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A NEW DEGREE BOUND FOR VECTOR INVARIANTS
OF SYMMETRIC GROUPS

P. FLEISCHMANN

ABSTRACT. Let R be a commutative ring, V' a finitely generated free R-module
and G < GLR(V) a finite group acting naturally on the graded symmetric
algebra A = S(V). Let 8(V,G) denote the minimal number m, such that the
ring AC of invariants can be generated by finitely many elements of degree at
most m.

For G = X, and V(n, k), the k-fold direct sum of the natural permutation
module, one knows that 3(V(n, k), 2,) < n, provided that n! is invertible in
R. This was used by E. Noether to prove 8(V,G) < |G| if |G|! € R*.

In this paper we prove B(V(n,k),2n) < maz{n,k(n — 1)} for arbitrary
commutative rings R and show equality for n = p® a prime power and R = Z
or any ring with n - 1g = 0. Our results imply

B(V, G) < maz{|G|, rank(V) (|G| — 1)}

for any ring with |G| € R*.

1. INTRODUCTION

Let R be a commutative ring, V a finitely generated free R-module and G <
GLg(V) a finite group. Then G acts naturally on the symmetric graded algebra

A:=8g(V)= @SR(V%
i=0

where Sr(V'); denotes the i-th symmetric power of V. Notice that the action of G
preserves degrees; hence the algebra A® of invariants inherits the grading from A.

It has been a classical problem of 19*" century algebra to construct minimal
sets of generators for the ring of invariants A® or sets of generators with minimal
degree.

In [3] (1916) E. Noether gave two different constructive proofs for the fact that
A% is finitely generated by invariants of degree at most |G|, if Q C R. Both proofs
can be made to work over any ring R having the property that the factorial |G|! of
the group order is invertible (e.g. see [7], [2]).

In [4] (1926), Noether presented a proof for the fact that A% is finitely generated
whenever R is a noetherian ring. No assumption whatsoever on invertibility of
|G| is needed, but the price one has to pay for this generality is that the proof is
no longer constructive. It essentially uses the fact that submodules of noetherian
modules are finitely generated. The first proof in [3] uses a classical result of H.
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1704 P. FLEISCHMANN

Weyl [8] on vector invariants of the symmetric groups. To state this and to show
how it is applied, we have to introduce some notation:

Let V := V(n) = RZ be the free R-module with the natural permutation action
of ¥, on it. For k € N we define V(n, k) := V& = V@---@V to be the k-fold direct
sum with diagonal action of 3, and Ag(n,k) := S(V(n,k)) to be the symmetric
R-algebra over V(n, k). Let {z1,...,2,} be a basis of V(n); then for k € N the set
{Z11, ooy Tl oy T1ky ooy Tk} 15 @ basis of VOF,

A monomial X = z{} - .-zl -2l L2l € S(VOR) is of mul-
tidegree md(X) := (di,....,dx) € NF if dj = 0" | a;; and of (total) degree
d(X) = Y5 d;. Clearly Ap(n, k) = @,,cx Ar(n, k)m, where Ag(n, k), is the
set of R-linear combinations of monomials with multidegree m and the Ag(n, k)my’s
are ¥p-submodules. An element of Ar(n, k), is called homogeneous of multidegree
m.

Now let G = {e = g1, 92, .., 9gn} be an arbitrary finite group of order n and let
W = Rwy @ - -@® Rwy, be an RG-module of rank k. Consider the Cayley embedding
G = ¥n,9 —(9; —g; = ggi). Then

v:Agr(n, k) — SR(W), xi —gi(w)
is a G-equivariant algebra epimorphism which preserves degrees. In fact,
v(g(zie)) = v(zje) = gj(we) = ggi(we) = gv(wic).

Now, for completeness, we repeat Noether’s original 1916 argument showing that
the restriction

v:Ap(n, k)® — Sp(W)¢
is surjective whenever n is invertible in R: In this case, for any f = f(w1,...,wg) €
Sr(V)Y we can define

1
F = E(f($11,1712, - ,l'lk) + -+ f($n1,$n2, - ,l'nk)) S AR(’II,/C)E"

and get

V(F) = (f(gl(w1)791 (w2)7 s 791(’11)]@)) +ee f(gn(wl)vgn(wZ)v s 7gn(wk))

=3~

(glf(wlaw27"'7wk)+"'+gnf(wlaw27"'7wk):f'

n

Let 3(W,G) denote the minimum number m such that Sr(W)% is generated
by finitely many invariants of degree at most m and Br(G) := max{8(W,G)},
where W ranges through all RG-modules that are finitely generated and free as
R-modules. We see immediately that |G| € R* implies

BW,G) < B(V(n, k), Zn).

For any f = f(z1,...,7,) € S(V(n)) and m = (m1,...,my) € N¥ we define
Pol(f)m to be the Ag(n, k)n-part of the element

f@in 4+ @, Tt o T

Notice that Pol(f), € Ar(n, k)¢ if f € S(V(n))¢ for any G < %,; moreover
Pol(f)m = 0 whenever ), m; exceedes the degree of f € S(V(n)).
Now Weyl’s theorem states that, if R = K is a field containing Q, then

Ag(n,k)* = K[Pol(e))y | i =1,...,n, m € NF],
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where e; is the i-th elementary-symmetric polynomial. Since (e;),, = 0 if m =
(mi,...,;mg) and > m; >4, Ag(n, k)*» is generated by a finite number of elements
of degree < n.

Recently, new proofs for this result have been given by D. Richman and others,
which work over any commutative ring R with n! € R* (see [2]), In this case Weyl’s
theorem implies B(V (n, k), X,) < n = |G|; hence Sr(G) < |G|.

But, as we will see, Weyl’s theorem no longer holds in positive characteristic
< n. Hence although the restriction v : Ag(n, k)™ — Sr(V)% is surjective in the
more general situation where only |G| is invertible in R, a proof of 8g(G) < |G| in
this generality is not known at the moment of this writing (see [2] and [6] for proofs
in the case of solvable groups).

It is the aim of this paper to analyze vector invariants of ¥, in the situation
where R is an arbitrary commutative ring for example the ring of rational integers
Z.

In [1], Campbell, Hughes and Pollack prove 3(V (n, k), £,) < maz{|G|, k- (5)},
and thus obtain 8(V,G) < maz{|G|,rank(V) - (E')} for any commutative ring R
with |G| € R*.

I will prove that 8(V(n,k),%,) < max{n,k(n — 1)} for arbitrary commutative
rings R, with equality if n = p®, a prime power, and R = Z or p- 1z = 0. This will
imply

BV, G) < maz{|G|, rank(V)(|G| - 1)}

if |G| is invertible in R. It also implies, for the ‘global bounds’ over R = Z or
R = K, a field of characteristic p,

Br(Ep:) = oo.

Hence in this case there is no finite global bound at all, even for the smallest
nontrivial group X,.

2. MULTIPLICATION IN INVARIANT RINGS

Let R, V, A and G be as in the introduction and U < G a subgroup. Then we
have the following homomorphism of R-modules:

Tg:AU—>AG, a Z Ya,
g€e[G:U]

where [G : U] denotes an arbitrary cross-section of (left) U-cosets in G, i.e. G =
Wye(c.oy9U- This is called the (relative) trace homomorphism. It preserves

(multi)degrees and if the index |[G : U]| is invertible in R, then T} is an epimor-
phism. (Since a € AY, its relative trace T\ (a) does not depend on the choice of
coset representatives).

We will give a ‘Mackey formula’ for the product of relative traces which is par-
ticularly useful in the case of invariant rings of permutation modules.

Let U,V < G be subgroups and suppose we are given a a cross-section [U : G : V]
of U, V-double cosets with G = ) ;¢ (7.¢.v) UgV and for each g € [U : G : V] a cross-
section [UgV : V] C U of V-cosets with UgV' = W,¢(17gv.1) tgV. Then [UgV : V] is
also a cross-section [U : UN 9V] of UN 9V-cosets in U, i.e. U = Wc(gv.1) tUN V.

Here, as in the following, 9V denotes gV g~!.
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1706 P. FLEISCHMANN

Proposition 2.1. Let U,V < G be subgroups and [U : G : V] be an arbitrary
cross-section of U,V -double cosets in G. Then for each a € AV and b € AV we
have

TG(a)- TG (b) = Y Tf ov(agh).
g€e[U:G:V]

Proof. First notice that the summands on the right hand side do not depend on the
choice of double coset representatives. Indeed if u € U and v € V', then we have

T ooy (alugud)) = TG vy ((ua)(ugh)) = T woy (ulagh)) = T oy (agh).
Now we choose [U : G : V] and [UgV : V] such that G =W ,cp.q.v) e .vn svy 9V
and conclude that

T (a) - T/ (b) = T (a - T (b)) = > d[a(hb)]
de[G:U],he[G:V]

= > dla(tgb)]

g€[U:G:V],te[U:UN 9V],d€[G:U]

= > dtla(gb)]

g€[U:G:V],te[U:UN 9V],d€[G:U]

S TG avlalgh)).

g€e(U:G:V]

|

From now on we suppose that G < %,, and V := V(n), i.e. that V is a permu-
tation module of G. It is well known that in this case the orbit sums of monomials
form a free R-basis of A®, so the formulae above, applied to momomials, completely
describe multiplication in A%,

More precisely, for any monomial a € A let G, denote the stablizer G, := {g €
G| 9a = a} and af; denote the G-orbit sum > gc(c:Ga - (We write a™ if G is
clear from the context.) Then we have

Corollary 2.2.

+ 3+ _ |Ga9b| +
ag bg = E , 1Ga N ng|(a9(b))G-
9€[Ga:G:Gy]

3. THE ‘ROW-LEX’ ORDER OF MATRICES

Let the set of k-vectors over N be ordered lexicographically, i.e. by the rule
a = (a1,a2,...,a;) < b = (b1,ba,...,b;) if and only if there is 1 < jo < k with
a; = b; for j < jo and a;, < bj,. We say that b (strictly) dominates a iff
a; < b; for all i = 1,...,k, with at least one a; < b;. Notice that a < b whenever
b strictly dominates a, but ¢ < b does not imply that a is dominated by b (e.g.
(1,2,2) < (2,1,1) ). We will identify the set M := M(n,k) of monomials in
A = Ag(n,k) with the set Mat, x(No) of nonnegative n,k-matrices using the
bijection

c: M(n, k) — Mat, 1 (No), x{i' - ...-zont - - afih - aink ().

Now we define a total order on the set M := M(n, k) of monomials in the following
way (we call this the ‘row-lex’ order): a = (a;;) < b= (b;;) if and only if d(a) < d(b)
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or d(a) = d(b) and md(a) < md(b) or md(a) = md(b) and there is a row index
1o € N such that the row vectors a; = b; for all i < ip and a;, < b;,. Hence the
matrices are ordered first by total degree, then multidegree and, if these coincide
by the ‘row-lexicographic’ order. This amounts to the total order of variables x;;
given by x11 > xo1 > -+ > Ty > T2 > Tog - > T(n—1)n > Tnn. Notice that the
action of ¥,, on M corresponds to the permutation of rows of a = (a;;), i.e. a :=
(ag-1(i),;) = 6 o (ai;), where 6 := 7(6;;) is the permutation matrix corresponding
to o € 3,. Moreover the product of monomials is given by componentwise addition
of matrix entries:

ab=c= (Cij) with Cij = Qjj + bij;

hence md(ab) = md(a)+md(b). For a,b,c € M we have ab > a with equality if and
only if b = 1 (the zero matrix), and a < b <= ac <be. For f =3 .\ rsac A
we define HT'(f) to be the highest monomial a with respect to “<” that appears in
f with nonzero coefficient r,. Now we get a preorder (i.e. a transitive relation) on
A by defining f to be less than g € A (f < g) if and only if HT(f) < HT (g). We
also define f < g < f=gor f <g. For a € M the orbit sum a™ will usually
be written by displaying its highest element, a = maxz a“. We get immediately:

Lemma 3.1. Let a,b € M with a :== max a® and b := maz b°. Then G =
G,NGy and

(ab)™ —atbt < (ab)™.

Proof. First note that G, N G, C Ggp, so we only have to prove the opposite
inclusion. Suppose then that ¢ € G but ¢ € G, N Gp. Then without loss of
generality we may assume g ¢ G,. Hence ga < a and g(ab) = g(a)g(b) < ab.
Therefore g € Ggp, and so Ggp = G, N Gp. Obviously the lead term of a™b™ is ab;
to finish the proof of the lemma it suffices to show that ab is also the lead term of
(ab)*. Suppose g € G with g & Gp; then we can assume that g € Gy, and hence

g(ab) = g(a)g(b) = a(g(d)) < ab. O

Remark 3.2. Notice that, by 2.2, we have in fact

Gagp|
ab)t —atht = — |¢a b)) T
(ab) Y asea)
g€[Ga:G:Gp]\Go-Gy
For j=1,...,k let 1) € M denote the matrix whose entries are all one in the

7 column and zero elsewhere. Let a € M be such that for some column index j
and all i = 1,...,n the entries a;; are positive. Then

ail alj—l ailk * 0 1 0 +
CL+— a1 agj—l asi . 0 1 0

p1 ... Gpj—1 Ank 0o ... 1 0

Hence A% can be generated by the 1()’s and orbit sums a* such that each column
of a € M has a zero entry.
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If G =%, and @ € M, then maxr a“ has a particularly easy shape: let (a; >
as > -+ > ap) be the family of row vectors of @ and consider

bl aq
b:= b2 #a:= @2 ,
by an

where the unordered families (a;) and (b;) coincide. Let ig := min{i | a; # b;};
then the families (a;)1<i<i, and (b;)i1<i<i, coincide and b;, must be one of the a;’s
with ¢ > ig; hence b;, < a;, and b < a. We see that a is the maximal element in
the orbit a®» = a>».

4. INDECOMPOSABLE INVARIANTS

The following definition as well as the lemma make sense for arbitrary invariant
rings of finite groups:

Definition 4.1. For d € N let R(d) := R[b € AY | d(b) < d]. An element a € A
is called indecomposable if and only if @ € R(d(a)), and decomposable if a €
R(d(a)). (In particular, 0 is decomposable.)

Lemma 4.2. Let S C AS. Then the following are equivalent:

(i) AY = R[S];

(ii) For each a € M with at € AC\S there is f € R[S]) with f = 0 ord(f) < d(a)
such that a™ — f is decomposable.
Proof. (i) = (ii). We can take f = a™.

(ii) <= (i). Let m € M be of minimal degree d such that m* € A9\ R[S]. Then
mt &€ S, so ¢ := mT + f is decomposable for some f € R[S] of degree < d or
f=0. In any case d(c) < d and ¢ € R(d), so it is a linear combination of products

of elements b of degree < d. By minimality of d, each of these b™’s lies in R[S];
hence ¢ and m* lie in R[S], a contradiction. So R[S] = A“. |

Remark 4.3.
BV (n,k),G) = maz{d | R(d) < A} = min{d | R(d+ 1) = A%}
From now on let G := %, and A := A(n, k).

Definition 4.4. Let B' denote the R-module spanned by those elements b+ € A%
with b € M such that the first column vector b of b lies in {0, 1}2 and all rows of
b starting with 1 in the first column are of the form (1,0,...,0).

Lemma 4.5. For any a € M we have
at € (B' N AT y)) + R(d(a™)).

This implies that if md(a) = (a1, az,...,ar) with ay > n or ay = n and md(a) #
(n,0,0,...,0), then a* is decomposable, and if md(a) = (n,0,0,...,0), then at —
r1M s decomposable for some r € R.

Proof. We use induction with respect to the < relation. Let a = mazx a© with
d(at) = d and assume that all b* with b < a™ (and md(b) = md(a) = (a1, ..., ax))
already lie in B* N AS da) T R(d). We can assume that at least one zero appears in
the first column of a. Now there are three cases to consider: the first column has
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three distinct entries, two distinct entries with the non-zero entry bigger than one,
and two distinct entries with the non-zero entry equal to one.

So we assume first that a;; > a21 > ...as1 > ¢ = a1y = - =an > 0=
a(¢41)1 =+ = ap1. Consider
+
ail Ql
az1 by
as1 Qs
i c bs-{-l
a’” = c bio ,
c b,
0 b
0 b

where the b; are appropriate nonnegative k — 1 vectors satisfying b, < --- < b,
and b, <---<b;, ;. Let

an—1 b 1 0
agy — 1 bQ 1 Q
as1 —1 b, 1 0
0 bty
a/ = Q and e= 0 bs+2 )
c 0 0 b,
0 iy 0 0
0 b 0 0

then ' = maxz o’ and e = maz e, and we get a* —a/i "et = (d’e)T—a'Tet < at.
Hence at —a'Tet € BN Agd(a) + R(d). Obviously a'"et € R(d), so we conclude
that a* € B N A + R(d).

So we can assume that

by
by
_| ¢ b
“= 0 bs—Q— 1
0 Zs+2
0 b
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1710 P. FLEISCHMANN

with ¢ >1and b, <---<b,. ;. Now let

c—1 b 1 0

c—1 by 1 0

;| -1 b, 1 o
a = 0 0 and e= bos
0 Q 0 bs+2

0 0 0 b

“n

. G
= = w ve.
Again o' = maz ¢’” and e = max €, and we conclude as above

Finally we can assume that

1 b
1 b
_| 1 b
“= 0 bs+l
0 bs+2
0 b,
with b, <--- < by and b, <--- < b, 1. Now let
1 0 0 b
10 0 b
S R | o b,
a = 0 by and e= 0 0
0 ey 0 0
0 b 0 0

3

G G

Again @’ = max @’ and e = max €“, and we conclude as above.

If a; > nora; =nand md(a) # (n,0,...,0), then, by definition, BlﬂAgd(G) =0
and a™ must be decomposable. If md(a) = (n,0,...,0), then B1N ASLd(a) =R1M,
This finishes the proof. O

Notice that we also have a right Xj-action on A by permuting ‘columns’ of
monomials. On M this action is described by right multiplication with k£ x n-
permutation matrices. Hence A is a RY,- RYXx-bimodule; in particular ¥ also acts
on the invariant ring A%,

Clearly the total degree of a monomial is not changed by column permutations;
hence if a,b € M are largest in their X,,-orbits and a and b lie in the same Y x-orbit,
then a™ is decomposable if and only if b is decomposable. This observation leads
to the following result.

Theorem 4.6. For j =1,...,k let 1Y) € M denote the matriz whose entries are
all one in the j column and zero elsewhere, and define

M, :={a* € A" | md(a) is dominated by (n —1,...,n—1)}
u{1Y 1< <k}
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Then A¥" = R[M,]. In particular,
B(V(n,k),3,) <max{n,k(n—1)},
i.e. A¥n can be generated by elements of degree < max{n,k(n —1)}.

Proof. By 4.2 it suffices to show that for each element a € M with a™ not in M,,,
there is a suitable f € R[M,] with d(f) < d(a) or f = 0 such that a™ — f is
decomposable. So suppose that a* has multidegree (ay,...,a,) with total degree
d and a; > n. Since M, and R(d) are stable under column permutations, we
can assume that i = 1. Now 4.5 tells us that a* € (B' N Ag’;d(a)) + R(d), and
that if a1 > n or a; = n and md(a) # (n,0,...,0), a™ must be decomposable. If
md(a) = (n,0,...,0), then a™ —r- 1Y) is decomposable for some r € R. |

As mentioned in the introduction, we will now show that our new degree bound
is ‘best possible’ in the following sense:

Theorem 4.7. Letn = p® be the power of a prime p, and let R be Z or a ring with
p-1r =0. Then

B(V(n,k),3,) =max{n,k(n—1)}

Proof. Let G = X,,, and let Ar denote A if it is defined over R. Since V is a
permutation module, Aﬁ" is a free R-module, spanned by orbit sums of monomials.
Hence A%" = AY" @z R, and we have B(Vr(n, k),%,) < 8(Va(n, k),%,). Hence it

suffices to show that for each £ > 1 and R with p -1z = 0 the element a; with

1 0
1 0
ap ‘— .
1 0
0 bn—l
and b, ; = (n—1,...,n—1) € N;7! is indecomposable in A(n, k)®. We use induc-
tion on k. We have af = e,_1; notice that Ag(n,1)*" = Rlei,...,ey] is a poly-
nomial ring generated by the elementary symmetric polynomials e;,i = 1,...,n,

which are algebraically independent; hence the indecomposability of a] is a con-
sequence of the main theorem on symmetric functions. Assume now that a; | is
indecomposable but ag is not. Then

af € Y An,k)§ - An, R, —d, s
0#dy,

wheren —1, = (n—1,...,n—1) € NF and the d,, are strictly dominated by n—1,.
Now we consider the G-equivariant ring epimorphism s : Ag(n,k) — Ar(n,k —1)
which is the identity on the z;p for £ < k and maps x;; to 1 for i = 1,...,n. Notice
that for b € M,

|Gs b |
s = TG ONE
In particular,
Gays |
S(a’:) = |G | a‘;c‘_—l :a’;c‘r—l'
ag
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It is easy to see from 4.5 that each ht € A(Cf) 0,0) with 0 < i < n —1is a linear
combination of products of elements of the form b;r with

0 1
0 1
bj=1 ... ...
0 0
0 0
with 0 < j < n ones and n — j zeros in the last column. We get G,;,) = G, and
hence
|Gs(bj)| G ( n )
—= = |b7| = .| =0 mod
et =11=( ] )

by Lucas’ congruences; hence s(h*) = 0 for each ht € A(%...,o
Clearly we have s(A(n, k:)in) C A(n,k — l)gc—l; hence

ay_, =s(af) € Z A(n, k — 1)271 ~Aln, k — 1)&
0#dy, 4

.)with0<i<n.

32

k—l_dkfl'

Since s(A(n, k)(%7...,07i)) =0for 0 < i < n—1, all ‘surviving’ summands must
have d,_; = (di,...,dx_1) different from (0,...,0) and strictly dominated by
(n—1,...,n —1). But this implies that ag_l is decomposable, which is a con-
tradiction. O
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