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Summary. We give a derivation of the displacement potentials and the wave
equations which they satisfy. The derivation is similar to one given by
Richards but is more general and yields explicit formulas for the source
terms. This generality is retained when the moment tensor representation
of the source is used. Formulas for the source terms are given in both spheri-
cal and cylindrical coordinate systems and are evaluated for the particular
case of a point source with second order moment tensor.

Introduction
The momentum equation for a non-gravitating isotropic elastic medium is
pi=A+2W)V(V.u) —uVx Vxu+f+(V-u)VA +(Vu) - (Vu +uV) 1)

in which u is displacement, A and y are Lamé parameters, o is density and f is body force
per unit volume. Specializing to a homogeneous medium and taking the Fourier transform
of (1) yields

—wu=0?V(V.u) -FVxVxu+tp!f. 2)

Richards (1974) noted that in a region where f vanishes and w +# 0 one can divide (2) by
w? and write it in the form

u=Vd +Vxs 3)
in which
a2 32
b=—— V.u; s=— Vxu C))
w w

Substitution of (3) into (4) then yields the wave equations:
o? o?

(V2+—2)‘I)=0; (V2+—)s=0. (5)
w i

He later derived the source free wave equations for SH and SV by means of the operator
A* which we introduce in the sequel. Here we will consider the equation (2) when f is
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390 L. N. Frazer

twice continuously differentiable, and [f{=0(1/[r|**¢) for some € > 0 as |r{->o2 These
conditions ensure that the operator V2 (defined below) commutes with V-, Vx, V? and
A -V x when applied to f, and that |f | is bounded on R3.

Potentials for spherical coordinates
We begin by finding scalars S, Sy, Sy such that
f=VS, + VxtSy+ Vx VxrS,. 6)

To determine Sy and S, it will be convenient to introduce the infinitesimal rotation opera-
tor A=rxV whose properties are summarized by Backus (1958). Application of the
operators V-, A- and A-Vx to both sides of (6) yields the equations V-f= VS,
A-f=—A? Sy, and A- Vxf=A?V2S, respectively and we are thus led to define S, Sy
and S, by

5, =V(V-1)
Sy=—NAN*A-f) (7
S, = V2A2(A- Vx ).
The operator V™2 is defined by
v-? =f dV'K(r, 1)
R3
in which K(r,r')= —1/4n|r—r'| and ®=®is Euclidean 3-space. The domain of V2 is the set

of functions continuous on ®* which vanish faster than |r| 2 as |r|-> The operator
A7%is defined by

A?= f dUB@, )
o'
in which B(f, ¥')=In(1 — f - ¥')/4m and Q is the unit sphere. The domain of A~ is the set of

functions continuous on §2 whose average over  is zero. If 8 (r — r') is the generalized func-
tion with support r = 1’ and the replication property

jz dv'e(’) 6(r —1')= ¢(r)

then
s(r—r)

r

8 —r)= 8(F, t)

where & (t, t') is the generalized function with support £ = f and the replication property

f A6 5, ) = 6(F).
o

Also VK (r,r')=8(r —r') and A’B(i,i') = 6(F, 1) — 1/4n. To prove that the quantities
defined by (7) actually satisfy (6) we need the theorem stated below. This theorem is an
immediate consequence of a theorem of Backus (1958) which states that for any vector
fieldvifr-v=A.v=V.y=0thenv=0.
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Displacement potentials in an elastic medium 391

Theorem 1. For any twice differentiable vector field v defined on R if |[v|—>0Qas|r| >
and V-v=A.v=A-Vxv=0thenv=0.

Proof. Since A-v=A-Vx v=0 we have that Vx v=0 by Backus theorem. Since
V .v=Vx v=0we have that V? v = 0. Thus in any fixed Cartesian axis system {X,y, Z} we
have Vv, = V?p,, = V?p, =0. Let S, be the sphere of radius r about the origin. Since v,
is harmonic the maximum value of v, in S, is taken on the boundary aS,. But this maximum
is smaller than the maximum of | v|on 3S, which by hypothesis approaches zero as [r|—>oo .
Also since | v| is bounded on ®> so is | v, | hence | v, | = 0. Similarly vy, =v, = Ohence v=0
in R?

To prove equation (6) we apply Theorem 1 takingv =f —(VS,+ Vx rSy+ Vx V x rS,)
with S, Sy, and S, given by (7). Since f is twice continuously differentiable,and O(1 /e |¥7€)
for some € > 0 as |r|—> oo we have that

Vov= V.f-V3(V?2V.f)=0
Av=Af+A(—A?A-)=0
A Vxv= A Uxf-A?V2V2A2(A-Ux1)=0

and (6) follows.
We now find displacement potentials for u. In case w # 0 equation (2) may be written
in the form

o? g f
u=——V(V.u)+— Ux Vxu—-—. (8)
w w pw
The technique used above to find displacement potentials for f is quite general and if we
now apply it to the entire right hand side of (8), including the source term, we find that

the right hand side of (8) is given exactly by VP + Vx rH + V x V x rV where

o? S,
P=—— Vu—-1
w? P
p? S,
H== \72/\-2(1\-‘1)—p—c‘:2 ©9)

2 S
Ve—— AN Uxu)——.
w pw
Therefore by the equality in (8)
u=VP+ VxrtH+V x VxrV. (10)

To obtain the wave equations we substitute (10) into each of (9) and there results exactly

o? A+ 2u
/ w? A
(qu) =M 1)
u
2
S,
(V’ +%~) V==
g M
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392 L. N. Frazer

In case w =0 equation (2) becomes

f
0=0>V(V-u)—*VUxVxu+-—. 12)
0

Applying A -, V-and A - Vx to (12) proves that equations (11) will be satisfied for w = 0 if
P=V3V.u

H=—N?(A-u) (3)
V=V2A?(A-Vx ).

Equation (10) now follows immediately from Theorem 1 using v=u—(VP+VxrH+Vx
VxrtV) with P, H, V given by (3). Thus we have shown that for any value of w in any
region of space not necessarily source free, there exist potentials P, A, ¥ such that equations
(11) are satisfied and u given by (10) is a particular solution of (2).

The point source in spherical coordinates

We now take f to be the equivalent body force density associated with the point source
having moment tensor M and time dependence g(¢). M is a constant symmetric second
order tensor and (Burridge & Knopoff 1964)

f(r,)=—g(®)M-V8(x —ry). (14)

Using (14), the divergence theorem, the symmetry and constancy of M and VK (r,r')=
— V'K(r,r') it is straightforward to show that

V2 f=—g(t) M -VK(r, ro). (15)

Now taking the divergence of both sides of (15) and using VVK (r,r') = V' V'K (r, ') yields
the £ motion source potential in the form

S, = —g(H)M: VOVOK(r, o). (16)
To compute the shear source potentials we introduce the spherical resolutions (Backus
1967) V=13, +(1/r)V, and M =ifM,, +iM,; + M, T + M. V,=—fx A is the surface

gradient operator on the unit sphere. In consequence of these definitions we have the result
that if v(rf) is any continuous vector field tangent to £ then by the divergence theorem

f A V(i) V8, ') = — Y, -v0). a7
o

Also if v(rt) is any continuous vector field and ¢(rr) any continuous scalar field then by
Stokes theorem

f dQ¢A~v=~J- dSA) -v. (18)
2 Q

Substitution of the spherical resolutions into (14) yields

(

f(l' t)" _g(f)_‘ { (rr rO)} [err +Msr] 6(1' 1'0) g(t) [ Mrs +Mss} VI(S(I' l-0)
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Displacement potentials in an elastic medium 393

To compute Sy by (7) we write
Sy = —f dQ'B(,t YN -f(ri' 1)
Q/

a 6(" - r ) ! ~ At ’ At ~l A
-0, [T [ a8 A @) o )

vty °)f dVBG,i)A - Mg () - V15, Fo)]
Q' (19)
-5 = 5" 208670 Mo
ar
+8(0) L0 W0 L [AOB(G, f0) - My Go)l.

The last line of (19) is obtained by two uses of (18) and then one use of (l 7.
To compute S, by (7) we first make use of the commutativity of V™ Zwith A%, A and

Vx to write S, in the form

S, = A2(A -V x V2f). (20)
But for any vector field v, A-Vx v =r0,(V-v) —r-V?vso according to the first of (7)

S, =ra,(A2S,) — A2 (r - f). (21)
Substitution of the spherical resolutions for M. 8 (r — ro) and V into formula (14) yields

& (?' r 0) o)

—I: f= rg(t)Mrr;[ } 6(' rO) +g(t) Mrs Vlé(r rO)
r

Thus by one use of (17) we obtain

Krrn=s@r 2 N b, ) BG £ 50 oy
or r

P {B(,fo) M,s(fo)}.

Therefore

0 S(r —
S, =g(t) A {—M L VOVOr *K(l‘,l'o)} +g(r)r3{ ¢ 2r°} M, (#0) B(E, fo)
or or r

(22)
( ro)

_g( ) Vo 1B(f f0) Mrs(ro)

The expansions of Sp, Sy, and S, in series of surface spherical harmonics can now be
obtained by substitution in (16), (19), and (22) of the well known formulas for K(r, ro)
and B(¥, f,) included here for reference.

oo 4 ,1 l
Ker= 3 3 ( )L<~ Y @) Y1 (o)

1=0m=~1 \21 +1/ yL}1 (23)
o 1

B(F, 7o) = Y, (@) Y (fo).

(7, 7o) 1§1m=zzl(l+1) "(E) YT (Fo)

13*

220z 1snBny 0z uo 1senb Aq /8Z579/68€/2/6G/210me/ /w00 dno-olwepese)/:sdjy WOy papeojumoq



394 L. N. Frazer

In equations (22) and (23) 7~ = max (7, r¢), r< = min(z, r,) and the harmonics ¥;™ have been
normalized so that ¥;~™ = (—1Y" ¥;*" and

f AQ Y Y/ = 810 B '
Q

To evaluate the first term in (22) the relation

-1
-2 Ylm = Ylm
Ia+1)

is needed.

Potentials for cylindrical coordinates

The derivations and formulas for cylindrical coordinates are similar to those given above for
spherical coordinates. Analogous to A is the operator L=z x V. For a scalar field ¢,
Lo=2xV ¢=— Vx z¢ while for a vector field v,L.-v=%-V xv. Also V?=9%/az*+L*
and the operator L% is defined by

L?= J 2 dA'C(p,p)

in which C(§, ") =In|p—@'[/27 and R* p=x% +y¥. The domain of L2 is the set of func-
tions continuous on R* which vanish faster than | p | as | p| = o=.

We also need a cylindrical Backus theorem the statement of which is that if a vector field
vis defined for z; <z <z, and in that range v, =0 while v, and v, are continuously
differentiable and if v, and v, approach zero as |p|—>>and V-v =L-v=0 thenv=0.
The proof of this is similar to the spherical case and we give it here. For fixed z € [z,, z;] let
#(x, y}=vx —ivy. Then V. v=L.v =0 means that ¢ satisfies the Cauchy-Riemann con-
ditions so ¢(x +iy) is entire. But by hypothesis [¢| is bounded so by Liouvilles theorem ¢
is constant. Thus since |¢ | >0 as |p | >, ¢ =0.

A consequence of the cylindrical Backus theorem is the following theorem whose proof is
similar to the proof of Theorem 1.

Theorem 2. For any twice differentiable vector field v defined on r*if [ v |[=>0as|r|—=>o0
and V-v=L-v=L.-Vxv=0thenv=0.
If we now define

S, = V2V -1
Su=L(-L- @4)
S,= V2L Vxf)

then using Theorem 2 it follows that
f=VS, + Vx 25y + Vx V x z5,. 25)

Similarly if w # 0 we can use Theorem 2 to show that the entire right hand side of (8)
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Displacement potentials in an elastic medium 395

including the source term is given exactly by VP + Vx 2H + Vx V x 2V where

0‘2

Sp
P=—— V.u——%
w? pe?

g 272 Su
H=— V(L -u)——; (26)
w pw

2

B S
V=——L*L-Vx u)——vé.
w pw

So that by the equality in (8) we have
u=VP+VUxzH+Vx VxiV. 27

To obtain the wave equations we substitute (27) into each of (26) and there results exactly

o? (A +2u)
w? -S
v? +—)H= —A (28)
( g u
2 p—
(V’ + 92—) V= ol .
g 7

In case w = 0 equation (2) becomes equation (12) and application of the operators V-, L
and L - V x to (12) proves that equations (28) will be satisfied for w =0 if

P=V*(V-u)

H=-L?*L-u) (29)
V=VLL -Vxu).

Equation (27) now follows from Theorem 2 using v=u—(VP+ Vx ZH+ Vx V x Z2V)
with P, H, and V given by (29). The above remarks show that for any value of ¢ in any

region of space, not necessarily source free, there exist potentials P, H, and V such that
equations (28) are satisfied and u given by (27) is a particular solution of (2).

The point source in cylindrical coordinates

We now specialize to the case where f is given by (14). The formula (16) for §,, is valid in
any coordinate system. To compute the shear souree potentials we introduce the cylindrical
resolutions V=23/3z +V,, M= 22M,, + iM,. +M_, 2+ M., and 8 (t —1r')=8(z —2') 8 (p— ).
If v is any continuous vector field whose Z component is zero then the divergence theorem
in r?yields

J, dA'v(z, p") -V 5(p—9)=— V.- vz, p). (30)

Also if v is any continuous vector field and ¢ any continuous scalar field such that |¢v| ~0
faster than | g {"%as| p | >0 then Stokes theorem in R? yields

f dAch-v=—Lz dA(Lg) -v. 31)

R2

220z 1snBny 0z uo 1senb Aq /8Z579/68€/2/6G/210me/ /w00 dno-olwepese)/:sdjy WOy papeojumoq



396 L. N. Frazer
Substitution of the cylindrical resolutions into (14) yields

f(r: t) = “g(t) 6,(2 - ZO) [iMzz + Mcz] S(P—PO) —g(t) 6(2 - ZO) [iMzc + Mcc] * Vc B(P_PO)

To compute Sy by means of (24) we write

Sy = —f dA'C(p,p)L -f(z,¢, 1)

=508 ~20) | dA'C(e, @)L’ - Mer () 8 — o)

+g(t) 8(z - z0) f i dA'C(p, o)L - M. (f) - V(P — po)l

=—g() 5’ (z —z0) LOC(P PO) Mcz(PO) +8(8)8(z — zo) vo [LOC(P’ PO) cc(PO)] (32)

The last line of (32) is obtained by two uses of (31) and one use of (30).
To compute S, by (24) we first make use of the commutativity of V"2 with L™ L -, and
Vx to write S, in the form

S, =L%(L-Vx V?). (33)

But for any vector field v,
9 R
L-Vxv=—(V-v)—%.V?y
oz
so according to the first of (24)

9 .
S, = a— L?rsy) L@ -f). (34)
4
Substitution of the cylindrical resolutions of M, 8(r —ro) and V into formula (14) yields
—2-f=g(t)8'(z — 20) M, 8(p—po) +8(t) 6(z ~z0) My - V. 5(p — po)-
Thus by one use of (30) we obtain
L_z("L -f)=g(?) 6'(2 — Zo) Mzz(PO) C(P: PO) —g2()8(z —zp) Vg . [C(p, PO) Mzc(PO)]~
And therefore

a 4
Sy=g(t) L {—M:V°V° a_zK(f, 10)} +8(1)8'(z — zo) M, (po) C(p, po)

—8(8) 8(z — 20) V2 - [C(p, po) Mc(po)]- (35)

The expansions of S, Sy and S, in series of cylindrical harmonics can now be obtained by
substitution into (16), (32), and (35) of the formulas for K(r, 1) and C(p, po) which are
included here for reference.

K(r,rp) = ;—1 Z dk k exp [im (8 —0)] Jm(kp) Jm(kpo) exp(—k |z —2zol) (36)

T m=—wdo

AG, )= — f dk K explim(© — 60)] Jon(kp) n(kPo). 37)
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Displacement potentials in an elastic medium 397

To evaluate the first term in (35) the well known relation

L[], (kp) exp(imd)] = ;—21 J,,(kp) exp(imb) (38)

is needed.

Discussion

The research above grew out of an attempt to incorporate source terms into the coupled
wave equations for P and SV motion in a smoothly stratified inhomogeneous medium
(Richards 1974). If this were done one would expect to find some function of the P wave
part of the source, down by w™, as an additional source term in the SV wave equation and
some function of the SV part of the source, down by w™, as an additional source term in the
P wave equation. Such terms would necessarily be important whenever the source is located
in a region where velocity gradients are sufficiently large to warrant the use of coupled
wave equations.

Acknowledgments

This research was supported by National Science Foundation grant EAR 77-14475-A0l.
I thank F. A. Dahlen for many helpful discussions.

References

Backus, G., 1958. A class of self-sustaining spherical dynamos, Ann. Phys., 4,372--447.

Backus, G., 1967. Converting vector and tensor equations to scalar equations in spherical coordinates,
Geophys. J. R. astr. Soc., 13,71-101.

Burridge, R. & Knopoff, L., 1964. Body force equivalents for seismic dislocations, Bull. scism. Soc. Am.,
54,1875-1888.

Richards, P. G., 1974. Weakly coupled potentials for high frequency waves in continuously stratified
media, Bull. seism. Soc. Am., 64,1575--1588.

13**

220z 1snBny 0z uo 1senb Aq /8Z579/68€/2/6G/210me/ /w00 dno-olwepese)/:sdjy WOy papeojumoq



