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This article presents a new composite body method for numerically forming the inertia
matrix and the bias vector of manipulators, which is more efficient than the other two
existing types of composite body methods. The main discrepancy of this one from the
existing ones is that all points in a manipulator are observed from the origin of the base
frame and the distances are all measured from this origin. The required computations of
the present method for the inertia matrix and the bias vector of a manipulator with »
rotational joints are (10.51% + 38.5n — 85)M + (6n% + 39n — 70)A and (12.5+2 + 5.5n +
3)M + (9n? + n)A, respectively, where ‘‘M’’ denotes multiplications, “A’’ does addi-
tions. In numerically forming the inertia matrix, the present method is more efficient
than other methods in the literature for a manipulator with five or more joints; whereas
this method is also superior to the recursive Newton—Euler formulation in computing
the bias vector for a manipulator with six or less joints.
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INTRODUCTION
It is well known that the dynamic model of a manipulator can be described
with
H(q)q + b(q,q) = 7 (D
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where H is the positive definite symmetric inertia matrix, b is often called the
bias vector, 7 is the column of actuator forces, and q is the column of general-
ized coordinates, i.e., the displacement of joints.

The dynamics of manipulators can be categorized in two parts: the inverse
dynamics and the forward dynamics. Many modern control schemes for manip-
ulators require the inverse dynamics that determine the actuator forces for the
prescribed joint displacements, velocities and accelerations. Due to the de-
mand of real time control, several efficient algorithms for the inverse dynamics
are developed. The recursive Newton—Euler formulation' is found the most
efficient in the literature.? Recently, researchers have been struggling to im-
prove the efficiency of this formulation. Two of the most efficient algorithms
based on the recursive Newton—Euler formulation were proposed by Khalil
and Kleinfinger? and Balafoutis et al.*

The forward dynamics are required while the motion simulation of manipula-
tors is performed. The object is to solve the joint accelerations from (1) when
the actuator forces are given as input values. The joint velocities and displace-
ments can be obtained by integrating the joint accelerations, and are then used
to calculate the bias vector. The research of the forward dynamics focuses on
the formulation of the inertia matrix and the bias vector, which is the central
topic of this article.

An industrial manipulator is different from a general multibody system in that
it mostly has only six links or less. This fact should be taken into account while
we investigate the formulation of manipulator dynamics. Our goal is to look for
an efficient formulation for a manipulator with six links or less, although this
formulation may be less efficient for a manipulator having more than six links.

In the literature, there have been two types of composite body (or general-
ized body) methods for forming the dynamic model of a manipulator, which are
more efficient than the other methods. Walker and Orin’® developed a compos-
ite body method only for numerically forming the inertia matrix H. The bias
vector b was computed using the recursive Newton—Euler formulation! by
setting § = 0. Another composite body method for forming the inertia matrix
was derived from Lagrange’s equations by Renaud.5’ He also combined the
resulting formulation with the reduced Christoffel symbols symbolically to
form the bias vector. Based on this method, Burdick® established a LISP-based
program, EMDEG, to automatically generate the symbolic dynamic model of
manipulators. Vukobratovic et al.’? extended the Renaud’s formulation to the
bias vector, and established an algorithm for numerically forming the inertia
matrix and the bias vector of a manipulator with rotational joints. An alterna-
tive algorithm of the Renaud’s formulation is recently proposed by Fijany and
Bejczy.!!'? They derived a recursive formulation for the inertia matrix which is
similar to that of Walker and Orin’ in structure, but is equivalent to Renaud’s
formulation in substance. Nevertheless, it is not more efficient than the original
Renaud’s formulation (see Appendix).

An important discovery by Renaud is that some combinations of the inertia
parameters of the links in a composite body are invariant to the manipulator
motion (cf. (AS) and (A6) in Appendix). These invariant terms can be inter-
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preted with the concept of the augmented body!* as the first moment and the
inertia tensor of an augmented body.*® Renaud® and Balafoutis et al.* adopted
this recognition to reformulate the recursive Newton-Euler formulation in
terms of these invariant terms, independently, which is found computationally
superior to the original one.!

For numerically forming the inertia matrix, there is another method, which
was developed by the author of this article in his earlier work.”® The basis of
this method is an explicit formulation which relates the entries of the inertia
matrix to the partial derivatives of the velocities and angular velocities of links
with respect to the joint velocities. The algorithm based on this formulation is
only adequate to manipulators with few joints since its computational complex-
ity is of order n3.

This article presents a new type of composite body method for numerically
forming the inertia matrix and the bias vector of manipulators. We try to derive
a closed-form formulation from the composite body theory of Walker and Orin®
since we believe that a closed-form formulation can improve the efficiency.
This is achieved by obseving all points in a manipulator from the origin of the
base frame. The formulations are derived in the second and third sections. An
algorithm and a comparison of efficiency with other methods are presented in
the fourth section. It is shown that the present method is more adequate to
industrial manipulators than other methods.

FORMULATION OF THE INERTIA MATRIX

The basic theory of the new composite body method is similar to that of
Walker and Orin’s. However, the forces and torques and the center of mass of
a composite body are all observed in an inertia frame, namely the base frame
E,. And we want to derive a closed-form formulation for the inertia matrix,
although some terms in the formulation are still computed in a recursive form.
Suppose that a manipulator has n low-pair joints, which are labeled as joint 1 to
n outward from the base. Assign a body-fixed frame on each joint, i.e., frame E;
is fixed on joint i. The distance from the origin of E; to that of E; is designated as
{:s, and the distance from the origin of E; to the center of mass of link j as’p (Fig.
1). Define a composite body j as the union of link j to link n. The mass of the
composite body j is denoted as #i;, and the distance from the origin of the base
frame to the center of mass of the composite body as r;. Hence

ff’lj = z m; (2)
=y
rj —_ 2i=j”;:ji Op (3)

where m; is the mass link i. The inertia tensor of the composite body, J;, results
by using Huygeno—-Steiner formula!'4 to obtain
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Figure 1. A composite body.

n

J; = 2 L — milGp — r)XUGp — 1) X]

i=j

= (3 1~ mlipxIipx1) + riyleXIix] @

i=j

where I, is the inertia tensor of link i, and [aX] denotes a skew-symmetric
matrix representing the vector multiplication (ax), i.e., [ax]b = a X b.

The acceleration (i) of the center of mass and the angular acceleration (o) of
the composite body j due to the motion of joint j only (i.e., the other joints are
assumed stationary) are

i = (KXw X (1 — 4s) + Kw)g; 5
o = Kjug; (6)
where u; is the unit vector along joint j, g; is the displacement of joint j, and

K*=(1-K)= {1, for rotauon'al _]ou.xt :], o
/ 0, for translational joint j.

The inertia force (f7;) and torque (t7;) of the composite body j can be obtained
using Newton—Euler equations. According to vectorial mechanics, the inertia
force and torque can be represented by an equivalent force with an equivalent
torque acting at the origin of the base frame, i.c.,

fy = f; = —myf; ®

tEj = t]:i + r X ij = —Jjaj - If’ljl‘j X I'J (9)
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Under the situation that only joint j moves and the gravity is neglected, the
force and torque exerted on joint m by link m, m = j, are also an equivalent
force and an equivalent torque, but acting on joint m, of the inertia force and
torque of the composite body j. The actuator force applied on joint m is to resist
the component of the force or torque exerted on joint m by link m along the
direction of joint m. Therefore, we get the actuator force of joint m due to g,

Tmj = —Wm  (K5(tg — §'s X fg) + Knfg), m=]. (10)
Recalling (1) while setting b = 0 and all §; = 0, i # j, we have

Tm,j = quj, m=j an

too, where H,,; is the (m,j)th-entry of H. Since H is symmetric, we just need to
consider the upper triangular matrix, i.e., m < j. Substituting (4)-(9) into (10)
yields

Hog = KK fun (3 1~ mtixTlip <) w + o < 4o) < i)

- (u, X 6"5) . (llj X ((rﬁjrj) - filjjos))}
+ K KFu, - (u X ((hyr) — ';lj{)S))
+ K%K, - (u, X (1)) — miyu,, X 7's)

+ K,.K;mpm,, - w;, m=j. (12)

This is the formulation of the inertia matrix based on the new composite body
method. All vectors and the inertia tensors in this formulation are represented
with respect to the base frame. Since the result of the formulation is a scalar, it
is independent of the choice of the coordinate frame for the representation.
Therefore, the transformation from the base frame to another frame for the
representations of vectors and inertia tensors in the formulation does not
change the result. It can be shown that the representations of vectors and
inertia tensors with respect to the local frame E; can save quite many computa-
tions,

For brevity, we denote

59 =319 - mlipox[ptx] (13)
i=j

f)}f’ = mj,§f> = 2 m; ipt (14)

i=j

§9 = ul x ps,  m=j. (15)
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where superscript ‘‘(j)"’ denotes the representation of a vector or an inertia
tensor with respect to frame E;. J ; is the inertia tensor of the composite body j
about the origin of the base frame in contrast to that about the center of mass of
the composite body J;. p; is the first moment of the composite body j about the
origin of the base frame. Note that

al) = J*IRat*D) (16)

jji)l — j+lijj(_i+11) j+}RT a7n

J

where /*1R is a 3 X 3 matrix representing the coordinate transformation from
frame E; to frame E;.;. The proof of (17) is as follows. Suppose at*! =
AUTDpU+D where a, b are vectors, A is a matrix mapping b to a. Thus,

P o— J j+1 j — jt+1 i+1) jHr1IRT(j+1 (j+1
alh) = J+}RA(J+ pUth = J+jRA(J+ )J+jR (J+ij(J+ D) (18)
since the coordinate transformation matrix is an orthogonal matrix. This is the

so-called similarity transformation.
Let

L=I- %tr[l,-]E (19

where E is an identity matrix, then
L =1 - u[L]E (20)
It is easy to show that
[ax][bx] = baT — tr[baT]E 1)
According to (20) and (21), we can compute

n

j;f) = 2 iﬁj) — m; hpP(pnT (22)

i=j
and then get J by the relation of
39 =39 — u[JPIE 23)

Such an arrangement can save a few computations (see the fourth section).
Finally, we establish the following recursive algorithm for the variables in

(12)

) =/-1Re{Y, m=j 24)
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1(')5<j) = j—}R(j~(1)s<j—1> + j_{s<f"‘>) (25)
§O) =JIRYY, m=j @7

which are in a forward recursive form, and

rﬁj =m; + I’;lj+1 (28)
By = m; tp” + 7IRpL" 29)
jj(j) - i}(j) - m; 6p<j>({)p(j>)T + j+}Rjj{£+11> j+}RT (30)

which are in a backward recursive form.

FORMULATION OF THE BIAS VECTOR

A formulation for the bias vector based on the same composite body concept
is derived in this section. First, we should know the properties of the bias
vector. The mth component of the bias vector is in the form of

n n

By = 2, D Duiidid; + M (31)
1

j=1 k=

where 7, contains the gravity, and the first term on the right-hand side is
composed of Coriolis and centripetral forces and has the following properties:

Dyj = Dy, (32)
Djkj = U = 0, Jj= k; (33)
Djyn = =Dy, m,j = k. (34)

which can be derived from Christoffel symbol.%° Thus, we are only concerned
with Dy, k = j and m < j; the others can be directly obtained using the above
relations (32)—(34). We rewrite (31) as follows,

n j—1 n
By = > kEl 2Diiiq; + D) DmidiGj + Mim (35)
j=1 k= Jj=1

This equation indicates that the bias vector is influenced by joint velocities in
pairs. To derive D,,;, we can just assume that joints £ and j, k < j, move at
constant speed (i.e., gy = ¢; = 0) and other joints are kept stationary. Under
this situation, the angular velocity and acceleration of the composite body j are,
respectively,
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o = Kfwge + Krug, (36)
dw; . .
a = —dt—’ = KK (wmqgr) % (;gy) G7)

In (37), the differential rule for a vector in a rotating frame is applied. The
equation for the acceleration of point p fixed in a moving frame is

b= twoX(@XrN+aXr+ 2o Xy (38)

where ag, vg are the acceleration and velocity of the origin of the moving frame;
w, a are the angular velocity and acceleration of the frame, r is the distance
from the origin of the frame to point p. On the right-hand side of (38), the
second term is the centripetral acceleration, the third term is the tangential
acceleration and the last term is Coriolis acceleration. Applying this equation,
we obtain the acceleration of the origin of joint j,

d?s

F = Wy X (wk X (‘65 - (’;S)) + 2wk X (Kjujq‘l)

= K;:llk X (mg X (JOS - léS))qkq'k + 2K;fI<JI.Ik x Ilj(,.]kq,' (39)

and then the acceleration of the center of mass of the composite body j,

. d¥Ys ) )
=7 ey X (ay X @~ s) + a X (1~ 5s)
T e o o
= T {Kfwe X (we X (1 — 48)qug + KFw; X (w; X (17 ~ 48))q;q;
+ KFKF(u X (X (15— $s)) + w; X (e X (r; — $9)))Ged;}
* KEK X w) X @ = {9)dd 40)

It should be remarked that

=0, i<j (1)

d?i 0, i < k,
P { ! 42)

UK X (e X (Gp — E)dedu k = i <.
For the present case, the bias vector without the gravity term is
By = 2Dmiiqrq; + DmGigr + Dryq;g; (43)

As was mentioned above, we are only concerned with D,,; and D,,;. Therefore,
only the terms with ¢,g; and qu in (37) and (40) are necessary to be taken in
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account for the derivation of the bias coefficients. One of Newton-Euler’s
equations for composite body j in the present case is the same as (8), the other
is

ty = —Jja — wJw)
= K}K¥(=Jw X w) — we X (Jw) — w X (Jw))dg;
= Kjuwe X (Jwm)qeg — KFu; X (Jw;)g;q; (44)

Although the inertia forces of links k to j — 1 are not zero in the present case,
they can be neglected since they have only the terms with §3. We use (37), (40),
and (44) instead of (5), (6), and (9) to repeat the procedure in the previous
section, and finally get

Dmkj = K;:uij) : dmjs m <J,k S]a (45)
dyy = KEKH-JP@Y x uld) + 8 x @} x ul))

+ gg) X (uj,ﬁ % (pj(j) - J(')s<j)))}

+ KiKud x @) x pi — msl)

- K.Kmul) x u?,  m <. (46)
It follows from (34) that
Dy = ~Djom = ~K¥u{™ " dj, m>j>k. “47)

In the derivation of (45) and (46), the following relations were first substituted
into (40) and (44),

w; X (Ilj X (l'j - os)) + u; X (l.lk X (l‘j - ()S)) + (g X llj) X (l'j - j()S)

1
Jj(“k X uj) + w X (Jj“j) =+ u; X (lelk) = 2“j X ((Jj - 'i tr[Jj]E>“k) (49)

The final form of (46) is obtained by applying the following further equalities,

(W, X 1) X (w X 1) = e/ [w; X]u, (50)
Jj - % tr[JJ]E = jj - r;’ljl'jl'f (51)

uw; X {(Jj - % tr[J,-])u,-} =w; X (Jw;) (52)
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Equation (51) follows from (4), (21), (22) and

[ax]ibx] - 5 trl{ax]BXIIE = ba? 53

It is worth mentioning that all variables in (46) can also be computed with the
recursive algorithm (24)—(30). That means, H,; and d,,; are related to the same
variables. However, to compute D, is still time-consuming. Combining (35),
(45), and (47), we can alternatively compute the bias vector without the gravity
term in a more efficient form of

)y = My = = 2 @) dn+ S €04 - d (54)
j= j m+
where
(¥ = 2 2K¥udq + Kul'g;. (55)

which can be calculated in a forward recursive form of
¢ = ARWY + KrePg) + K g (56)
and
g = "R, om > 57

It is apparent that £} = 0 for j < N if the first (Ng — 1) joints are transla-
tional. Therefore, we should keep in mind that d,,; for j < Ng is unnecessary to
be calculated in forming the bias vector.

It is much easier to derive the gravity term, n,,, in the bias vector. Assume
the manipulator is stationary, i.€., §; = ¢; = 0 for all i. The forces exerted on the
manipulator are gravitational forces only. The gravitational force of the com-
posite body j is 7y;g acting at the center of mass, where g is the gravitational
acceleration. The actuator force applied on joint j is to resist the component of
the force or torque exerted on joint j by link j along the direction of joint j, i.e.,

m = —K}"u}") . ((rjg) — 459 x g — Kju}” - riyg? (58)

ALGORITHM

The literature!®!> has shown that the choice of a body-fixed coordinate sys-
tem plays an essential role in the computation efficiency of kinematic and
dynamic problems of manipulators. In the work,!® the normal driving-axis coor-
dinate system (also called the modified Denavit—Hartenberg notation!) was
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_ cos¥; —siné; 0 b;
g [ AR is<i> ] B [ cosJ;siné; cosfB;cosd; —sinfB;, —d;sin 8 }
-1 000 1 T | sinfising;, sinBicos§; cosfB  d;cos
0 0 0 1

-1 000 1 0 0 ¢,

cos¢;; —sing;; 0 0

,_IA:[ "R f:}s<"1>}= sing;; cosg; 0 0
1

0 0 01

Figure 2. Illustration of the normal driving-axis coordinate system.

used to reformulate the recursive Newton—Euler Formulation.! The resulting
formulation is more efficient than the original one based on the Denavit-Harten-
berg notation, and made the implementation on an INTEL 8086/8087 micropro-
cessor (SMHz clock) under 17ms for the Stanford manipulator. It is also
shown!? that the reformulated Walker and Orin’s composite body method
based on the normal driving-axis coordinate system can save 45 multiplications
and 28 additions for a general open chain in comparison with the one based on
the Denavit—Hartenberg notation. This experience is adopted again to establish
an algorithm for the formulations derived above.

In the normal driving-axis coordinate system (Fig. 2), the z-axis of a body-
fixed frame is the driving axis of the corresponding link, i.e., u’ = [00 1]7.
And the distance from the origin of frame E;_; to frame E;is ,_!s"~" = [b;, — d;
sin B;, d; cos B;]7, where b;, d;, B; and 6; are the parameters of the coordinate
system and are shown in Figure 2. Note, d; = d{ + q;, 8; = 6/, if joint [ is
translational; otherwise d; = d}, 6, = 0] + q;;i.e., d{ and 0] are the null-position
values of d; and 6;, respectively.
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Since it is recommended to assign the base frame E, coincident with frame F,
in the null-position configuration,' the distance between the origins of E, and
E, is then zero. Thus,

37 = ul? x Js = 0, i=1 (59
(1)p<1) — c<ll> (60)
b, cos 6,
%@ = IR %0 = | —b, sin 6, (61)
d;

The terms, which are constant and can be calculated in advance, are listed in
the part “‘initialization”’ of the algorithm shown in Figure 3. Examining (12), we
find that 89 = uY x §'s¥ is just required for K = 1 in forming H,;. If joint N
is the first rotational 1 joint (i.e., K; F=0,i< NfR), only the (3,3)th entry of J( m
is required, and all J?, i < NfR are unnecessary since H.,; is related to J; 79 only
inthe case of K;K¥ = 1, m < j, nor are all p<’) i < N . For the case that_]omtj
is a rotational joint, but not the first, we also just need the third column of j§’
because of um [0, 0, 1]7. This implies that it is unnecessary to convert J}” to
J; J9) in the recursxve procedure, so that computing J; J¥) can save a few of addi-
tlons All these conclusions apply to the formulatlon (46) for d,,;, t

Let

iUl L ) e
a = Jul + 80 x pYv

)13 , _
=| @ |80 ©
(Jm)n - (JO))zz
e =u x @ — iy i) = uf x pP — msY 63)
B, = —Tufx] + §"x1[p{"x] 64)

where (J); denotes the (i, j)th-entry of J. The formulations (12), (46), and (58)
can be rewritten as

g'(’{) .

m

+ K,K}e; - ud)

+ KK (Y x p9), — my(89)),)
+ K. Ky(¥), m=j (65)

H, = K:tK}@ -u¥ — e;)

d,; = KXK}BuY + 59 x e)
+ K.K}e; x u¥
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INITIALIZATION:
Mp = Mg
DO i = n to 1 with increment of —1
IF (!' < ﬂ), mi = ﬁ‘l.’+1 + my
1‘-<‘> = I8~ %tr[lf')]E
END DO i
Nr = No. of the First Rotational Joint
IF (no Rotational Joints), Np = n + 1
(l,‘<l> =0

ip

2<1>
357 =0

<1> = oS1>

C = . 1<1
p{ =my ip<t>

~C
(J7)3s = (IF1)ss + mu ((5p°7>):2 + (5p<7>),%)
IF (Nir > 1) THEN b

DOj:lto(MR—l)
g<j> - j—}Rg<i—1>

nj = rnj(g<i>);

209

END DO j
ENDIF (Ng > 1)
RETURN
END
START: ' o Number of T
M Form IR, ;_is<i-1> g<> Wl Operations mes
DOi=1ton
) cosf; cosfisinf; sing;sinéb;
1R =| —sinf; cosfPicosd; sinp;cosd; K 4M1s/c n
¥ 1
0 —sin ﬂ.’ cosﬂ;
IF(i>1), ;$s9~>=[b —disinf; d;cosfi|” Ki M n-1
IF (> M), g< = *~IRg<i-1> §M 4A n-Ng+1
END DO i
M For HE CasE oF n =111
IF (n=1) THEN
Hu:K;(jf);a-l—Klﬁll 0
l (bh = ~Ki(mief'> x g<1>), - Kumy Ki:2M1A  lforn=1
RETURN
ENDIF (n=1)
B For §s<>, ip<>, 5> M
25<2> = [bycosfy — bysinfy do]T Ki:2M lforn>2
DOi=2ton
IF (i > 2), §s<> = =IR(-1a<=1> 4 _§5<i-1>) 8M 7A ne?9
ip<> = Lg<i> 4 5> 3A n—1
5 = 46, (o<)e OF 0
END DO i

M Form uf™>, 35> Fori>;
DOj=1ton-1

ufit> = IR0 0 17 0

TThe terms enclosed within a box should be excluded when it is to form the inertia matrix only.

Figure 3. Algorithm of the new composite body method.
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IF (j 22 AND K; =0), 357%> =
s#iR-Ge<), (o), o Kj:SM2A - no2
IF (j < n— 1) THEN
DOi=j+2ton

uf> = i-lRuf-1> ' _ 8M 4A (n—2)(n - 1)/2
IF (j > 2 AND K; =0), 37 =-lR35"" K;: 8M4A  (n-3)(n-2)/2
END DO i
ENDIF (j<n-1)
END DO j

B Form 55>, J7 R
IF (Nr > n), GO TO “calculating Hp,; and dp,;”

P = mafp<n> 3M 1for Nr<n
IF (n > Ng), T5™ =15 — (mn gp<n>)(5p<>)T 6M 6A 1for Np<n
s <n>
IF (n = Np), (J"" Yas = (I3 )as +{mn 8p<™> )2 (p<">),
+(ma §p<">), (p<">), 2M2A l1for Np=n

IF (Mr = n), GO TO “calculating Hp; and dp,,;”
DO i = n — 1 to Njg with increment of —1

{ A <i i o<i i -~ <i n—2forNgp=1
IF (i £ 1), pF*> = mihp<™> ++IRPST> 11IM 7A {n ~ e el;g
[ G=1, 5 = o+ " RAST> MTA | Lo Np=l
TP (i > Nr), T = 157 —(mibp<e) (4 <)7
+HIR IS +IRT 43M 31A n—Nr-1
IF (i = Np) THEN
3?3” = -73;'» - t'[j-'(::b]E 3A lfor 1< Nmr<n
IF (i # 1), (I )as = (IE)as + (m; :"p<i>v)z(3p<i>)’
+(m; 5p<>), (5p<*), +(.-+}R‘~,‘<+-;f1> +1RT)y 14M 11A lforl<Nmr<n
P4 -C . N A
IF (i=1), (37 s = (I )ss+ (HIRIST +iRT)e 12M 9A 1for N =1
END IF (i = N)
END DO i
B CALCULATE Hpnj AND dyj; H
<1
Hy = K3 (777 )33 + Karin 0
DOj=2ton
IF (K; = 0) THEN
=57y = m;(6577)e
&= | (BF7). — (577, K;:2M2A a1
0
IF (j > Nj) THEN
A= §;i>(i)j<j>)T K;: 6M n— Nr

—(-:’,jz)n (-:I,i’.:)n 0
—(-_’,"_ )22 (-_’,‘J_ Jai 0
—(T7)e (I 0

A (A) 0 . .
(App ~(a 0 Ky T4 Mo

(A)1z (A)aa —(A)r — (A

t
i}

+

Figure 3. continued
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(':I:'(J:>)i3 (A)2s
a; = _(Jj”)23 ' + ~(A)13 K;: 5A n— Ngr
~T7 0= (577 (A)12 = (A)zs
ELSE (j = Na)
(@): = (T )m + 65 (pF)y = (677),(F>):  2M 2A 1for2< Np<n

END IF (j > Ng)
END IF (K; = 0)

Hjj = K;((a;): = 8777 - ¢;) + K, Kj:2M2A n-1
DOm=1toj—~1
L o= K*K*a: - usi>
Hmj = KnKjaj un Ko K}: 3M 2A
+KnK; ej-ull> KnK?: 2M 1A n(n—1)/2
+K5K; (u;j> x 13,-<j>)z K, K;: 2ZM 1A
KK (uS5%), KmKj: IM
j > = K* K*BuSi> te; <>
IF (2 Nim), dmj = KL K] Bugi> + KnKjej x ug; K5 K;: TM 4A
—(uS> x i)j<.7>)y —(us>), K,:,K;: 4M 1A En — Nr +%;x
KRR | > x50 |+ KnKoiy | (ug), | |KnEs M 24 (n e —2)/2
o o KnKj: 2M
IF (m # 1) THEN
Hm; = Hnj —KLKI357 ¢ KiLK!: 2M 2A
i i my m A(]_)J {K""KJ-' M 1A (n—1)(n-2)/2
K5 K;m;i(3.77 ). mij
IF (j 2> Mr), dmj = dm;j .
(3;.7))!/ En—Nn-{—l;X
. <G N ; K; K?: 4M 4A n+ —4)/2
. qera<i> . ! R
+KL K} 557 x ej + Ki K [_(.gfn»):] {K’;:K;: 9M 2A lfoi-'NfR =1
0 Ofor Nr # 1
ENDIF (m#1)
END DO m
END DO j
B Carcurate n; B
IF (N < n) THEN
DOj=Ngpton
IF(j=1), e1=uf"” xp{'> —myaf?> 2M 2A 1for Ng =1
n = —K;e]- .g<i> {K;: 2M 1A n-N
) —Nr+1
— K (g<i>), K;: IM 4
END DO j
END IF (Njg < n)
W CarcuLate (7> anp Zf” =¢
IF (Ng = n+1), GO TO “calculating (b)m”
< Ng> <NiR> .
Chn = U N 0
s <Np> .
(C}V/R]R Ve = (lel,l.?ﬁ>)'q"’m 1M lfor Np<n
IF (Mr =n), GO TO “calculating (b)”
<Nr+1 Ny N N
CRET = NIRRT + Ghvn) K3 : 3M 1A
L <NRHI> Kho1a LforNe<n
+I‘N,R+1“N,R+x INR+1 Ner+1
~<NRr+1> N .
Cnmat = St iy 3M 1 for Ng < n

Figure 3. continued
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IF (Mg =n—1), GO TO “calculating &;m>”
DOj=Nr+2ton

C]_<i> —J- 1R(C<: 1>+K‘ 1“, 1 q, ) 8]\‘44,4 n~Ng—1
Kju <:> Kip:la for Np<n-—-1
+A q; K; 1A
<> <i> . n—-Ng—1
& =67 M for Np<n-—-1
END DO j
W CavLcurate éf"» |
d¥n =GN X Nr 1M 1for Ng < n
DOm=Ng+1ton
s<m>
Cna = Ui dR, 3M n-Ng
END DO m

IF (Nr =n—1), GO TO “calculating (b)”
DOj=Nr+1lton—-1

DOm=j+1ton

m-1 n— Ng)x
G =R 8M 44 (o a2

END DO m
END DO j
B Carcurate (b), l
DOm=1ton
(b)m = m 0
IF (Mg < n) THEN
IF (Mr < m), (b)m = (b)m - é)<\;:> 'd(N_m)m 3M 3A n— Npg
IF (N > m), (B)m = (B +Enp™ - drm(ym) M 1A Ne -1
END IF (Nr < n)
IF (Njr < n) THEN
DOj=Nr+lton
IF (< m), (B)m=®)m—C;" - dim
IF (j > m), (B)m = (B)m + &,‘”
END DO j
END IF (N < 1)
END DO m
RETURN
END

(n—1)(n — Nr)
3M 3A
+ donj for Nr < n

Figure 3. continued

—(u¥ x pm) + (89

+ KiK; ’6 - mj(sz;
0
(u(l))y
+ KK (uz; x|, m<j (66)
M = —Knen - g™ — Kiin(g'™), (67)

where (-), denotes the x-component and etc.

Using (25)-(30), (54), (56), (57), and (62)-(67), we establish the algorithm for
numerically forming the dynamic equations of a general manipulator and show
it in Figure 3. It should be noted that the computations of the matrix product of
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Table I. Comparison of the efficiency of five algorithms for calculating the inertial
matrix.?

Number of Rotational Joints

Method n=2 2 3 4 5 6 7 8
Walker and M: 11n? + 531 — 74 76 184 314 466 640 836 1054
Orin!® A: 8n + 52n — 62 74 166 274 398 538 694 866
Renaud®’c  M: 13.512 + 22.5n — 68 3t 121 238 382 553 751 976
A: 9n? + 26n — 64 24 95 184 291 416 559 720
Lin® M: (7n® + 9n? — 214n)/6 + 19 23 92 215 399 651 978 1387
A:n® + 13.51% — 28.5n + 14 19 77 180 334 545 819 1162
Fijany and  M: 4.5n% + 115.51 — 175 74 212 359 515 680 854 1037
Bejczy!'d  A: 4n? + 88n — 134 58 166 282 406 538 678 826
Present M: 10.51% + 38.5n — 85 34 125 237 370 524 699 895
A:6n% +39n - 70 32 101 182 275 380 497 626

& M: Multiplication, A: Addition/Subtraction.

b The estimate of the required computations is based on the reformulated one in the work;? but
the estimated computations herein are 2(3M + 3A)(n — 1) less than those in the work!? since baT —
(a- b)E = [ax][bXx] was not recognized.

¢ The computational complexity is reestimated in Appendix.

4 The other one'? is somewhat less efficient.

"IR with a general vector can be reduced to 8M 4A instead of 8M SA because
the (l,2)th, (193)th’ (252)th3 and (2,3)th entries of i—}R can be factorized, where
““M’’ denotes multiplications, ‘‘A’’ does additions. The required computations
for a manipulator with n rotational joints are (23#% + 44n — 82)M + (1512 + 40n
— 70)A. If we delete the terms enclosed with a rectangle in Figure 3, it turns out
to be an algorithm only for the inertia matrix while the coordinate transforma-
tion matrices are assumed to be calculated in some other method for the bias
vector. The operations for the inertia matrix are then (10.57% + 38.5n — 85)M +
(6n2 + 391 — 70)A. This implies that the algorithm takes (12.54% + 5.5n + 3)M
+ (9n? + n)A more operations if, in addition to the inertia matrix, the bias
vector is also computed with the new composite body formulation. The algo-
rithm is verified by a FORTRAN program, whose numerical results are found
the same as those of other methods.

A comparison of the efficiency of this algorithm with the others in numeri-
cally forming the inertia matrix is shown in Table I. It is apparent that the
present method is the most efficient for computing the inertia matrix of a
manipulator with five or more joints, whereas the algorithm described in the
work!? is preferable for a manipulator with 4 or less joints. The present method
is also superior to the most efficient algorithms of the recursive Newton—Eulér
formulation3* in numerically forming the bias vector for a manipulator with six
or less joints, which can be seen from Table II.

CONCLUSION

A new efficient composite body method has been derived. It is found that the
algorithm of this method to numerically form the inertia matrix is more efficient
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Table II. Comparison of the efficiency of three algorithms for calculating the bias
vector.?

Number of Rotational

Method Joints, n = 2 2 3 4 5 6 7 8
Khalil and Kleinfinger? M: 101n — 129 73 174 275 376 477 578 679
A: 90n — 118 62 152 242 332 422 512 602
Balafoutis et al.* M: 93n — 69 117 210 303 396 489 582 675
A: 81n — 66 96 177 258 339 420 501 582
Present M: 12.5n2+55n+3 64 132 225 343 486 654 847
A: 92+ n 38 84 148 230 330 448 584

a M: Multiplication, A: Addition/Subtraction.

than the earlier works for a manipulator with five or more joints. For a manipu-
lator with six or less joints, it is also recommended to use the present method to
compute the bias vector. The secret of the present method lies in that all points
are referred to the base frame. Since the distances are all measured from the
same point (the origin of the base frame), the coefficients in second-order part
(n?) of the required computations are reduced in comparison with the other
types of composite body methods.

We have also tried to reformulate the new composite body formulations by
changing the reference point from the origin of the base frame to that of any
body-fixed frame. However, the required computations increase. Someone
would suggest to apply the concept of the identical reference point to Renaud’s
formulation. Unfortunately, the invariant property of the inertia parameters in
Renaud’s formulation will be destroyed.

To accomplish the dynamic simulation, we still need a linear equation solver
and an integration technique. According to the numerical experiment,? it is
preferable to use the LDLT decomposition to solve the linear equations and to
apply the fourth order Adams—Bashforth integration method for the dynamic
simulation of manipulators.

Kasahara et al.!” have applied the parallel computation process to Walker
and Orin’s method.’ The parallel computation process can also apply to the
present method.

- This article was supported in part by the National Science Council, Taiwan under grant
No. NSC79-0422-E009-02.

APPENDIX: ALGORITHM OF RENAUD’S FORMULATION

Renaud’s formulation for generating the inertia matrix of a manipulator with
only rotational joints is presented in references 6 and 7. The extension to a
general manipulator is derived by Burdick.® Vukobratovic et al.’® extended
Renaud’s formulation to the bias vector for a manipulator with only rotational
joints, and proposed an algorithm of Renaud’s formulation based on the modi-
fied Denavit-Hartenberg notation for numerically forming the inertia matrix
and the bias vector. However, the distance between the origins of two adjacent
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frames was mistaken to ,_/s¢"V = [b;, 0, d;]7 (cf. (5.2) in the work!® and the
fourth section of this article). The required computations were, thereafter,
underestimated. For the purpose of comparing the efficiency of several meth-
ods for numerically forming the inertia matrix, we re-establish an algorithm of
Renaud’s formulation in a natural programming language in Figure Al.

INITIALIZATION:
My =My
5™ = mueln>
T = I8 - me$n x] e ]
DO i =n—1to 1 with increment of —1
™ = Mg +my
B = mict 4 Ky g, e
FE? = I8 - milef ] [ x] = Koy [+ x] [+15997 ]
(131>, = —byyy sin iy
END DO i
Nig = No. of the First Rotational Joint
IF (no Rotational Joints), Np =n+ 1
RETURN
END
START: Number of .
M For THE CasE oF n =1l Operations Times
IF (n = 1) THEN
Hy = K3(T 5 )as + Koy 0
RETURN
ENDIF (n = 1)
B Form uf®>, §5<‘> Fori>; M
DOj=1ton~-1

WS = R0 0 17 0
IF (K; =0), 4139+ =
SHR[-(FHa<i>), (+15<>), O Kr:4aM2A n-1

IF (j < n-1) THEN
DOi=j+4+2ton

uj<-'> = i-..lRuJSi_D M 4A (n—2)(n— 1)/2
IF (K; =0), (4% = IR (1<
END DO i +uj<i-1> X ;_is<i=1>) K;: MM 10A (n—2)(n-1)/2
i
ENDIF (j <n-1)
END DO j

B rorv &5, I 1
DO i=n-1to 1 with increment of —1

&&h = HRreg 8M 4A n-1
A <i L i < - i i K, 3A
e = &8 4+ &5 + Kigriigy Hs<> {K.-Ii: amea "1
IF (i > Na), 35 =35 4+ RIS RT 37M 25A
[ T X - ST K [l x] MISA  n=Ne-l
- i+1ﬁ11+1[i+}8<i>x] [“’}a«)x] K;+1: 9M 3A

Figure A1. Algorithm of Renaud’s formulation for the inertia matrix.
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2 <i> 2 <i>

IF (i=Ng), (Ji Jaa=(J; )
+(HIR j;‘r»w'}RT)as 12M 9A
+2 (1) (65D + (@57 )y 1s<>),) M 2A Lfor Np < n
+Kipmig ((Fla<) + (Hls<)2) Kiyr: M 1A
END IF (i = Njg)
END DO i
M Cacuate H,,; B
Hiy = K{(J1 7 )as + Ky 0
DOj=2ton
e = [=(B]7)y (7). O L
IF (j > Nr AND K; = 0), a; = [Third Column of ;7] 0
S <i> ..
Hyj = K; (3777 )aa + K 0
DOm=1toj-1
Hmj =K&LK] (a,.u_,<,,i>+{,,s<’>-e,) K2K:: 5M 4A
+KmK; e; ugl> KnK}: M 1A
Ces . ) n(n—1)/2
HELK; (15(3,899%), —e; - ugl>) i"‘ﬁ": ?ﬁ *
+Kij 'hj(“;lj>)z me
END DO m
END DO j
RETURN
END

Figure A1. continued

The general form of Renaud’s formulation is®
Hyy = KiKFud - (39u9) + 489 - @f x &}
+ K KFul) - @ x &)
+ KKty 589 - uf + u§) - @ x u)}

+ K Kmpul - u?,  m=j (A1)

where the notation is identical to that in the above text except that

AUy — C i i
) = 2, m; jpY (A2)
§9 = 2 19 — mil jpx1[jpYx] (A3)
=J
180 = u? x 1,0 (A4)

& and J; are the first moment and the inertia tensor of the composite body j
about the origin of frame E;, respectively.
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Defining the constants concerning the inertia property,

(’) = m,c"’ + Ky is0) (AS)
I =17 = mlef"x1el"X] = Koy [/ isOxI* s x] (A6)

then we get
A}J - é(,) +J+1Rc(1+l> + Kjﬂmjﬂjv‘}s(j) (A7)

SGY L wG ; SOib) i : :
JJ(]) = JJQ) + J+}RJj(i“i )J*}RT [’“S(’)X][CJHX] — [cj+1><][f+}s<f>><]

_I<j+lmj+l[j+}sg)x][j+}s(‘/>x] (A8)
i &) = I—1R(I-1al- - e .
Jmsm = jR(J ms(/ D 4+ “’(’/l V. j_{s(/-l))’ m=j (A9)

from (A2)-(A4). It should be remarked that most of works*!? dealing with
Renaud’s invariant terms made a mistake that (AS) and (A6) with ‘“1”’ replacing
K .1 were still seen as invariant to the manipulator motion for translational joint
Jj + 1. In fact, /*is% for translational joint j + 1 varies with d;,,, the joint
displacement of translational joint j + 1. The required computations of (A1) for
a manipulator with # rotational joints are (13.51% 4+ 22.5n — 68)M + (912 + 26n
— 64)A.

The algorithm proposed by Fijany and Bejczy!h!2 uses the recursive forms
(A7) and (A8) to calculate the equivalent force (fz;;) and couple (tg;), at the
origin of frame j, of the inertia force and torque of the composite-body j due to

qj’

iy~ )
_fg"_m/j(j

)
= Kymu?g; + Kfulg; x ¢ (A10)
—t) = Ia¥ + i — {59 x Y
= K& x u¥g; + K}F3udg; (A1)

The first terms on the right-hand sides of (A10) and (All) were erroneously
ignored in the work!? (cf. (54) and (55) in reference 12).

The actuator force applied on joint m is to resist the component of the force
or torque exerted on joint m by link m along the direction of joint m. The fact
that the (m, j)th entry of the inertia matrix is the part of the actuator force of
joint m due to g; results in that

Hy = Kpiy + Kfu - (37 uf") (A12)
Hpy = Kl - 10 + KrulP 60 m<j (A13)
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where
(%) = ~iRe}, (A1)
t<lr’l‘3] = t(nl:lu + Mtk x fgfiu (A15)

Note that t{¥) = t{&)..
Fijany and Bejczy found that the selection of frame k = 2!! or the frame of the

end-effector!? to represent fﬁ,’,‘j and t‘,,ff, can make the algorithm more efficient

than the selection of other frame. However, H;and H,,;, m < j can be expanded
explicitly to be (A1), which is more efficient than Fijang and Bejczy’s algorithm
(Table I).
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