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We acquire some sufficient and realistic conditions for the existence of positive periodic solution of a general neutral impulsive
n-species competitive model with feedback control by applying some analysis techniques and a new existence theorem, which is
different from Gaines and Mawhin’s continuation theorem and abstract continuation theory for k-set contraction. As applications,
we also examine some special cases, which have been studied extensively in the literature, some known results are improved and

generalized.
1. Introduction u; (£) = =0 (£) w; (£) + B; (1) N; (1)
In this paper, we consider the existence of the positive +0,(t)N; (t -0, (t), t=0,

periodic solution of the following impulsive n-species com-

petition system with multiple delays and feedback control:
AN; (t) = (Pix + qu) N; (1) »

NL© = N, @) | 7.0~ Ya, N, @ i=L2.om k=12,
= €]
-3 b () t ki (t—s)N,(s)d with the following initial conditions:
; i J-_OO j N j s)as
, N@ =6, N©=¢®,
"2 ON ) Ee[-1.0l, ¢(0)>0,
- idij ()N (t=7 (1) — ¢ (8w (8) ¢; € C(I-1,0),R")()C" ([-7,0),R")
j=1
u; &)= (§), &e[-1,0], ¢;(0) >0,
_f (-0, ,
Ji®u; (£ =0,() ¢ €C([-1,0),R"), i=1,2,3,...,n
()

i=1,2...,n t+t,



where @i bij, Gj» €p> fi» & Bin 0; € C(R, [0, +00)), dij €
C'(R, [0, +00)), Vip 6 € C'(R,R), and T;j € C?*(R, R) are con-
tinuous w-periodic functions; r; € C(R, R) are continuous w-
periodic functions with _[(;U r;(t)dt > 0. The growth functions
r; are not necessarily positive; since the environment fluctu-
ates randomly, in some conditions, r; may be negative. Con-
sider the following: 7 = max;[o {yij(t), T,-j(t),éi(t),(ri(t), 1<
i,j < n}; and jooo kij(s)ds =1, _[0+00 skij(s)ds < +00, and
i,j=1,2,...,n. And p; and g represent the birth rate and
the harvesting (or stocking) rate of N; at time t;, respectively.
When g > 0, it stands for harvesting, while g;. < 0 means
stocking. For the ecological justification of (1) and the similar
types, refer to [1-14].

In 1991, in [1], Gopalsamy et al. have established the
existence of a positive periodic solution for a periodic neutral
delay logistic equation

dN N (t-mT) - c({t)N' (t - mT)

L STON®|1 <0

>

(3)

where K(t), 7(t), and c(t) are positive continuous T-periodic
functions with T' > 0 and m is a positive integer. In 1993, in
[2], Kuang proposed an open problem (Open problem 9.2)
to obtain sufficient conditions for the existence of a positive
periodic solution of the following equation:

%V “N®[a)-BON®-bON (-7 ()
(4)

—c(ON'(t-7(1)].

In [3], Li tried to give an affirmative answer to the previous
open problem; however, there is a mistake in the proof of
Theorem 2 in [3]. With the aim of giving a right answer to
the previous open problem, [4-6] also have investigated the
previous question. However, it is more complex to check the
sufficient conditions of the system [5, 6]. Moreover, in [7],
Li studied the existence of positive periodic solution of the
neutral Lotka-Volterra equation with several delays

N @#®=N(® [a(t) - ib,. ON(t-1)

i=1

Y G®N (t- Yi):| ;
i=1

where a(t), b,(t), and ¢;(¢) are positive continuous T-periodic
functions and 7;,9; (i = 1,...,n) are nonnegative constants.
Recently, in [8], Lu and Ge investigated a neutral delay
population model with multiple delays:

dN

=N a@®-BON® - Y ON(t-0;()
j=1

Y aON' (t-7,1)].
i=1

(6)
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They applied the theory of abstract continuous theorem of
k-set contractive operator and some analysis techniques to
obtain some sufficient conditions for the existence of positive
periodic solutions of the model (6).

It is of course very interesting to study the neutral delay
population model for higher dimensional systems. In fact,
in [9], Li has studied the neutral Lotka-Volterra system with
constant delays

N/ (t)=N;(t) | a; () - Y b; () N; (t - 7;;)
j=1

(7)
SN )|,
=
where i = 1,...,n, and g;(t), bij(t), and c;(t) are positive

continuous T-periodic functions, and 7;;, ;; are nonnegative
constants. He obtained sufficient conditions that guarantee
the existence of positive periodic solution of the system
(7), by applying a continuation theorem based on Gaines
and Mawhin’s coincidence degree. Noticing that delays arise
frequently in practical applications, it is difficult to measure
them precisely. In population dynamics, it is clear that a
constant delay is only a special case. In most situations,
delays are variable, and so in [10], Liu and Chen investigated
the following general neutral Lotka-Volterra system with
unbounded delays:

N/ (t) = N; (t) | a;(t) = ) B (t) N; (¢)
j=1
= Dby (ON; (£ -7, (1))
j=1

_Zcij (t)N],‘ (t—%’j (t)) , i=12,...,n
=
)

They introduced a new existence theorem to obtain a set
of sufficient conditions for the existence of positive periodic
solutions for the system (8), and their results improved and
generalized some known results.

Moreover, in some situations, people may wish to change
the position of the existing periodic solution but keep its sta-
bility. This is of significance in the control of ecology balance.
One of the methods for its realization is to alter the system
structurally by introducing some feedback control variables
so as to get a population stabilizing at another periodic
solution. The realization of the feedback control mechanism
might be implemented by means of some biological control
schemes or by harvesting procedure. In fact, during the last
decade, the qualitative behaviors of the population dynamics
with feedback control have been studied extensively; see
[11, 15-23]. Recently, in [11], Chen considered the following
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neutral Lotka-Volterra competition model with feedback
control of the form:

Y =y, @) [ i ()= Ya; (1) y; ()
j=1

n

- Zbij (1) Vi (t - T (t))

j=1

- j;cz-j OPAGIMO)) )

— £ (t) —e, O u; (t—0; (1) |,

u) (t) = —o; () u; (£) + B; (£) y; (£)

+y )y (t=6;(1), i=12,...,n

With the help of a continuation theorem based on Gaines and
Mawhin’s coincidence degree, he established easily verifiable
criteria for the global existence of positive periodic solutions
of the system (9), and his results extended and improved
existing results.

On the other hand, there are some other perturbations
in the real world, such as fires and floods, that are not
suitable to be considered continually. These perturbations
bring sudden changes to the system. Systems with such
sudden perturbations involving impulsive differential equa-
tions have attracted the interest of many researchers in the
past twenty years, see [12-14, 24-30], since they provide a
natural description of several real processes subject to certain
perturbations whose duration is negligible in comparison
with the duration of the process. Such processes are often
investigated in various fields of science and technology such
as physics, population dynamics, ecology, biological systems,
and optimal control. For details, see [31-33].

In [12], Huo studied the following neutral impulsive delay
Lotka-Volterra system:

N; () = N; (¢) | o () = Zﬁij (t)N; (t T (t))
=1

_Zlcif ON;(t-y;0) |
=

i: 1,2,...,7’1, t:ﬁtk,
AN; (t) = N; (t7) = N; () = byN; (1) »

i=1,2...,n k=12,....
(10)

By using some techniques of Mawhin’s coincidence degree
theory, he obtained sufficient conditions for the existence of
periodic positive solutions of the system (10).

In [13], Wang and Dai investigated the following periodic
neutral population model with delays and impulse:

n

at)—e®N @)=Y b;t)N(t-0;()

j=1

N @) =N@®)

_Zc,. )N’ (t -7, (1)) } ,  t#t,
i=1
N({t)=(1+6)N (), k=12,....

(11)

They obtained some sufficient conditions for the existence
of positive periodic solutions of the model (11) by using the
theory of abstract continuous theorem of k-set contractive
operator and some analysis techniques.

Recently, in [14], Luo et al. studied the following n-species
competition system with general periodic neutral delay and
impulse:

N; (t) = N; ()

ri () = Y a; ()N, () - Y b; (t)
= =
t
X J ki]- (t-s)N; (s)ds

- Zc"f (ON;(t -1, ()
s (12)

—Z;dij (N (t- vy (t))] ,
pa

i=1,2,...,n t#1,

AN; () = N (£) = N (t) = 04N, (t)

i=1,2...,mk=12,....

They obtained some sufficient and realistic conditions for the
existence of positive periodic solutions of the system (12),
by using a new existence theorem, which is different from
Gaines and Mawhin’s continuation theorem and abstract
continuation theory for k-set contraction.

However, to this day, no scholars had done works on the
existence of positive periodic solution of the system (1). One
could easily see that systems (3)-(12) are all special cases of
the system (1). Therefore, we propose and study the system
(1) in this paper.

For the sake of generality and convenience, we make the
following notations and assumptions: let w > 0 be a constant
and

C, = {x | x € C(RR),x(t + w) = x(t)}, with the
norm defined by |x[, = max;c(q,,)[x(t)];

Ci, ={x | x € C'(R,R), x(t + w) = x(t)}, with the
norm defined by [|x[| = max,¢[o ,;{lxlo, x"|o};



PC = {x | x : R — R lim,_,x(s) = x(t),
ift;ttk,limt_,,;x(t) = x(tk),limt_,t;x(t) exists, k €
yART

PC'={x|x:R — R',x' € PC};

PC, = {x | x € PC,x(t + w) = x(t)}, with the norm
defined by |x|, = max,¢ (g, |x(t)l;

PC}U = {x | x € PC", x(t + w) = x(t)}, with the norm
defined by [|lx|| = max,¢ (g ,{lxlos "o}

Then, the previous spaces are all Banach spaces. We also
denote that

S B
g—;j g(t)dt,

0

gL = ming(t), foranyge PC,, (13)

te[0,w]

Aik:1+Pik+Qik’ i=l,2,...,n,k=1,2,...,

and make the following assumptions:

(A) aj> bij’ Gj> € fi, ;s [31') 91‘ €  C(R [0, +00)),
d; € C'(R,[0,+00)), ¥;5»6; € C'(R,R), and 7;; €
C?*(R,R) are continuous w-periodic functions, and
{oozkij(s)ds =1, L:Ooskij(s)ds < +oo,and i,j =
PRI (]

(B) [tilien satisfies 0 < ¢, < £, < ---
hmk_)ootk = +00;

<t < -+ and

(C) {A;} is a real sequence such that Ay > 0,
Ho«kink (i = L2,...,n, k = 1,2,...) are w-
periodic functions.

The organization of this paper is as follows. In the
following section, we introduce some lemmas and an impor-
tant existence theorem developed in [34, 35]. In the third
section, we derive some sufficient conditions, which ensure
the existence of positive periodic solution of system (1) by
applying this theorem and some other techniques. Finally,
we study some special cases of system (1), which have been
studied extensively in the literature. These examples show that
our sufficient conditions are new, and some known results can
be improved and generalized.

2. Preliminaries

In this section, in order to obtain the existence of a periodic
solution for system (1) and (2), we will give some concepts
and results from [35], and we will state an existence theorem
and some lemmas.

For a fixed r > 0, let C = C([-7,0;R"), if x €
C([-7,0];R") for some § > 0 and# € R, then x, € C for
t € [n,n + 6] is defined by x,(0) = x(t + 0) for 6 € [-7,0].
The supremum norm in C is denoted by || - ||, that is, [|¢]| =
max,¢_, o7$(0)] for ¢ € C, where | - | denotes the norm in R"
and |u| = Z?:l lu;| for u = (uy,...,u,) € R". Consider the
following neutral functional differential equation:

& e -b(6x)] = £ (6:5), (14)
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where f: RxC — R"is completely continuous, and b : R x
C — R"is continuous. Moreover, we assume the following:

(1) there exists w > 0 such that for every (t,¢) € Rx C,
we have b(t + w, ¢) = b(t, ¢) and f(t +w, ) = f(t,);

(2) there exists a constant k < 1 such that |b(¢,¢) —
b(t, )| < kll¢ —¢ll, fort € Rand ¢, ¢ € C.

By using the continuation theorem for composite coin-
cidence degree, in [34], Erbe et al. proved the following
existence theorem (see also Theorem 4.7.1 in [35]).

Lemmal. Assume that there exists a constant M > 0 such that

(i) for any A € (0, 1) and any w-periodic solution x of the
system

% [ (6) - Wb (6,x)] = f (63,). (15)

One has that |x(t)| < M fort € R;

(ii) h(u) =: I;’f(s,ﬁ)dSth for u € 0By (R"), where
By (R") = {u € R" : |u|l < M}, and i denotes the
constant mapping from [-7,0] to R" with the value
u € R

(iii) deg(h, By, (R")) #0. Then, there exists at least one
w-periodic solution of the system (14) that satisfies
sup,plx(t)| < M.

The following remark is introduced by Fang (see Remark
lin [36]).

Remark 2. Lemma 1 remains valid if the assumption (ii) is
replaced by the following:

(ii*) there exists a constant k < 1 such that |b(f, ¢) —
b(t,9)| < kg - gl fort € Rand ¢, € {p € C : ¢l < M}
with M as given in condition (i) of Lemma 1.

We will also need the following lemmas.

Lemma 3 (see [8,13]). Supposethato € Cfu ando'(t) < 1, t €
[0, w]. Then, the function t — o(t) has a unique inverse u(t)
satisfying pu € C(R, R) with y(a + w) = u(a) + w, Va € R, and
ifh e PC,, o'(t) < 1, and t € [0, w], then h(u(t)) € PC,,.

Lemma 4 (see [27]). Suppose that x(t) is a differently con-
tinuous w-periodic function on R with (w > 0). Then, to any

f, € R, max, o o |x(O] < 1x(t)] +(1/2) [ 1x'(1)ldt.

Lemma 5. Consider that Ri” = {(N;(t), u;(£)) : N;(0) > 0,
u;(0) > 0, i = 1,2,...,n} is the positive invariable region of
the system (1) and (2).
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Proof. In view of biological population, we obtain N;(0) >
0, u;(0) > 0. By the system (1) and (2), we have

N; (t)

= N; (0) exp <l Lt [r,- &) - gaﬁ )N, (©)

YN
p=

| KN s
- ;c,»j EN; (E-7;©)
—ééﬂﬂNﬂﬁ—m@D
—e; O ©) - fiOw

X(f—ai(f))]df},

telo,t,],i=12,...,n
N; (t)

¢ n
= N; (ti) exp {J |:Ti ©) - Zaij @) N;(©)
t i
-2 b
=
¢
X Jl K; () N;(s)ds
- Zcij @) N; (5 ~Vij (f))
=1
- Zdij 3 N]’- (5 — T (f))
=1
- &) u; (&)~ f;i ©uw

X(E—Gi(f))]df},

te(titil i=12,...,n k=1,
N; (t;) = eP N, (1) > 0,

keN,i=12,...,n,

5
w®= [ GEIBONEGGEN,
X (S — Y (5))] ds := (¢iNi) ),
(16)
where
s ' d
ngzewu%®>ﬂ )

exp{ [ (§)dE} -1
Then, the solution of the systems (1) and (2) is positive. [

Definition 6. A function N; : [-7,0] — [0,+00) (i = 1,2,
...,n) is said to be a positive solution of (1) and (2) on
[—7, 0], if the following conditions are satisfied:

(a) N;(t) is absolutely continuous on each (t;, t;,,);

(b) foreach k € Z_, N;(t;) and N;(t;) exist, and N;(t;) =
N;(te)s

(c) N;(t) satisfies the first equation of (1) and (2) for
almost everywhere (for shorta.e.) in [0, co] \ {t;} and
satisfies N;(t;) = AyN;(ty) fort = t,k € Z, =
{1,2,...}5.

Consider the following nonimpulsive delay differential

equation:
, n n
Y @) =y; () | r; (£) - ZAij () y; () - ZBij (t)
j=1 =1
t
X J kij (t—5)y;(s) ds
—00

- Zcij ) y; (t — Vi (t))

=

- ZDij (t) J’J,' (t - T (t))
=

—e; ()u; (1) — f;()u; (t-6; (1)) |,

dbz:_t) = —o; () u; )+ (1) y; ()+6] (1) y; (t-0; (1)),

(18)

with the following initial conditions:

i @) = ®),

¢, (0) > 0,

¢ € C([-7,0],R")[)C" ([-,0],R"), (19)
u; (&) =9 (), &el-7,0], ¢(0)>0,

¢; € C([-1,0),R"), i=123,...,n

¥ (&) =¢;(§),
E € [_T> 0] 5



where

Ay =a;0) []da By =b;®) [] Aww
O<ty<t 0<tp<t
Ci0=c;) ] Aw
0<ty<t=y;(t)

0<tk<t—r,-j(t)
(20)

T = max {Yz] t),t

max 5 (0,8 (1), 0,(t),1 < i, j < n},

B () =B; (1) H Ajgs

0<t <t

H ANp, 5,j=12,..

0<t) <t—0o;(t)

0; (1) =0, (t)

The following lemmas will be used in the proofs of our results.
The proof of Lemma 7 is similar to that of Theorem 1 in [24].

Lemma 7. Suppose that (A)-(C) hold, then

() if (), w, (1) (i = 1,2,...,n) is a solution of (18)

and (19) on [-T, +00), then (Ni(t),ui(t))T (i=12

..,n) is a solution of (1) and (2) on [-T,+00), where
N;(t) = H0<tk<tAikyi(t);

(i) if (N;(1), ui(t))T (i=1,2,...,n)isasolution of (1) and
(2) on [T, +00), then (y;(t), ui(t))T (i=1,2,...,n)is
a solution of (18) and (19) on [-7,+00), where y,(t) =
H0<tk<tA;k1Ni(t)'

Proof. (i) It is easy to see that N;(t) = [[oo, <A uyi(t) (i =
1,2,...,n) is absolutely continuous on every interval
(tk’thrl]’t:/:tk’ k= 1,2,...,

r () = Y ay () N; (1)

j=1

N; (1) - N; (¢)

- Zbij (t) J kij (t = s)N; (s)ds
=1 o0

ZC ON; (t-7;®)
- jzzld,j ORAEEAG)

—e; () u; (t) = f; (8) u; (t = 8, (1)) ]

= H Aikyi’ ()

O<ty<t
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- H Ay (1)

0<ty <t

X [T‘ (t) Zazj (t) H Alky] (t)

0<ty<t

1 t
By (t)HA,kJ Ky (t-5) y;(9)ds
=1

0<ty <t

[

0<ty<t—y;(£)

[

0<ty<t—y;(£)

fi(®)

Apy; (t T (t))

- Zcij )
=

X10) Auy; (t-7; ®)
st

—e (Hu (t) -

x u; (t =06 (1)) jl

= HAik

0<ty <t

{ﬁw—%m
X[nm—ZAMﬂnm
j=1
SYB 0| k-9 0ds
j=1 -00

- Zcij ) y; (t Vi (f))
=

~fiQu

}=

u, () + o () u; (t) = B; (1) N; () = 6; (t) N; (t - 0; (£))

x (t=8; (1)

= (1) + 0 (1) u; (1) = BF (1) y; (1)
=6 ®) yi(t-y;, (D) =
(1)
On the other hand, forany t = t;, k= 1,2,...,
N; (t;) = hm H Ay (t) = H Auyi ()
~Hoct<t 0<t;<t;
(22)

N; (t) = H Ay ()

0<t;<ty
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thus,
AN; (1) = Dy, (t) (23)

which implies that (Ni(t),ui(t))T (i=1,2,...,n)isasolution
of the system (1) and (2). Therefore, if (yi(t),u,-(t))T i =
1,2,...,n) is a solution of the system (I18) and (19) on
[-7,+00), we can prove that (Ni(t),u,-(t))T i=12,...,n)
are solutions of the system (1) and (2) on [T, +00).

(ii) Since Ni(t) = [locrDuyi(®) (i = 1,2,...,n) is
absolutely continuous on every interval (¢, t, ], t #1;, k =
1,2,...,and in view of (23), it follows that forany k = 1,2,. ..,

y; (t) = H AN ()

0<t;<ty

= [T AN (&) =y (1),

0<t <ty

yi(t) = ] AN (&) (24)

0<t;<ty

= [T auN:(t) =y (t),

0<t;<t;

i=12,...,n,

which implies that (y;(¢), ui(t))T (i =1,2,...,n) is continu-
ous on [—T,+00). It is easy to prove that (yi(t),ui(t))T (i =
1,2,...,n) is absolutely continuous on [-7,+00). Similar
to the proof of (i), we can check that (yi(t),u,-(t))T i =
1,2,...,n) is a solution of the system (I18) and (19) on
[-T, +00). The proof of Lemma 7 is completed. O

Lemma 8. Consider that (y;(t), u;(t)) is a w-periodic solution
of (18) and (19) if and only if y,(t) is a w-periodic solution of
the following system:

dv. n
)Zl—t(t) =y () |:7’i (t) - ZAij ) y; (©)
j=1

t

- ZBij (t) J kij(t—s) y;(s)ds
= o

- Zcij )y (t =V (t))
P (25)

- ZDij (t) )’; (t —Tj (t))
i1
—e; (t) (i) () = fi (1) (wiy;)

x(t=8) |,

where

(viy:) (1) = J-t G; (t,9) [B; (s) y; () + 6] () ; 26)

x(s—0;(s)]ds,
and G,(t, s) is defined by (17).

Proof. The proof of Lemma 8 is similar to that of Lemma 2.2
in [11], and we omit the details here. O

From Lemmas 7 and 8, if we want to discuss the existence
of positive periodic solutions of systems (1) and (2), we only
discuss the existence of positive periodic solutions of systems
(25) and (26).

3. The Main Result

Since yi'j(t) < l,T,;(t) < 1,t € [0,w], we see that yi]-(t), T,-j(t)
all have their inverse function. Throughout the following part,
we set to 9;(t), ;;(¢) that represent the inverse function of £ —

y,-j(t), t— Tij(t), respectively. We denote that

L) =A; @) +B; () + Ci (9’7 (t)) 3 D;; (Vij (t)) ’
1- Vi’j (Sij (t)) 1- Tl.’j (”ij (t))

(1) = f; () (yi1) (t = 0, (1)) .
(27)

I OETAGIANGE

Remark 9. From Lemma 3, we get that Sij(a)) = ‘9ij(0) +
w, v;j(w) =7;(0) +w, i,j=1,2,...,n, then

Jw Cyi (9, (9) W Je,,(w) C,-j(tl)(l)},—()f;.(t))dt
9;;(0) — Vi

o 1-y; (9; ) )

9,(0)+w o (28)
C;; () dt = Cjjw,

9;;(0)

ij=1,2,...,n

Similarly,

Jw D}, (v (s)) o r,,-(w) D) (1-1] (t))dt
0

!
1= () o 1O
v;5(0)+w , (29)
- J D}, (9 dt = 0,
v;;(0)

i,j=1,2...,n

Thus,

o = L r,@0de = (A, +B,+Cy)e. (30)



Here, we have the following notations: (2) A_ B, i+ C_ > 0,7 > 27:1, it
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(A +B +C)ef
)/,](t)<1 T(t)<1and (t)>0;

r(-7)"

1 (e
Pij = L > Ri = - J Iri (t)l dt,
w
(1-9) +|Ds], 0 (3) Ky =: Lye™ < 1.
L,= D D
o = max {;JZJ ’]| ;JZJ 0 ’]| } Then the system (1) and (2) has at least one positive w-periodic
solution.
M, = max {len | H wA + ZA } To prove the previous theorem, we make the change of
i=1 variables
H= 1r[11ax]{H} 1n—+Z—+(R+r)
i€ n o »
P =Py Bty =", i=1,2,.n (33)
w = (S $ Slaker
s Then, the system (25) can be rewritten in the following form:
+ZZ' ’Jl € /+ZZ|CU| e
i=1 j=1 i=1 j=1 "
Bl + 6 X[ () =7 () = ) Ay (e
el + 1 B
n t
non -1 - ZBU ) J kij (t —s) ¢ ds
x I_ZZ| OlJ|ej = -
i=1 j=1
Xt (1)
- Zcij (t) e (34)
j=1
= max In % 5 - ZDOU (t) X; (t (t)) e %)
Aji+B; +Cy j=1
(_ _ _) - —e (1) (y;e") (1)
[ZD Y i+i\Ajj+B;+Cj)e
In———2 ) U U U , — £ (v:e") () (£ =5, (1))
Aii+Bii+Cii+(e_i +fz) (|ﬁz'*|o+|9i*|0/0¢,-L) £ ® e O i(0)
(31)

Let X denote the linear space of real value continuous w-
where l"ij(t),l"i1 (t),and l"iz(t) are defined by (27), and Do,ij(t) = periodic functions on R. The linear space X is a Banach
Dij(t)(l _ Yi’j(t))~ space with the usual norm |x[l, = max,;|x(t)| =

max;cp Z;;l |x;(t)] for a given x = (x1,...,x,) € X.
Theorem 10. Suppose that the following conditions hold: We define the following maps:

(1) the system of algebraic equations
b:RxC — R",
n
()= < 2 (&5 B+ G b(t9) = (b (1.6).by (1.6).... b, (1.9)),
(32 (t,¢) N b (=v;; (1))
. b (t,¢)=—) D;; (t) e’
+(1"1.1+1"i2);4i)> =0 ' ]:Zl ij

nx1 n

f:RxC — R,

has a unique positive solution u* = (uy, ..., i, ); fto)=(fi(td), L(t¢),.... [, (),
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fi(t.¢) = ri(0) = Y Ay (1)
=1
" 0
j=1 —00
-y, ()it
=1
c !
+ ZDij (t) i1 e; (t) (Wie¢i) (t)
=1

_fz(t(
LHh, ¢ =

$) (-8 1),

i=1,2,.. (¢, by ..

,$,) €C, t €R.
(35)

Clearly,b : RxC — R"and f: RxC — R" are complete
continuation functions, and system (34) takes the form

i[x(t)—

di bt xt)]

= f(t,x,). (36)

In the proof of our main result below, we will use the following
two important lemmas.

Lemma 11. If the assumptions of Theorem 10 are satisfied and

ifQ ={¢p € C: ¢l < M}, where M > M, such that k =
Loe™ < 1, then |b(t, ¢) — b(t,@)| < klp — ¢ll, for t € R and
b0 e

Proof. Fort € Rand ¢, ¢ € Q, we have
n

[6.6:6) - (1.9)] < YD, (0 |¢¥ 1 - en 0
=1

D.. (t) eﬂ;j¢j(‘?ij(t))+(l—aij )¢j(_yij(t))
1y

IA
A

9; (-v; ®)],
(37)

x|¢; (=vy ) -

for some 0jj € (0, 1). Then, we get

b, (t.¢) - ZIDI,I Mg-ol.  Gs)
Hence,
b(¢)-b(g)] < Y YDy 10 ol
i=1j=1 (39)
<Lee" -0 =k|p-o|.

The proof of Lemma 11 is thus completed. O

Lemmal2. Ifthe assumptions of Theorem 10 are satisfied, then
every solution x € X of the system

jt () -Ab(tx)] = f(6x), Ae(0,1)  (40)
satisfies || x|, < M,.
Proof. Let (d/dt)[x(t) — Ab(t, x,)] = f(t,x,), for x € X, that

is,
[x t) +AZD,J (t) i) ]

=1 |:”z' (t) - zn:Aij (t)e - zn:Bij (t)
i1 j=1

t
X J ki (t—s) e19ds
—00
n
(b= (t
_ Zcij t) exj( 7i;(1) (41)
A

+ZDl](t)e1tT(t)
]1

—e; (1) (yie™) (1) = fi (1) (yie™)

x (t) (t-6; (1))
i=1,2,...

,m A€(0,1),

which yields, after integrating from 0 to w, that
w n
J Z [Aij (e + B;; (t)
0 j=1
t
X J ki (t—s) e19ds
—00
+Cyy (1) O

) @) + i () (yee

= Dj; (1) e 1g (1)

x (e M) (@) (t-6; (1)) dt

:J Zl"ij(t)ef dt+J le; () (w;€™) (1) + f; (1)
0 i3

x (™) () (£ - 8, (1) dt

w
=J rdt=1w, i=12,...,n
0
(42)
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where I; (t) is defined by (27). From (41), we derive

[

!

dt

|:xi () + /\ZDI-]- (t) ex/‘(_fij(t)) ]
=1

0

() - Y Ay (1) - Y B (1)
j=1 j=1
t
X J ki (t—s) e“'9ds

n
i(t=y;(6)
- Zcij (t) e
i1

N i D), (1) 4
j=1
—e; (1) (y;e™) (1) = fi (1) (yie™)

(43)
x (1) (t = 6; (1))

< Lw |r; (1| dt + Lw

i [A () + By (t)

j=1

y Jtm Ky (t - 5)e59ds
+C, (0 5tV (1)
~ D} (1) M)
+e; () (y;e™) (1)
+ £ () (yie™) (1)

x (t—§; (t))] dt

It follows from (41)—(43) that

J [xi () + 1) Dy (1) exj<—r,~j(r>)]
0 st

!

dtS(R_i+r_i)w

i=12,...,n
(44)
By amplification, it follows from (42) that
rw > Z J L; (t) it
j=170
w
ZJ [F (t) e - (plje ™+ Dy () € (= t)))
j=1

(pljexj(t) +p;D;; () €% (=i (1)) )] dt

ISRN Mathematical Analysis

) 4 piiD;; (t) exf'(t_T"f(t)))] dt

=2 |, T 06— (e

=1

.

n w
+ Z JO [Pijexj(t) + leDl] (1) exi(t—'rij(t))] dt.
=1

(45)

In view of Remark 9 and by a similar analysis, we obtain

L(6) x,(t=;(8))
- (p e + puDy; (1) e )] at

j=1
o Dy; (v ()
- Lo (s) = poi = pri— 2~ T 77| 5 gy
JZ;JO I: ij (s) Pij — Pij 1 —Ti{’. (vij (s)) e
(46)
As pj = T(1=7})" /(1= })" +1Dylo), it follows that Ty;(s) -
pij = Pij (D (v;()) /(1 = 7; (v (s)))) = 0. So we find from (45)
that

n W
riw > Z L [Pijexj(t) + Py () exj(tinj(t))] dt. (47)
j=1
That is,

> L Z [pljexf(t) +p;D;; (t) e" i(t=T5(0) ]dt. (48)
=

By the mean value theorem, we see that there exist points {; €
[0,w], (i=1,...,n) such that

n n
7> ZPf,-e""(c") + ZpijDij (Ci)exj<ci—ri,~(<:;>), i=1...m,
j=1 i=1
(49)
which implies that
7.
% (§;) <ln—,
i
(¢,) G < i (50)
Pij
i=1,...,n
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By (44) and (50), we can see that

x; (t) +AZD (1) e ®
j=1

n
< X; ((1) + AZDIJ (Cr) exj((i_‘[ij({i))
j=1

!
+ j |:xi (t) + 1Y Dy () 5D
0

dt
j=1

sln£+i£+(R_i+r_i)w=: H,
i

i=12,...
i=1Pij

Then, by (52) and (54), we get

il =

r(t) + ZA,] ) e + ZB,] t)

j=1

¢
x J j(t—s)e ) ds + ZC (t) i)

n
+ ZDO’ij (t) x; (t-7;) D) e (1)
i1

N x (i) (0) + £ (1) (e™) () (¢ - 8, (1)
(51) n g & "
<Irilo+ X |Ayle™ + X |Bilye™
=1 =1
For AZ? (e =7 > 0, one can find that . .
" ZlcifloeHj * Z|D0:ij'o'x;|oeHj * (lei|0 |f’| )
x,(t)<H, i=1,...,n (52) = =
o Bl 10710 o
Besides, from (41), we have ‘xi
i=1,2,...,n
n n (55)
X0 = A (0= Ay e = 3B (1)
7 = Furthermore, we have
t
xJ- (=5 9ds — 3 C, (0 1)
- 1+l = Zixl
= Y Dy (8) ' (£ =y (£)) €O " non
= <l + ) Z'Aij|oeHj
i=1 i=1j=1
— e (1) (yie") () £, (0 (ye™) () J
H.
+ Z Z|Bij|oe '
x(t-6,®) |, i=12,....,n i=1 j=1
B;
(53) +ZZ|CU| e+ (lel, | fil) ————— | lo
i=1 j=1
Notice that for all t € R, one has non
> H.
5 S ol
i=1 j=
t+w
(v) @) = L G, () [B7 () + 67 (5)] ds (56)
_ JHw G t5) e (9) B: (s) + 6 (s) By the assumption (3) of Theorem 10, we see that
t a; (s)
Bl 165, (v o4 S <SS
L0 - OJ G; (t,s); (s)ds ;;| ’1| € S;Zﬂ °’f| €
of ¢ i=1j j
_ 1Bl + 167
OociL 0, =1,...,n

BN

) (57)
< X |Doglye™ <1.

i=1 :1

1
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Then, we have It follows from (42), (54), and (64) that
n . 6*
r—is ZF] (Th (e +f1) |ﬁ |0 | |O x(r]i)
[l < er o+ 3 A Fl K
i=1 j=1 n
— Z _ijexj(ﬂi)
o3 3m &
i=1 j=1 0;
+ [ ( +fz) |/3 |0 | IO ] ex,-(ty,-))
n n H “1
+ z Z'Cijloe ! (58) .
i=1 j=1 i=1,...,n
o* From (41), (54), and (64), we can have
Iﬁ lo + 16l o
*(leilo + 1 filo) == o |6 b],
n n H -1 1
| e = A". — C (LT L x;(r7;)
< ;FZJ oal > 27— ) (A +B;+Cy)e ™ (66)
JELj#i
Since x(t) = (x,(t),...,x,(t)) € X, there exists a &; € [0, w] _ S — H B
such that 1 ’ l zri_JZE#i(Aij”LBij”LCIJ)e Loi=l.oon
x; (&) = tel[I(l)f;]x ®), i=1,...,n (59) Thats, -
% (1) > In 7~ Yi1jei (Aij + By + Cyj) e
It follows from (42) that 1 A;+B;+C; + (Ei + f,) (|/3:‘ |0 + 67 |0/06,L)
n w i= 1, R (X
Foz ) j I, () €9t 67)
=170 60 Now, from (60) and (63) we know that there exist ¢; €
n (60) [0,w] (i=1,...,n) such that
_ x;(&;) :
_; j J’ F (f)dt l—l,...,l’l. |xi(Ci)|
1.
It follows from (30) and (60) that <maxq |In _—_’_l ,
Aji+ B +Cy
n  — — —
7, > Ze"f(gf) (A_U+B_lJ+C_lJ) i=1...,n. (6l " r_i_z?:l,j#i(Aij+Bij+Cij)eHJ
- A+ B+ Ct (& + 1) (187164167 [o/dF)
=A; i=1...,n
(68)

From (61), we obtain
(62)  From (54), (64), and Lemma 3, we have

¢ (A; +B;+Cy) <7 i=1l...n
bl < b ()l + 5 | [+ 0

As A, + B, + C;; > 0, it follows from the previous formula
that (¢ ©
<A+ —J |xlf|dt, i=1,...,n
— 2 0
7; )
l(f)<lnﬁ i=L...,n (63)  Then,
Il <Z|x|<ZA AN
(70)

On the other hand, there also exists a #; € [0, w] such that
x; () = sup x; (1), i=1...,n (64) <ZA + Aa)<M0
i=1

te[0,w]
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Obviously, M, is independent of A; the proof of Lemma 12 is
completed. O

Based on the previous results, we can now apply Lemma 1
and Remark 2 to (34) and obtain a proof of Theorem 10.

Proof. Obviously, for M as given in Lemma 11, condition (i)

in Lemma 1 is satisfied. Let h(y) = (h; (1), ..., h,(@)). Since
AR AR
= J r; (t) dt — Z J Aij (t) dtet
0 0

i=1

n

By (t)dte! - ) Lw

i=1

— S [¢ . Hi
; L C;; () dte
© (71)
—J [e; (t) + f; ()] dtet
0

n
= {r_i— > [A; + By +Cye
j=1

ol o

and M > Y |Inu|, we have h(u) #0 for any y € 0B, (R").
That is, condition (ii) in Lemma 1 holds. At last, we verify
that condition (iii) of Lemma 1 also holds. By assumption
(1) of Theorem 10 and the formula for the Brouwer degree
(see Theorem 2.2.3 in [35, 36]), a straightforward calculation
shows that

deg (1, By (R")) = >

ueh™(0) By (R")

signdetDh (u)

= sign {(—1)” det
[y o)

+ (e_i+ﬁ)e”7]} #0.
(72)

By now, all the assumptions required in Lemmal hold. It
follows from Lemmal and Remark 2 that system (34) has
an w-periodic solution. Returning to y,(t) = 5, we
infer that systems (18) and (19) have at least one positive
w-periodic solution. By Lemmas 7 and 8, (N*(t),u*(t))T =
(N7 (), ..., N, (), u (t),... ,u;(t))T is the unique positive
periodic solution of the system (1) and (2), where N/ (t) =
[Toct, <D ay; () (i = 1,2,...,n). The proof of Theorem 10 is
complete. O

13

Consider the following:

N; (1) = N; (¢)

r (1) = Y a; () N; (1)
j=1

n t
Yo ke-9N @ ds
=i o0

- Z;Cij (t)N; (t —Yij (t))
e

— D di (ON; (t-7,;() —e; (1) (£)
j=1

—fi (t) u; (t - 6,’ (t)) ] >

u; (t) = —o; () u; (8) + B; (1) N; (£)

+6, )N, (t—0;(t), i=12,...,n

(73)

which is a special case of system (1) without impulse. We
get easily the following result. Here, we have the following
notations:

P = rij‘L(l _Yi,J)L
’ (1 N )/,] |d11|

: x{iiidﬁ|o,ii|do,ﬁ|o},

R; J |r; ()| dt,

i=1 j=1 i=1 j=1

-

I . <
|In g |, H* §w® +;Ai},

2

I

5
™M=

Il
—

i

1n—+Z—+(R +r)

i€[1Ln] Pii j= lpl]
0" = <Z|r |O+Z;Z|a1]' e
i=1 j=1
n o n .
+ZZ|bij'oeHj
i=1 j=1
Ao+ 10
+ZZ']'6’ |fz| |ﬁ|0 ||0H>
i=1j=1 1

-1
X (1 - ZZ'dOleoeH;> ,

i=1j=1
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0;
1.
= max { (In —-—,
a; +b; +¢;
— n — 7 —\ Hf
1 Fi = L (“ij +b; + Cij)e !
n

|

G +by + G+ (e‘i+ﬁ) (IBily + 16:]o/ex)

6 (9, )

LX) = a: b. _INHY
ij (t) al] (t) + ij (t) + 1 _ yl,] (91] (t))

dy(v )
1- Ti;' (v,»j (t))’
I} (8) = e (1) (1) (1),
I7 (1) = f; (1) (yi1) (t = 0, (1)),

dog; (t) = dy (1) (1 -7/, 1)
(74)

and Sij(t), v;;(t) represent the inverse function of t — Yij(t),t -
Tl-j(t) (i, j=1,2,...,n), respectively.

Corollary 13. Suppose that the following conditions hold;

(1) the system of algebraic equations
INOE (E—Z((a_u%%)m
=1

HTT)n) ) -0

nx1

(75)

has a unique positive solution u* = (u;, ..., i, );

(@) 8yl > 0.7 > Xy @by G)e™, Ty < 1,
yi'j(t) <1land Fij(t) > 0;

(3) K* =: L*eM" < 1. Then, (73) has at least one positive
w-periodic solution.

Proof. Its proof is similar to the proof of Theorem 10. Here,
we omit it. O

Similarly, we can get the following results.
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Theorem 14. Assume that conditions of Theorem 10 hold, and
then, the conclusion of Theorem 10 holds for the following
system:

N/ (t) = -N; () lri (t) - Zaij (&) N; (1)
=
— Zb’] (t) J’ k,‘j (t - S) N] (S) dS
= -
j=1
— Y d; (ON(t =7 (1) —e; () ; (1)
j:l

- iy (t_6i(t))],

i= 1,2,...,1’1, t?étk,
u; (t) = —o; () u; (£) + B; (1) N; (£)
+60;(ON; (t-0; (1), t20,

AN; (te) = (P + qu) N; (1) »

i=1,2...,n k=12,....
(76)

Proof. Its proof is similar to the proof of Theorem 10. Here,
we omit it. O

Corollary 15. Assume that conditions of Corollary 13 hold,

and then, the conclusion of Corollary 13 holds for the following
system:

N; (t) = -N; (t)

T (t) - Zaij (t) N] (t)
=1
_ Zbij (¥) I kij (t = )N, (s) ds
=1 ~oo
- Yo (N, (t -7, (1) o7
=1

_Zld,»j ORAES (t))jl ,
p=

u; (t) = —o; () u; (8) + B; (1) N; (£)
+0,®)N;(t-0; (1)), i=12,...,n

Proof. Its proof is similar to the proof of Theorem 10. Here,
we omit it. O
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Remark 16. When «;(t) = B;(t) = 0,(t) = 0, we can derive
some immediate corollaries from Theorems 10 and 14; thus,
our results generalize the corresponding results in [14].

4. Applications

In order to illustrate some features of our main result, in the
following, we will apply Theorem 10 to some special cases,
which have been studied extensively in the literature.

Application 17. We consider an n-species neutral delay com-
petition system in a periodic environment with impulse:

NI (1) = +N; (t) | a; (t) = Y by () N; (1)
j=1

= 26 (ON; (£ =7 (1)

- Zdij (1) N]’- (t Vi (t))

j=1

—e;(Du (1) - fi )y
x (t = 6; (1))

i=1,2,...,n t#t,

u; (t) = —o; () u; (£) + B; () N; (t)
+0,(t)N;(t-0;(t)), t=0,

AN; (te) = (P + qa) N; (t) »
i=1,2,....,n, k=1,2,...,

where by, ¢, €, fi > B 0; € C(R,[0,+00)), d;; € C'(R,

[0, +00)), Vij € CY(R,R), and Tjj € C?(R, R) are continuous
w-periodic functions. And a; € C(R,R) are continuous w-
periodic functions with I [(t)dt > 0. Here, we give the
following notations:

A= | laolae
w Jo

By (t)=b;(t) [] (1+ps+4u)

0<t;<t

G () =¢g; (1) H (1 + pi +qu)»

0<ty<t—T;(t)

D;; (t) = d;; () 1_[ (1+ pix +qu) >

0<ty<t—y;(t)

15

Dy ;j (t) = D;; (£) (1 - V,"j (t)) ,

B (#) =B (1) 1_[ (1+ pi +qu) »

0<tp<t

0 ) =6,(t) [] (1+pu+au)s

0<ty<t

L (t) = Ay () + By (1)
Cy(9®) D)
L=y (9 ®) 1= (5 )
I} (£) = e (t) (1) (1)
L7 (0) = f; () (yi) (£~ 0, (1)),

t-ms {3510, S50 |

i=1j=1 i=1j=1

M, = max {i|lnyi*|o, —wA + ZA }

i=1 i=1

H" = max{H.*},

ie[in] -~ *

1n—+Z—+(A +a)

Pii lpl]
P = rij'L(l - Vi’j)L
T Vi'j)L +[Dyl,

( ko 331"

i=1j=1

n n
H
" J

+ 2 2 [Cile

i=1j=1

or H
e + 1y Ll e, )

n n N -1
(1-£81puler)

i=1j=1

a_i_zj 1]:#1(3 +C )
B+ Cy+ (& + ) (187

0],) foct) }

ij=12...,n
(79)
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where 9, (t) ;i (t) represent the inverse function of ¢ —
¥ij (), £ = 7;5(8), respectwely Applying Theorem 10 to (78), we
can obtain the following theorem.

Theorem 18. Assume that the following conditions are satis-

fied:

(1) the system of algebraic equations

0= (- 3 (@) (7)) 0

=1 nx1

(80)

has a unique positive solution u* = (u;, ...,y );

) B; +C; > 0,a; > Y, 44
Til-(t) <1, and T;;(£) > 0;

—
A+ Cij)e i, yi'j(t) <1,
(3) K, =:Le Mi< 1.

Then, (78) has at least one positive w-periodic solution.

Remark 19. When o;(t) = B;(t) = 6,t) = u(t) = 0,
Pt i = 0, we can derive some immediate corollaries of
Theorem 18, then, Theorem 18 generalizes the corresponding
results in [9, 10]. On the other hand, when p; + g5 = 0,
we can derive an immediate corollary of Theorem 18, then,
Theorem 18 generalizes the corresponding results in [11].

Application 20. We consider the single specie neutral delay
logistic equation with impulse:

N'(t) = +N (1) [a (t)-b(t) N (t)
_ ici (1) jt k;(t—s)N(s)ds
i=1 —00

- Yd;(t)N (¢

j=1

—Y; (t))

p
=Y ea@®N (t-70) - f () u)
=1

g ut-5()) t#t,
u(t)=-a®)ut)+BEN®)
+OON(E-0o(t), t>0,
N(tg)=(pe+a)N(ty), k=12,...,
(81)

where b, ¢, d;, f, g, &, f, 0 € C(R,[0,+00)), ¢ € C'(R,

[0, +00)), y; € C'(R,R), and 7, € C*(R, R) are continuous
w-periodic functions. And a € C(R,R) are continuous
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w-periodic functions with L;U a(t)dt > 0. Here, we have the
following notations:

A= 1[ la () dt,
w Jo

B =b® [[ (1+p+a)

0<t <t

CO=¢® [] Q+p+ap),

0<t; <t

=d;t) ]

0 <tk<t—aj(t)

E®=e@® []

0<t)<t-Ty(t)
Ey ) =E @) (1-7 1),
B @) =B® [T (1+ps+au)

O<ty<t

H (1+ pi +qu) >

0<ty<t

FIL(I —TlI)L

L
(1-17)" + |E,

D; (t) (1+pe+ai)

(1+ pe+q0)»

0" () =0(t)

lo
L, = max {Z|EI|O,Z|EOI|O}
I=1
M, = max {H",A"},

—+(Z+|5)w

n
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L) =f®wl)@),

L) =g @) (yl)(t-o(t),
(82)

and [/lj(t), ,(t) represent the inverse function of t — y]-(t),t -
7;(t), respectively. Applying Theorem 10 to (81), we can obtain
the following theorem.

Theorem 21. Assume that the following conditions are satis-

fied:

(1) B+YL,C;+ Z;”ZIITJ-+F_2+F_3 > 0, y;(t) <L) <1
and I'(t) > 0;
(2) K, =: L™ < 1.

Then, system (81) has at least one positive w-periodic
solution.

Remark 22. Wheni = 0,j =1 = 1,a(t) = B(t) = 0(t) =
u(0) = 0, 0;(t) = 1y(t), and p; + g = 0, we can derive an
immediate corollary of Theorem 21, which is also an answer
to the open problem 9.2 due to Kuang [2]. On the other hand,
wheni =0, a(t) = B(t) = 0(t) = u(t) = 0, and p, +q; = 0, we
can derive some immediate corollaries of Theorem 21 (that
is the corresponding results in [7, 8]), therefore, our result
improves and generalizes the corresponding result in [7, 8].
Moreover, when I = 0, a(t) = B(t) = 0(t) = u(t) = 0, we
can see that our Theorem 21 can hold without the assumption
a > 0. When a < 0, Wang’s main result (see Theorem
3.1in [13]) cannot be applied. Therefore, in comparison with
[13], our result improves and generalizes the result in [13].
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