Int. Journal of Math. Analysis, Vol. 2, 2008, no. 5, 235 - 253

A New Class of Bivariate Gompertz
Distributions and its Mixture!
A. Al-Khedhairi and A. El-Gohary?

Department of Statistics and O.R.
College of Science, King Saud University
P.O. Box 2455 Riyadh 11451, Saudi Arabia
elgohary0@yahoo.com

Abstract

A new class of bivariate Gompertz distributions is presented in this
paper. The model introduced here is of Marshall-Olkin type. The used
procedure is based on a latent random variable with exponential dis-
tribution. A mixture of the suggested bivariate distributions is also
derived. The obtained results in this paper generalize those of Marshall-
Olkin bivariate exponential distribution and other present in the litera-
ture.
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1 Introduction

The Gompertz distribution plays an important role in modelling human mor-
tality and fitting actuarial tables. This distribution was first introduced by
Gompertz [1]. It has been used as a growth model and also used to fit the tu-
mor growth. The Gompretz distribution is related by a simple transformation
to certain distribution in the family of distributions obtained by Pearson. Ap-
plications and more recent survey of the Gompertz distribution can be found
in [2].
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In many practical situation, multivariate lifetime data arise frequently, and
in these situations it is important to consider different multivariate models that
could be used to model such multivariate lifetime data. The model introduced
in this paper is of some interest, in reliability theory, for example, sometimes
failure rate can occur for more than one reason and a mixture distribution is
nice tool for modelling such situation.

In fact, shock models are used in reliability to describe different applications.
Shocks can refer for example to damage caused to biological organs by illness or
environmental causes of damage acting on a technical system,see for example
El-Gohary [4, 5, 6], and A-hameed and Proschan [7]. Also El-Gohary and
Al-Ruzaiza have obtained a new class of bivariate distribution with pareto of
Marshall-Olkin type [3].

The objective of this paper is to introduce a new class of bivariate Gompertz
distributions of Marsall-Olkin type. It is considered as a distribution of the life
times of two dependent components each has a Gompertz distribution. Also
the mixture of the proposed Gompertz distributions will be derived.

The paper is organized as follows. Section 2 presents the shock model yielding
the bivariate Gompertz distribution. The joint survival and probability den-
sity function of bivariate proposed Gompertz distribution is derived. Section
3 presents the joint moment generating function of this bivariate distribution
and its marginal moment generating functions. Section 4 discusses the mix-
ture of proposed bivariate Gompertz distributions and its moment generating
function.

2 The new class of bivariate Gompertz distri-
butions

In this section, we define a new class of bivariate Gompertz distribution using
shock models. We start with the joint survival function of the proposed bivari-
ate distribution and so used it to derive the corresponding joint probability
density function. The marginal probability density functions and conditional
probability density functions of this distribution are also derived. Finally this
contains mathematical expectation of this distribution.
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2.1 The joint survival function

Assume that there exists a three independent sources of shocks are presented
in the environment of a system consists of two components [7]. A shock from
source 1 destroys the component I1; it occurs at a random time T7. A shock
from source 2 destroys component 2; it occurs at a random time 75. A shock
from source & destroys both the components; it occurs at a random time T5.
Thus the random lifetime of the component 1, say X7, satisfies X; = min (77, 73).
While the random lifetime of component 2, say X, satisfies Xo = min (75, T3)
9].
Let us assume that the random variables 77 and T, having Gompertz dis-
tribution with parameters «aq, 31 and s, 35 respectively while the random
variable T3 has an exponential distribution with parameter 6, shortly we say
Gomp(«y, 5;), i = 1,2 and T3 has Exp(0) [3].

That is, the probability density function of the random lifetime 7;, 7 = 1, 2,
takes the following form

gi(t) = a; ”'Gy(t), t >0, a; >0, 3 >0, (i = 1,2) (2.1)

where G;(t) is the survival function of Tj, i = 1,2, which is given by

Gi(t) = eXp{ — ki (Pt — 1) } @ = kB, (i=1,2) (2.2)
The probability density function of T3 takes the following form

g3(t) = 0G3(t), t >0, 0 > 0. (2.3)
where G3(t) is survival function of T3 which given by
Gs(t) = e (2.4)

Obviously, the random variables X; and X, are dependent because of the
common source of shock 3.

Now we proceed to investigate the joint survival function of the random vari-
ables X; and X5. The following lemma presents the joint survival function
Fx, x,(z1,72) of these variables.

Lemma 2.1 The joint survival function of Xy and X5 s

Fx, x, (w1, 72) = G3(2) ﬁ Gi(x;) = exp [—kl (eﬁm — 1) — ko <eﬁ2‘”2 - 1) - 92]
. (2.5)
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where z = max(xy, Tz).
Proof. Since the joint survival function of X; and X5 is defined as

Fx, x,(z1,29) = P<X1 > 1, Xo > x2>
Then
Fx, x,(z1,29) = P({min(Tl, T3) > xl}, {min(Tg, T3) > l’g})
= P({T1>x1,T3>x2}, {T2>x1,Tg>x2}>
= P<T1 > x1, Ty > xo, T3 > max(xy, 352))

As the random variables T}, (j = 1,2, 3) are mutually independent, we directly
obtain

FXl,XQ(.CIZ'l,JZ'Q) = p(T1 > 33'1) P(T2 > 33'2) P(Tg > max(acl, 33'2))
= Gi(11) Go(x2) G3(2), 2z = max(zy,z3)

Substituting from (2.2) and (2.4) into the above relation, we can reach the
form (2.5) that completes the proof. O
The following Corollary gives the marginal survival functions of the random
variable X; and Xs.
Corollary 2.1 The marginal survival functions of bivariate Gompertz distri-
bution are given by

Proof. The proof of this Corollary can be done in a similar manner as in the
proof of Lemma 2.1.

The following Corollary presents the joint distribution of X; and X5.
Corollary 2.2 The joint distribution function Fly, x,(z1,22) of X; and X5 is
given by

Fx, x,(x1,72) = 1 — G1(11)G3(w1) — Go(22)G3(w2) + G3(2) Héz(%)

i=1
=1—exp [~k (M — 1) — Oz1] — exp [—kao(e™™ — 1) — Oz5] +
exp [—ki (e — 1) — ko(e®" — 1) — 02] (2.7)
Proof. The proof of this Corollary can be reached by using (2.5) and (2.6)
with the help of the following relation:
Fx, x,(1,22) = 1 = Fx, (#1) — Fx,(22) + Fx, x, (21, 22).

We can easily observe that the joint survival function of Marshall-Olkin
bivariate exponential distribution [8, 9, 10] can be obtained by setting 3;, (i =
1,2) tend to zero.
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2.2 The joint probability density function

The following theorem provides the joint probability density function of the
new bivariate Gompertz distribution.

Theorem 2.1 If the joint survival function of X1 and X5 is given by
Fx,, x,(x1, T2) = exp [_kl (6’61“ - 1) — ks <€ﬁ2$2 — 1) — Qz] (2.8)

Then, then joint probability density function fx, x,(x1,2z2) of X1 and X, takes
the form
fi(zy,xe) if x> 29 >0,
fxixe (@, 22) = ¢ folzr,22) if 29 > a1 >0, (2.9)
folz,z)  if ;y=290=2>0

where

fr(z1, 29) = koBoe2™2(0 + ki 51€7171) exp [—kl (eﬁlxl — 1) — ko (eﬁw2 - 1) - 9:1;1}
fo(w1, 29) = k1 B151%1(0 + ko B2eP272) exp [—kl (eﬁlxl — 1) — ko (eﬁw2 — 1) — 9:1;2}

fo(z,z) = Oexp [—kl (eﬂl‘Ic — 1) — ko (eﬁw - 1) — Hz]
(2.10)
Proof. The proof of this Theorem is based on the obtaining forms of f;(z1, x2)
and fy(zy,72) by differentiating the joint survival function Fy, x,(z,y) with
respect to ;1 and xo, that is

O%F(z1,x2) -

T D21015 if Tl > Ty > O,
thXQ(Il?IQ) =

BQF’(mhmg) .

T D21015 if To > T1 > O,

But fo(x,z) can not be derived in a similar method. Instead we use the
following identity to derive fo(z,x).

/ / fl(xl,l'g)dl’ldl'g +/ / fg(l’l, l‘g)dl)’}ldl’g +/ fo(l‘,l’)dl’ =1
0 0 0 0 0
(2.11)

One can find out that

/ / fl(l'l, .Tg)dl’gdajl =1- / <9 + klﬁleﬁlxl)p){l (xl)dxl (212)
0 0 0
and

/ / fg(l’l, l‘g)dl’ldl’g =1- / <9 + k’gﬁgeﬁQxQ)FXQ (l‘g)dl’g (213)
0 0 0



A. Al-Khedhairi and A. El-Gohary

Substituting from (2.10) and (2.11) into (2.9) we obtain

Thus, fo(x,z) is

240

x > 0.

Y

1) - 0a]

This class of bivariate distributions generalizes the bivariate distribution

of Marshall-Olkin [8].

— 1) — ko 3o <eﬂ”

eﬁlx

= fexp [—kl (

fo(z, x)

which completes the proof.

1,2) [12]. That is

81 Bo
—(kry) +hayy? +02
e~ (kv Thi"+62) - max(yy, y2).

This result shows that the results of this paper gener-
X; =1+ /8,, (i

alize those of Marshall-Olkin bivariate exponential distribution. Further the
survival function of bivariate Weibull distributions can be derived using the

nonlinear transformation

F(y1,92)

Therefore this survival function can be used to derive the probability density

function of bivariate Weibull distribution in [12].

Next, plots of the joint density function (2.9) for some selected values of
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fig-1b Joint pobability density function for x[2J>x(1]

fig-1a Joint pobabilty density function for x[1]>x(2]
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distribution parameters are shown in figures 1 — 4.

Figures la and 1b. A plot of the joint density function f(z1,z;), Equation

(2.9) for ay

:0.4,ﬁ1:ﬁ2:10and0:5.

20[1
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fig-2a Joint pobabilty density function for x{{>x(2]

fig-2b Joint pobabilty density function for {2>x(1]

Figures 2a and 2b. A plot of the joint density function f(z1, ),

(2.9) for a1 = ay = 0.4, 51 = 408, = 200 and 6 = 5.

Equation

fig-3a Joint pobabilty density function for x{{]>x(2]

fig-3b Joint pobabilty density function for {2j>x(1]

Figures 3a and 3b. A plot of the joint density function f(z1, ),

(29) for a1 = Qg = 2,&2 = 10051 =200 and 6 = 5.

Equation
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fig-4a Joint pobability density function for x[1]>x[2] fig-4b Joint pobability density function for x[2J>x{1]
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Figures 4a and 4b. A plot of the joint density function f(zi,z5), Equation
(2.9) for a1 = ay = 2,4, = 1500, f; = 2 and 6 = 25.

A comparison of Figures 3b and 4b shows the relative rate at which the
density tail of.

Lemma 2.2 The joint probability density function of the Marshall-Olkin bi-
variate exponential distribution is [8, 11]

as(ay + 0) exp [— (o1 + 0)xy — a2x2}, T, > x9 >0
fxix, (w1, 22) =

@1(0&2 + 0) exp |:— klﬁlxl — (062 + 6).1'2], To > T > 0
Also, this distribution has a mass of 6/(6+ a1+ s) along the diagonal z; = x.

Proof. The result of this lemma can be obtained immediately from theorem
(2.1) upon setting 3; and [, tend to zero. 0

2.3 DMarginal probability density functions

The following Corollary gives the marginal probability density functions of X;
and XQ.

Theorem 2.2 The marginal pdf of X;, (i =1,2) is given by

fx.(x5) = (0+k: B’ ™) exp [—kl- (eﬁm - 1) - Qxi] , x>0, (1=1,2) (2.14)
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Proof. First we derive fx, (z1) using the fact that

le(ﬂfl)Z/O le,X2($1,CC2)d932=/O 11‘51(581,902)61&’62-%/ fo(x1, 22) deo+ fo(x1, 21)

Using the expressions of fi(x1,z2), fo(x1, 22) and fo(z1, 1) given in Theorem
(2.1), we can get fx,(z1) of the form (2.14). Proceeding similarly, we can
derive fx,(x2) as given in (2.14), which completes the proof of the theorem. O

Lemma 2.3 The marginal probability density function of X;, (i = 1,2) of
Marshall-Olkin bivariate exponential distribution is

fx. (i) = (04 a;)e” o= g >0, (i = 1,2)

Proof. The proof of this lemma can be obtained immediately from theorem
(2.2) upon setting 3;, (i = 1,2) tend to zero. O

2.4 Conditional probability density functions

Theorem 2.3 The conditional probability density function of X; given X; =
xj, (1,7 = 1,2, 1 # j) is given by

( .
?((1¢)|Xj(xi’$j) if x>y >0,

in‘Xj(.CIZ'iyajj) = f)(i)lxj(l'1’$]) Zf T; > Ty > 0, (215)

0 .

where

f)((li)\xj (zil2;) = k;B; (0 + kiBie® ™) exp { —k; (e — 1) —
Oi+ (0 + B);)| } /(0 + ;B2
f)(i.)\xj (w5]z5) = ksf3i exp {— [ki(eﬁm — 1) — ﬂixz} } ;

0 . s
f&jxj(xilxj) = fexp {—k; (" = 1)} /(0 + k; B; %),
Proof. The theorem follows readily upon substituting for the joint probability
density function of (Xi, Xs) in (2.10) and the marginal probability density
function of X;, (i =1,2) in (2.14), the following relation
_ fxoxg (@i )

Ixix, (@ilr;) =  h(m) (i=1,2) (2.16)
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which completes the proof. O

Lemma 2.1 For the case of Marshall-Olkin bivariate exponential distribution,
we can obtain by setting 31 and By tend to zero in (2.15).

( —(04a)e 0z,
o e~ OFaizitba; f x; > x>0,

in\Xj (.I'Z‘I']) = Qe it if T; > Ty > 0, (217)

067%“/(8 + Ozj) if Ty =T > 0

\

Proof. The proof of this lemma can be reach readily by setting 3;, (i = 1,2)
tend to zero in (2.15) which completes the proof. a

2.5 Mathematical expectation

This subsection presents the exact forms of mathematical expectation of X, (i =
1,2), and the second moments of X?, (i = 1,2) and X; X,.

Theorem 2.4 The expectation of X;, (i = 1,2) is given
E(X,) = k'™ M0 (= 6/5, k) /iy (i =1,2) (2.18)
where U'(u, v) is the incomplete gamma function that defined by

F(u,y):/ thteTtdt, t >0

which for fived v is an entire function of p. For non-integer p this function is
a multi-valued function of v with a branch point at v = 0.

Proof. Starting with
B(X;) :/ i fx,(2:) de;
0

and substituting fx, (z;) from (2.14), we get
E(X;) = / ; (0+kiB; €7%) exp [—k; (7™ — 1) — O] du;
0

= / exp [—kl-(eﬁm — 1) — 9351-] dx; = eki/ e 0w exp [— k; eﬁ"”] dx;
0 0

and using the incomplete gamma function definition (see Gradshteyn and
Ryzhik 3.331 p.308 and 8.350 p.940 [11]) we derive the expression in (2.18).
which completes the proof. O
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Theorem 2.5 The expectation of X? fori=1,2 is given

B(X2) = 2k"% M [00 (— 0/8i, k) /90 — nk; T( — 0/5:, k)] /52, (i = 1,2)
(2.19)

Proof. Starting with
E(X7?) :/ 77 fx,(x;) da;
0

and substituting fx,(x;) from (2.14), and putting u = k;e%® we get

2\ _ o ki 1.9/8i * Inue™ _ , © et 2
BXD) =25k, Uk w7y v~k /k w0/B+D) du] /5

and using the incomplete gamma function definition and its differentiation with
respect to one of their parameters (see Gradshteyn and Ryzhik 4.358 p.578 and

8.350 p.940 [11]) we derive the expression in (2.19). which completes the proof.
O

Theorem 2.6 The expectation of X1 X5 s given
E(XlXQ) — kithe {k-f/ﬁl |:F(O, ,ICQ)F( — 9/&1, kl) — (\I/(l) + In k)g)r( — 9/&1, kl)—f—
2B kT (= 0/B1,k1) /B + 28200 (— 0/ 1, k1) /00 — B1320(1 — 0/ 51, k1) /6
—BoInkyT(1— 0/, kl)] + K572 1(0, k)T (=6/85) + i(—l)”k§9—"ﬂ2>/ﬂlk3x
n=1
[nﬁlar((nﬁz —0)/B1 + 1, k;l) /80 — (n3s — 0) ﬁgﬁf((nﬁg —0)/B1 + 1, kl) 100+

ninkil((nfz = 0)/61 + 1,k ) By = (B2 — 0)(Br — nBa k)T ((nBa — 0)/B1+

Lkn) /1] (nin(ndy = 0)) }/(B16), (2.20)
where W (x) is the digamma function.

Proof. Starting with

00 x1
E(Xng) = / / T1T9 fl(xl,l'g)dl'gdl'1+
0 0

//$1$2f2(x1,952)d$2d$1+/ $2f0($7$)dx
0 1 0

and substituting fi(z1, xs), fo(z1,22) and fo(z1, 22) from (2.10) and using the
integral properties we get
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E(X1X,) = / / T (Q—i-klﬁl eﬁ”’”l) exp {—kl ek, e’gQ”Q—Qxl}dedx1+
o Jo

[o@) x
k11 / / z1 €7 exp { — ky P — gy P27 — ng}dxgdxl
0 X1

using the definition of the incomplete gamma function and its series form (see
Gradshteyn and Ryzhik 8.212 p.925, 8.214 p.927 and 8.354 p.941 [11]) and after
a lengthly algebraic manipulation we derive the expression in (2.20). which
completes the proof. O

Lemma 2.2 For the Marshall-Olkin bivariate exponential, we have

1 ) 2
E(Xz) = 0‘*‘0%" E(XZ) = m, (2 = 1,2) (2.21)
and
1 aq 9+041
E(X:X5) = — 2.22
(X:X) @t 0) Ottt m?  a(@+ o+ o) (222)

By taking limits of the expressions (2.18), (2.19) and (2.20) as /3, and (35 tend
to zero we can get the expressions (2.21) and (2.22).
3 Moment generating functions

In this section we present the joint moment generating function of (X, Xs)
and marginal moment generating function of X, (i = 1,2).

Theorem 3.1 The joint moment generating function of (X, Xs) is given by:
Mx, x,(t1,ta) = 1—eM T2 {hkitﬁa)/ﬁlr( —t1/B1—0/B1, k1) /B + t2k§2/62 {F( —to/Bo, k) —
T(=to/B2)] [ = tik{" T (= (11 4 0)/81, k1) /8] + kST (= (02 +0))/8)T (1

tl/ﬂl, kl)/ﬂg + to Z(—l)”kg {967’@1 ((n52 — tg)(nﬂg — 1y — 9)) -1 B k§t1+tz+9—n[32)/[31 <t1+
n=0

-1
to+ 60— TL/BQ)F(]. — (ﬁl +to 46— nﬁg)/ﬁl, Ifl) (ﬂl (nﬂg —0— tg)) + ]f§t1+t2_nﬂ2)/ﬁl X

(t1+ta—nB)T(— (i +ta+ 0 —nB)/Br, k1) (Br(nfa — t2))_1} /(n'n)}
(3.1)
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Proof. Starting with, the definition moment generating function of bivari-
ate distribution of (X3, X3) we have

MXl,Xg(tl,t2> = E (e_(t1X1+t2X2)>

That is,

]\4)(1’)(2 tl, tQ / / —(tz1+1222) fl (.1'1, .1172) dxg dx1
/ / (t1x1+t2$2)f2 (ZEl, l‘g) d[L’l dl’g
/ e~ T g (0 ) da
0

Substituting from (2.9) into the above relation and after a lengthly algebraic
manipulation we can reach the form (3.1).
The following lemma presents the marginal moment generating function of

Lemma 3.1 The marginal moment generating function of X;, (i = 1,2) is
given by:

Mity) = |1 =t ™ KO0 (= (44 0)/80 k) (8] 1=1,2) (32)

Proof. The proof of this lemma can be done by using either: the relation
between the joint and marginal moment generating functions, or the definition
of the marginal moment generating function of the random variable. Note
that the moment generating function of the bivariate Gompertz can be used
to derive the mathematical expectations X;, X?, i = 1,2 and X; Xo.

Next, we will discuss a form of the bivariate mixture of Gompertz distribu-
tion of Marshall-Olkin type where the dependence among the components is
characterized by a latent variable independently distributed of the individual
components.

4 Mixture of Bivariate Gompertz Distributions

In this section, we present the mixture of independent Gompertz distributions.
Then we derive a mixture of bivariate Gompertz distributions where the de-
pendence among the components is characterized by a latent random variable
which is independently exponentially distributed of the individual component.
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Consider a system of two components where the lifetime of component i, i =
1,2, say, X;, is a mixture of two independent Gompertz distributions. That is,

X1 ~ a1 Gomp(at, fi1) + (1 — a1) Gomp(aig, fi2), 0 < ay <1,
and
X2 ~ Q9 GOHlp(Oégl, ﬁgl) + (1 — CLQ) Gomp(agg,ﬁgg) s 0 S a9 S 1.

The notation Gomp(w;;, §;;) means a random variable, say X;;, having a Gom-
pertz distribution with the parameters «;;, 3;;. That is the probability density
function of X;; takes the following form

inj(]j) = @ijeﬁijx exp{ — kij(eﬂijx — 1)}, x>0, Qu; = kijﬂij > 0, ﬁij > 0, VZ,j .

Consider also an exponentially distributed random variable, say Z, with pa-
rameter ¢ which is independent of X;; for all 4, 5. The random variable Z will
be used as a latent variable to introduce dependence among X’s. The density
function of Z is

fz(z)=0e% 2>0,0>0.

Using the independence assumption in the above model, we can see that Z is
also independent of X; and X5.

Define S; = Min(X;, Z) for ¢ = 1,2. Then the vector S = (51,52) follows
a bivariate distribution and obviously they are dependent as they commonly
share the influence of the latent random variable Z.

In what follows we present the joint probability density function of (Si, Ss).
Firstly, we derive the joint survival function of (51, .S2). Then we use it to derive
the joint probability density function of the mixture of bivariate Gompertz
distribution.

Corollary 4.1 The joint survival function of Si, Sa is

FSl,SQ(Sla 82) = P11 €Xp |:— kll(eﬂnsl — 1) — k21(€ﬁ2182 — 1) — 95]

+p12 exp [ — kn(eﬁ“sl —-1)— kQQ(eﬁ”SQ —-1)— 93}
+p12 exp [ — klg(eﬁml —-1)— k21(€ﬁ2182 —-1)— 93}

+p22 [ — kig(€2 — 1) — kpp(e™2%2 — 1) — 6’8] (4.1)
where s = mai(sy, s3) > 0 and fori,5 € {1,2}:

pij = a%‘i agfj (1-— al)i_l (1-— a2)j_1 )



Bivariate Gompertz distributions 249

Proof. Since
F51,32(51752) = P(Sl > 81,52 > 82)

Then using the definitions of S; and Sy we have

F51752(31752) = P(Xl > 51) P(XQ > 82) P(Z > So) =

= e % H {&i exp [—kil(eﬁ“si — 1)}
+(1 = a;) exp [—kp(e”* —1)]} (4.2)

One can write the above relation as given by (3.1), that completes the proof.
O

Note that:
1. Fori,5 € {1,2}, p;; > 0 and p11 + p12 + po1 + p2e = 1.

2. Each term function in the right hand side of (4.1) is a survival function
of the new bivariate Gompertz distribution.

This means that, survival function given in (4.1) is a joint survival function of
a mixture of four bivariate Gompertz distributions.
The following Theorem gives the joint probability density function of (Si, Ss).

Theorem 4.1 The joint pdf of Si,Ss, say f(s1,52), is

fi(s1,82)  if s1>59>0,
f(s1,82) = ¢ fa(s1,82) if s> 51 >0, (4.3)
fo(s,s) if s1=8,=5>0,
where
f1(s1,52) = p11ko1Ba1€2152 (0 + ky1 11”1151 ) exp { —k11 (€715 — 1) — kgp (52152 — 1) — s, }

+p12ka2 22672252 (6 + k11 B0 ) exp { k11 (P15 — 1) — kop(e22%2 — 1) — G5}
+p21k21ﬁ21652182 (9 + k21612e[31281) exp {_k12(e[312s1 _ 1) _ k21(6521$2 _ 1) _ 981}
+p22ka2 22672252 (6 + k12 B12€™12%0 ) exp { —k12(e7125 — 1) — kop(e22%2 — 1) — @51 }

(4.4)
fa(s1,82) = pr1k11B11€P1151 (0 + ko B21€52152) exp {—k?n(eﬁ“sl — 1) — kop(eP21%2 — 1) — 952}
+p12k11811€71158 (0 + koo BazeP2252) exp { —k11 (7151 — 1) — kog(eP2252 — 1) — fs5 }

+pa1k1212¢7125 (0 + ko1 2167252 ) exp { —k1a (€725 — 1) — ki (€722 — 1) — sy }

+p22k12ﬁ12651281 (9 + k226226[32282) exp {_k12(e[312s1 _ 1) _ k22(652232 —1) - 982}
(4.5)
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fo(s,s) =10 {pu exp [—ku(eﬂns — 1) — kyy (ePs — 1) — QS} +

P12 €Xp [—ku(eﬁlls — 1) — ]{Jgg(eﬁms — 1) — 08] +
(4.6)
P21 €Xp [—k:lg(eﬁl?s — 1) — ]{ng(eﬁms — 1) — 08] +

Pag €XP [—k:lg(eﬁl?s — 1) — kgo(eP25 — 1) — 03]}
Proof. The proof of this Theorem follows along the same lines as of theo-
rem (2.1). 0
The following Corollary gives the marginal pdf’s of S; and .Ss.

Lemma 4.1 The marginal density functions of S1 and Sy are respectively,

fsi(s1) = a1(0 + k1 frie® 1) exp {—kii (P15 — 1) — G5 }

—f-(]_ — al)(Q + klgﬁlge’@usl) exp {_k12(6/@1281 - 1) - 682}7 S1 > 0,
(4.7)

and

fs,(52) = a(0 + ko fore%2) exp { —kgi (€752 — 1) — fs, }

—f-(]_ - GQ)(Q + kggﬁggeﬁmsg) exp {—k12(652282 - 1) - 682}7 Sg > 0.
(4.8)

From the marginal densities, we can derive the marginal moment generating
functions of S;, (i = 1,2) as follows.

Lemma 4.2 The moment generating functions of X1 and X5 are respectively,

Mg, (t1) =1—1 {al ekllkﬁﬂl)/ﬁllF( — (0 +t1)/b, kn)/ﬂn—i‘

(1—a) k12 k,g-‘rtl)/Ble( — (0 + t1)/ P12, k‘m) /ﬁm} (4.9)

and
Mg, (t2) = 1=t {an R0 (= (04 12)/ Bor, e ) /1 +
(1 —ag) " k§g+t2)/622r< — (0 +t3)/Baz, k‘22) /522} (4.10)
Lemma 4.3 From (4.9) and (4.10), we readily have

E(Sl) = a €k“ kf{ﬂnr<—9/ﬁ11, k11)/ﬁ11+(1—a1) €k12 k%ﬂmF(—g/ﬁm, k’m) /ﬁm
(4.11)
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and

E(S2) = Qa2 €k21 kg{&lP(—g/ﬁm, k21>/ﬁ21—|—(1—a2) €k22 k%ﬁzQF(—H/ﬁzz, k’22> /ﬁ22
(4.12)

Lemma 4.4 From (4.9) and (4.10), we readily have

E(S?) = —2a; ™ [ﬁuaF( — 0/, ku) /96 + In knF( — 0/, k11>] /B

—2(1 — ay) M [5123F< — 0/ B2, k12) /00 + In l<;12F< —0/bh2, km)] /B
(4.13)
and

B(53) = 20y [0~ /51, kn )06 + kD~ 0/5, k)| /52

(1~ ) €2 [ 30T~ 0/B kn) /00 + ko ( — 6/, k)] /5%,
(4.14)

Lemma 4.5 The joint moment generating function of (S, Se) is given by
MSLSQ(tl?tQ) = Z;l biMi(tlat2> (415)

where
b1 = p11, ba = P12, b3 = pa1, by = pao
My = Mx,, xy, (t1,t2), Mo = Mx,, x,,(t1, t2), (4.16)
My = My, xy, (L1, t2), My = Mx, x5 (t1,12)

and the functions MX117X21 (tl, tg), ]\4}(117)(22 (tl, tg), MX127X21 (tl, tg) and
Mx,, x,,(t1, t2) can be derived from (2.14) respectively, by replacing oy, v, B1, Bo

with aqy, ast, Bi1, Bor; Qur, oz, Bit, B2 aiz, ar, Bz, Bor and iz, g, Bz, Bao.
Proof. One can establish this lemma from (3.1) and (4.15).

5 Conclusion

Finally we conclude that a new class of bivariate Gompertz distribution of
Marshall-Olkin type is derived. The used procedure is based on a latent ran-
dom variable with exponential distribution. The moment generating functions
of bivariate new class is derived. A mixture of the suggested bivariate dis-
tributions is derived. The present results generalize those of Marshall-Olkin
bivariate exponential distribution and other present in the literature [5, 8, 10].
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