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In this article we propose a new fractional derivative without singular kernel. We
consider the potential application for modeling the steady heat-conduction prob-
lem. The analytical solution of the fractional-order heat flow is also obtained by
means of the Laplace transform.
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Introduction

Fractional derivatives with singular kernel [1], namely, the Riemann-Liouville
[2, 3], Caputo [4, 5], and other derivatives, see [6-8] and the references therein, have nowa-
days awide application in the field of heat-transfer engineering.

More recently, the fractional Caputo-Fabrizio derivative operator without singular
kernel wasgiven [1, 9-12]:

where 3(v) isanormalization constant depending on v (O<v <1).
Following eg. (1), Losada and Nieto [10] suggested the new fractional Caputo-Fa-
brizio derivative operator [11, 12]:

cz;Dng(x):Lfexp{_ . <x—ﬂ>}r<1>u>om @
1-vy -v

where v (0<v <1) isareal number and 3(v) =2/(2—v).
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Equations (1) and (2) represent an extension of the Caputo fractional derivative with
singular kernel. However, an analog of the Riemann-Liouville fractional derivative with sin-
gular kernel has not yet been formulated. The main aim of the article is to propose a new frac-
tional derivative without singular kernel, which is an extension of the Riemann-Liouville frac-
tional derivative with singular kernel, and to study its application in the modeling of the frac-
tional-order heat flow.

Mathematical tools

The Riemann-Liouville fractional derivative of fractional order v of the function 7(x)
isdefined [1]:

d T T(A)
F(l v) dx g (x— A1)
where a<x and v (O<v <1) isarea number.

Replacing the function /(x - 2)"T(Q+v) by R() exp{[-v/A-V)](x - )} ([1-V),
we obtain a new fractiona derivative given by:

Rv) d F
DMT(x) =2 = —
7 (x) 1_de£exp[

DT (x) = €)

4 (x—i)} T(A)dA 4)
-V
where a<x, v (O<v <) isarea number, and R(v) isanormalization function depending

onvsuchthat R(0) =R =1.
Taking v =1/v -1, with O<w < +o0, €q. (4) can be re-written:

1 .
DE"’ +ljT(x) =N(y) % j I(A)T(A)dA (5)

where R(y) = (v + DRV (y +1)], and T1(1) = exp[—(x — )/ w]/w.
With the help of the following approximation to the identity [9, 13]:

lim TI(4) =6(x— 1) (6)
y—0
where v > 1 (or w — 0), eq. (4) becomes:
. : d |
) — el —7@
IJLnl DUT(x) = .IV'E?) N(w) ™ zl[l‘[(/l)T(/l)d/l =T (x) (7)
When v — 0 (or v — +), eq. (4) can be written:

lim DE7(x) = lim R_(V) d j p[

~(x- z)} T(2)dA = T(x) (8)

Taking the Laplace transform of the new fractional derivative without singular ker-
nel for the parameter « = 0, we have:

R()s
v(l=s)+s

where L[&(x)] = j exp(—sx)&(x)dx = £(s) represents the Laplace transform of the function
<), [14].

LIDYT(x)] = T(s) 9
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We now consider:

v 1-v =
T(s)= { ROYs = o) } E(s) (10)

where D{7(x) = Z2(x) and L[E(x)] = Z(x).
Taking the inverse Laplace transform of eg. (10) we obtain:

1-v v 7
0= 5y = 5y |

If O<v <1 and R(v)=1, then egs. (4) and (11) can be written:

E(x) E(x)dx, x>0, O<v<l (11

14

*Diﬁ)T(x)zﬁ%jexp{— 1 (x—/l)J T(A)dA (12)

-V

and
T(x)=(1-v)E(x) + v‘)f E(x)dx, x>0, O<v<l (13)
0

respectively.
Modelling the fractional-order steady heat flow
The fractional-order Fourier law in 1-D case is suggested:
KD$)T (x) = —H (x) (14)

where K is the thermal conductivity of the material and H(x) — the heat flux density.
The heat flow of the fractional-order heat conduction is presented:
Hix)=g (15)

where g isthe heat flow (a constant) of the material.
By submitting eg. (13) into eq. (14), and taking the Laplace transform, it results:

R(W)s __ g
vy =T (16)
which leadsto:
_—glv+(1-v)s]
T(s) = T (17)

Taking the inverse Laplace transform of eg. (17), we obtain:

T(x)=—C{ gVx +g(1_v)} (18)
KR(V) KR()

where C is a constant depending on the initial value T(x).
The corresponding graphs with different orders v ={0.3, 0.6, 1} areshowninfig. 1.
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Conclusion

In this work a new fractional-order operator with-
out singular kernel, which is an analog of the Rie-
mann-Liouville fractional derivative with singular ker-
nel, was proposed for the first time. An illustrative ex-
ample for modelling the fractional-order steady heat
flow was given and the analytical solution for the gov-
erning eguation involving the fractional derivative
without singular kernel was discussed.
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Figure 1. The plots of T(x) with the
parametersv ={0.3, 0.6, 1}, C=-1,
g=2,K=3,and R(v) =1

Nomenclature

Dg) — fractional derivative without singular kernel, [] L(*) —Laplacetransform, [-]

H(x) — heat flux density, [Wm?] T(x) —temperaturedistribution, [K]
K —thermal conductivity, [Wm~K™] x  —spaceco-ordinate, [m]
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