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Abstract

Generalized trigonometric functions are applied to Legendre’s form of complete

elliptic integrals, and a new form of the generalized complete elliptic integrals of the

Borweins is presented. According to the form, it can be easily shown that these

integrals have similar properties to the classical ones. In particular, it is possible to

establish a computation formula of the generalized p in terms of the arithmetic-

geometric mean, in the classical way as the Gauss-Legendre algorithm for p by Brent

and Salamin. Moreover, an elementary alternative proof of Ramanujan’s cubic trans-

formation is also given.

1. Introduction

Complete elliptic integrals of the first kind and of the second kind

KðkÞ ¼
ð p=2
0

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 y

p ¼
ð1
0

dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� t2Þð1� k2t2Þ

p ;

EðkÞ ¼
ð p=2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 y

p
dy ¼

ð1
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2t2

1� t2

r
dt

are classical integrals which have helped us, for instance, to evaluate the length of
curves and to express exact solutions of di¤erential equations.

In this paper we give a generalization of complete elliptic integrals as
an application of generalized trigonometric functions. For this, we need the
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generalized sine function sinp y and the generalized p denoted by pp, where sinp y
is the inverse function of

sin�1
p y :¼

ð y
0

dt

ð1� tpÞ1=p
; 0a ya 1;

and pp is the number defined by

pp :¼ 2 sin�1
p 1 ¼ 2

ð 1
0

dt

ð1� tpÞ1=p
¼ 2p

p sin
p

p

:

Clearly, sin2 y ¼ sin y and p2 ¼ p. These two appear in the eigenvalue problem
of one-dimensional p-Laplacian:

�ðju 0jp�2
u 0Þ 0 ¼ ljujp�2

u; uð0Þ ¼ uð1Þ ¼ 0:

Indeed, the eigenvalues are given as ln ¼ ðp� 1ÞðnppÞp, n ¼ 1; 2; 3; . . . , and the
corresponding eigenfunction to ln is unðxÞ ¼ sinpðnppxÞ for each n. There are
a lot of literature on generalized trigonometric functions and related functions.
See [9, 10, 14, 16, 18, 22, 23, 24, 25, 28] for general properties as functions; [13,
14, 15, 22, 26, 29] for applications to di¤erential equations involving p-Laplacian;
[5, 10, 11, 16, 17, 22, 30] for basis properties for sequences of these functions.

Now, applying sinp y and pp to the complete elliptic functions, we define
the complete p-elliptic integrals of the first kind KpðkÞ and of the second kind
EpðkÞ: for p A ð1;yÞ and k A ½0; 1Þ

KpðkÞ :¼
ð pp=2
0

dy

ð1� kp sinp
p yÞ1�1=p

¼
ð1
0

dt

ð1� tpÞ1=pð1� kptpÞ1�1=p
;ð1:1Þ

EpðkÞ :¼
ð pp=2
0

ð1� kp sinp
p yÞ1=p dy ¼

ð1
0

1� kptp

1� tp

� �1=p
dt:ð1:2Þ

Here, each second equality of the definitions is obtained by setting sinp y ¼ t.
It is easy to see that for p ¼ 2 these integrals are equivalent to the classical
complete elliptic integrals KðkÞ and EðkÞ.

It is worth pointing out that the Borweins [7, Section 5.5] define the gener-
alized complete elliptic integrals of the first and of the second kind by

KsðkÞ :¼
p

2
F

1

2
� s;

1

2
þ s; 1; k2

� �
;ð1:3Þ

EsðkÞ :¼
p

2
F � 1

2
� s;

1

2
þ s; 1; k2

� �
ð1:4Þ

for jsj < 1=2 and 0a k < 1, where Fða; b; c; xÞ denotes the Gaussian hyper-
geometric function (see Section 2 for the definition). Note that K0ðkÞ ¼ KðkÞ
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and E0ðkÞ ¼ EðkÞ. According to Euler’s integral representation (see [2, Theorem
2.2.1] or [33, p. 293]), we have

KsðkÞ ¼
cos ps

2sþ 1

ð1
0

dt

ð1� t2=ð2sþ1ÞÞð2sþ1Þ=2ð1� k2t2=ð2sþ1ÞÞ1�ð2sþ1Þ=2 ;

EsðkÞ ¼
cos ps

2sþ 1

ð1
0

1� k2t2=ð2sþ1Þ

1� t2=ð2sþ1Þ

� �ð2sþ1Þ=2

dt:

Thus

KsðkÞ ¼
p

pp
Kpðk2=pÞ; EsðkÞ ¼

p

pp
Epðk2=pÞ;

where p ¼ 2=ð2sþ 1Þ. To show this, one may use Proposition 2.8 below instead
of integral representations. Anyway, we emphasize that the complete p-elliptic
integrals (1.1) and (1.2) give representations of generalized complete elliptic
integrals in Legendre’s form with generalized trigonometric functions. The
advantage of using the complete p-elliptic integrals lies in the fact that it is
possible to prove formulas of the generalized complete elliptic integrals simply
as well as that of the classical complete elliptic integrals. For example, we
have known the following Legendre relation between KðkÞ and EðkÞ (see [2, 7,
20, 33]).

K 0ðkÞEðkÞ þ KðkÞE 0ðkÞ � KðkÞK 0ðkÞ ¼ p

2
;ð1:5Þ

where k 0 :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
, K 0ðkÞ :¼ Kðk 0Þ and E 0ðkÞ :¼ Eðk 0Þ. For this we can show

the following relation between KpðkÞ and EpðkÞ.

Theorem 1.1. For k A ð0; 1Þ

K 0
pðkÞEpðkÞ þ KpðkÞE 0

pðkÞ � KpðkÞK 0
pðkÞ ¼

pp

2
;ð1:6Þ

where k 0 :¼ ð1� kpÞ1=p, K 0
pðkÞ :¼ Kpðk 0Þ and E 0

pðkÞ :¼ Epðk 0Þ.

In fact, it is known that KsðkÞ and EsðkÞ also satisfy the similar relation
(2.17) below to (1.6), which follows from Elliott’s identity (2.18) below. In
contrast to this, our approach with generalized trigonometric functions seems to
be more elementary and self-contained.

As an application of complete p-elliptic integrals, we establish a computation
formula of pp. Let us first mention the case p ¼ 2. In that case, consider the
sequences fang and fbng satisfying a0 ¼ a, b0 ¼ b, where ab b > 0, and

anþ1 ¼
an þ bn

2
; bnþ1 ¼

ffiffiffiffiffiffiffiffiffi
anbn

p
; n ¼ 0; 1; 2; . . . :
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It is easily checked that these sequences converge to a common limit, the
arithmetic-geometric mean of a and b, denoted by Mða; bÞ. It is well-known that
on May 30th in 1799 Gauss discovered a celebrated relation between Mða; bÞ and
KðkÞ (precisely, a relation between Mð1;

ffiffiffi
2

p
Þ and the lemniscate integral):

KðkÞ ¼ p

2

1

Mð1; k 0Þ ;ð1:7Þ

where k 0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
. Combining (1.5) and (1.7) with k ¼ k 0 ¼ 1=

ffiffiffi
2

p
, Brent [8]

and Salamin [27] independently established the following formula (see also [2, 7]
for the proof ).

p ¼
2M 1;

1ffiffiffi
2

p
� �2

1�
Py
n¼0

2nða2n � b2nÞ
;ð1:8Þ

where the initial data of fang and fbng are a ¼ 1 and b ¼ 1=
ffiffiffi
2

p
. This is known

as a fundamental formula to the Gauss-Legendre algorithm, or the Brent-Salamin
algorithm, for computing the value of p.

Owing to (1.8), it is natural to try to establish a computation formula of pp.
In addition we are interested in finding such an elementary way of its construc-
tion as Brent and Salamin.

In the present paper, we give the formula only for the case p ¼ 3. We
prepare notation for stating results. Let ab b > 0, and assume that fang and
fbng are sequences satisfying a0 ¼ a, b0 ¼ b and

anþ1 ¼
an þ 2bn

3
; bnþ1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2n þ anbn þ b2nÞbn

3

3

r
; n ¼ 0; 1; 2; . . . :ð1:9Þ

It is easy to see that both the sequences converge to the same limit as n ! y,
denoted by M3ða; bÞ. Then, we obtain

Theorem 1.2. Let 0a k < 1. Then

K3ðkÞ ¼
p3

2

1

M3ð1; k 0Þ ;

where k 0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k33

p
.

Actually, Theorem 1.2 is identical to the result of the Borweins [6, Theorem
2.1 (b)] (with some trivial typos). In either proof, it is essential to show Ram-
anujan’s cubic transformation (Lemma 3.1 below). We will give an alternative
proof for this by more elementary calculation with properties of K3ðkÞ.

By Theorems 1.1 and 1.2 we obtain the following formula of p3.
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Theorem 1.3. Let a ¼ 1 and b ¼ 1=
ffiffiffi
23

p
. Then

p3 ¼
2M3 1;

1ffiffiffi
23

p
� �2

1� 2
Py
n¼1

3nðan þ cnÞcn
;

where fang and fbng are the sequences (1.9) and cn :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3n � b3n

3
p

.

By the theory of theta functions, the Borweins [6, Section 3] give three
iterations for p. One of them is obtained from the same sequences as (1.9):

p ¼
3M3 1;

ffiffiffi
3

p
� 1

2

 !0 !2

1�
Xy
n¼0

3nþ1ða2n � a2nþ1Þ
:ð1:10Þ

However, note that the initial data a ¼ 1 and b ¼ ðð
ffiffiffi
3

p
� 1Þ=2Þ0 of (1.10) is

di¤erent from our initial data a ¼ 1 and b ¼ 1=
ffiffiffi
23

p
.

It is a simple matter to obtain other formulas for p3 if we combine p3 ¼
4
ffiffiffi
3

p
p=9 ¼ 2:418 � � � with (1.8) or (1.10). The former converges quadratically to

p3 and the latter does cubically. On the other hand, our formula in Theorem 1.3
converges cubically to p3 (Table 1). However, we are not interested in such
trivial formulas obtained from those of p, and it is not our purpose to study the
speed of convergence and we will not develop this point here.

This paper is organized as follows. In Section 2 we have compiled some
basic facts of complete p-elliptic integrals. In particular we show Legendre’s
relation for KpðkÞ and EpðkÞ (Theorem 1.1) and observe relationship between the
complete p-elliptic integrals and the Gaussian hypergeometric functions (Theorem
1.2). Section 3 establishes a computation formula of pp with p ¼ 3 as an
application of complete p-elliptic integrals (Theorem 1.3). In particular, we give

25 digits Error

q1 2:418399152309345558425031 2:9449� 10�12

q2 2:418399152312290467458771 4:0425� 10�40

q3 2:418399152312290467458771 1:0367� 10�124

q4 2:418399152312290467458771 1:8728� 10�379

Table 1. Convergence of qm to p3, where qm :¼
2a2mþ1

1� 2
Pm

n¼1 3
nðan þ cnÞcn

.
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an elementary proof of Ramanujan’s cubic transformation by using our repre-
sentation of integrals (Lemma 3.1).

2. Complete p-elliptic integrals

In this section, we present some basic properties of complete p-elliptic
integrals KpðkÞ and EpðkÞ.

Let 1 < p < y. We repeat the definition of complete p-elliptic integrals of
the first kind KpðkÞ and of the second kind EpðkÞ: for k A ½0; 1Þ,

KpðkÞ :¼
ð pp=2
0

dy

ð1� kp sinp
p yÞ1�1=p

¼
ð1
0

dt

ð1� tpÞ1=pð1� kptpÞ1�1=p
;ð1:1Þ

EpðkÞ :¼
ð pp=2
0

ð1� kp sinp
p yÞ1=p dy ¼

ð1
0

1� kptp

1� tp

� �1=p
dt;ð1:2Þ

where sinp y and pp have been defined in the Introduction. As is traditional,
we will use the notation k 0 :¼ ð1� kpÞ1=p. The variable k is often called the
modulus, and k 0 is the complementary modulus. The complementary integrals
K 0

pðkÞ and E 0
pðkÞ are defined by K 0

pðkÞ :¼ Kpðk 0Þ and E 0
pðkÞ :¼ Epðk 0Þ.

Let cosp y :¼ ð1� sinp
p yÞ1=p. The following formulas will be frequently used:

sinp
p yþ cospp y ¼ 1;

d

dy
ðsinp yÞ ¼ cosp y;

d

dy
ðcosp�1

p yÞ ¼ �ðp� 1Þ sinp�1
p y:

If p ¼ 2 then sinp y, cosp y and pp coincide with the usual sin y, cos y and p,
respectively, so that these properties above are familiar.

The functions KpðkÞ and EpðkÞ satisfy a system of di¤erential equations.

Proposition 2.1.

dEp

dk
¼ Ep � Kp

k
;

dKp

dk
¼ Ep � ðk 0ÞpKp

kðk 0Þp :

Proof. Di¤erentiating EpðkÞ we have

dEp

dk
¼
ð pp=2
0

d

dk
ð1� kp sinp

p yÞ1=p dy

¼
ð pp=2
0

�kp�1 sinp
p y

ð1� kp sinp
p yÞ1�1=p

dy

¼ 1

k

ð pp=2
0

1� kp sinp
p y

ð1� kp sinp
p yÞ1�1=p

dy� 1

k

ð pp=2
0

dy

ð1� kp sinp
p yÞ1�1=p

¼ 1

k
ðEp � KpÞ:
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Next, for KpðkÞ

dKp

dk
¼
ð pp=2
0

ðp� 1Þkp�1 sinp
p y

ð1� kp sinp
p yÞ2�1=p

dy:ð2:1Þ

Here we see that

d

dy

�cosp�1
p y

ð1� kp sinp
p yÞ1�1=p

 !

¼
ðp� 1Þ sinp�1

p yð1� kp sinp
p yÞ � ðp� 1Þkp sinp�1

p y cospp y

ð1� kp sinp
p yÞ2�1=p

¼
ðp� 1Þðk 0Þp sinp�1

p y

ð1� kp sinp
p yÞ2�1=p

;

so that we use integration by parts as

dKp

dk
¼
ð pp=2
0

kp�1

ðk 0Þp
d

dy

�cosp�1
p y

ð1� kp sinp
p yÞ1�1=p

 !
sinp y dy

¼ kp�1

ðk 0Þp
�cosp�1

p y sinp y

ð1� kp sinp
p yÞ1�1=p

" #pp=2

0

þ kp�1

ðk 0Þp
ð pp=2
0

cospp y

ð1� kp sinp
p yÞ1�1=p

dy

¼ kp�1

ðk 0Þp
ð pp=2
0

1

kp
�
1� kp sinp

p y� ð1� kpÞ
ð1� kp sinp

p yÞ1�1=p
dy

¼ 1

kðk 0Þp ðEp � ðk 0ÞpKpÞ:

This completes the proof. r

Proposition 2.1 now yields Theorem 1.1.

Proof of Theorem 1.1. We will di¤erentiate the left-hand side of (1.6) and
apply Proposition 2.1. As dk 0=dk ¼ �ðk=k 0Þp�1 we have

dK 0
p

dk
¼

kpK 0
p � E 0

p

kðk 0Þp ;
dE 0

p

dk
¼ kp�1

K 0
p � E 0

p

ðk 0Þp :ð2:2Þ

Hence a direct computation shows that
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d

dk
ðK 0

pEp þ KpE
0
p � KpK

0
pÞ

¼
kpK 0

p � E 0
p

kðk 0Þp � Ep þ K 0
p �

Ep � Kp

k
þ Ep � ðk 0ÞpKp

kðk 0Þp � E 0
p

þ Kp � kp�1
K 0

p � E 0
p

ðk 0Þp � Ep � ðk 0ÞpKp

kðk 0Þp � K 0
p � Kp �

kpK 0
p � E 0

p

kðk 0Þp

¼ E 0
pEp � 1

kðk 0Þp þ
1

kðk 0Þp
� �

þ ðK 0
pEp � KpE

0
pÞ

kp�1

ðk 0Þp þ
1

k
� 1

kðk 0Þp
� �

þ K 0
pKp � 1

k
þ kp�1

ðk 0Þp þ
1

k
� kp�1

ðk 0Þp
� �

¼ 0:

Therefore the left-hand side of (1.6) is a constant C.
We will evaluate C as follows. It is easy to see that limk!þ0 KpE

0
p ¼ pp=2.

Moreover, since

jðKp � EpÞK 0
pj ¼

ð pp=2
0

1

ð1� kp sinp
p yÞ1�1=p

� ð1� kp sinp
p yÞ1=p

 !
dy

�
ð pp=2
0

dy

ð1� ðk 0Þp sinp
p yÞ1�1=p

¼
ð pp=2
0

kp sinp
p y

ð1� kp sinp
p yÞ1�1=p

dy �
ð pp=2
0

dy

ðcospp yþ kp sinp
p yÞ1�1=p

a kpKpðkÞ �
1

kp�1

pp

2

¼ kKpðkÞ
pp

2
;

we obtain limk!þ0ðKp � EpÞK 0
p ¼ 0. Thus, letting k ! þ0 in the left-hand side

of (1.6), we conclude that C ¼ pp=2. r

Proposition 2.2. KpðkÞ and K 0
pðkÞ satisfy

d

dk
kðk 0Þp dy

dk

� �
¼ ðp� 1Þkp�1y;

that is

kð1� kpÞ d
2y

dk2
þ ð1� ðpþ 1ÞkpÞ dy

dk
� ðp� 1Þkp�1y ¼ 0:
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Moreover EpðkÞ and E 0
pðkÞ � K 0

pðkÞ satisfy

ðk 0Þp d

dk
k
dy

dk

� �
¼ �kp�1y;

that is

kð1� kpÞ d
2y

dk2
þ ð1� kpÞ dy

dk
þ kp�1y ¼ 0:

Proof. Let us first give proofs for Kp and Ep. Repeated application of
Proposition 2.1 and dðk 0Þp=dk ¼ �pkp�1 enables us to see that

d

dk
kðk 0Þp dKp

dk

� �
¼ d

dk
ðEp � ðk 0ÞpKpÞ

¼ 1

k
ðEp � KpÞ � �pkp�1Kp þ

1

k
ðEp � ðk 0ÞpKpÞ

� �

¼ ðp� 1Þkp�1Kp

and

d

dk
k
dEp

dk

� �
¼ d

dk
ðEp � KpÞ

¼ 1

k
ðEp � KpÞ �

1

kðk 0Þp ðEp � ðk 0ÞpKpÞ

¼ � kp�1

ðk 0Þp Ep:

Similarly, it follows easily from (2.2) that K 0
p satisfies

d

dk
kðk 0Þp

dK 0
p

dk

� �
¼ ðp� 1Þkp�1K 0

p:

Set HpðkÞ :¼ EpðkÞ � KpðkÞ. Using (2.2) repeatedly, we have dH 0
p=dk ¼ E 0

p=k and

d

dk
k
dH 0

p

dk

� �
¼

dE 0
p

dk
¼ � kp�1

ðk 0Þp H
0
p:

The proof is complete. r

Define K �
p ðkÞ and E �

p ðkÞ as conjugates for KpðkÞ and EpðkÞ respectively: for
k A ½0; 1Þ

K �
p ðkÞ :¼

ð pp=2
0

dy

ð1� kp sinp
p yÞ1=p

¼
ð1
0

dt

ð1� tpÞ1=pð1� kptpÞ1=p
;ð2:3Þ

E �
p ðkÞ :¼

ð pp=2
0

ð1� kp sinp
p yÞ1�1=p

dy ¼
ð1
0

ð1� kptpÞ1�1=p

ð1� tpÞ1=p
dt:ð2:4Þ
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It is clear that K �
2 ðkÞ ¼ K2ðkÞ ¼ KðkÞ and E �

2 ðkÞ ¼ E2ðkÞ ¼ EðkÞ. The integral
K �

p ðkÞ appears in the study [29] for bifurcation problems of p-Laplacian. In [32],

K �
p ðkÞ with tp replaced by t2 is applied to the planar p-elastic problem.

Here are some elementary relations between the integrals we have introduced.
To state the relations, it is convenient to use the notation ip :¼ eip=p and for a
nonnegative number l

K �
p ðiplÞ :¼

ð pp=2
0

dy

ð1þ lp sinp
p yÞ1=p

¼
ð1
0

dt

ð1� tpÞ1=pð1þ lptpÞ1=p
;ð2:5Þ

E �
p ðiplÞ :¼

ð pp=2
0

ð1þ lp sinp
p yÞ1�1=p

dy ¼
ð1
0

ð1þ lptpÞ1�1=p

ð1� tpÞ1=p
dt:ð2:6Þ

Proposition 2.3. Let 0a k < 1. Then

Kp � ðkp�1Þ ¼ ðp� 1Þ 1
k 0 K

�
p ip

k

k 0

� �
;ð2:7Þ

Kp � ðkp�1Þ ¼ ðp� 1ÞKpðkÞ;ð2:8Þ

Ep � ðkp�1Þ ¼ ðp� 1Þðk 0Þp�1
E �
p ip

k

k 0

� �
;ð2:9Þ

Ep � ðkp�1Þ ¼ EpðkÞ þ ðp� 2Þðk 0ÞpKpðkÞ;ð2:10Þ

where p� :¼ p=ðp� 1Þ.

Proof. Let us first show (2.7) and (2.9). Setting 1� tp
� ¼ up in each

integral, we have

Kp � ðkp�1Þ ¼
ð1
0

dt

ð1� tp
� Þ1=p � ð1� kptp

� Þ1�1=p �ð2:11Þ

¼ ðp� 1Þ
ð 1
0

du

ð1� upÞ1=pð1� kp þ kpupÞ1=p

¼ ðp� 1Þ 1
k 0 K

�
p ip

k

k 0

� �
and

Ep � ðkp�1Þ ¼
ð1
0

1� kptp
�

1� tp
�

� �1=p �

dtð2:12Þ

¼ ðp� 1Þ
ð1
0

ð1� kp þ kpupÞ1�1=p

ð1� upÞ1=p
du

¼ ðp� 1Þðk 0Þp�1
E �
p ip

k

k 0

� �
:
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Next we will prove (2.8). Changing the variable as

up ¼ ð1� kpÞtp
1� kptp

;

in (2.11) we obtain

Kp � ðkp�1Þ ¼ ðp� 1Þ
ð1
0

ð1� kpÞ1=p

ð1� kptpÞ1þ1=p

1� tp

1� kptp

� �1=p 1� kp

1� kptp

� �1=p dt

¼ ðp� 1Þ
ð1
0

dt

ð1� tpÞ1=pð1� kptpÞ1�1=p

¼ ðp� 1ÞKpðkÞ:

To deduce (2.10), we make use of the same change of variable above to
(2.12).

Ep � ðkp�1Þ ¼ ðp� 1Þ
ð1
0

1� kp

1� kptp

� �1�1=p

1� tp

1� kptp

� �1=p ð1� kpÞ1=p

ð1� kptpÞ1þ1=p
dt

¼ ðp� 1Þðk 0Þp
ð1
0

dt

ð1� tpÞ1=pð1� kptpÞ2�1=p
:

In the last integral, after setting t ¼ sinp y, using (2.1) and Proposition 2.1 we
have ð1

0

dt

ð1� tpÞ1=pð1� kptpÞ2�1=p
¼
ð pp=2
0

dy

ð1� kp sinp
p yÞ2�1=p

¼
ð pp=2
0

dy

ð1� kp sinp
p yÞ1�1=p

þ
ð pp=2
0

kp sinp
p y

ð1� kp sinp
p yÞ2�1=p

dy

¼ Kp þ
k

p� 1

dKp

dk

¼ Kp þ
1

ðp� 1Þðk 0Þp ðEp � ðk 0ÞpKpÞ:
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Thus

Ep � ðkp�1Þ ¼ ðp� 1Þðk 0Þp Kp þ
1

ðp� 1Þðk 0Þp ðEp � ðk 0ÞpKpÞ
� �

¼ Ep þ ðp� 2Þðk 0ÞpKp:

Therefore we conclude (2.10). r

From Proposition 2.3 it immediately follows

Corollary 2.4. Let 0a k < 1. Then

KpðkÞ ¼
1

k 0 K
�
p ip

k

k 0

� �
;

EpðkÞ ¼ ðk 0Þp�1 ðp� 1ÞE �
p ip

k

k 0

� �
� ðp� 2ÞK �

p ip
k

k 0

� �� �
:

For p ¼ 2, the identities of Corollary 2.4 are equivalent to:

KðkÞ ¼ 1

k 0 K i
k

k 0

� �
; EðkÞ ¼ k 0E i

k

k 0

� �
;

which can be found in [21, Table 4, p. 319].
The next corollary means that pKpðl1=pÞ and Epðl1=pÞ � ð1� lÞKpðl1=pÞ have

duality properties with respect to p.

Corollary 2.5. Let 0a l < 1. Then

p�Kp � ðl1=p � Þ ¼ pKpðl1=pÞ;ð2:13Þ

Ep � ðl1=p� Þ � ð1� lÞKp � ðl1=p � Þ ¼ Epðl1=pÞ � ð1� lÞKpðl1=pÞ:ð2:14Þ

Proof. Putting k ¼ l1=p in (2.8) and multiplying it by p�, we obtain (2.13)
at once. To deduce (2.14), putting k ¼ l1=p in (2.10) and using (2.13) we
have

Ep � ðl1=p � Þ � ð1� lÞKp� ðl1=p � Þ

¼ Epðl1=pÞ þ ðp� 2Þð1� lÞKpðl1=pÞ � ð1� lÞðp� 1ÞKpðl1=pÞ

¼ Epðl1=pÞ � ð1� lÞKpðl1=pÞ:

Therefore we conclude (2.14). r

Letting l ¼ 0 in (2.13) we have p�pp � ¼ ppp, which was indicated in [10, 22].
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Proposition 2.6.

Kp

1ffiffiffi
2

p
p
� �

¼

ffiffiffi
2

p
p

G
1

2p

� �2

4pG
1

p

� �
cos

p

2p

;

Ep
1ffiffiffi
2

p
p
� �

¼
ffiffiffi
2

p
p

8pG
1

p

� � G
1

2p

� �2
cos

p

2p

þ
2pG

1

2p
þ 1

2

� �2
sin

p

2p

0
BBB@

1
CCCA;

where G is the gamma function.

Proof. Let k ¼ 1=
ffiffiffi
2

p
p

, then k 0 ¼ 1=
ffiffiffi
2

p
p

. By Corollary 2.4 we have

Kp

1ffiffiffi
2

p
p
� �

¼
ffiffiffi
2

p
p

K �
p ðipÞ ¼

ffiffiffi
2

p
p ð1

0

dt

ð1� t2pÞ1=p
:

Putting t2p ¼ x, we obtain

ð1
0

dt

ð1� t2pÞ1=p
¼ 1

2p
B

1

2p
; 1� 1

p

� �
¼

G
1

2p

� �
G 1� 1

p

� �

2pG 1� 1

2p

� � ;

where B is the beta function. Since

G 1� 1

p

� �
¼ p

G
1

p

� �
sin

p

p

¼ p

2G
1

p

� �
sin

p

2p
cos

p

2p

;ð2:15Þ

G 1� 1

2p

� �
¼ p

G
1

2p

� �
sin

p

2p

;ð2:16Þ

the first formula in the proposition follows.
Similarly, Corollary 2.4 yields

Ep

1ffiffiffi
2

p
p
� �

¼ 1ffiffiffi
2

p �p ððp� 1ÞE �
p ðipÞ � ðp� 2ÞK �

p ðipÞÞ:

Since

E �
p ðipÞ ¼

ð1
0

1þ tp

ð1� t2pÞ1=p
dt ¼ K �

p ðipÞ þ
ð 1
0

tp

ð1� t2pÞ1=p
dt;
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we have

Ep

1ffiffiffi
2

p
p
� �

¼ 1ffiffiffi
2

p�p K �
p ðipÞ þ ðp� 1Þ

ð1
0

tp

ð1� t2pÞ1=p

 !

¼ 1

2p
ffiffiffi
2

p �p
G

1

2p

� �
G 1� 1

p

� �

G 1� 1

2p

� � þ ðp� 1Þ
G

1

2p
þ 1

2

� �
G 1� 1

p

� �

G
3

2
� 1

2p

� �
0
BBB@

1
CCCA:

By (2.15), (2.16) and

G
3

2
� 1

2p

� �
¼ p

2p�G
1

2p
þ 1

2

� �
cos

p

2p

;

the second formula in the proposition follows. r

For p ¼ 2 Proposition 2.3 gives that

K
1ffiffiffi
2

p
� �

¼
G
�
1
4

�2
4
ffiffiffi
p

p ; E
1ffiffiffi
2

p
� �

¼
G
�
1
4

�2 þ 4G
�
3
4

�2
8
ffiffiffi
p

p ;

which can be found in [7, Theorem 1.7]. See also [21, Section 13.8] and [33,
Section 22.8].

On account of Proposition 2.6, it is possible to show C ¼ pp=2 in the proof
of Theorem 1.1 in another way. Indeed, letting k ¼ 1=

ffiffiffi
2

p
p

we have

C ¼ 2Kp

1ffiffiffi
2

p
p
� �

Ep

1ffiffiffi
2

p
p
� �

� Kp

1ffiffiffi
2

p
p
� �2

¼
ð
ffiffiffi
2

p
p

Þ2G 1

2p

� �2

16p2G
1

p

� �2
cos

p

2p

G
1

2p

� �2
cos

p

2p

þ
2pG

1

2p
þ 1

2

� �2
sin

p

2p

0
BBB@

1
CCCA�

ð
ffiffiffi
2

p
p

Þ2G 1

2p

� �4

16p2G
1

p

� �2
cos2

p

2p

¼
ð
ffiffiffi
2

p
p

Þ2G 1

2p

� �2
G

1

2p
þ 1

2

� �2

4pG
1

p

� �2
sin

p

p

¼ 22=p�2

p sin
p

p

ffiffiffi
p

p

21=p�1

� �2
¼ pp

2
;
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where we have used the duplication formula

Gð2zÞ ¼ 22z�1ffiffiffi
p

p GðzÞG zþ 1

2

� �

with z ¼ 1=ð2pÞ.
The remainder of this section will be devoted to the study of relation

between complete p-elliptic integrals and hypergeometric series.
For a real number a and a natural number n, we define

ðaÞn :¼
Gðaþ nÞ
GðaÞ ¼ ðaþ n� 1Þðaþ n� 2Þ � � � ðaþ 1Þa:

We adopt the convention that ðaÞ0 :¼ 1. For jxj < 1 the series

Fða; b; c; xÞ :¼
Xy
n¼0

ðaÞnðbÞn
ðcÞn

xn

n!

is called a Gaussian hypergeometric series. See [2, 7, 20, 33] for more details.

Lemma 2.7. For n ¼ 0; 1; 2; . . .

ð pp=2
0

sinpn
p y dy ¼ pp

2

1

p

� �
n

n!
:

Proof. Letting sinp
p y ¼ t, we haveð pp=2

0

sinpn
p y dy ¼ 1

p

ð1
0

tnþ1=p�1ð1� tÞ�1=p
dt ¼ 1

p
B nþ 1

p
; 1� 1

p

� �
:

Moreover,

1

p
B nþ 1

p
; 1� 1

p

� �
¼ 1

p
B

1

p
; 1� 1

p

� �B nþ 1

p
; 1� 1

p

� �

B
1

p
; 1� 1

p

� �

¼ pp

2

G nþ 1

p

� �

G
1

p

� �
Gðnþ 1Þ

¼ pp

2

1

p

� �
n

n!
;

and the lemma follows. r
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Proposition 2.8. For k A ð0; 1Þ

KpðkÞ ¼
pp

2
F

1

p
; 1� 1

p
; 1; kp

� �
;

EpðkÞ ¼
pp

2
F

1

p
;� 1

p
; 1; kp

� �
;

K �
p ðkÞ ¼

pp

2
F

1

p
;
1

p
; 1; kp

� �
;

E �
p ðkÞ ¼

pp

2
F

1

p
;
1

p
� 1; 1; kp

� �
:

Proof. Binomial series expansion gives

KpðkÞ ¼
ð pp=2
0

ð1� kp sinp
p yÞ1=p�1

dy ¼
Xy
n¼0

ð�1Þn
1

p
� 1

n

0
@

1
Akpn

ð pp=2
0

sinpn
p y dy:

Here, using Lemma 2.7 and the fact

ð�1Þn
1

p
� 1

n

0
@

1
A¼ ð�1Þn

1

p
� 1

� �
1

p
� 2

� �
� � � 1

p
� n

� �
n!

¼
1� 1

p

� �
n

ð1Þn
;

we see that

KpðkÞ ¼
pp

2

Xy
n¼0

1

p

� �
n

1� 1

p

� �
n

ð1Þn
kpn

n!
¼ pp

2
F

1

p
; 1� 1

p
; 1; kp

� �
:

The other cases are similar and we left to the reader. r

A hypergeometric series F ða; b; c; xÞ satisfies the hypergeometric di¤erential
equation

xð1� xÞ d
2y

dx2
þ ðc� ðaþ bþ 1ÞxÞ dy

dx
� aby ¼ 0:

From the fact and Proposition 2.8 we can also prove Proposition 2.2.
As mentioned in the Introduction, the Borweins [7, Section 5.5] define the

generalized complete elliptic integrals of the first kind KsðkÞ and of the second
kind EsðkÞ by (1.3) and (1.4) respectively. They indicate that these functions
satisfy

K 0
sðkÞEsðkÞ þKsðkÞE 0

sðkÞ �KsðkÞK 0
sðkÞ ¼

p

2

cos ps

1þ 2s
;ð2:17Þ
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where K 0
sðkÞ :¼Ksðk 0Þ, E 0

sðkÞ :¼ Esðk 0Þ and k 0 :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
. Letting s¼ 1=p� 1=2

in this equality we can also prove Theorem 1.1.
They obtained (2.17), relying on the following identity of hypergeometric

functions with a ¼ �b ¼ c ¼ s:

F
1
2 þ a;� 1

2 � c

aþ bþ 1
; x

 !
F

1
2 � a; 12 þ c

bþ cþ 1
; 1� x

 !
ð2:18Þ

þ F
1
2 þ a; 12 � c

aþ bþ 1
; x

 !
F

� 1
2 � a; 12 þ c

bþ cþ 1
; 1� x

 !

� F
1
2 þ a; 12 � c

aþ bþ 1
; x

 !
F

1
2 � a; 12 þ c

bþ cþ 1
; 1� x

 !

¼ Gðaþ bþ 1ÞGðbþ cþ 1Þ
G
�
aþ bþ cþ 3

2

�
G
�
bþ 1

2

� ;
which was given by Elliott [19] (see also [1], [2, Theorem 3.2.8] and [20, (13)
p. 85]). In contrast to this, our approach to Theorem 1.1 is more self-contained.

Finally in this section, we refer the reader to [1] for generalized elliptic
integrals in geometric function theory and the relationship with hypergeometric
functions. In [1] they also define a generalized Jacobian elliptic function related
to KsðkÞ. The author [30] produces generalized Jacobian elliptic functions with
two parameters p and q related to KpðkÞ, but as real functions (cf. [29]).

3. Application

In this section, we will apply the complete p-elliptic integrals (1.1) and (1.2)
to compute pp, and prove Theorem 1.3. For the very special case of pp with
p ¼ 3, we are able to obtain a computation formula like (1.8) for p by Brent [8]
and Salamin [27].

Let ab b > 0. Consider the sequences fang and fbng satisfying a0 ¼ a,
b0 ¼ b and

anþ1 ¼
an þ 2bn

3
; bnþ1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2n þ anbn þ b2nÞbn

3

3

r
; n ¼ 0; 1; 2; . . . :

It is easy to see that an b bn for any n, fang is decreasing and fbng is increasing.
Hence each sequence converges to a limit as n ! y. Moreover, since

anþ1 � bnþ1 a
an þ 2bn

3
� bn ¼

1

3
ðan � bnÞ;ð3:1Þ

these limits are same. We will denote by M3ða; bÞ the common limit for a and b.
To show Theorem 1.3, the following identity by Ramanujan for the hyper-

geometric function F ð1=3; 2=3; 1; xÞ is extremely important.
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Lemma 3.1 (Ramanujan’s cubic transformation). For 0 < ka 1

F
1

3
;
2

3
; 1; 1� k3

� �
¼ 3

1þ 2k
F

1

3
;
2

3
; 1;

1� k

1þ 2k

� �3 !
:ð3:2Þ

Proof. This identity has been proved by, for instance, the Borweins [6],
Berndt et al. [4, Corollary 2.4] or [3, Corollary 2.4 and (2.25)], and Chan [12],
though Ramanujan did not leave his proof. We will present an alternative proof
with elementary calculation.

Since Proposition 2.8 yields

K3ðkÞ ¼
p3

2
F

1

3
;
2

3
; 1; k3

� �
;

so that (3.2) is equivalent to

K3ðk 0Þ ¼ 3

1þ 2k
K3

1� k

1þ 2k

� �
:ð3:3Þ

We have known from Proposition 2.2 that K3ðk 0Þ satisfies

d

dk
kðk 0Þ3 dy

dk

� �
¼ 2k2y:ð3:4Þ

To show (3.3) we will verify that the function of right-hand side of (3.3) also
satisfies (3.4). Now we let

f ðkÞ ¼ 3

1þ 2k
K3

1� k

1þ 2k

� �
:

Applying Proposition 2.1 we have

df ðkÞ
dk

¼ f ðkÞ
1� k

� ð1þ 2kÞE3ðlÞ
kðk 0Þ3

;ð3:5Þ

where l ¼ ð1� kÞ=ð1þ 2kÞ. Thus, di¤erentiating both sides of

kðk 0Þ3 df ðkÞ
dk

¼ ð1þ k þ k2Þkf ðkÞ � ð1þ 2kÞE3ðlÞ

gives

d

dk
kðk 0Þ3 df ðkÞ

dk

� �
¼ ð1þ 2k þ 3k2Þ f ðkÞ þ ð1þ k þ k2Þk df ðkÞ

dk
ð3:6Þ

� 2E3ðlÞ þ ð1þ 2kÞ dE3ðlÞ
dk

� �
:
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Here, by Proposition 2.1

dE3ðlÞ
dk

¼ f ðkÞ
1� k

� 3E3ðlÞ
ð1� kÞð1þ 2kÞ :

Applying this and (3.5) to (3.6), we see that the right-hand side of (3.6) is equal
to 2k2f ðkÞ. This shows that f ðkÞ also satisfies (3.4) as K3ðk 0Þ does.

The equation (3.4) has a regular singular point at k ¼ 1 and the roots of
the associated indicial equation are both 0. Thus, it follows from the theory of
ordinary di¤erential equations (see for instance [33, §10.32]) that the functions
K3ðk 0Þ and f ðkÞ, which agree at k ¼ 1, must be equal. This concludes the
lemma. r

Proposition 3.2. Let 0a k < 1, then

(i) K3ðkÞ ¼
1

1þ 2k
K3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ð1þ k þ k2Þk3

p
1þ 2k

 !
,

(ii) K3ðkÞ ¼
3

1þ 2k 0 K3
1� k 0

1þ 2k 0

� �
,

(iii) E3ðkÞ ¼
1þ 2k

3
E3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ð1þ k þ k2Þk3

p
1þ 2k

 !
þ ð1� kÞð2þ kÞ

3
K3ðkÞ,

(iv) E3ðkÞ ¼ ð1þ 2k 0ÞE3
1� k 0

1þ 2k 0

� �
� k 0ð1þ k 0ÞK3ðkÞ,

where k 0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k33

p
.

Proof. It is obvious that (ii) is equivalent to (3.3), hence to Lemma 3.1.
Therefore we will show (i), (iv) and (iii) in this order.

(i) Setting in (ii)

1� k 0

1þ 2k 0 ¼ l;

we get 0a l < 1 and

k 0 ¼ 1� l

1þ 2l
; k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ð1þ lþ l2Þl3

q
1þ 2l

:

Then (ii) is equivalent to

K3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ð1þ lþ l2Þl3

q
1þ 2l

 !
¼ ð1þ 2lÞK3ðlÞ:

Replacing l by k, we obtain (i).
(iv) Let l be the number above, then

dl

dk
¼ 3k2

ð1þ 2k 0Þ2ðk 0Þ2
:
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It follows from (ii) that ð1þ 2k 0ÞK3ðkÞ ¼ 3K3ðlÞ. Di¤erentiating both sides in
k, we have

�2
k

k 0

� �2
K3ðkÞ þ

1þ 2k 0

kðk 0Þ3
E3ðkÞ �

1þ 2k 0

k
K3ðkÞ

¼ 9k2

ð1þ 2k 0Þ2ðk 0Þ2
� 1

lðl 0Þ3
E3ðlÞ �

9k2

ð1þ 2k 0Þ2ðk 0Þ2l
K3ðlÞ:

Applying

l ¼ 1� k 0

1þ 2k 0 ; l 0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ð1þ k 0 þ ðk 0Þ2Þk 03

q
1þ 2k 0

and (ii), we see that the right-hand side is written as

ð1þ 2k 0Þ2

kðk 0Þ3
E3ðlÞ �

3k2

ð1� k 0Þðk 0Þ2
K3ðkÞ:

Thus we have

1þ 2k 0

kðk 0Þ3
E3ðkÞ ¼

ð1þ 2k 0Þ2

kðk 0Þ3
E3ðlÞ �

ð1þ 2k 0Þð1þ k 0Þ
kðk 0Þ2

K3ðkÞ:

Multiplying this by kðk 0Þ3=ð1þ 2k 0Þ, we obtain (iv).
(iii) It is obvious that (iv) can be written in l, that is,

E3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ð1þ lþ l2Þl3

q
1þ 2l

 !
¼ 3

1þ 2l
E3ðlÞ �

ð1� lÞð2þ lÞ
ð1þ 2lÞ2

K3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ð1þ lþ l2Þl3

q
1þ 2l

 !
:

From (i) we have (iii). The proof is complete. r

Let us introduce auxiliary functions

Ipða; bÞ :¼
ð pp=2
0

dy

ðap cospp yþ bp sinp
p yÞ1�1=p

;

Jpða; bÞ :¼
ð pp=2
0

ðap cospp yþ bp sinp
p yÞ1=p dy:

It is easy to check that KpðkÞ, K 0
pðkÞ, EpðkÞ and E 0

pðkÞ are written as

KpðkÞ ¼ Ipð1; k 0Þ; K 0
pðkÞ ¼ Ipð1; kÞ;

EpðkÞ ¼ Jpð1; k 0Þ; E 0
pðkÞ ¼ Jpð1; kÞ:
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In the remainder of this section we assume p ¼ 3. We will write I3ða; bÞ and
J3ða; bÞ simplicity Iða; bÞ and Jða; bÞ respectively when no confusion can arise.

The next lemma is crucial to show Theorem 1.2.

Lemma 3.3. For ab b > 0,

aIða; bÞ ¼ aþ 2b

3
I

aþ 2b

3
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 þ abþ b2Þb

3

3

r !
:

Proof. From Proposition 3.2 (ii) (with k replaced by k 0) we get

aIða; bÞ ¼ 1

a
K 0

3

b

a

� �

¼ 3

aþ 2b
K3

a� b

aþ 2b

� �

¼ 3

aþ 2b
I 1;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ða2 þ abþ b2Þb3

p
aþ 2b

 !

¼ aþ 2b

3
I

aþ 2b

3
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 þ abþ b2Þb

3

3

r !
:

This proves the lemma. r

Lemma 3.3 implies that fanIðan; bnÞg is a constant sequence:

aIða; bÞ ¼ a1Iða1; b1Þ ¼ a2Iða2; b2Þ ¼ � � � ¼ anIðan; bnÞ ¼ � � � :ð3:7Þ
Letting n ! y in (3.7) we have

aIða; bÞ ¼ M3ða; bÞIðM3ða; bÞ;M3ða; bÞÞ ¼
1

M3ða; bÞ
Ið1; 1Þ;

hence,

Proposition 3.4. For ab b > 0

aIða; bÞ ¼ p3

2

1

M3ða; bÞ
:

From above, Theorem 1.2 immediately follows.

Proof of Theorem 1.2. Put a ¼ 1 and b ¼ k 0 in Proposition 3.4. r

Let In :¼ Iðan; bnÞ, Jn :¼ Jðan; bnÞ, then

Lemma 3.5. For ab b > 0

3Jnþ1 � Jn ¼ anbnðan þ bnÞIn; n ¼ 0; 1; 2; . . . :
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Proof. Set kn :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðbn=anÞ33

q
. We see at once that

In ¼
1

a2n
K3ðknÞ; Jn ¼ anE3ðknÞ; n ¼ 0; 1; 2; . . . :ð3:8Þ

Now, letting k ¼ kn in Proposition 3.2 (iv), we have

E3ðknÞ ¼ ð1þ 2k 0
nÞE3

1� k 0
n

1þ 2k 0
n

� �
� k 0

nð1þ k 0
nÞK3ðknÞ:

It is easily seen that k 0
n ¼ bn=an and knþ1 ¼ ð1� k 0

nÞ=ð1þ 2k 0
nÞ. Thus

E3ðknÞ ¼
an þ 2bn

an
E3ðknþ1Þ �

bn

an
1þ bn

an

� �
K3ðknÞ:

Multiplying this by an and using an þ 2bn ¼ 3anþ1 we obtain

anE3ðknÞ ¼ 3anþ1E3ðknþ1Þ � bn 1þ bn

an

� �
K3ðknÞ:

From (3.8) we accomplished the proof. r

Proposition 3.6. Let ab b > 0, then

Jða; bÞ ¼ a3 � a
Xy
n¼1

3nðan þ cnÞcn

 !
Iða; bÞ;

where cn :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3n � b3n

3
p

.

Proof. We denote Iða; bÞ and Jða; bÞ briefly by I and J respectively.
Lemma 3.3 gives anIn ¼ aI for any n. By Lemma 3.5 and cnþ1 ¼ ðan � bnÞ=3, we
obtain

3ðJnþ1 � aa2nþ1IÞ � ðJn � aa2nIÞ ¼ ðabnðan þ bnÞ � 3aa2nþ1 þ aa2nÞI

¼ a

3
ð2a2n � anbn � b2nÞI

¼ a

3
ð2an þ bnÞðan � bnÞI

¼ 3aðanþ1 þ cnþ1Þcnþ1I :

Multiplying this by 3n and summing both sizes from n ¼ 0 to n ¼ m� 1, we
obtain

3mðJm � aa2mIÞ � ðJ � a3IÞ ¼ a
Xm
n¼1

3nðan þ cnÞcn

 !
I :ð3:9Þ
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On the other hand, since aI ¼ amIm, we have

3mðJm � aa2mIÞ ¼ 3m

ð p3=2
0

a3m cos33 yþ b3m sin3
3 y� a3m

ða3m cos33 yþ b3m sin3
3 yÞ2=3

dy

¼ 3mc3m

ð p3=2
0

�sin3
3 y

ða3m cos33 yþ b3m sin3
3 yÞ2=3

dy:

By (3.1) we get

0a 3mc3m a
1

9m
ða� bÞ3;

which means limm!y 3mðJm � aa2mIÞ ¼ 0. Therefore, as m ! y in (3.9) the
proposition follows. r

Now we are in a position to show Theorem 1.3.

Proof of Theorem 1.3. Let k ¼ 1=
ffiffiffi
23

p
in Theorem 1.1, then

2K3
1ffiffiffi
23

p
� �

E3
1ffiffiffi
23

p
� �

� K3
1ffiffiffi
23

p
� �2

¼ p3

2
:ð3:10Þ

Letting a ¼ 1 and b ¼ 1=
ffiffiffi
23

p
in Proposition 3.6 we get

E3
1ffiffiffi
23

p
� �

¼ 1�
Xy
n¼1

3nðan þ cnÞcn

 !
K3

1ffiffiffi
23

p
� �

;

where cn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3n � b3n

3
p

. Substituting this to (3.10), we have

2 1�
Xy
n¼1

3nðan þ cnÞcn

 !
� 1

 !
K3

1ffiffiffi
23

p
� �2

¼ p3

2
:

Finally, applying Theorem 1.2 with k ¼ 1=
ffiffiffi
23

p
to this, we obtain

1� 2
Xy
n¼1

3nðan þ cnÞcn

 !
p2
3

4M3 1;
1ffiffiffi
23

p
� �2 ¼ p3

2
:

This leads the result. r

Remark 3.7. In Theorem 1.2, we proved the identity

K3ðkÞ ¼
p3

2

1

M3ð1; k 0Þ :
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From the fact and Corollary 2.4 we can formally deduce

K �
3 ðkÞ ¼

p3

2

1

M3ðk 0; 1Þ ;

where M3ða; bÞ for 0 < aa b is also defined by (1.9) in the same way as that for
ab b > 0. This means

F
1

3
;
1

3
; 1; 1� k3

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

1þ k þ k2

3

r
F

1

3
;
1

3
; 1;

ð1� kÞ3

9ð1þ k þ k2Þ

 !
;

which is reported in [31].
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