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The results that have been derived in paper I of this series are generalized to the case
of multicomponent systems. The argument is made in an almost parallel way with the one
in I, though the derivation of the integral equation for the pair distribution function is given
in a more intuitive way than in I. The present theory is also a generalization of Morita’s
theory in which the multicomponent systems were treated in the hyper-netted chain approximation.

§ 1. Introduction

In the previous paper,” which will be referred to as I, one-component fluid
systems have been investigated by starting from the customary density expansion
for the pair distribution function. An exact integral equation has been found
for the pair distribution function. The integral equation is of different nature
from those which are usually known in the theory of classical fluids, in the point
that it involves an infinite series in itself. The Helmholtz free energy also has
been expressed in a form of expansion which may be expected to converge con-
siderably more rapidly than its customary density expansion. In the present paper
the results that have been obtained in I will be generalized to the case of multi-
component systems.

In the case of multicomponent systems as well as one-component systems, a
theory can be constructed by means of the integral equation method which is
usually based on the Kirkwood superposition approximation.”®** However, the
inconsistencies which are implied in this approximation reveal themselves more
drastically for the multicomponent systems than for the one-component systems.
In the case of binary mixtures, for example, four integral equations are derived
to determine three kinds of the pair distribution functions. It is known*'® that
these integral equations are mutually inconsistent and also that further approxi-
mation must be introduced to convert them into consistent equations. It may be
said that such a difficulty is one of the serious defects of the integral equation
method.

* In fact it is in the theory of multicomponent systems that Kirkwood used the superposition
approximation for the first time.?
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318 K. Hiroike

The partial sum . method for the multicomponent systems was adopted for the
first time by Mayer in his theory of ionic solutions.” Mayer was able to obtain
the Debye-Hiickel limiting law by considering the terms corresponding to ring
diagrams alone. After that, several authors have adopted this method mainly to
investigate the ionic solutions.””” Recently Morita® has proposed the hyper-netted
chain approximation to deal with the multicomponent systems in general. Morita’s
theory contains the previous works as its special case. Just as the hyper-netted
chain approximation for the one-component systems appeared as the zeroth approxi-
mation to the theory presented in I, it will be shown that the above Morita’s
theory is contained in the present theory as a special case. In such a sense the
present theory may be said to be a generalization of Morita’s theory.

The content of the present paper is as follows. In §2 the definition of the
functions to be used in the following sections are given. This section corresponds
to §2 of I. In §3 an exact integral equation for the pair distribution function is
derived by starting from the density expansions of the functions which are defined in
§ 2. Though this section corresponds to §3 of I, the derivation of the integral
equation is given in a more intuitive way than in §3 of I. In §4 the expression
for the Helmholtz free energy is derived and it is shown that the integral equation
derived in § 3 can also be obtained from this expression for the free energy by
means of a variational principle. The argument in § 4 is made in quite a parallel
way with the one in §4 and §5 of I. In §5 a summary of the results that are
obtained in §3 and §4 is given and some remarks are also given.

§ 2. Notation and definition

We consider a o-component fluid in a volume & and at temperature 7', com-
posed of N; particles of species 1, N, of species 2, .-, and N, of species o. The
interaction potential of our system is assumed to be the sum of pair interaction
potentials :
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where N denotes the total number of the particles and v,(7=1, 2, ---, N) denotes
the species of the particle at r,. The quantity b,iyj(r,,j) is defined in terms of the
pair interaction potential by

bv,ivj«(r,;j) :6_4)"13“.7'(%"‘-7.)%7,—1. ’ (22)
The number density of species v is denoted by p,(=N,/£).

The pair distribution function, ¢ae(r1), of two particles of species @ and 2
is given by the equation”

Gap (712) :exp[-—@k(TLml——%—waﬁ(rlz)J, (2-3)
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where

g

Wap(rg) = SIS0 3 P;nl ‘,";b%j;'f)v - SSSd {myd{my} --d{m,}

my my mg ! Mgl !

X Z(W) [l buiVj(Tij)

my+ Myt Mg+ 228> j=1

—5 " Sd{m} SO T by, (). (2-4)
m m | M 2> j=1

In the first line of (2-4) the volume element of m, particles of species v is denoted
by d{m,)} (v=1,2, ---,0). In the second line Mayer’s notation for the multicom-
ponent systems is adopted. While no explanation is given here on this notation,
one will understand it if one compares the second line of (2-4) with the first
line. As in I, the meaning of 2™ will be explained by means of the graphical
representation  of the product ]I‘b,@,vj(mj) in the following.

Particles 1 and 2 are represented by a white circle respectively. The set of
m particles, over which the integration is to be performed, is represented by
the set of numbered points (or numbered black circles). A factor b,y (ry) is
represented by a line (b-bond) which is drawn between two points ¢ and j.
Then a product 115, (ry) is represented by a bond diagram. Two particles ¢

m+ 227> §>1 .
and j are said to be directly connected if b%,j(r.,-,j) appears in the product. An

s-point is defined in the same way as in I. It is a point through which all pos-
sible paths going from particle 1 to particle 2 must pass. In other words, it is

a point by which the bond diagram can be separated into two independent parts -

containing particles 1 and 2 respectively.
We shall introduce the following four kinds of restrictions which are to be
imposed on the summation of diagrams :

(1) Each particle of the set m is independently connected to
particles 1 and 2.
(I1) The particles of the set m are connected among them- |
selves independently of particles 1 and 2. |
- (III)  Particles 1 and 2 are not directly connected.
(AV) The diagram has no s-point.

(2-5)

Then 2™ in (2-4) denotes the summation over all diagrams being possible under
restrictions (I), (II) and (III) (see Fig. 1 in I).”

Following the lines of 1, we define the functions Z,z(715), 2ap(712) and v.e(715)
as follows.*

Fap i) = -7 (dm) 190 110, (), @0

m 224> j=1

* The function zg,«s(775), corresponding to 2zs(r) in I, may be defined in a similar way,
though we shall have no need to use it in the following deduction.
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where 3 denotes the summation over all diagrams being possible under restric-
tions (I), (IT), (I1I) and (IV).

%wm:xfﬁywmz@ﬂ%m%x @-7)
m m! Mt 220> 1

where 3@ denotes the summation over all diagrams being possible under restric-
tions (I) and (IV).

va(r) = 33 7 | @ m} 30 1 b, (), 28)
m m! . m1 226> =l
where X' denotes the summation over all diagrams being possible under restric-
tion (I) alone.

Some diagrams appearing in X and 3% are shown for a one-component
system in Figs. 2 and 4 of I.

" The functions defined above are not independent of each other. The next
section will be devoted to the study of the relations among them.

In concluding the present section, we introduce the Fourier transforms of
Wap (7), Tas(r), 2as(r) and v.s(r) which will be denoted as Wz (k), Xup(k),

Zas (k) and V,z(k), respectively. For example, we have the relations

Rap (}") = ;‘)_ 2 Za,e (/3) o
and "
Zap (k) = S drz,e(r)e ™.

§ 3. Integral equation for the pair distribution function

We shall derive several relations among the functions which have been defined
in the preceding section. Though the derivations may be made in quite a similar
way as in the case of one-component systems of I, we shall here give more intui-
tive derivations. The relations will be seen to give an integral equation for the
pair distribution function.

The diagrams appearing in 2% can be divided into two groups. One group
consists of the diagrams having no s-point, which are just those appearing in 3'®
(see below (2-7)). The other group consists of the diagrams which have at least
one s-point. Let us consider a diagram belonging to the latter group. Let particle
3 of species v be at the s-point nearest to particle 1. Then the diagrams which
are to appear between particles 1 and 3 are restricted by restrictions (I) and
(IV) of (2-5) where particles 1 and 2 must be replaced by particles 1 and 3.
The diagrams which are to appear between particles 3 and 2 are restricted by
restriction (I) where particles 1 and 2 must be replaced by particles 3 and 2.
Therefore the total of the diagrams appearing in wv,s(7,) can be written in a
symbolical way as
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o R e

This symbolical expression means (see below (3-4f) in I)
Vs () =205 () + 33, | sz )0, (), 31)

which is rewritten, with the aid of Fourier transforms, as
Vs () =Zap (B) + 330, 7 () V. (). (319

If, in (8-1"), 8 is fixed and « is varied from 1 to o, one obtains a set of
linear equations which determines Vi, Vg, -+, and V,s in terms of Z,,’s
(a,v=1,2 ---,0). This set of linear equations can be solved in an elementary
way by the use of a determinant. The result is as follows.

1+40ap 9logD(k)

a Va k) = — —a (}a » 3-2
Ouls Vaps (k) 5 7., Pa9ap 3-2)
where
! 1= Zu (k)  —p1Ziy(k)  ovveeeeees — 12, (k) |
D(k) — ‘“;’72221(/3) 1_102222(k) .......... *{72Z2o'<k) (3.3)
.................................... V
| V=0, Za(B) =P, Zog(E) e 1—p,Z,, (k) |
which may be rewritten in a symmetrical form _
1—p, Zu (k) V0103 Zag (k) e ~V 0100 Z1s ()
Dty =| ~V 0 Zu(®) 1=paZu(R) e Ve Z B | g g
| A Pep1Zg(B) V00 Z () oo 1—p,Z,. (k)

In the right-hand side of (8-2), d,s=1 for a=f8 and 0,,=0 for ax3. The
differentiation with respect to Z,;(k) is to be made by taking account of the fact
that Z,5(k) =Z s, (k).

If, in (3-1'), @ is fixed and 3 is varied from 1 to o, one obtains a set of linear
equations which determines Z,,, Z,, -+, and Z,, in terms of V,z’s (v, 3=1, 2, -, o).
This set of equations can also be solved to give the following result.

14045 BlogD(k)

| OallpLap (k) = — 5 | AV, + 0 0us, 3-4)
where
140 Vi (k) 1 Vi(k) e Vi, (k)
1_5 ‘{)2V21(k> 1+‘02V22(k) ‘[)2V2a_(k) . (35)
|

|
(k) =
|

s Vo-1 (k) P Vo (/e) ............ 1 +‘00_ V[w (k) }
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The argument leading to (3-1) or (3-1’) is valid also in the case of the
diagrams appearing in wg.s(7;). We get, corresponding to (3-1),

Woaa (B) = Xas (B) + 330, Zas (B) V5 (B). 36

Next we shall consider the diagrams appearing in z,.(r) (see (2-7)).
These diagrams can be grouped together by the number of parts into which the
diagrams are divided when particles 1 and 2 are removed. It will be supposed
first that particles 1 and 2 are not directly connected. Then the diagrams which
are to appear in each part are restricted by restrictions (I), (II) and (III) of
(2-5) ; hence the diagrams belong to w.s(7y,). Therefore the contribution, to
2qg(rs), of diagrams not containing bae(71,) is expressed symbolically as

waﬂ Was
Las
o0—0 + g Qe+ e . (3-71)
1 2 1w, %

The reason why the first term is not w,,s but z., is that the diagrams in 2.z (7)
must not have s-points. In a similar way the contribution, to 2.s(71), of diagrams
containing b,s(713) turns out to be expressed symbolically as

baﬁ bab

b g v o + Y |
oO—O0 + + G D dreeevnnnnn . 3.7%
1 2 172 1w 2 -7

The function z,s(7,) is the sum of contributions (3-7f) and (3-7f) so that
2qp(712) 1s written in the form (see below (3-4f) in I) :

1
Zap (7”12) =Zap (7'12) +§1Twi,e (7”12) +*§T wiﬁ (7'12) +oeeeee

1
+baﬁ(r12) +—:LIT baﬁ (7"12) Wap (7‘12) +—2~‘— ba,e(rm) 'w.i,e(rm) S SRR

== [baﬂ (r) + 1] eresn 1 + Zap (712) —Wap(ris). (3-7)

As in I, it will be shown that the sum 2'“® appearing in (2-6) can be re-
duced to a more restricted sum 2'“ if one uses wv-bonds in place of &-bonds.
Let a diagram in 2® have a pair of points (Let the particles on the points be
particles 3 and 4.) by which the diagram is divided into two parts in the fol-
lowing way. The one is the part that includes particles 1 and 2 and cannot be
‘divided any more by that pair of points. The other part consists of the rest.
Diagrams to be included in the latter part are restricted only by restriction (I)
of (2-5) where particles 1 and 2 must be replaced by particles 3 and 4. There-
fore the latter part can be represented by v,,(rs) where ¢ and v are the species
of particles 3 and 4, respectively. By replacing the latter part by the v,,(7s)-
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bond, the original diagram is reduced to a simpler form. Such a reduction can
" be continued until such a pair of points appears no more. After all, (2-6)
reduced to

Za(re) = S| d ) 390 v, (), (3-8)
m m ! m+22i> gl
where 2" denotes the summation over all diagrams, composed of v-bonds, which
are possible under the following restriction as well as (I), (II), (III) and (IV)
of (2-5). The additional restriction is that there exists no part which is con-
nected to the rest of the diagrams only by means of two points. As will be seen
in the next section, it may be said that the diagrams appearing in (3-8) are those
which are constructed by removing one v-bond from the diagrams appearing in
the expression for the Helmholtz free energy (see below (4-9)). Some diagrams
in ® are shown for a one-component system in Fig. 7 of I.
The set of Egs. (3-1"), (8-2), (3-6) and (3-7) can be arranged as follows :

Vo (1) =[bag(r) +1]e"=r" —1 (3-9)
140,, 8logD(k)

ale Va o g — P40, 3-10

Pate Vas(k) 5 37, PaOap ( )

waﬁ(r) :xaﬁ(r) +‘Uaﬁ(7”) "‘zaﬁ("”)- (3 : 11)

It is to be remembered that Z,,(k) and V,s(k) are the Fourier transforms of
Zap(r) and wv,e(r) respectively and that D(k) is the determinant which has been
defined by (3:3) or (3-3"). The function wv,e(r) is related to the pair distri-
bution function ¢,5(r) by

Vap (1) =Gap(r) —1, (3-12)

which is readily confirmed with the aid of (2-2), (2-3) and (3-9). The set of
Egs. (3-8)—(3-11) determines in principle the functions vag(7), Wae(r), 2as(7)
and Z.s(7), and so the pair distribution function ¢,,(»). Therefore we may say
that this set of equations is an integral equation for the pair distribution function.
It is to be noted that this integral equation is an exact one as far as the original
density expansions (2-4), (2-6), (2-7) and (2-8) or their analytlcal continua-
tions, if exist, are valid.

The above set of equations is reduced to the one which has been derived in
I, if the system under consideration is a one-component system. As a matter of
fact, the determinant D(k) is reduced, in such a case, to 1—pZ(k) so that
Eq. (3-10) is reduced to

PV = 1,

1—pZ (k)

which is equivalent to (3-7) in I.
As in I, the zeroth approximation to solve the above integral equation will
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be given by putting z.s(r) to be zero. Then the set of equations is reduced to

2ap (1) =[bap(r) +1]e"*F") —1 —w,4(r)

and (3-13)
Oals Wapg(k) = — papsZos (k) — L4-0ag ;a logD(_/EL_paﬁa,ﬁ,
2 0Z s

which are to be called the equations in the hyper-netted chain approximation,”
though they have not been written in an explicit form in reference 8). The next
approximation will be to approximate z,s(r) by the contributions arising from

the diagrams Zm; (¢, v=1, 2, ---, 0) where the bold lines represent the v-
bonds (sée Fig. 7 in I).

§ 4. Expression for the Helmholtz free energy

It is known' that the interaction part of the Helmholtz free energy is in
general expressed as
1 . . .
Al - !22 S dg§ drogi ﬂ};1‘0mn/9¢aﬂ(r) .(/aﬂ(r ; g) ’ (4 1)

0

where ¢,5(7; €) is the pair distribution function for the case that all the pair
interaction potentials are &¢,,(r) (#, v=1, 2, ---, o). In such a case the functions
bas(7), was(7), and so on, are also dependent on &. In particular, b,s(r) is of
the form

bap (13 &) =eEbapVir 1, (4-2)

By taking notice of (2:3) and (4-2), expression (4-1) can be rewritten as

1

A]_ 1 - . E abdﬁ( 5 g) ) .
s S SRS AUEAYEFTMIGEY 1/
OrT 2 §“1§Sd":;i 2ifala gz € (4-17)

In the following, the &-dependence of b,5(7), was(r), and so on, will not be ex-
plicitly written, for no confusion will arise.
Differentiating (3-9) with respect to &, we get

Bbap (1) puaper . O0ap(r) _ OBwap(r) -, (o Owap(r)

o¢ 3 S o¢
which is transformed, by the use of (3-11), into

1

vl (7
5 g (7)

‘_?_1296_@;(__7;2_ e‘wdﬁ(r) = ‘?Z‘ ['vaﬂ (7’) — Wepg (7") — Wep (/‘) Vap (7") +
o¢ o0&

— g () za,g<r>]+vaﬁ 0 i"zf‘;ff’m + 2 () @—""a(—“ (4-3)
S S
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A New Approach to the Theory of Classical Fluids. I 325

When this expression is introduced into (4-1’) and use is made of the property
of Fourier transforms, the interaction part of the free energy is written in the

form
1

A 1 LA 0
‘leﬁv”_* —3‘$dr‘§ ;:14 a8 S‘dt—aﬁg{vaﬁ(r) —weag (7) '“7va/3(7")‘va,9(7')
) _
1, 1 1 [
F o Vap(r) —Vap(r) zag('l”)]—‘ """""""" > gdf: 0allp Vap (k)
2 2 uQ I s a=1 p=1
87a,9 (k) k
4-4
o9& + !JleT : (4-4)
where
1
A/ 1 ¢ .., < 0v,
eer = g |4 B R ataa () mé%@“‘ (4-5)

0

The integration with respect to ¢ is readily performed in the first term on
the right-hand side of (4-4). By the use of the fact that v,s, w.s and 2,5 vanish
at £=0, it turns out that the first term is written as

—‘é‘“ S dr }:‘1 gnlf’m”/s [‘Ua/s' (7) = Wap () — wWap () Vap ()

+~—;~vi,@<r> —0ap () m(r)], (4-6)

where the values of v,e, w.s and 2,5 are those at §=1. The integration over &
is carried out also in the second term as follows :

1
11 s Oy azw (k)
T2 0 %gdgg:lﬁ:u” Vs (B)
1
D N s [ 140, 8logD(k) 8Zus (R).
T 0 %.gd 2l 2 bz, Tl ] e
1
1 1
=+ 3 @ e D + Sz |
2 2 %)
=+, 3| log D + D Zu®) 4.7
- 2 !J ‘..J Og I[ aa J ( : )

In the last expression of (4:7), the values of D(k) and Z,, (k) are those at §=1.
In transforming the first expression of (4-7) into the second one, use has been
made of (3-10). In transforming the second expression into the third one, the
following relation has been used :
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OdlogD(k) _ é >‘i‘ 14+0das O0logD(k) 0Z.s(k)
o s iy R 8Z s s’

which can be readily proved with the aid of the fact that the determinant D(k)

is dependent on & through Z,;(k)’s alone (see (3-3)). We can prove that the

last term of (4-4), which is defined by (4-5), is expressed in a form

(4-8)

m 1 _ )
s W DY 7,_Xd A IT o (s 4-9
QKT 2 i g ) 20 v (), (4-9)
where 2" denotes the summation over the diagrams which are obtained by in-
troducing the wv,z(7)-bond into the diagrams appearing in 3. If one takes
notice of the restrictions which are imposed on the diagrams in 2 (see below
(8-8)), it can be verified that 3“”’ may be said to be the summation over all
diagrams which are more than doubly connected, though the proof will be omit-
ted here.
The proof of (4-9) is as follows. Let us consider the integral
[ tm oy Poeslr) s 1o,
8;‘ m+224> j=>1

This integral can be transformed, with the aid of the definition of X’  into the
form

: 140 -ar_gd{ln—l—Z} SN I vvyn; (145) -
(ma+1) (mpg+1+0d,5) 08 S N S |

The factor (1-+0,5)/(ma+1) (ms+1-+0.,) enters because the total of diagrams

appearing in X“"” is symmetrical in m particles while the total of diagrams ap-

pearing in X’ is symmetrical in (m+2) particles which are m particles plus

particles 1(a-species) and 2(3-species). By the use of the above transformation,

(4-5) is transformed in the following way (see (3-8)).

1

Ay 1 (,.1 © 00 a5 (715)
e T e SN i 12/
kT 2 gdc 9 5 S dridrs 23 210a0s gz Las (71
1 £ 1 pm a'vaﬂ (715) ¢
= — 3 ! e N nonal) L NTHD v (7
2 a a\:l K?——*lpa‘o'g o 2:: m ! Sd {m+2} s m“fé;i)jg{{‘v N J(r 7)

A 1 pm 14046
s e O % m! (me+1) mg+14045)

X ;’E Sd{ 20 S [ v, ()

mr2i> >l
- ! -2 /{_‘1 fals 1) EJ pm! 71—{_ (3“/9 1.
2 a=1p=1 £ w m! (my+1) (me+1+40.s)

x Sd{m—i—Z} S M 0y, (7s5)

m+2gi>js>11
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= e S viv;i\¥45) -
an m! £ Sd{m} :,ij?ﬁ]llv 43 (70
The last expression is the one to be proved, and, consequently, the proof of (4-9)
has been completed.

As a result of (4-6) and (4-7), the interaction part of the free energy is written
in the form

(g
"!j%%?: ——_”2" g dr a};Jl B=150ap8[.vaé(7ﬁ) —Wag (1) —Wap () Vap (1)
k() —0aa () 2 (1 |
+ 2 Lsillog D) + S puZua®) |+ (4-10)
2 9 FL a=1 A QFT

where A,'/QkFT is given by (4-9). Expression (4-10) is rewritten, by the use
of (38-9), as follows: ‘

A1 —_ 1 f_‘ aj ) W) 1 __
==L ar 5 S pun| Bua () 1} e —1 0, ()
W () U () + ; Ve (r) —vw(r)zw(r)J
L Losi[logD® + 3 pZea® |+ (41
2 0 F s L QT

which will be more conveniently used than (4-10) in the following.

It can be easily seen that the above expression (4-11) is reduced to (4-11)
in I if one considers a one-component system. It can also be seen that (4-10) is
reduced to the expression in the hyper-netted chain approximation if one omits
A/ QkT from (4-10), though in reference 8) D(%) (which is identical to L in
reference 8)) is not expressed explicitly in the form of determinant.

The expression for the free energy in a one-component system has been shown
to have a stationary character.” It will be shown here that expression (4-11)
also has the same character. The following relation is necessary to show it:

b A/ )__ Dals :
9 (AN Pals g (), 4-12
30ap (1) <!2/eT 1o, T (4-12)

where the left-hand side denotes the functional derivative of A,/2kT with respect
to vae(r).* The proof of (4-12) can be done by reversing the reasoning which

* The functional derivative is in general defined as follows. Let P be a functional of a(r).
When «(r) is varied by da(7), the corresponding first order variation of P is denoted by 6P. Then
the functional derivative 6P/da(7) is defined byD:1D

oP={dr _,,Jir,, da (7).
a
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was used in the derivation of (4-9) from (4-5), though the proof is omitted
here. The first order variation of the free energy when in (4-11) the functions
Wap, Vag aNd 2.4 are varied independently of each other, is shown to be, with
the aid of (4-12) and (3-3),

o

3 ) =5 | 3} 3 pure [{baﬁ(r)—{—l}e”’“ﬂ(’) 1—vaﬁ(r)J5waﬁ(r)
a=1 g=1

1 EANA .
— )( dr 3} ,32:1‘0“‘% {vmﬁ’ () —wag (r) — 2ap (r) + Zas (r) Pvaﬂ (r)
11 (&G 1404 dlogD(k) ]
AT D APIPY [' o oz, (el Ve ® 0 020 ().

(4-13)

The coefficients of 0w,z (r), 0v.s(r) and 0Z,5(k) in the above expression are seen
to vanish if there exist relations (3-9), (3:11) and (3-10) among wgg, v.s and
2q5- In other words, it has been proved that the free energy (4-11) is stationary
with respect to the functions satisfying (3-9), (3-10) and (3-11). Conversely, it
may be said that the set of Egs. (8-9), (3:10) and (3-11) can be derived by
means of such a variational principle that the free energy (4-11) is to be stationary
with respect to the variations of wgs, Ves and 2qp. 7

The stationary character of (4-11) is useful in deriving the expressions for
the pressure and the internal energy by means of thermodynamical relations, be-
cause in such cases the dependence of w,s, v.s and 2., on density and temperature
can be neglected. It may be useful also in determining the approximate forms of
Wap, Vap a0d 2.4, hence of the pair distribution function.

It is known that the pair distribution function is related to the free energy
by

A,

1+0as '
0uls0a @b _ — 4-14
Pals89 ﬂ(’") 0 8¢a5(7’) ( )

It can be readily verified, by the use of (4-11), that this relation is valid in our’

case as it should be.

§ 5. Summary and concluding remarks

The results which have been obtained can be summarized as follows. The
interaction part of the Helmholtz free energy in a o-component fluid system (the
volume &, the temperature 7" and the number densities gy, oy, -+, 0,) 1S written
in the form

- 41*" = 7L S S 1 71/a13(7’) . l .
QFT 2 Paps ;:1 [ 10as () + Wap (1)

— Wap (1) Vap () +*;1)’" ‘Ugm(?”) ~Vag (7) Zag (?”)J

s
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+ 2L log D)+ 3 Zeu®) |
2 U K a=1

s e 1 ST/2S .
3P jd{m}ngél%m(w), (5-1)

All protucig which are
more than doubly connected,

where b,,(r) is defined in terms of the pair interaction potential ¢,5(r) by

bus (7) =428 1 (5-2)
and D(k) is a determinant
‘il“‘ﬁlzu(k) '—1{’1212(]3) "“101210(73)
Dy =~ 1= Za(®) e = Za () (5.9)
— 0,70 () =P (k) e 1__/,02”(13);

Mayer’s notation is adopted in the last term on the right-hand side of (5-1).
The functions was(7), Vas(r) and z2.s(r) which are symmetric in @ and 2
(V.s(k) and Z,5(k) denote the Fourier transforms of v,z(r) and z.4(7), respect-
ively.) are to be determined in such a way that (5-1) is stationary with respect
to the variations of these functions. Namely they must satisfy the set of equa-

tions :
Vap (1) =[bap () +1]e"*87 —1, (5-4)
1+0, 0logD(k) N
af Va k) =— g —VaPag 5-5
Oalp Vas(k) 5 37, LaOap ( )
and
Wap (7) :xaﬁ(r) F+Vap (1) —2ap (r). (5-6)
The function z.e(») is defined by
- Zap(71) = 2]'875 d {m} Z(X,() ._ﬁ ’Uvivj(ﬁj), (5-7)
m 1! m--2240> j1

where 3’ denotes the summation over all the different diagrams which are to
be constructed if one removes one bond v,(r) from the diagrams appearing in
the last term on the right-hand side of (5-1). The pair distribution function
Gap(r) is related to v,s(r) by

gaﬂ(r):‘vaﬁ(r)_*”l' (58)

In some cases the above results may be exact ones as far as the expressions
themselves are well determined, irrespective as to whether the original density
expansions (2-4), (2-6), (2-7) and (2-8) from which the above results have
been obtained are valid or not. For instance, in an ionic solution or a classical
plasma, the interaction potentials are of long-range character so that the original
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density expansions diverge term by term. There is good reason to expect that
the above expressions have definite meanings even in such a case (see references
6),7),8) and 12)). An application of the present theory to such a system will
be undertaken in a forthcoming paper.

If we restrict ourselves to a system without long-range interactions, the origi-
nal density expansions converge at low enough densities so that the series ap-
pearing in the above expressions converge, perhaps more rapidly than the original
expansions,® at such densities. The present author hopes that the series appearing
in the above expressions may converge even at the densities which are larger
than the maximum density for which the original expansions converge. It is also
hoped that the maximum density for which the determinant D (%) does not vanish
for any % may be larger than the maximum density for which the original ex-
pansions converge.

At the present stage a physical meaning is not clear of the case where D (k)
vanishes for some & or where the series appearing in the above expressions diverge.
The situation is the same as in I. Such a problem will be investigated in the
near future. ‘

The author is much indebted to Dr. T. Morita for his helpful discussions.
A part of the present work was supported by the Scientific Expenditure of the
Ministry of Education.
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