Ay (4.1)

in eq. (3.4) as

Curved indices of the D-dimensional spacetime will be split as M = {u, z} whereas we
will denote flat indices as A = {a, z}. We will also assume that all the fields that appear
in the ansatz only depend on the d-dimensional coordinates z* of My.® The dilaton ¢(z),
which measures the size of X,,, is weighed by the reduction-specific coefficients

9 n (d—-2)«

“Ydtn—pa—y md P (4.2)

a

Though in this section we evaluate n = 1, we will keep n generic.
Let us start by substituting the compactification ansatz into the D = (d + 1)-
dimensional Einstein field equations

. . 1. ~ P

Gun(z) = Bun(z) — 5gun(2)R(z) = TN (@), (4.3)
and recast the differential equations. The components @W, @“Z, and @ZZ give the d-
dimensional gravitational, gauge, and dilaton field equations, respectively. Though we do
not specify the structure of fluid energy-momentum tensor Tfﬁ\}i, we will return to it after
analyzing the component equations.

The G . components imply the Maxwell equations coupled to a current.
V' (Q (@) Fuw) = Q2 (2) T (), (4.4)
where @) is the dilaton-dependent gauge coupling,
Qelz) = el Do), (4.5)
and the current is given by
Jo(z) = 20042009, (2) e, () T (2) . (4.6)

Hence, the G uz components of Einstein equations automatically define the electromagnetic
dynamics of the system, including the current J(z) of the fluid. Thus, the fluid becomes
charged whenever it has non-vanishing flow around S'. Being proportional to ngid(x),
the electric current Jj(z) will be proportional to the reduced velocity field u,(z). The
dilaton field that measures the size of S' has the effect of spacetime-dependent unit of
electric charge, Q¢(z). As discussed in the previous section, we take the KK reduction as
an ab initio approach for deriving consistent hydrodynamic equations. As such, we will
eventually set the dilaton to be constant-valued.

8In section 5, we will assume some dependence on the internal coordinates, which will yield to non-
Abelian gauge symmetry upon reduction.

- 11 -



This same pattern to the other components of (3.10). From the é,w components, we
obtain the d-dimensional Einstein equations sourced by the charged fluid, the U(1) gauge
field and the dilaton:

Gu(z) = Ry (x) — %gw(m)R(m) = T;j‘l),tal(x) , (4.7)

where the right-hand side defines the total energy-momentum tensor of the d-dimensional
System

i) = T ) + (50,0000 — 1,000 ) (o) + 5Q:%) (B~ (P20 ) ().
(4.8)
The last two terms are contributions of dilaton field and Maxwell field, while the first term
is the energy-momentum tensor of charged fluid, defined by

T (@) = Ve, (2)e,(2) Ty () - (4.9)

Finally, let us consider the @ZZ component. We obtain the d-dimensional dilation field
equation, sourced by both the fluid and the Maxwell gauge field,

O¢(x) = 2a D(x), (4.10)

Again, the right-hand side of the equation defines the dilatation current,
d—1 s s
D(z) = ——— Q*(2)Fj, () + (d — 1) 290 T (z) — 220 T (2) - (4.1)

where Tfuid .= 7fuid) M g the trace of the D = (d + 1)-dimensional energy-momentum
tensor.

The Einstein tensor in the defining equation eq. (4.3) obeys the Bianchi identity, from
which conservation laws of various currents we identified above are derived. The conserva-
tion laws on current Jﬁl and total energy-momentum tensor Tﬁgtal result relevant for the
Maxwell-plasma system. For the charge current, covariant divergence of eq. (4.4) gives

VIV (Q )] = VUV Q22 (@) Fw = 0, (4.12)
where we have used the torsion-free condition for d-dimensional spacetime. This implies
VAP0 oT N@) =0 = VHQ.(2)J5(x) =0, (4.13)

which results the to the conservation law of electric current J;, generalized by the dilaton
field.
From the Bianchi identity of Einstein tensor in eq. (4.7) we obtain

VAT () = 0. (4.14)

This implies that variations in the fluid energy-momentum tensor are balanced by the
change of the Maxwell energy-momentum tensor and the dilaton.

v“T,fj;id(x) = _VH (Q;2 {ij - iFQgW] )(a:). (4.15)
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On-shell, this conservation is equivalent to
vHTid 4 (= (d=S)eloe aTfuidy 4 o200](g — 1)oThid — o776 = 0. (4.16)

We interpret this as the generalization of the Lorentz force equation of Maxwell-plasma
under the presence of the dilaton field. Once again, the role of the KK approach is just a
tool to facilitate the ab initio derivation of charged fluid interacting with Maxwell theory.
Therefore, setting the dilaton to be constant-valued we obtain the standard form of the

Lorentz force equation:
fluid _ el
VHT,, (x) = Qe(x)F“,,(:c)JM (z). (4.17)

4.2 Abelian reduction of energy-momentum tensor

So far, we have not made any assumption on the energy-momentum tensor f]f\l}‘]i\}i of the
neutral fluid we started from. We now study ff/}‘}\‘,i under a well-motivated ansatz for
the higher-dimensional velocity field %(Z) and the other scalar quantities. To gain better
intuition about physics, we will restrict the D-dimensional neutral fluid to a perfect fluid.
In section 5, we will consider the dissipative contributions.

The D-dimensional velocity field 2 has (D — 1) independent components, as it is
conveniently normalized by eq. (3.1):

M (@)a (@) (F) = 1. (4.18)
The ansatz that we will assume for the velocity field is:

Ug = uq(x) coshp(x), (4.19)
ﬁé = sinh p(z), |

where u,(x) is the velocity field of charged fluid in d dimensions, which is normalized as
u®(2)ub(x)n = —1. The scalar field ¢(x) parametrizes the degree of freedom associated
with the internal component of the velocity, u,. Substituting the ansatze for the vielbein
eq. (4.1) and the velocity fields eq. (4.19) into the energy-momentum tensor, we will obtain
the defining variables of the d-dimensional fluid in terms of the D-dimensional ones. That
is to say, we find that the energy-momentum tensor in d dimensions is

~

Theet (@) = ey®(2)e, () Tup ()
= (6 +p) uu(l‘)uy(x) +pg,uu(x) ) (4'20)
where the energy density e(x) and the pressure p(z) are given by

e(x) = e20¢(z) (?(x) cosh? o(z) + p(z) sinh? gp(x)) , p(z) = e2a¢(x)ﬁ(m) . (4.21)

By substituting the velocity ansatz eq. (4.19) into eq. (4.6) we obtain the electric
current
Jo(x) = 2(e(x) + p(x)) P fanh o (2) uy,(z) . (4.22)
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As anticipated, the charge current is proportional to the velocity field u,. Again, let us
analyze the case for which the dilaton field is constant. Then, the energy-momentum
conservation, eq. (4.20) leads to

VTR (1) — Q, () F¥, () JS(x) . (4.23)

This is precisely the Lorentz force equation we have directly derived from the reduction of
the Einstein-fluid system in the last section.

One can straightforwardly generalize the above construction by taking the internal
space X,, to be an n-torus T". It will give rise to a fluid charged under n independent
Abelian electromagnetic fields with U(1)" gauge symmetry.

After analyzing the system of a fluid charged under Abelian gauge fields, we will
address the case for which the gauge symmetry is non-Abelian. To carry out this problem,
the internal manifold will be a group manifold whose isometry group is non-Abelian. We
will choose SU(2) for simplicity but the procedure applies to any other gauge group.

5 Colored fluid coupled to Yang-Mills theory

We now construct non-Abelian hydrodynamics of Yang-Mills plasma. Here, our goal is to
derive ab initio the EOMs of a dissipative fluid carrying non-Abelian SU(2) charges and
interacting with Yang-Mills theory. To do so, our idea is again to start with an Einstein-
fluid system in D dimensions eq. (3.10) and perform a KK dimensional reduction on a
SU(2) group manifold [35] (for a review, cf. [38-40]). After the reduction, we will find an
SU(2) colored fluid interacting with SU(2) Yang-Mills theory in d dimensions. As SU(2)
group manifold is three-dimensional, our setup corresponds to n = 3 and hence D = d+ 3.
Nevertheless, this method can be applied to any group manifold GG, having thus a colored
fluid interacting with Yang-Mills theory of gauge group G.

5.1 Compactification on SU(2) group manifold
Let us consider the following KK ansatz for the D-dimensional vielbein:

A [ev9e,l eﬁ¢jﬂpgpa
Eyn® = ( 0 -1 8¢5 o (51)
g €77em

where
e, (@) = e,"(2),
em”(T) = un" (y) V() , (52)
AM@) = @ )AL ().

and g is a coupling constant g. As in the Abelian reduction, we split the curved manifold
indices as M = (u,m) where u = 1...d and m = 1...n, tangent space indices as A =
{a, a}, where a = 1...d and a = 1...n, and local coordinates as " = (x# y™). For the
SU(2) case, n = 3. These algebra-valued indices can be freely lowered and raised without
loss of generality.
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In various Weyl factors, the dilaton field ¢(x) is weighed with the coefficients

B n _ (d=2)
2_2(d+n—2)(d—2) and - f=— (5:3)

a

The matrix u,,"(y) in eq. (5.2) is a twist field that carries the information of the SU(2)
group manifold. After the reduction, this information is encoded in the d-dimensional
system through the structure constants,

frn® = =27 ) () (W™ )" (1) 919" (y) - (5.4)

Though the twist matrix field u,,"(y) varies over the group manifold (hence depends on the
internal coordinates y), the combination on the r.h.s. of this equation needs to be constant-
valued in order for them to be the structure constants of the Lie algebra associated with
the group manifold.

The ansatz can be explicitly expressed in terms of the Maurer-Cartan one-forms ¢
of the SU(2) group manifold by combining the fields as

E*(z) = e*We(x)

E%(z) = g LM@Y, () (6™ — gA™ (1)), (5.5)
where o™ = u,,"*dx™ is the left-invariant one-form of G, satisfying the Maurer-Cartan
equation

1
do™ + ifnpman No? =0, (5.6)

and thus f,,,™ are the structure constants of the isometry group G of the internal manifold.
Before carrying out the non-Abelian reduction on the group manifold GG, we introduce
new notations for the physical variables in d dimensions. We shall build from the scalar

vielbein V two scalar metrics
My = Vi ViP60s and M =V,,%0, 5™, (5.7)

which are SU(2) invariant and SU(2) covariant, respectively. We denote the trace as
M = M,“. We define the covariant derivatives D,(A) and D, (V) as

Duvma = auvma - gAumnVna 3

(5.8)
DV = DV + Q% V",
where the elementary gauge field used in D, is given by
Aﬂmn@:) = Apu(x)fpmn (5.9)
and the composite gauge fields used in D, are built from the scalar vielbein as
1
Paap(®) = €' Puap = 5 (Vo™ Da(A)Vn + V5™ Da(A)Vn") |
1 (5.10)
Quap(@) = €' Quas = 5 (Vo™ DA = V5™ Da(A)V?) .
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The distinction is that, while D, is the ordinary gauge covariant derivative, D,, accounts
for quantities that are adjoined by the scalar vielbein V,,,*. Finally, the Yang-Mills field
strength two-form F" of A™ is defined as

1
F7 = dA™ + 5 g [ A" A AP (5.11)

This field strength typically appears dressed up by the scalar fields, so we also denote
the tangent space (both in internal and spacetime manifolds) field strength two-form as
Faab = VmaFmab‘

5.2 Field equations for Yang-Mills plasma

To obtain the EOMs of the d-dimensional system we will substitute the ansatz eq. (5.1)

into Einstein equations and recast the resulting expressions.’

Let us start with the EOMs for the SU(2) gauge fields. They descend from the @,m
components in eq. (3.10). Working in the tangent space we obtain

DY(Q2(x)FP () + Q% (2)PP (2) F7 p(2) = Q2 (x)I 5 (2) (5.12)

where

Qc(z) = e32(dt)o(x) (5.13)

is the dilaton-dependent gauge coupling, and
Tas(@) = 2 |9 Q2(x) eaoPa 2 (1) M (@) = Qula) (20 T ()] . (5.14)
is the color current. For covariantly constant scalars, eq. (5.12) is reduced to
D(F” ) (x) = I3 () , (5.15)

which is the standard form of the Yang-Mills field equations coupled to color current.
The Einstein field equations descend from the G, components:

G ) = R () — 3050() Blw) = T () (5.16)

where T;j,o,tal = euaebe;I‘;tal is the total energy-momentum tensor, with

HAui 1 cdpa ey 1
T3 ) = O+ 10,7(0) (1)) — Jra(E )

+ 5 (0u0l0)h0(0) ~ Gs(@007@) ) + (s (0)Puss () — 3P0

1
- Qo) (M M) = M) ) - (5.17)
From the first line, we read off the energy-momentum tensor beuid of the colored fluid:

Tiid () = 2ad(@)phuid gy (5.18)

9Details of the calculations for extracting the equations of motion are relegated to appendix A.
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Other field equations also yield relevant information on currents and their conservation
laws. The equation of motion for dilaton field is obtained from the trace of eq. (3.10), G,

O¢(z) = iD(x), (5.19)
where D(z) is the dilation current
2
D) = = g5y Qe @ P ) + 25 Q2a) (M2 (i (o) — P ) a0
2 .

ap(x 3 5 ui Afui ey
“ )<d+1Tﬁ (@)~ 1o ()0 B)'

The first line is the contribution of SU(2) gauge fields and scalar fields, whereas the second
one is the contribution of colored fluid. As we can check, there is no non-linear contribution
of the dilaton field itself apart from the Weyl factors.

The equation of motion for the algebra-valued scalar fields V,,*(x) is given by a linear
combination of the CA}mn components and the trace (A}mm:

DY Q)Paap = Jap » (5.21)

where

1 o ac 1 Q e 1 ui Sflui
F) = 30570 [F e P (ot = JE0)%607] 2 [ L0, — 7]

3
1 1 1
+492 Qz(ef) [Ma'yM,B'y _ §Mo‘f3M -3 (MWMW — 2M2) (5014 . (5.22)

The first line of this expression is the contribution of SU(2) gauge fields and colored fluid,
while the last line corresponds to the contribution of algebra-valued scalar fields.

5.3 Conservation laws

The non-Abelian reduction of the Einstein-fluid system has led to a Yang-Mills plasma,
consisting of colored fluid interacting with non-Abelian gauge fields (and also coupled to
gravity, dilaton and algebra-valued scalar fields). In this section, we will further investigate
the conservation laws of the system.

Likewise in section 4 for Maxwell plasma, we have not made any assumption on gravity
and scalar fields so far. Nevertheless, in order to study the conservation of the simplest
model for Yang-Mills plasma, we will truncate the system so that the d-dimensional metric
is flat and scalar fields are covariantly constant. Such truncations will impose some con-
straints on the corresponding field equations of ¢ and V,,,“, namely, egs. (5.20) and (5.22).
For this truncation to be consistent, we would need to solve these constraints. They will
in turn impose some conditions on the d-dimensional Einstein equations'® and the Yang-
Mills field equations through Weyl factors and scalar potentials. In this section, we will

10 A5 for gravity, we can decouple the DOFs associated to the metric by taking the limit Gp — 0 for the
Einstein equations.
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simply consider the simplest consistent solution of these scalar fields, but will not explore
the arena of possible non-trivial solutions. Nevertheless, it should be interesting to look
into the implications of such nontrivial solutions (and their stability) in the context of
fluid /gravity duality. It will also be important to understand to what extent these solu-
tions constrain the values of the transport coefficients and other quantities that characterize
the lower-dimensional fluid.

Firstly, let us analyze the color currents of the system and their conservation laws.
The SU(2) Yang-Mills field equation eq. (5.12) can be recast:

D’ (Q7*MmnF" o) = Jna s (5.23)

where
1 ~a. .
Jina = 29€5ys MO oz V7 — 2e -390 dy) 5 (5.24)

This allows to define a current J™ which is covariantly conserved, D#J™, = 0. Its
expression is given by eq. (5.14) (see appendices for calculation):

T™y = Q2 M™" [Jm — D" (Q2M,,) Fpab] . (5.25)

The interpretation is clear: the first term is the color current sourced by the algebra-
valued scalar fields, while the second term is the color current sourced by the colored fluid
itself. Being the non-Abelian counterpart of the U(1) charged current, the second term is

proportional to the off-diagonal block of the energy-momentum tensor, T\ggid. This block

color
ma

is non-zero if the D-dimensional fluid flows on the group manifold, so J is proportional
to the internal velocity fields u,.

Secondly, let us analyze the heat current of the Yang-Mills plasma and their conserva-
tion laws. We already discussed that the Bianchi identity VG, = 0 of the d-dimensional

Einstein equation, eq. (5.16) leads to the conservation of the total energy-momentum tensor
1
VAT O™ = 0. (5.26)

We would like to obtain the relations that this condition imposes among the d-dimensional
degrees of freedom. Applying a covariant divergence on the total energy-momentum tensor
eq. (5.17) and substituting the field equations of the Yang-Mills fields and scalar fields, we
are left with an expression that involves first derivatives of the scalar fields and components
of the energy-momentum tensor ’\]{1411]1\%1.11 This expression is the non-Abelian generalization
of the Lorentz force, which involves not only the Yang-Mills field strength but also the
algebra-valued scalar fields. Nevertheless, if we set these scalar fields to be covariantly

constant, D Vp,® = Dy = 0, we obtain
DT +2Q. (2)e? T4V, Fy = €29 (Dafg;id + Qle(x)ﬁaFabC) =0. (5.27)
Le., we get the standard expression of Lorentz force for Yang-Mills plasma:
DT () = Qe(x)F* 4 (2) IG5 (x). (5.28)
After doing the KK reduction of gravity sourced by a generic fluid T\f/}l]i\?, we are going to
evaluate T i — (Tperfect 4 Tdissy,) o and study in detail the resulting d-dimensional fluid.

HyWe relegate details of the calculation to appendix A.
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6 Colored fluid from non-Abelian reduction

In this section, we will implement the KK compactification of the fluid energy-momentum
tensor to construct the colored fluid and read off its defining variables.

6.1 Non-Abelian reduction of fluid

The energy-momentum tensor and the defining variable of the d-dimensional fluid will be
read off after inserting the compactification ansatze for the vielbein and the rest of the
expressions into the EOMs of the D-dimensional system.

For the non-Abelian reduction of the velocity fields 24, we will assume an ansatz such
that none of its components depend on the coordinates of the internal group manifold G.
We can parametrize them as follows

u® = u®(x) cosh p(x),

~ (6.1)
u® = n%(z)sinh p(z),
where

u“ubnab =-1 and nanﬁdag =1. (6.2)

The d-dimensional velocity has (d — 1) independent components, and the n-dimensional
unit vector n has (n — 1) independent components. In total, along with ¢, there are
(d—1)+ (n—1)+1= D — 1 independent components. The angular variable ¢ measures
the relative magnitude between the external and “internal” velocity fields. The unit vector
u® is the boost in external spacetime, while the unit vector n is the boost in the internal
group manifold. They all fluctuate in external spacetime.

With this ansatz, we will now study the d-dimensional energy-momentum tensor of
the fluid, eq. (3.3).

6.2 Perfect colored fluid

Firstly, we are going to characterize the colored perfect fluid in d dimensions. This will
allow us to identify its thermodynamic and scalar quantities in terms of quantities in D
dimensions.

The energy-momentum tensor of the d-dimensional perfect colored fluid is given by

T () = [e(x) + p(x)] wa(@)up(x) + () b (6.3)
where, using eq. (5.18), the quantities are related to the D-dimensional ones as

p(z) = **Wp(z),

6.4
e(z) = €29@) [ cosh? p(z)e(x) + sinh? p(2)p(z) | . (64)
From this, we find the speed of sound, ¢, in the perfect colored fluid as
1 ~
= @ = 5 — , where ¢ = 871: (6.5)
de  cosh®p(z)(cs”—1)+1 Oe
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The faster the fluid is boosted inside the group manifold, the slower the sound speed of the
colored fluid.

The boost inside the group manifold generates the color current. From the current
Jeodlor “eq. (5.25), we have

Tine (@) = Qu()Qum () ua() (6.6)
Here, 9,,,(x) is the color charge density attached to the fluid, which is defined as
Qm(x) = 2(e(x) + p(z)) Vi *(2)ng (x) tanh p(z) . (6.7)

6.3 Entropy current

The D-dimensional neutral fluid has entropy density 5, so the entropy current is given by
J%4 = Sug, (6.8)

In the perfect fluid limit, the entropy current is covariantly conserved

VM3 =0. (6.9)
From the ansatz eq. (4.19), the entropy in d dimensions is given by
s =¢e2?5 cosh, (6.10)

and the entropy current in d dimensions is given by
Ji = s(z) ng(z) tanh p(z), J(x) = s(x) uu(z). (6.11)
The conservation law eq. (6.9) is reduced to
VA, = 0. (6.12)

where we have used the spin connection components of appendix A.
The neutral perfect fluid in D dimensions satisfies the thermodynamic relation

e+p=T3, (6.13)

where 7 is the temperature. After the reduction, the d-dimensional fluid is colored, so its

color

SOT associated to the

thermodynamic relation must account for the chemical potentials
charges Q,, in the form
e+p="Ts+Qmulr. (6.14)

Requiring this Euler relation to hold in d dimensions, we obtain that the d-dimensional
temperature and chemical potentials are given by

~ 1
T(z) =T(x) coshp(z)
pCor () = ng (z) V%, (z) tanh o(z) . (6.15)

So far, we have described the d-dimensional perfect fluid carrying non-Abelian SU(2)
charges and given all its defining quantities in terms of the D-dimensional neutral fluid
parameters. These results are in full agreement with the ones obtained for the Abelian
case in section 4. Built upon these consistency checks, we are going to consider dissipative
effects of the fluid in the next section.
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6.4 Non-Abelian dissipative fluid

We are going to extend our previous analysis by considering the dissipative part of energy-
momentum tensor, T]‘\i/}ﬁ\s,. This piece is given by

T = —206 45 — CPasb. (6.16)

The correction of first-order in derivatives in T\jigs will generate terms of first-order deriva-
tives of the components of velocity fields u4. Being velocity fields, these terms play the
same role as second-order derivative of ordinary fields. Therefore, we will eliminate the
derivatives by using their equations of motions, namely, the conservation laws.

In particular, if we consider egs. (5.23) and (5.27), we obtain
u“(w)@mp(m) = (z) f(x) tanh o(x) (6.17)
where 0(x) = V, u*(x). Moreover, 0(x) is related to g = @MﬂM(az) by
f(x) = cosh () (6? + nauuﬁuno) (x), (6.18)

so that when substituting, we have

f(x) = cosh® p(z) (;(x)) 0(x). (6.19)

In addition, the d-dimensional acceleration a, = u”V,u, is given by

= secthO(x) Y, ! nb(z)c2(x)u,(z
= o ey O+ () PO (6:20)
where
% ! = ) + pla) sin )V o(z
Vi <p($)> - 2p%(z) h20(z)Vyue(z) - (6.21)

With these results, we can estimate the d-dimensional coefficients associated with
the dissipative terms. For the D-dimensional neutral fluid, the shear and bulk viscosities
can be read off from Tgigs. This occurs due to the fact that the fluid is described in the
Landau frame, i.e.,

T =0. (6.22)
Upon the non-Abelian KK dimensional reduction, the rearrangement of DOFs into
d-dimensional Lorentz covariant representations implies that the reduced ones do not

satisfy the Landau frame condition. In particular, we obtain
()T () + — o) TS (2) = 0 (6.23)

ab cosh 90(.%') ab )
which straightforwardly leads to u“T(fbiSS #£0.

On account of the frame-dependent structure of the energy-momentum tensor, depar-

ture from the Landau frame means that we cannot read off the d-dimensional transport
coefficients associated with the dissipative terms from lei,ss. To correctly identify these
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coefficients, we need a frame-invariant formulation of the dissipative terms. In addition,
according to the second law of thermodynamics, it has to be guaranteed that the entropy
current J°, satisfies V#J®, > 0. Such frame-invariant description was developed in [41] for
a fluid charged under an Abelian gauge field A,. Here, we generalize this result to account
for non-Abelian symmetry.

Using the frame-invariant approach as a guiding principle and also based on the gauge
covariance of SU(2) algebra-valued quantities, we formulate the following expressions for
the transport coefficients in the presence of non-Abelian gauge fields A™ ;:

(Pac(m)Pbd(x) - ﬁ ab(az)PCd(m)> ngiss(az) = =2n(x) ogp(x),

) 1 )
aa]g:;) u® () IS () + (d — nP“b — g]:u“ub> (x)stlss(x) = —((z)0(x),
. ) : u 1
Pab JdlSS . m chlss — Komn _PabD ( n) *Fna b _ 0 6.24
@) (35t 2T ) <) (P08 (B2) 4 1) =0, (620
where J45 . follows from eq. (5.25) using ’fM N = AJ‘\i/E\S,, Kmn 1s the non-Abelian conduc-

tivity tensor, and n, (, o are the d-dimensional dissipative coefficients.

At this stage, in order to obtain the effective dissipative coefficients, we need to sub-
stitute the expressions that we obtained for J and T\jgss and work out these three equa-
tions.'? From them, we read off the following expressions:

— e2a¢

n(x) n(x) cosh () ,

: 4
K’m'n($) — 6206¢ ﬁ(l‘)T(fE) COSth(IE) <5mn . Slnh ©

VoV . 6.25
s VatnaVing) 2) (6.25

Ul ooya 1O gy, 45 = 0P\
d_n+cs<1 cosh g@pange cosh” ¢ ¢ 7 .

It is important to stress that when getting rid of any dependence on the scalar fields

C(z) = 2e2**®) 5(z) cosh

¢, we recover the d-dimensional quantities multiplied by the dilaton factor e?*?, which
parametrizes the volume of the internal manifold. On the other hand, it is worth to mention
that the non-Abelian behavior of the conductivity matrix arises from the dependence of
the scalar vielbein V,,“.

The analysis in this section demonstrates that the non-Abelian KK dimensional re-
duction is an ab initio and efficient method for deriving the structure and dynamics of
Yang-Mills plasma. Moreover, the construction that leads to eq. (6.25) gives a hydrody-
namic frame-independent transport. We see from eq. (6.25) that, apart from viscosities,
we have the non-Abelian conductivity matrix K,,,, which is directly connected to the non-
Abelian degrees of freedom in the system. We remark that a similar quantity was obtained
in the context of the fluid/gravity duality [24].

Now that we have clearly formulated non-Abelian hydrodynamics, we can study various
related issues. Understanding conductivity is a major challenge in recent approaches to
holographic superfluids. One can show that, at the phase transition, a set of SU(2) currents

12Tn ref. [37], this calculation was performed for a neutral fluid compactified on a torus.
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can be used as an order parameter [42]. Moreover, it was observed in [25] that employing
a non-Abelian gauge transformation allows one to obtain a finite conductivity without
breaking translational symmetry.

On the other hand, this theory results in a very suitable and robust framework where to
study the quark-gluon plasma. In this respect, one important phenomenon of this system is
the study of the relaxation time. This is the time at which the non-Abelian character of the
plasma is relaxed, thus becoming purely Abelian. This is a known property that has not
been theoretically understood neither for quark-gluon plasma nor for spintronics systems. '3
Since our construction can describe the dissipative part of non-Abelian hydrodynamics, we

expect it to be useful in elucidating the relaxation mechanism of the color current.

7 Outlooks

In this work, we have proposed a new approach for constructing non-Abelian hydrodynam-
ics, consisting of colored fluid interacting with Yang-Mills theory. Based on non-Abelian
KK dimensional reduction, the geometric systematics of proposed approach enables one to
understand the properties of Yang-Mills plasma even in strongly coupled, non-perturbative
regime.

We presented an ab initio approach for constructing hydrodynamics charged under
both Maxwell and Yang-Mills plasma. With the non-Abelian KK reduction, we compacti-
fied the Einstein-fluid equations on a group manifold. The only working assumption is that
we started with the most general dissipative, neutral fluid coupled to Einstein equation. Af-
ter the reduction, we obtained Yang-Mills plasma equations for a dissipative, colored fluid
interacting non-Abelian gauge fields. Though having done the reduction on S! and SU(2)
group manifold, this procedure can be applied to any type of group manifold. Our approach
is not restricted by symmetries that are only symmetries of the Lagrangian. Hence, the
KK reduction approach seems to be a robust and covariant method to naturally obtain hy-
drodynamics coupled to (non-)Abelian gauge fields. The method straightforwardly extends
to dissipative hydrodynamics coupled to gravity and a specific form of dilaton scalar field,
which would also bear applications to early universe cosmology, formation of large-scale
structure or compact objects, and colored turbulence.

We studied the conservation laws of colored fluid and obtained a non-Abelian covari-
antly conserved current J,.,,, which is proportional to the fluid velocity field, as predicted
by [30]. In addition, truncating the scalar fields coming from the gravity sector to constant
values, we obtained the equation for non-Abelian Lorentz force.

We showed that the reduction procedure does not preserve the hydrodynamic frames.
As a consequence, the effective transport coefficients could not be straightforwardly read
off from the reduced system. We proposed a frame-independent formulation of dissipative
fluids for the non-Abelian gauge fields that is thermodynamically valid and generalizes
the one given in [41]. With this construction, we identified the d-dimensional dissipative
susceptibilities that characterize the effective fluid in terms of the D-dimensional ones. In

131t is worth to mention that our system can be coupled to additional fermionic degrees of freedom, as
we are using the vielbein formalism.
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particular, we have obtained a conductivity matrix whose non-Abelian nature is given by
the scalar vielbein V,,“.

The Yang-Mills plasma equations we obtained were in complete agreement with the
equations of Maxwell plasma derived in section 4. If we set the structure constants
fmn? = 0, we could check that these equations were reduced to the equations for charged
fluid coupled to U(1)? Abelian gauge fields. The results of this section could also be
straightforwardly extended to other, higher-dimensional group manifold G. We claimed
that, for fixed d, the large-D limit should be taken seriously as it corresponds to the limit
for which rank(G) gets large, revealing a new perspective to the planar limit of Yang-Mills
plasma. Results on this aspect will be relegated to a separate publication.

We believe the proposed approach marks significant advances toward the understand-
ing of the evolution of nuclear matter after a heavy-ion collision. Hydrodynamics with
non-Abelian degrees of freedom that have not thermalized is a transient phase and the lack
of a first-principle derivation of the equations that govern its evolution has been a major
obstacle for further developments.

Having now the ab initio construction of fluid and field equations, we can utilize com-
plementary methods such as kinetic theory or gauge/gravity duality to shed more light
of this regime. Gravitational solutions with Abelian gauge fields have recently been stud-
ied [19, 43, 44]. Therefore, we provide a robust formulation of non-Abelian hydrodynamics
where to test fluid/gravity duality beyond Abelian fluids.

In addition to a phenomenological description of quark-gluon plasma, recent formu-
lation of fluid dynamics in terms of fluid/gravity duality has increased the interest in the
analysis of fluids coupled to Yang-Mills fields. In this picture, fluid is a field theory dual
to a black hole in higher-dimensional, asymptotically anti-de Sitter spacetime (see [45]
for a review). It would be interesting to further explore the physics of black holes with
non-Abelian and dilatonic hairs using the non-Abelian Kaluza-Klein reduction [46].
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A Einstein equations on a group manifold

In this appendix, we elaborate technical details of the non-Abelian Kaluza-Klein compact-
ification on a group manifold. We also explain the convention used in this work.

We will consider that our starting system is defined on a D dimensional manifold

Mp(g) with coordinates 2™, for M = 1,..., D. For the tangent spacetime description we
introduce a vielbein Ep 4, where A = 1,..., D, which satisfies
gun (@) = Exr (2)Ex" (F)nan, nap=(—+...4). (A1)

A.1 General ansatz

We will perform a KK dimensional reduction. To do so, we will assume that Mp(g) =
Mg(g) x X (M). My(g) is the d-dimensional external spacetime manifold on which our
resulting system will live whereas X, (M) is the n-dimensional internal manifold. The

M — fgt y™}, where = 1,...,d and m = 1,...,n. Despite

coordinates are split as T
the scalar matrix M,,, will parametrize the fluctuations of the internal manifold, the final
d-dimensional system cannot have any functional dependence on X,,. The

We start with the reduction ansatz for the vielbein expressed in terms of the Maurer-

Cartan one-forms:

E\a('CL” y) = ea¢(m)ea (x) 9

~ A2
E*(z,y) = g7V, (2) (0™ — gA™(2)), 42

where o™ = u,,""(y)dy™ are the twist matrices, which will depend on the group manifold
coordinates y. Here, g is a gauge coupling parameter.
We will compute various geometric quantities. The spin-connection is defined as

Goap = —Qoap + QAB,C —Qpea (A.3)
where
N 1 N
Qupc = 5 (EAMEY — Eg™EAN) OnEvPTine - (A4)

Substituting the vielbein ansatz, we obtain the following expressions:

ac,ab = eia(ﬁ [wc,ab + 20477c[a8b]¢} s
1 (—2a+5)¢F

"A‘)c,aﬁ = _56 ,ul/nec'ueayvnﬂ,
~ 1 _
We,aB = +§e (a+B)¢ [Vamec“Du(e’B‘z’Vmg) — ngec“Du(eﬁd)Vma) ,
! (A.5)

"A‘)’Y,ab = +§€(72a+ﬁ)¢Fuum€auebyvmv s

. 1 _
Wyap = 75¢ (a+6)¢€a“VBmV7nDu(eﬂqum”) ’

&\’%aﬁ = "‘%e_ﬁ(bfmnp [anvam 8 T Vamvﬁnvm - Vﬁmvvn pa] )
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where
M = Vi ViP80s
F" . = 0,A™, — 0,AT + gfp A", AP, | (A.6)
DyVn® = 0,Vm® — g famP A" V%

and

Frun® = =) () (Ds? — OuP) (A7)

We will calculate the components of the Ricci tensor R AB = R ACB Dﬁc D and the scalar
curvature R = RapnP by substituting the components of the spin connection &y 4p into
the expression for the Riemann tensor,

3 ~ —~ —~ E~ ~  E~
RynaB = OMWNAB — ONWMAB + WA~ WNEB — WNA~ WMEB - (A.8)

A.2 SU(2) group manifold

In what follows, we restrict to the SU(2) group manifold, so that f,,,? will be the SU(2)
structure constants, fynp = €mnp. In this case, the components of the spin connection are
given by [47]

~ _ I

Wab = Wgp + 2ce aqﬁnc[an} ¢€C + 56( 2a+’8)¢Fﬁab/€ﬁ ’

~ _ 1

Wep = —¢€ ad)ﬂhagﬁ//ew — ﬂe_a(bDa(ﬁ/eﬂ + 56(_2a+ﬁ)¢Fﬂab€b, (AQ)
Bap = efad)Qaag/éa + gefﬂqb(MV‘seagg + M €ays — Mo‘aegya)@ .

where
Faab = VmaFmab, (Al())

M, is the SU(2) covariant scalar matrix
M =V, V6" | (A.11)
and
Poap = %[Vam DoVi® + V5" DaVin®], Qaap = %[vam DoVi? = V5™ DaVy] . (A12)
The Ricci tensor components are
Rgp = 209 [Rab - %8a¢8b¢ — PaapPhap — alldna, — ;6_§a("+1)¢FaacFadeCd] ,

ﬁaﬂ _ _%e%a(n75)¢> [Db(efga(nJrl)(ﬁFﬁab)_i_ef%a(nJrl)qﬁFﬂ/ab]P;bB’y_2966V§M5/\P(WA} 7

~ 1 2 1
Ra,B = _56_20@ [DaPaaﬁ - §a<d — 2)D¢5aﬁ - 56_%a(d—’_l)d)FaabFﬁcdnacnbd (A'l?’)

_4926§a(d+1)¢ (MOVYMB”/ _ 1MQ5M> +292€§a(d+1)¢ <M”’5M75 _ 1M2> S ]
2 2 ’

where
M=Muy and DV = DoVin® + QuasVin” - (A.14)
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A.3 Equations of motion

Our starting point is the D-dimensional Einstein-fluid equation

N N 1 N
Gun = Run — (TMN + D_29MNT> =0. (A.15)

We will analyze the tensor Gagp = EAMEgNGun:

. . 1 .
Gap = Rap — <TAB + 5 277ABT> =0. (A.16)

Here, we analyze each components of the Einstein-fluid equation. We begin with the
internal components, Gp,y,:

Gn = 9227271, V,°V, %G o5 . (A.17)

On one hand, this equation has to be satisfied for any scalar fields V,,*. As the twist
matrices u,," depend on internal coordinates, we have that G,g = 0, where G,g is given by

1 2 1 _2
e L [Daﬂmaﬁ — 30(d = 2)0¢3as - € 3TV B e
1 1
. 4gzega(d+1)¢> (MO‘VMB’V o 2MQ5M> + 292€§a(d+1)¢ (MyaM»ﬂs . 2M2> 5a6]

1 ~ ~
+ 5a5Tﬁuld o ngld 7

d+1
(A.18)
Solving the trace part, gaﬁgaﬁ = 0, where
1 2
af _ o=20b(q _ 9 0 s —Za(d+l)e Fo)2
Gapd e (d )[a ¢+4(d—2)e 3 (F%)
— gi?ega(d“)@s MBMB — 1M2 + Le%«ﬁ 3 Jhiuid _ ptuid go8
d—2 2 d—2 d+1 of ’
(A.19)

we solve for (J¢ and substitute back to eq. (A.18). We then obtain from G,z = 0 that
a 1 —2a(d+1)¢ a B8 ac 1 v\2
DPyop = 3¢ F 3 F7 can™npa — g(F ) 0as
+ 4g%e3d Do [MMMW ~ Ly — 1 <M7‘5M7‘5 — 1M2> 5a5]
2 3 2
+9 20 1 fﬂuid . fﬂuid N 1 3 fﬂuid . fﬂuidé'yé 5 A.20
S nes —Tas” — 3\ G371 6 ag| - (A.20)

Let us consider now the field equations G,,,, = 0. As
Gun = By En®Gup = B, EnPGos = g Le@0y Pe 2V 5G| (A.21)

it follows that G, = 0 is equivalent to G,5 = 0.
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We now study the field equations G,3 = 0. We have

Db(e—ga(d+1)¢Fﬂab) + e—goz(d+1)¢>1.wabpbﬁ7 . deﬁng”Pa% + 26—%a(d—5)¢j—v\3é1id —0.
(A.22)
Finally, let us consider the d-dimensional components of the Einstein field equations,
G, = 0. Using the equations for other components, this equation implies

G = E,AE,PGap = €2%¢,%,' Gy, = 0. (A.23)
Therefore the resulting equation is G,;, = 0, where

1

1 1 _24 c
Gab = Rap — 2 09Oy — PapyPopy — 2¢ 7 e {FVCLCFVW - 2(d—2 (F“’)Qnab]
(d—2) (A.24)

2 1 s 1 ~pu
. dg_ 2e%a(d+1)¢ (M’YéM’Yé _ 2M2> Nab — e2a¢ |:T(£1bmd - 2T§1uld770d77ab:| ]

These are the Einstein equations for the d-dimensional system, which can be equivalently
rewritten as

1
R, — igle = Tﬁﬁtal , (A.25)

total _ , a, brtotal ;
where T,0% = e, "e,"T )" is

1 1 1
Tiotal — 5 <3a¢3b¢ - 2(5¢)277ab> + PugyPrsy — 519277@1)

+

1 1
e—ga(d—&-l)d) [QFaacFabdncd o 4(F7)2nab:| (AQG)

1 o~
. g2€%a(d+1)¢ (MyéMvé _ 2M2> Nab + e2a¢>T§bmd'

From this expression, we also see that the energy-momentum tensor of non-Abelian hydro-
dynamics Tgbuid is given by
T = e Tiinid (A.27)

B Conservation laws

In this section we will calculate the conservation laws of the d-dimensional theory, namely
the current conservation and the Lorentz force. Despite of not making any assumption on
the scalar fields, after obtaining the most general expressions we will study the cases for
which scalar fields are covariantly constant,

DVn" =Du,¢ =0,

in order to make contact with the conservation laws considered in hydrodynamics, where
no degrees of freedom associated to scalar fields take place.
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B.1 Current conservation

Current conservation follows from the consistency condition of the EOMs. Before applying
a covariant derivative D, on (A.22), we first rewrite the equation of motion for gauge field as

[ DY (et DML B, ) — 2gegns M Pyyn V7 + 26 Fel=907MidY 7] g —
(B.1)
As Vg" is non-degenerate in general, without loss of generality, we can assume the equation

of motion to be
2
Db (e*§a<d+1>¢Manmab) =Jma s (B.2)

where
1 A~
Jina = 20€07sMPPoyp V7 — 2¢~30(d-2)0nidy, 7 (B.3)

We can expand the covariant derivative and multiply by (Q*M)~!,
DVE™ , — e3oldt)éppmn [Jm _pb <e%a<d+1>¢an) Fpa,,} . (B.4)

Then if we apply another covariant derivative D,, the 1.h.s. vanishes and we find that the
current 7, that is covariantly conserved, D®7,,, = 0, is given by

T™M, = esald+Dopgmn [Jm _p (e—%a<d+1>¢an) Fpab} : (B.5)

If we set the scalar fields D, V,,? = 0, then P,3y = 0 and the color current will be purely
associated to the off-diagonal components of the D-dimensional fluid energy-momentum

tensor.

B.2 Lorentz force

To study the Lorentz force, we will make use of the Bianchi identity of the Einstein tensor

1
v (RW - 2gWR> A (B.6)

Upon vielbein compatibility, this is equivalent to
DTl =, (B.7)
where ©, = e,*(9, + wy,), where w is the d-dimensional spin connection. Explicitly,

s 1
DL = D (T + 2 (D0u6046 + 0u6D" 0y — D)D" Deman) + DB Prs,

2

1 1
+Pagy D Py = D*Pepn Pepyian + 50 <e sald+1)e |:FaacFabd778d -3 (F7)277ab:| )

2
1
_ 92911 |:e§a(d+1)¢ (M'y&M'ycs o 2M2> nab:| )

1 1
+ §€%a(d+1)¢pa |:FaacFabd776d . (F'y)Qnab:|

(B.8)
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Let us analyze various terms separately.

1

—2a(d+1)¢ (72
8d-2)° " (F7)

% (Qaaa¢ab¢ + aa¢Daab¢ - ac¢Daac¢nab) = O‘abe |:_

1 26 3 & A
S -, Ly, o S T
2(d—2)° <d+1 A )]

and
a 1 1 —2a(d+1)¢ |8 L o2
D'PapyPrgy + 5 DalPrjsyPapy = 573 FF? — 2 (F7)°3p, | Pogy
1 1
+ 4926§a(d+1)¢ [MﬁAMM _ iMﬁ'yM _ Séﬁ’vv(M)] Pys.,

- 2P[a\[3’)\v)\mD|b]Vm’yPaﬁy - gvﬁmfnmpFnapr’YPaﬁfy .
(B.10)

Using the Bianchi identity DF" = 0 and the above equations of motion, we have

1 1
517“ {fﬁa(dﬂ)qﬁ [FaacFabdﬁCd - Q(Fv)Qnab:| }

2

1 1
— _pa (efga(dJrl)(i)an) |:Fmaanbd776d - 2Fan77ab:| - 5rDa (e*%a(d‘H)d’) F*, . F%,

2
+ eiga(dJrl)(bFachBbcPdaﬁ - gea'ﬂsMé)\PC’}’/\Fabc + 267%a(d75)¢T0aVnQFnbc .
(B.11)
Summing up all the terms, we have
; 1 2 1 2
rDaTtotal _ @aTﬂuld P! N —za(d+1)¢ F)2 2 sa(d+1)é
ab ab T | oy (F7) Toa—7
1 209 3 Sfluid _ Afluid sA
. pfluid _ fluid sAo
2(d—2)° <d+1 Ao

1 1
1 e jaldt))e [FBFV - 3(F0)25ﬁ'y] Pogy

[\

+ 4gPeiodt)e [MWMWA - éMﬁVM - ;%V] Pysy

— 2Py VA" Dy Vi Pagy — gvgm FamE" a4V, Pasy

+ %D“ (e_%o‘(d+1)¢an) [FmaandeCd - ;Fannab:|

— D (e B B B g SR B, B

— GearaMP P\ + 2675 IOT, 0 pry — 2D [5eH DOV (Mg, |
(B.12)
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If we assume flat Minkowski in d dimensions and that scalar fields are covariantly
constant,
DV = Do =0, (B.13)
this expression reduces to
_1

DaTaﬂbuid + 2¢ 3a(d—5)¢j"\cavnOLFnbc — 62OL¢ (Dllj"\jlbuid + 26—%a(d+1)j"\cﬂauidFabc> =0. (B14)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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