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Abstract

In this paper, we propose a new conjugate gradient method for solving nonlinear unconstrained optimization.
The new method consists of three parts, the first part of them is the parameter of Hestenes-Stiefel (HS). The
proposed method is satisfying the descent condition, sufficient descent condition and conjugacy condition. We
give some numerical results to show the efficiency of the suggested method.
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1. Introduction

Consider the unconstrained optimization problem:
Min f(x),x € R™ 11
where f: R™ - R is a real-valued, continuously differentiable function
A nonlinear conjugate gradient method for solving (1.1) are iterative methods of the form
X1 = X + @y (1.2)
starting from an initial guess x, € R",
where v, = x;,.; — X, the positive step size @, is obtained by one dimensional line search, and d is a search
direction. The search direction for the first iteration is the steepest descent direction, namely

di=-9: (1.3)
and the other search directions can be defined as:
dis1 = —Gi1 + Brdx (1.4)

where g, = Vf(x;) andpf, is a scalar. Some formulas for §, are called Hestenes-Stiefel (HS) [8], Liu and
Storey [9], Polak-Ribiere-Polyak (PRP) [11], Dai and Liao [2], Dai and Yuan (DY) [3], (CD)[4] and Fletcher-Reeves
(FR) [5] Proposed by are given below:

HS _ g}€+1(gk+1_gk) (1.5)

k™ al(gre1—gr)
T
LS _ 9k+1Yk
o = Zen (1.6)
T
PRP _ Ik+1Gk+1—9k) 1.7
k gl ( . )
T
DL _ k41 (Vk—tSk)
BPL = +1d£y—k , t>0 (1.8)
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py _  lgg+all?

— 1.9
k dk(gk+1—gk) ( )
cp _ Ngrsall?
K ——_dzgk (1.10)
FR _ ||gk+1||2
kT gl (1.1D)

where ¥, = gy41 — gr, Symbol || || denotes the Euclidean norm of vectors. The global convergence results
about Fletcher-Reeves (FR) method, Polak-Ribiere-Polyak(PRP) method, Hestenes-Stiefel(HS)method, Dai-
Yuan(DY) method, Conjugate Descent(CD) method and Liu-Storey(LS) method can see [1,6,13,15,12,4,16].

Also, many parameters are suggested, for example, Hager and Zhang [7] suggested a new conjugate gradient
method and called CG-DESCENT method. Zhang Li et al. [16-17] also suggested some modified conjugate gradient
methods.

Conjugate directions which introduce in (1.4) have the property

dis1Vk =0
For Quasi-Newton methods, the search direction d,, can be calculated in the form
div1 = —Hpr19141 (1.12)

By above equation and Quasi-Newton condition Hy,,y, = v, , we get
dir 1Yk = —(Hie1G+ )" Vie = —Gierr (Hie 1Y) = — i1V (1.13)

Perry replaced the conjugacy condition df,,y, = 0 by the condition
dis1Yi = ~Gies1Vi (1.14)

Dai and Liao introduce the following conjugacy condition:

dice1Vk = —t8i1 Vi (1.15)
where t > 0 is a scalar.

This paper is organized as follow: in Section 2, we suggest a new conjugate gradient method. In Section 3, we
prove the descent condition, sufficient descent condition and conjugacy condition of the new method. In Section
4, we present the numerical results and we give the conclusion in section 5.

2. Derivation of The New Method

There are many three-term conjugate gradient algorithms suggested for solving nonlinear unconstrained
optimization, the first three-term nonlinear conjugate gradient algorithm was presented by Nazareth [5], in
which the search direction is determined by

y y i1y
diyr = —Yi + 7 kdk ﬁqu 2.1

Wlth d—l = O,do = _go

(ZZL) [6] proposed a computationally efficient three-term CG method with the following search direction:

duss = ~Guen + Bl dy — Ly, 22)
To derive the new method, firstly, we suppose that
disr = —Grwr + B dic — “"”’;“”;‘ gx » HEOD) 23)
As a new three-term conjugate gradient method multiplying both sides of equation (2.3) by y, , we have
a1V = =Gl Vi + BV ALy — ug”’;“”;‘ Ik 24
Now, from equation (1.14) and equation (2.4), we get
—Gks1Vk = —Ghs Vi + BV Ly — u“"”"; X Ity (25)
Implies that
P = g;i;z k_ ggi;:" + d}f’f}j”ffuz 9Ty, , where p€ (0,1) (2.6)

2.1 Algorithm of New Method
Step (1): Selectx; and & = 107°.
Step (2): Setd; = —g;, gx=Vf (xx), Set k=1
Step (3): Compute the step length a; > 0 satisfying the Wolfe line search
[ + apdy) = £ () < crapgidy,
lgks1dic] < Cz|91€dk|
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where, 0 < ¢; <c, <1.
Step (4): Calculate

Xppq = X + agdy .

Gievr = V(X1 If [ grsa |l < &, then stop.

Step (5): Calculate BYEW by (2.6)
Step (6): Compute dyy; = —gery + B dy
Step (7): If gL, .9kl > 0.2llgs1|I*then go to step 2.

Else

k =k + 1 and go to step 3.

Theorem 1: Suppose that the sequence {x;}is generated by (1.2), then the search direction in (1.4) with new
conjugate gradient (2.6) satisfy the descent condition, i.e. df,; gx+1 < 0 with exact and inexact line search.
Proof: From (1.4) and (2.6) we have,

T T T
Ik+1Yk _ Jk+1Vk 1%k T
=_ — 2.7
dk+1 gk+1 + ( d£3’k dll’k + dZYk”gk”Z gkyk)dk ( )
after we multiplying both sides by g, we obtain
2
T 24 gk+1J’k “k(gZ+1dk) (9k1 k)
dir19i+1 = N Gieea I + dkg ekl T T HaTyelgil? Ik Ve (2.8)

if the step size is chosen by an exact line search which is d% g,,, = 0, then, the proof is done.
Now, we prove that the equation (2.8) is satisfies the descent condition If d7 g,,; # 0.

By mathematical induction, df g, = —llgoll> < 0, where d, = —g,, to prove case K + 1, firstly, we assume that it
is true for case k that is meandl g, < 0, and this is true if d;, = —g, , now, since d, = —g, , then the equation
(2,8) becomes,
Brins = Mgl + 2528 grg, | EeOend)” | Ginrde)
dye Vi di Y lgull?

since the parameter of (HS) is satisfies the descent condition, then, the first two terms of equation (2.8) are less
than or equal to zero, and it is clear that the third and fourth terms are less than zero, since ay, u, and dly, are
positive, so we get

T _ 2 g;+1yk i (Gicr1di)® (Gicr1di)*
Air 1941 = — N Giesall dly, dk Ir+1 — Ty, —Hu EAE
k k

<0.m

Theorem 2: Assume that the sequence {x;}is generated by (1.2), then the search direction in (1.4) with new
conjugate gradient (2.6) satisfies the sufficient descent condition.

dir191e1 < —CllgrsrlI?.
Proof: From (1.4) and (2.6) we get

b (e sty gl gry g, 29)

sy = —
le+1 Gier1 afyy alyy alyillgll?

Multiply both sides of above equation by g, 4, to get

T 2
T _ 2y Ih+1Yk _ ax(gks419k) (0F11di)”
dic+19rr1 = = Gieall® + Ty dkGi+1 aTye T HaTyen? Ik Yk (2.10)

since the parameter of (HS) is satisfies the descent condition a, then the equation (2,10) becomes
A (Gir1d)® | (Girrdi)?
_ U \Gi+1%%k Jk+1%4)” ¢

drf <
i dive " dyllg? T
_ i (Gir1di)* —u (Gir19dk)*
di Vi g l*
S CACHCA GC St T
di Vi g lI? g+ II?
Since,
= —[lgp.qlI? [ak(glaldk)z U (91€+1dk)2] . 1
o dieYi gell> | Ngrsall?
T 2
LetC = ak(‘i’;’;:k) (gﬁ;iﬁ;‘) ] * ||gk11||2 which is positive, then

dis19k+1 < —Cllgpsq|I”. m
Theorem 3: Suppose that the sequence {x;}is generated by (1.2), then the search direction in (1.4) with new
conjugate gradient (2.6) satisfy the conjugacy condition.
Proof: From (1.4), (2.6) and multiply both sides by y,, , we have
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dr — _ T + (gl€+1J’k _ “kgl€+1dk + 91€+1dk T )dT (2.11)
k+1Vie = “Gk+1Vk Ty, Ty, Md£YR||gk||2 IV )iV :
Implies that
dier1Yie = =Gier1 Vi + (Gier1Vie = AeGierrdie + “’”’;“llz"gkyk ) (212)
Then,
diy1Yk = = Gis1di + Hglglnzk 9V
Since d;, = —g;, then,
dis1Yk = —Fi+19k ( tu ”;J;lkz ) (2.13)

Hence,
(a #—k—” i 2)
d£+13’k = _91:+1vk k =
(k#_k'_” ”) (kﬂ_k'_” ”)
since Ikl >0 ,let t =—K 5o we have,
4473 4972
d£+13’k = _tg£+1vk =0.m

3. Numerical Results

In this section, we report the detailed numerical results of a number of problems by new method. We
compare our method with Conjugate Gradient algorithms (HS) and (DY), the comparative tests involve nonlinear
unconstrained problems (standard test function) with different dimensions4 < n < 5000, programs are written
in FORTRAN90 language, the stopping condition for all cases is [|gy.1 |l < 1075 . The results given in tables (1)
and (2) specifically quote the number of function (NOF) and the number of iteration (NOI). More experimental
results in tables (1) and (2) confirm that the new method is superior to standard Conjugate Gradient methods

(HS) and (DY), with respect to the NOI and NOF.

Table (1): Comparative Performance of the three algorithms (HS, DY and New Conjugate Gradient Method)

Test function Dim. Algorithm of HS Algorithm of DY New algorithm
NOI NOF NOI NOF NOI NOF

GCentral 4 22 159 18 127 19 128
10 22 159 18 127 19 128

50 22 159 19 138 19 128

100 22 159 20 153 21 157

500 23 171 23 192 21 157

1000 23 171 23 192 22 170

5000 28 248 24 205 26 216

Miele 4 28 85 36 115 25 72
10 31 102 36 115 33 105

50 31 102 45 156 33 105

100 33 114 45 156 33 105

500 40 146 53 188 35 119

1000 46 176 60 222 35 119

5000 54 211 66 257 40 140

Powell 4 38 108 50 128 28 72
10 38 108 51 130 28 72

50 38 108 51 130 31 91

100 40 122 51 130 31 91

500 41 124 51 130 31 91

1000 41 124 51 130 31 91

5000 41 124 52 132 31 91

Wood 4 30 68 28 65 26 61
10 30 68 28 65 27 63

50 30 68 28 65 27 63

100 30 68 28 65 27 63

500 30 68 29 68 28 65

1000 30 68 29 68 28 65

5000 30 68 29 68 28 65

Cubic 4 12 35 14 39 11 31
10 13 37 15 43 11 31

50 13 37 15 43 12 35

100 13 37 15 43 12 35

500 13 37 15 43 12 35

1000 13 37 15 43 12 35

5000 13 37 15 43 13 37

Extended Pscl 4 7 18 6 16 6 16
10 6 16 6 16 6 16

50 6 16 6 16 6 16

100 7 18 6 16 6 16

500 7 18 6 16 6 16

1000 7 18 6 16 6 16

5000 7 18 6 16 6 16

Sum 100 14 81 14 85 14 78
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500 21 124 21 118 22 121
1000 23 128 24 125 19 83
Wolfe 100 49 99 45 91 49 99
500 52 105 48 79 52 105
1000 70 141 52 105 61 123
Total 1278 4513 1392 4729 1125 3853

Table (2): Percentage of Improving of the New Method

Algorithm of HS New Algorithm
NOI 100% 88.0281690141%
NOF 100% 85.375581653%

Algorithm of DY New Algorithm
NOI 100% 80.8189655172%
NOF 100% 81.4759991542%

4. Conclusion

We have suggested a new conjugate gradient method for unconstrained optimization problems. We proved
the descent condition, sufficient descent condition and Conjugacy condition to the proposed method, the
numerical tests were carried out on low and high dimensionality problems, and comparisons were made
amongst different test functions. The new method has proven its efficiency through results in tables (1) and (2).

References

[1] E.G. Birgin and J.M. Martinez. 4 spectral conjugate gradient method for unconstrained optimization. Appl. Math. Optim.,
43 (2001), 117-128.

[2] Y.H. Dai, and Liao, New conjugacy conditions and related nonlinear conjugate gradient methods. Appl. Math. Optim.,
43(1) (2001), 87-101, https://doi.org/10.1007 /s002450010019

[3] Y.H.Dai and Y. Yuan, A nonlinear conjugate gradient with a strong global convergence properties, SIAM ]. Optim. 10
(1999), 177-182.

[4] R.Fletcher, Practical Methods of Optimization vol.1: Unconstrained Optimization. Jhon Wiley & Sons, New York, (1987).

[5] R. Fletcher and Reeves, C., Function minimization by conjugate gradients, Comput. ], 7(2) (1964), 149-154,
https://doi.org/10.1093 /comjnl/7.2.149

[6] ].C.Gilbert and ]J. Nocedal. Global Convergence properties of conjugate gradient methods for optimization. SIAM ]. Optim.,
2(1992), 21-24.

[7] W. Hager, and Zhang H.C., 4 new conjugate gradient method with guaranteed descent and an efficient line search, SIAM ].
Optim., 16(1) (2005), 170-192, https://doi.org/10.1137,/030601880

[8] M.R. Hestenes and E. Steifel, Method of conjugate gradient for solving linear equations, ].Res. Nat. Bur. Stand. 49 (1952),
409-436.

[9] Y. Liu, and C. Storey, Efficient generalized conjugate gradient algorithms, Part 1: Theory. JOTA, 69(1) (1991), 129-137,
https://doi.org/10.1007 /bf00940465

[10] L. Nazareth, A conjugate direction algorithm without line searches, Journal of Optimization Theory and Applications, 23
(3) (1977), 373-387, https://doi.org/10.1007 /bf00933447

[11] E. Polak and G. Ribiere, note sur la convergence de directions conjugees, Rev. Francaise Inform. Recherche Operationelle
3 (1969), 35-43, https://doi.org/10.1051/m2an/196903r100351

[12] M. Raydan. The Barzilain and Borwein gradient method for the large unconstrained minimization problem. SIAM ]. Optim.
7(1) (1997), 26-33, https://doi.org/10.1137/s1052623494266365

[13] ]- Sun and ]. Zhang. Convergence of conjugate gradient methods without line search. Annals Operations Research., 103
(2001), 161-173.

[14] L.Zhang, W. Zhou, and D. Li, Some descent three-term conjugate gradient methods and their global convergence, Optim.
Methods Softw., 22(4) (2007), 697-711, https://doi.org/10.1080/10556780701223293

[15] L. Zhang, W. Zhou and D. Li. Global convergence of a modified Fletcher-Reeves conjugate gradient method with Armijo-
type line search. Numer. Math, 104 (2006), 561-572, https://doi.org/10.1007/s00211-006-0028-z

[16] L. Zhang, W.. Zhou, D.H. Li, A descent modified Polak-Ribiere-Polyak conjugate gradient method and its global
convergence, IMA Journal of Numerical Analysis, 26(4) (2006), 629-640, https://doi.org/10.1093 /imanum/drl016

[17] L. Zhang, W.]. Zhou, D.H. Li, Global convergence of a modified Fletcher-Reeves conjugate method with Armijo- type line
search, Numerische Mathematik, 104 (4) (2006), 561-572, https://doi.org/10.1007/s00211-006-0028-z



