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A new generation of magnetorheological vehicle 

suspension system with tunable stiffness and damping 

characteristics 

Abstract— As the concept of variable stiffness and damping has 

drawn increasingly attention because of its superiority on 

reducing unwanted vibrations, dampers with property of varying 

stiffness and damping have been an attractive method to further 

improve vehicle performance and driver comfort. This paper 

presents the design, prototyping, modelling and experimental 

evaluation of a variable stiffness and variable damping (VSVD) 

magnetorheological (MR) vehicle suspension system. It was firstly 

characterized by an INSTRON machine. Then a 

phenomenological model was proposed to capture the 

characteristics of the damper and TS fuzzy approach was used to 

model the quarter car system where the proposed damper was 

installed. Different controllers, including skyhook, Short-time 

Fourier transform (STFT) and state observer based controller 

were designed to control the damper. Experimental results 

demonstrate that the quarter car system with the variable 

stiffness and damping suspension performs best in terms of 

reducing the sprung mass accelerations comparing with other 

suspensions.  

Index Terms—variable stiffness and damping; 

magnetorheological; vehicle suspension; vibration control  

I. INTRODUCTION 

CTIVE and semi-active control are two typical methods 

used to improve system performance [1-3]. Despite that 

active control performs better at reducing vibrations, the 

disadvantages of potential instability, complex control 

algorithm requirement, and large power consumption limit its 

common use. Therefore, researchers show increasing interest to 

semi-active control because of its requirements for less power 

and cheaper hardware but comparable performance with active 

system [4-7]. The application of magnetorheological fluids 

(MRFs) to develop semi-active control  systems is a typical 

case.  MR  fluids  are  a  kind  of   typical   controllable   fluids 
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which can change from a free flowing viscous fluid into a 

semi-solid under the operation of a magnetic field, i.e. its 

mechanical properties (damping) will increase or decrease in 

response to the variations of the magnetic field. Other 

advantages of MR fluids is that it only needs a low voltage 

source to be energized and that it is much safer because of its 

fail-safe nature. These advantages have enabled the semi-active 

device with MR fluids a better option for the practical 

application. MR fluids based damper uses the unique 

characteristics of MR fluids to provide simple, quiet, and 

rapid-response interfaces between the electronic controls and 

the mechanical systems, which makes it an ideal option for 

vehicle suspensions. Up to date, MRF dampers have been 

widely implemented into vehicle suspensions to improve the 

vibration isolation performance [8-10]. For example, Yao et al 

did pioneer research on applying MR technology on vehicle 

suspension and developed a skyhook control strategy to control 

the MR vehicle suspension system [8]. MagneRide technology, 

proposed by Delphi Corporation, was designed based on the 

mechanical property of MRF and it has been used by GM Corp. 

on many of their Cadillac models since 2002. Choi’s group 

conducted research on developing MR suspension systems as 

well as advanced controllers for them. They reported an 

adaptive fuzzy controller by combining the advantages of H∞ 

control and sliding model control in [9]. The enhanced 

performance under the new controller is verified numerically 

and experimentally. Yu’s group has conducted the road testing 

of a vehicle mounted with four MR dampers [10] and its 

performance was compared with a passive suspension.  

Apart from the suspension damping, the stiffness is another 

important component that affects the performance of a 

suspension. To date, passive spring has been widely used in 

vehicle suspension. However, passive stiffness cannot satisfy 

the conflict requirement of improved both ride comfort and ride 

stability. An idealized suspension spring is supposed to be 

controllable so as to provide different stiffness values 

depending on the specific driving and road conditions. 

Specifically, hard stiffness is required to guarantee the ride 

stability and soft stiffness is required for the ride comfort. In 

addition, stiffness variation can avoid suspension resonance by 

tuning the natural frequency of the vehicle suspension, which 

the suspension with only variable damping cannot achieve. 

Shuaishuai Sun, Xin Tang, Jian Yang, Donghong Ning, Haiping Du, Member, IEEE, Shiwu Zhang, and Weihua 

Li, Member, IEEE, 
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Based on these motivations, the concept of variable stiffness 

has been integrated into damping variable suspension system to 

form a variable stiffness and damping suspension and this topic 

has been attracting increasing attentions recently [11-16]. 

Zhang et al. [17, 18] developed a variable stiffness and 

damping MR device that contains an air spring, separate films, 

an MR valve and an accumulator. The dynamic response 

obtained from experiments showed that the stiffness and 

damping can be adjusted over a relatively large range. 

Following this research, Sun et al. investigated a suspension 

system for railway vehicles. This suspension system includes 

an MRF based variable stiffness air spring and an MR damper. 

This research theoretically verified that the variable stiffness 

and damping suspension has better effectiveness on 

suppressing vibrations than suspensions with only variable 

damping or variable stiffness [19]. Zhu et al. proposed a 

variable stiffness and damping isolator by connecting the 

pneumatic spring and the MR damper [20]. In this compact 

design, the MR damper varies the damping of the isolator while 

the pneumatic spring gives the isolator the variable stiffness 

capability. Moreover, different working modes can be switched 

between the passive mode and the active mode using the 

pneumatic spring. Raja et al. developed another variable 

stiffness and damping device: an MR fluid damper–liquid 

spring suspension system for heavy off-road vehicles [21]. Liu 

et al. proposed a structure with two Voigt elements (each one 

consisting of a constant spring and a controllable damper) in 

order to achieve the variable stiffness and damping [22]. In 

their design, the damping and the stiffness cannot be controlled 

independently because that the two MR dampers were installed 

in series. In order to improve the design, Liu and his group then 

proposed a new structure which could vary its stiffness and 

damping independently [23]. A vibration testing experiment 

was carried out to evaluate how it performed to isolate 

vibrations. The results showed that the suspension with 

variable stiffness and damping performed the best. Despite of 

the verification of the superiority of the variable stiffness and 

damping system, compact devices capable of varying both 

stiffness and damping for practical applications have rarely 

been developed. Based on this motivation, our group has 

developed a small scaled compact variable stiffness and 

damping shock absorber for vehicles [24-26]. However, the 

damping variation of the scaled device is limited. Following up 

our previous work, this paper developed a full scaled MR 

suspension system with tunable stiffness and damping 

characteristics and the damping variation range has been 

significantly improved. Furthermore, a proper control 

algorithm for the advanced suspension system has been 

developed and the effectiveness of the suspension system on 

vibration control has been verified on a quart car system. The 

structure of this paper is as follows. In Section II, the detailed 

design, working principle and prototype of the damper were 

presented. Section III presented the INSTRON testing results. 

Section IV illustrated the modelling for the MR damper and the 

quarter car test rig. Appropriate controllers were also designed 

in this Section. Section V presented the evaluation of the MR 

damper on a quart car test rig. Lastly, the conclusions were 

drawn in Section VI. 

II. DESIGN AND WORKING PRINCIPLE OF THE VSVD MR 

SUSPENSION 

Figure 1 shows the structure and the prototype picture of the 

proposed variable stiffness and damping MR device. This 

device mainly consists of two damping cylinders (a bottom MR 

cylinder and a top MR cylinder) and two springs (spring 1 and 

spring 2) with different stiffness. It can be seen that the piston 

rod runs through both the bottom and top MR cylinders. The 

electromagnetic coils in these two cylinders extend generally 

coaxially around the piston. In addition to that, the two 

cylinders consist of seals and reservoirs filled with MRF.  The 

damping force (or the damping) of the bottom cylinder is 

controlled by the magnetic field generated by Id on the basis of 

MRF properties. Likewise, the top damping force or damping is 

controlled by Is.  

The working principles of the new device can be 

demonstrated by three different connection modes shown in 

Figure 2. The damping (C1) is represented by the bottom 

damping which is adjusted only by the current Id. C1 increases 

as the current (Id) increases.  

The variable stiffness mechanism is controlled by current Is. 

When Is is very small, the working mechanism can be 

represented by mode 1 in Figure 2. Under this mode, a small 

damping force will be produced by the top MR damper and thus 

relative motion between the piston rod and the top cylinder will 

happen and spring k1 will deform. In this case, spring k1	and 

spring k2 work in series. Therefore, the overall stiffness of the 

damper is soft.  

    For the second connection mode where the top damping is 

bigger, the deformation of the spring ݇ଵ	is restricted because of 

the limitation on the relative motion between the piston rod and 

the top cylinder, but the spring ݇ଶ  deforms more compared 

with the first working mode. This means that the overall 

stiffness of the damper is harder than the first scenario. For the 

last scenario (mode 3), when the top damping force is large 

enough to block the relative motion between the piston rod and 

the top cylinder, spring ݇ଵ will produce no deformation and 

only spring ݇ଶ works in response to the external force. In this 

case the overall stiffness of the damper reaches the maximum. 

Based on the above analysis, the determination of connection 

mode depends on the amount of the input current Is.  

The properties of stiffness variability and damping 

variability were tested separately using the INSTRON 

machine. The experimental setup is shown in Figure 3. A 

sinusoidal wave with a single frequency of 0.5 Hz and an 

amplitude of 20 mm was chosen to excite the system. To obtain 

the performance of stiffness variability, the applied current to 

the top damping cylinder was varied from 0A to 0.4A with a 

step of 0.2A. The applied current to the bottom damping 

cylinder was set as 0A in order to avoid the influence of 

damping. On the other hand, the current applied to the bottom 

damping cylinder was set to 0A, 0.5A, and 1A, respectively, 
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with the Is maintained as 0.2A to demonstrate the performance 

of variable damping.  

 
Fig.1.  Design and photograph of the MR damper system with two springs. 

 

 
mode 1                                             mode 2 

 
mode 3 

Fig.2.  Schematic Diagram of Connection Mode. 

III. EXPERIMENTAL CHARACTERIZATION OF THE ADVANCED MR 

DAMPER 

 
 

Fig.3.  Testing system with INSTRON. 

Figure 4(a) shows a series of stable force-displacement loops 

in terms of stiffness variability and Figure 4(b) shows the 

corresponding force-velocity relationships. The effective 

stiffness of each force-displacement loop is represented by 

finding the slope of the straight line that intersects the end 

points of each force-displacement hysteresis loop, and the  

calculated effective stiffness is tabulated in Table 1. It is seen 

that the effective stiffness increases from 25.4 kN/mm to 45.2 

kN/mm when the current increases from 0A to 0.4A. 

 

Table I Effective stiffness versus Is  

Is 0A 0.2A 0.4A 

Effective 

stiffness 

(kN/m) 

25.4 37.3 45.2 

 

Table II Equivalent damping versus Id 

Id 0A 0.5A 1A 

Equivalent 

damping 

(kN∙s/ m) 

5.80 11.22 17.85 

 

    Figure 5 shows the variable damping characteristic including 

force-displacement loops (Figure 5(a)) and force-velocity loops 

(Figure 5(b)) under different currents of Id (0A, 0.5 A, and 1A). 

It is seen that the enclosed area of the force-displacement loops 

increases with the increase of current	ୢܫ . As the enclosed area 

presents the equivalent damping, it can be concluded that the 

increasing Id leads to the increase in the equivalent damping of 

the MR damper. The calculated equivalent damping shown in 

Table 2 also demonstrates this changing tendency with a 

variation range from 5.8KN∙s/m to 17.85 kN∙s/ m.  

20 25 30 35 40 45 50

-0.5

0.0

0.5

Experiment Is=0A, Id=0A

Experiment Is=0.2A, Id=0A

Experiment Is=0.4A, Id=0A

 

 

F
o

rc
e

 (
K

N
)

Displacement (mm)

 
(a) 

-30 -20 -10 0 10 20 30
-1.0

-0.5

0.0

0.5

1.0

 

 

F
o

rc
e

 (
K

N
)

Velocity (mm/s)

 Experiment I
s
=0A, I

d
=0A

 Experiment I
s
=0.2A, I

d
=0A

 Experiment I
s
=0.4A, I

d
=0A

 
(b) 

Fig. 4.  Characterization of variable stiffness: (a) force – displacement 

relationships; (b) force-velocity relationships. 
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Fig. 5.  Characterization of variable damping: (a) force-displacement 

relationships; (b) force-velocity relationships. 

 

After the stiffness and damping variation evaluation, the 

response time of the MR device was also tested. As the MR 

damping cylinders in the stiffness controlling component and 

damping controlling component are the same, their response 

time will be the same. Thus this paper only tested the response 

time of the low MR damping cylinder (ܿଵ) as a representative. 

In this test, the MR damper was extended under a constant 

speed by the INSTRON machine. During the extension, an 1A 

current was applied to the damper (ܿଵ) at around 0.7s and then 

was removed at around 3s, as shown in Figure 6. According to 

Figure 6 it can be seen that the response time of the MR device 

is 43~44ms which is quick enough for real time control.  
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Fig. 6 Response time of the VSVD MR suspension system.  

IV.     MODELLING OF THE MR DAMPER, A QUARTER CAR SYSTEM 

AND CONTROLLER DESIGN 

For the purpose of developing a controller for the VSVD MR 

suspension system, accurate models for the damper itself as 

well as the quarter car system are necessary. In this section, a 

phenomenological model was proposed. Then a quarter car 

system with this new damper was also modelled using the TS 

fuzzy approach. An observer was designed to estimate the 

velocity of the pavement input so that the real time frequency 

information can be obtained. Finally, a control algorithm is 

developed on the basis of the quarter car model and the state 

observer.  

A. Phenomenological model for the VSVD MR device 

The Bouc-Wen model has been widely accepted in 

describing MR behavior for its mathematical simplicity and 

accuracy [27, 28]. For this reason, the model proposed in this 

paper has incorporated the classic Bouc-Wen component, 

attempting to use its accuracy to describe the nonlinear 

characteristics and the hysteretic behavior of an MR damper. 

Figure 7 shows the schematic diagram of the proposed 

phenomenological model. It is seen that two Bouc-Wen 

components were used. And they are described by the 

evolutionary variable ୢݖଵ, ୢݖଶ, respectively, which represent a 

function of the time history of the displacement. The 

mathematical description for this model is as follows:  

ܨ  ൌ ܨୢ ൅ ݇ୱଵሺݖ െ ୩ሻݖ ൅ ܨୢ                                            ௦ܨ ൌ ଵୢݖଵߙ ൅ ݇଴ଵ ∙ ݖ ൅ ଴ଵܥ ∙ ௦ܨ                                ሶݖ ൌ ଶୢݖଶߙ ൅ ݇଴ଶ ∙ ሺݖ െ ୩ሻݖ ൅ ଴ଶܥ ∙ ሺݖሶ െ ୩ሶݖ ሻ	                   (1)    ݉୩ ∙ ୩ሷݖ ൅ ݇ୱଵሺݖ୩ െ ሻݖ ൅ ݇ୱଶ ∙ ୩ݖ ൌ         	ୱܨ
where          ୢݖଵሶ ൌ െݎଵ|ݖሶ| ∙ |ଵୢݖ|ଵୢݖ െ ଵߚ ∙ ଵଶୢݖሶݖ ൅ ଶሶୢݖ                  ሶሻݖଵሺୢܣ ൌ െݎଶ|ݖሶ െ ୩ሶݖ | ∙ |ଶୢݖ|ଶୢݖ െ ଶߚ ∙ ሺݖሶ െ ୩ሶݖ ሻୢݖଶଶ ൅											ୢܣଶሺݖሶ െ ୩ሶݖ ሻ                                                           ߙଵ ൌ ଵୟߙ ൅ ଵୠߙ ∙ ଴ଵܥ  ,ଵܫ ൌ ଴ଵୟܥ ൅ ଴ଵୠܥ ∙ ଵ αଶܫ ൌ αଶୟ ൅ αଶୠ ∙ ଴ଶܥ  ,ଶܫ ൌ ଴ଶୟܥ ൅ ଴ଶୠܥ ∙  ଵߙ ;ଶ are used to describe the hysteresis behaviourݎ ଵandݎ ,ଶߚ ,ଵߚ ,ଶୢܣ ,ଵୢܣ ,ଶ ݉௞ is the mass of the top cylinder of the damperܫ

and ߙଶ  are the evolutionary coefficient; ߙଵୟ ଵୠߙ , , αଶୟ , αଶୠ  ଴ଶare the viscous damping；݇ୱଵ, ݇ୱଶ, ݇଴ଵ , and ݇଴ଶ areܥ ଴ଵ andܥ .଴ଶୠ are the constants to be determinedܥ ଴ଶୟ, andܥ ,଴ଵୠܥ ,଴ଵୟܥ ,

the stiffness. 

   To model the time delay of the MR damper, a first-order filter 

is applied: ܫሶଵ ൌ ଵܫሺߟ െ ܫୢ ሻ ܫሶଶ ൌ ଶܫሺߟ െ  ୱሻܫ
where	ୢܫ 	and	ܫୱ are the command currents sent to the power 

amplifier while ܫଵ	 and ܫଶ	 represent the real-time currents 

through damping cylinder ܿଵ  and damping cylinder ܿଶ , 

respectively. The ߟ  reflects the response time of the MR 

damper; the larger ߟ is the faster the damper responses. The 

value η is identified as -51 according to the time delay of the 

MR damper shown in Fig. 6.  
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Fig. 7.  Schematic diagram of the proposed phenomenological model. 

 

  To evaluate the accuracy of the proposed model in describing 

the damper performances, numerical simulation was conducted 

to identify the optimal parameters for the model to fit the 

experimental data shown in Figure 4 and Figure 5. A 

least-square method in combination with the 

Trust-region-reflective algorithm available in MATLAB was 

used to determine the parameters in this model. Table III lists 

the identified values for these parameters. Figure 8 shows the 

fitting results for the stiffness variability and the damping 

variability. It can be seen that the predicted hysteresis loops 

match well with the experimentally obtained data. This means 

that the proposed phenomenological model is able to predict 

the behaviors of the variable stiffness and damping MR device 

in high accuracy.  
TABLE III 

 IDENTIFIED VALUES FOR THE PARAMETERS  

Parameters  Identified 
values 

Parameters  Identified 
values Aୢଵ  120  Aୢଶ  89 βଵ  237602  βଶ  266259 rଵ  219872  rଶ  1277656 αଵୟ  7211  αଵୠ  23415 αଶୟ  18654  αଶୠ  43876 C଴ଵୟ  15036  C଴ଵୠ  11221 C଴ଶୟ  20657  C଴ଶୠ  1876 k଴ଵ  347  k଴ଶ  29032kୱଵ  29976  kୱଶ  38500 
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Fig. 8.  Fitting results: (a) Fitting results of stiffness variability between the 

predicted and experimental responses; (b) Fitting results of damping variability 

between the predicted and experimental responses. 

B. Quarter car model with the VSVD MR device 

    A quarter car model with this VSVD MR device installed 

was built and shown in Figure 9. Equation (3) describes the 

whole system: ݉ୱ ∙ ୱሷݖ ൅ ܨୢ ൅ ୱܨ ൅ ݇ୱଵሺݖୱ െ ୩ሻݖ ൌ 0 

          ݉୳ ∙ ୳ሷݖ െ ܨୢ ൅ ݇ୱଶሺݖ୳ െ ୩ሻݖ ൅ ݇୲ሺݖ୳ െ ୰ሻݖ ൌ 0         (2) ݉୩ ∙ ୩ሷݖ െ ୩ݖୱ൅݇ୱଵሺܨ	 െ ୩ݖୱሻ+݇ୱଶሺݖ െ  ୳ሻ=0ݖ

 

Substitute equation (1) into equation (3), then we can obtain: 

 ݉ୱ ∙ ୱሷݖ ൌ െሾሺߙଵୟ ൅ ଵୠߙ ∙ ଵሻܫ ∙ ଵୢݖ ൅ ݇଴ଵሺݖୱ െ ୳ሻݖ ൅																		ሺܿ଴ଵୟ ൅ ܿ଴ଵୠ ∙ ሶୱݖଵሻሺܫ െ ሶ୳ሻݖ ൅ ݇ୱଵሺݖୱ െ ୩ሻݖ ൅																		ሺߙଶୟ ൅ ଶୠߙ ∙ ଶሻܫ ∙ ଶୢݖ ൅ ݇଴ଶሺݖୱ െ ୩ሻݖ ൅																		ሺܿ଴ଶୟ ൅ ܿ଴ଶୠ ∙ ሶୱݖଶሻሺܫ െ ሶ୩ሻሿ                                  ݉୳ݖ ∙ ୳ሷݖ ൌ ሺߙଵୟ ൅ ଵୠߙ ∙ ଵሻܫ ∙ ଵୢݖ ൅ ݇଴ଵሺݖୱ െ ൅ሺܿ଴ଵୟ																			 ୳ሻݖ ൅ ܿ଴ଵୠ ∙ ሶୱݖଵሻሺܫ െ ሶ୳ሻݖ ൅ ݇ୱଶሺݖ୩ െ ୳ݖെ݇୲ሺ																			 ୳ሻݖ െ ୰ሻ ݉୩ݖ ∙ ୩ሷݖ ൌ ݇ୱଵሺݖୱ െ ୩ሻݖ ൅ ሺߙଶୟ ൅ ଶୠߙ ∙  ଶሻܫ
                 ∙ ଶୢݖ ൅ ݇଴ଶሺݖୱ െ ୩ሻݖ ൅ ሺܿ଴ଶୟ ൅ ܿ଴ଶୠ ∙ ሶୱݖଶሻሺܫ െ																			ݖሶ୩ሻ െ ݇ୱଶሺݖ୩ െ  ୳ሻݖ
where ݉ୱis the sprung mass, ݉୳is the unsprung mass, ݉୩ is 

the mass of the top cylinder of the damper, ݖୱ is the 

displacement of the sprung mass, ݖ୳is the displacement of the 

unsprung mass, ݖ୩  is the displacement of the top damper 

cylinder. 

 
Fig. 9 Quarter car model with the VSVD MR device installed.  
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   In order to build a state-space for the quarter car system, 

define ଵ݂෩ , ଶ݂෩ as:  	 ଵ݂෩ ൌ െݎଵ|ݖሶୱ െ |ሶ୳ݖ ∙ |ଵୢݖ|ଵୢݖ െ ሶୱݖଵሺߚ െ ሺ3ሻ      ଶ݂෩																	ଵ|ଶୢݖ|ሶ୳ሻݖ ൌ െݎଶ|ݖሶୱ െ |ሶ୩ݖ ∙ |ଶୢݖ|ଶୢݖ െ ሶୱݖଶሺߚ െ   ଶ|ଶୢݖ|ሶ୩ሻݖ

Define the state variables as follows: ݔଵ ൌ ୱሶݖ ଶݔ ; ൌ ୳ሶݖ ଷݔ ; ൌ ୩ሶݖ ସݔ ; ൌ ୱݖ െ ହݔ ;୩ݖ ൌ ୩ݖ െ ଺ݔ ;୳ݖ ൌݖ୳ െ ଻ݔ ;୰ݖ ൌ ଼ݔ ;ଵୢݖ ൌ                                                ଶ                                        ሺ4ሻୢݖ
and the state vector as:  ࢞ ൌ ሾݔଵ	ݔଶ	ݔଷ	ݔସ	ݔହ	ݔ଺	ݔ଻	଼ݔሿ୘																																																			ሺ5ሻ	
then define:	݂1 ൌ ݂1෥7ݔ, ଶ݂ ൌ ௙మ෪௫ఴ,  ଷ݂ ൌ ଵୠߙ ∙ ଻ݔ ൅ ܿ଴ଵୠሺݔଵ െ ଶሻݔ     ሺ6ሻ	ସ݂ ൌ ଶୠߙ ∙ ଼ݔ ൅ ܿ଴ଶୠሺݔଵ െ  ଷሻݔ
Then (3) can be written as: ݉ୱ ∙ ଵሶݔ ൌ െሾߙଵୟ ∙ ଻ݔ ൅ ݇଴ଵ ∙ ସݔ ൅ ܿ଴ଵୟݔଵ െ ܿ଴ଵୟݔଶ ൅ ଷ݂ܫଵ 																			൅݇ୱଵݔସ െ ݇ୱଵݔହ ൅ ଶୟߙ ∙ ଼ݔ ൅ ݇଴ଶݔସ െ ݇଴ଶݔହ ൅ ܿ଴ଶୟ 											∙ ଵݔ െ ܿ଴ଶୟ ∙ ଷݔ ൅ ସ݂ ∙ ଶ] ݉୳ܫ ∙ ଶሶݔ ൌ ଵୟߙ ∙ ଻ݔ ൅ ݇଴ଵ ∙ ସݔ ൅ ܿ଴ଵୟݔଵ െ ܿ଴ଵୟݔଶ ൅ ݇ୱଶݔହ																			െ݇୲ݔ଺ ൅ ଷ݂ ∙ ݉୩	ଵܫ ∙ ଷሶݔ ൌ ݇ୱଵݔସ െ ݇ୱଵݔହ ൅ ଶୟߙ ∙ ଼ݔ ൅ ݇଴ଶݔସ െ ݇଴ଶݔହ ൅ ܿ଴ଶୟ																			∙ ଵݔ െ ܿ଴ଶୟ ∙ ଷݔ െ ݇ୱଶݔହ ൅ ସ݂ ∙ ସሶݔ	ଶܫ ൌ ଵݔ െ ହሶݔ	                                                           ሺ7ሻ		ଶݔ ൌ ଷݔ െ ଺ሶݔ	ଶݔ ൌ ଶݔ െ ୰ሶݖ ଻ሶݔ	 ൌ ଵ݂ݔ଻ ൅ ଵݔଵሺୢܣ െ ݔ	ଶሻݔ ሶ଼ ൌ ଶ଼݂ݔ ൅ ଵݔଶሺୢܣ െ 	ଷሻݔ
We can write a state-space for system (4) as: ሶ࢞ ሺݐሻ ൌ ࢞࡭ ൅ ݓଵ࡮ ൅࡮ଶ࢛                                                    ሺ8ሻ 
where 

࡭ ൌ
ێێۏ
ێێێ
ێێێ
଴ଵୟܿۍێێ ൅ ܿ଴ଶୟെ݉ୱܿ଴ଵୟ݉୳ܿ଴ଶୟ݉୩1

െܿ଴ଵୟെ݉ୱെܿ଴ଵୟ݉୳0݉୩െ100ୢܣଵୢܣଶ
െ11െୢܣଵ0

െܿ଴ଶୟെ݉ୱ0݉୳െܿ଴ଶୟ݉୩0

݇଴ଵ ൅ ݇ୱଵ ൅ ݇଴ଶെ݉ୱ݇଴ଵ݉୳݇ୱଵ ൅ ݇଴ଶ݉୩0100ୢܣଶ
0000

 

 

 െ݇ୱଵ െ ݇଴ଶെ݉ୱ݇ୱଶ݉୳െ݇ୱଵ െ ݇଴ଶ െ ݇ୱଶ݉୩0

0݉୳െ݇୲݉୳0݉୩00000
0000

ଵୟ݉୳0݉୩0ߙଵୟെ݉ୱߙ

ଶୟെ݉୩000݂ଵ0ߙଶୟെ݉ୱ0݉୳ߙ
000݂ଶ ۑۑے
ۑۑۑ
ۑۑۑ
ېۑۑ
 

ଵ࡮  ൌ ሾ0 0 0 0 0 െ1 0 0ሿ் 

 

ଶ࡮ ൌ
ێێۏ
ێێێ
ێێێ
ۍێێ ଷ݂െ݉ୱଷ݂݉୳0݉୩0

ସ݂െ݉ୱ0݉୳ସ݂݉୩00000
0000 ۑۑے
ۑۑۑ
ۑۑۑ
ېۑۑ
 

ܝ ୰ݖ= ݓ ൌ ൤ܫଵܫଶ൨	
C. TS Fuzzy modeling of the quarter car with variable stiffness 

and damping characteristics 

    Considering that the state variables ݔଵ ଶݔ , ଻ݔ , , and ଼ݔ  are 

actually limited in practice for a stable system, the nonlinear ଵ݂  , ଶ݂ , ଷ݂ , and ସ݂ should also be bounded in operation. We 

represent ଵ݂  , ଶ݂ , ଷ݂ , and ସ݂  using their minimum values and 

maximum values following “sector nonlinearity” approach 

[29]: 

 ଵ݂ ൌ ଵܯ ∙ ଵ݂୫ୟ୶ ൅ܯଶ ∙ ଵ݂୫୧୬,		ଶ݂ ൌ ଵܰ ∙ ଶ݂୫ୟ୶ ൅ ଶܰ ∙ ଶ݂୫୧୬,																																																							ሺ9ሻ										ଷ݂ ൌ ଵܶ ∙ ଷ݂୫ୟ୶ ൅ ଶܶ ∙ ଷ݂୫୧୬,		ସ݂ ൌ ଵܪ ∙ ସ݂୫ୟ୶ ൅ ଶܪ ∙ ସ݂୫୧୬,	
 

   where ሺ݂௜ሻ୫ୟ୶	ሺ݅ ൌ 1,2,3,4ሻ	represents the maximum values 

and  ሺ݂௜ሻ୫୧୬	ሺ݅ ൌ 1,2,3,4ሻ 	is the minimum values of the 

nonlinear ሺ݂௜ሻ	ሺ݅ ൌ 1,2,3,4ሻ ሺ௜ሻܯ . , ሺܰ௜ሻ , ሺܶ௜ሻ , and	ܪሺ௜ሻ		ሺ݅ ൌ1,2ሻ			are	fuzzy	membership	functions	and	satisfy:	ܯଵ ൅ܯଶ ൌ 1	ଵܰ ൅ ଶܰ ൌ 1	ଵܶ ൅ ଶܶ ൌ 1																																																																																			ሺ10ሻ	ܪଵ ൅ ଶܪ ൌ 1					And		the	member	functions	are	defined	as:		ܯଵ ൌ ௙భି௙భౣ౟౤௙భౣ౗౮ି௙భౣ౟౤,														ܯଶ ൌ ௙మౣ౗౮ି௙మ௙మౣ౗౮ି௙మౣ౟౤,		ଵܰ ൌ ௙మି௙మౣ౟౤௙మౣ౗౮ି௙మౣ౟౤,															 ଶܰ ൌ ௙మౣ౗౮ି௙మ௙మౣ౗౮ି௙మౣ౟౤,		ଵܶ ൌ ௙యି௙యౣ౟౤௙యౣ౗౮ି௙యౣ౟౤,																 ଶܶ ൌ ௙యౣ౗౮ି௙య௙యౣ౗౮ି௙యౣ౟౤																	ሺ11ሻ	ܪଵ ൌ ௙రି௙రౣ౟౤௙రౣ౗౮ି௙రౣ౟౤,													ܪଶ ൌ ௙రౣ౗౮ି௙ర௙రౣ౗౮ି௙రౣ౟౤	
 				Then	the	nonlinear	quarter	car	system	can	be	described	by	 the	 abovementioned	 linear	 subsystems.	 For	 each	possibility,	there	is	a	corresponding	state–space	equation:	
 If	 ଵ݂ ൌ ,ଵܯ ଶ݂ ൌ ଵܰ, ଷ݂ ൌ ଵܶ, ସ݂ ൌ 	Then							ଵ,ܪ ሶ࢞ ൌ ሺଵሻ࢞࡭ ൅ ݓଵ࡮ ൅ 	If		ݑଶሺଵሻ࡮ ଵ݂ ൌ ,ଵܯ ଶ݂ ൌ ଵܰ, ଷ݂ ൌ ଵܶ, ସ݂ ൌ 		Then						ଶ,ܪ ሶ࢞ ൌ ሺଶሻ࢞࡭ ൅ ݓଵ࡮ ൅ 	If	ݑଶሺଶሻ࡮ ଵ݂ ൌ ,ଵܯ ଶ݂ ൌ ଵܰ, ଷ݂ ൌ ଶܶ, ସ݂ ൌ 	,ଵܪ
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TII-18-3113 7Then	 ሶ࢞ ൌ ሺଷሻ࢞࡭ ൅ ݓଵ࡮ ൅ 	If	ݑଶሺଷሻ࡮ ଵ݂ ൌ ,ଵܯ ଶ݂ ൌ ଵܰ, ଷ݂ ൌ ଶܶ, ସ݂ ൌ 	Then	ଶ,ܪ ሶ࢞ ൌ ሺସሻ࢞࡭ ൅ ݓଵ࡮ ൅ 	If	ݑଶሺସሻ࡮ ଵ݂ ൌ ,ଵܯ ଶ݂ ൌ ଶܰ, ଷ݂ ൌ ଵܶ, ସ݂ ൌ 	Then	ଵ,ܪ ሶ࢞ ൌ ሺହሻ࢞࡭ ൅ ݓଵ࡮ ൅ 	If	ݑଶሺହሻ࡮ ଵ݂ ൌ ,ଵܯ ଶ݂ ൌ ଶܰ, ଷ݂ ൌ ଶܶ, ସ݂ ൌ 	Then	ଵ,ܪ ሶ࢞ ൌ ሺ଺ሻ࢞࡭ ൅ ݓଵ࡮ ൅ 	If	ݑଶሺ଺ሻ࡮ ଵ݂ ൌ ,ଵܯ ଶ݂ ൌ ଶܰ, ଷ݂ ൌ ଶܶ, ସ݂ ൌ 	Then	ଶ,ܪ ሶ࢞ ൌ ሺ଻ሻ࢞࡭ ൅ ݓଵ࡮ ൅ 	If	ݑଶሺ଻ሻ࡮ ଵ݂ ൌ ,ଶܯ ଶ݂ ൌ ଵܰ, ଷ݂ ൌ ଵܶ, ସ݂ ൌ 	Then	ଵ,ܪ ሶ࢞ ൌ ሺ଼ሻ࢞࡭ ൅ ݓଵ࡮ ൅ 	If	ݑଶሺ଼ሻ࡮ ଵ݂ ൌ ,ଶܯ ଶ݂ ൌ ଶܰ, ଷ݂ ൌ ଵܶ, ସ݂ ൌ 	Then	ଵ,ܪ ሶ࢞ ൌ ሺଽሻ࢞࡭ ൅ ݓଵ࡮ ൅ 	If	ݑଶሺଽሻ࡮ ଵ݂ ൌ ,ଶܯ ଶ݂ ൌ ଶܰ, ଷ݂ ൌ ଶܶ, ସ݂ ൌ 	Then	ଵ,ܪ ሶ࢞ ൌ ሺଵ଴ሻ࢞࡭ ൅ ݓଵ࡮ ൅࡮ଶሺଵ଴ሻݑ	If	 ଵ݂ ൌ ,ଶܯ ଶ݂ ൌ ଶܰ, ଷ݂ ൌ ଶܶ, ସ݂ ൌ 	Then	ଶ,ܪ ሶ࢞ ൌ ሺଵଵሻ࢞࡭ ൅ ݓଵ࡮ ൅࡮ଶሺଵଵሻݑ		If	 ଵ݂ ൌ ,ଵܯ ଶ݂ ൌ ଶܰ, ଷ݂ ൌ ଵܶ, ସ݂ ൌ 	Then	ଶ,ܪ ሶ࢞ ൌ ሺଵଶሻ࢞࡭ ൅ ݓଵ࡮ ൅࡮ଶሺଵଶሻݑ	If	 ଵ݂ ൌ ,ଶܯ ଶ݂ ൌ ଵܰ, ଷ݂ ൌ ଵܶ, ସ݂ ൌ 	Then	ଶ,ܪ ሶ࢞ ൌ ሺଵଷሻ࢞࡭ ൅ ݓଵ࡮ ൅࡮ଶሺଵଷሻݑ	If	 ଵ݂ ൌ ,ଶܯ ଶ݂ ൌ ଵܰ, ଷ݂ ൌ ଶܶ, ସ݂ ൌ 	Then	ଵ,ܪ ሶ࢞ ൌ ሺଵସሻ࢞࡭ ൅ ݓଵ࡮ ൅࡮ଶሺଵସሻݑ	If	 ଵ݂ ൌ ,ଶܯ ଶ݂ ൌ ଵܰ, ଷ݂ ൌ ଶܶ, ସ݂ ൌ 	Then	ଶ,ܪ ሶ࢞ ൌ ሺଵହሻ࢞࡭ ൅ ݓଵ࡮ ൅࡮ଶሺଵହሻݑ	If	 ଵ݂ ൌ ,ଶܯ ଶ݂ ൌ ଶܰ, ଷ݂ ൌ ଵܶ, ସ݂ ൌ 	Then	ଶ,ܪ ሶ࢞ ൌ ሺଵ଺ሻ࢞࡭ ൅ ݓଵ࡮ ൅࡮ଶሺଵ଺ሻݑ	where	࡭ሺ௜ሻ				ሺ݅ ൌ 1,2,3, … . , 16ሻ	 are	 obtained	 by	 replacing	ሺ݂௜ሻ	ሺ݅ ൌ 1,2) in	 matrix	 A	 of	 ሺ8ሻ	 with	 ሺ݂௜ሻ୫ୟ୶	and ሺ݂௜ሻ୫୧୬,	respectively.	 				Then	 the	 TS	 fuzzy	model	 for	 the	 nonlinear	 quarter	 car	under	the	bounded	state	variables	is	obtained	as:	ሶ࢞ ൌ ෍݄௜ൣ࡭ሺ௜ሻ࢞ ൅ ݓଵ࡮ ൅ ሶݑଶሺ௜ሻ࡮ ൧ଵ଺
௜ୀଵ 					ൌ	࡭୦࢞ ൅ ݓଵ࡮ ൅ ሶݑଶ୦࡮ 																																																											ሺ12ሻ	where	࡭୦ ൌ ∑ ݄௜ܣሺ௜ሻଵ଺௜ୀଵ ଶ୦࡮			 ൌ ∑ ݄௜ܤଶሺ௜ሻଵ଺௜ୀଵ 																	݄ଵ ൌ ଵܯ ଵܰ ଵܶܪଵ,						݄ଶ ൌ ଵܯ ଵܰ ଵܶܪଶ								݄ଷ ൌ ଵܯ ଵܰ ଶܶܪଵ,						݄ସ ൌ ଵܯ ଵܰ ଶܶܪଶ								݄ହ ൌ ଵܯ ଶܰ ଵܶܪଵ,						݄଺ ൌ ଵܯ ଶܰ ଶܶܪଵ								݄଻ ൌ ଵܯ ଶܰ ଶܶܪଶ,						଼݄ ൌ ଶܯ ଵܰ ଵܶܪଵ								݄ଽ ൌ ଶܯ ଶܰ ଵܶܪଵ,						݄ଵ଴ ൌ ଶܯ ଶܰ ଶܶܪଵ								݄ଵଵ ൌ ଶܯ ଶܰ ଶܶܪଶ,				݄ଵଶ ൌ ଵܯ ଶܰ ଵܶܪଶ								݄ଵଷ ൌ ଶܯ ଵܰ ଵܶܪଶ,					݄ଵସ ൌ ଶܯ ଵܰ ଶܶܪଵ								݄ଵହ ൌ ଶܯ ଵܰ ଶܶܪଶ,					݄ଵ଺ ൌ ଶܯ ଶܰ ଵܶܪଶ					And	݄ሺ௜ሻ				ሺ݅ ൌ 1,2,3, … . , 16ሻ	satisfy:	∑ ݄௜ ൌ 1ଵ଺௜ୀଵ 	

D. Controller design for the variable stiffness and damping 

suspension. 

    As the stiffness and the damping of the damper are separately 

adjusted and controlled, two different controllers have to be 

designed. For the variable damping, we chose the classic 

skyhook controller which is simple while effective. The 

description for skyhook controller is: 

ୱ୩୷ࡲ ൌ ൜ܥ୫ୟ୶ݖୱሶ ୱሶݖ				, ሺݖୱሶ െ ୳ሶݖ ሻ 	൒ ୱሶݖ୫୧୬ܥ0 ୱሶݖ				, ሺݖୱሶ െ ୳ሶݖ ሻ ൏ 0	                                      (13) 

where ܥ୫ୟ୶ and ܥ୫୧୬ are the maximum and minimum skyhook 

gains, which correspond to the command voltages ܫ୫ୟ୶  and ܫ୫୧୬ , respectively. In this experiment, the specific skyhook 

force is expressed as the MR damper force with the control 

output voltage, ܫ୫ୟ୶=0.8A and ܫ୫୧୬ ൌ 0A.  

In terms of the control strategy for the stiffness component, it 

is to avoid the resonance of the quarter car under a pavement 

input. As the stiffness is controlled according to the dominant 

excitation frequency, the real time frequency information of the 

pavement input is very important in determining the stiffness. 

At the same time, ideal switching frequencies, where the high 

stiffness should be switched to the low stiffness or vice versa, 

should also be obtained as a reference for the real time 

frequency. In addition, the stroke limitation should be taken 

into consideration to protect the damper from any collision.  

Determining the switching frequency is to guarantee that an 

optimal or minimal transmissibility (ratio of the quarter car 

response to the excitation signal) can be obtained. For example, 

the simulation result shown in Figure 10 in terms of the 

transmissibility from the excitation ݖ୰  to the sprung mass 

acceleration ݖୱሷ 	, the switching frequency is 1.51Hz and the 

desired minimum transmissibility is composed of the black 

segment which is indicated as high stiffness before the 1.51Hz 

and the red segment indicated as low stiffness after 1.51Hz. 

According to the simulation results, the switching frequency is 

related to the damping force (Fd). As the damping force Fd is 

controlled by current Id, the switching frequency is a function 

of Id. Table IV gives the corresponding relationship between 

the switching frequency and Id. It can be calculated that the 

relationship between the switching frequency and the current is 

linear, therefore, the switching frequency can be defined as 

linear function of the applied current: 

fc=-0.15*Id+1.50                                                                     (14)  

    Real time dominant frequency of the pavement input is 

needed to compare with the above obtained switching 

frequency. Then the stiffness will be determined according to 

their relationship. To measure the real time dominant frequency, 

we have to firstly collect the velocity data (ݖ୰ሶ ) of the pavement 

input. Then the dominant frequency information of the 

pavement input will be obtained by analyzing the velocity 

using STFT. As ݖ୰ሶ  is immeasurable in practice, we designed an 

observer to estimate the information. The design of the 

observer is based on the TS fuzzy model built in section IV. C. 

The observer is designed as follow: 

    Define the measurable suspension deflection as: 

 ࢟ ൌ ሾݖୱ െ  ୳ሿ                                                                       (15)ݖ

and its state-space equation is : ࢟ ൌ ࡯ ∙ ࢞ 

then ࡯ ൌ ሾ0	0	0	0	1	0	0	0ሿ 
Then define the proposed observer as:  	ෝ࢞ሶ ൌ ෝ࢞ࢎ࡭ ൅ ୦ሺ࢟ࡸ െ ෝ࢟ሻ ൅ ଶ୦࡮ ∙ ࢛                                         (16) ෝ࢟ ൌ  ෝ࢞࡯

where ෝ࢞ is the observer state vector, ෝ࢟ is the estimated output, ܮ୦ is the observer gain matrix to be designed. Considering (8) 
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and (16), the error dynamics model is defined as: 

ሶࢋ  ൌ ሶ࢞ െ ෝ࢞ሶ    
   ൌ ୦࢞࡭ ൅ ݓଵ࡮ ൅ ݑଶ୦࡮ െ ොݔ୦࡭ െ ݕ୦ࡸ ൅ ොݕ୦ࡸ െ  ݑଶ୦࡮

   ൌ ୦ሺ࢞࡭ െ ෝ࢞ሻ െ ሺ࢟ܐࡸ െ ෝ࢟ሻ ൅    ݓଵ࡮

   ൌ ୦࡭ ∙ ݁ െ ୦ࡸ ∙ C ∙ ࢋ ൅  ݓଵ࡮

  	ൌ ሺ࡭h െ hࡸ ∙ Cሻ ∙ ࢋ ൅  (17)                                            ݓ1࡮

where ࢋ ൌ ࢞ െ ෝ࢞ is the estimated error.  Suppose	that	࡭୭୦	ൌ ሺ࡭୦ െ ୦ሻࡸ ∙ ۱	Then	 ሶࢋ ൌ ୭୦࡭ ∙ ࢋ ൅ ଴ࢠ		:as	output	objective	an	defining	By		ሺ18ሻ																																																												ݓ૚࡮ ൌ ࢋ ൌ ࢞ െ ෝ࢞ ൌ ଴ࡱ ∙ ࢋ 																																																												ሺ19ሻ	where	ࡱ૙ ൌ 1.	Then	 if	 there	exists	 a	matrix	P൐0	such	 that	 the	 following	LMI	is	satisfied:	቎࡭ࡼ୭୦ ൅ ୭୦୘࡭ ଵ࡮ࡼ ∗଴୘ࡱ െݎ଴ଶࡵ 0∗ ∗ െࡵ቏ ൏ 0																																													ሺ20ሻ	Then	 the	 system	 ሺ8ሻ	 is	 stable	 with	ܪ∞	disturbance	attenuation	 ଴ݎ ൐ 0 .	 Using	 the	 definition	 ࢅ ൌ 	୦ࡸࡼ and	solving	the	LMI,	the	observer	gain	matrix	can	be	obtained	as	ࡸ୦ ൌ 	.designed	successfully	is	observer	the	Then	.	ࢅଵିࡼ
 

TABLE IV 

 CORRESPONDENCE BETWEEN THE SWITCHING FREQUENCY AND THE APPLIED 

CURRENT  

Damper  current Id(A)  Switching frequency (Hz)  
0.0  1.50 
0.1  1.49 
0.2  1.47 
0.3  1.46

0.4  1.45 
0.5  1.43 
0.6  1.41 
0.7  1.40

0.8  1.38 
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Fig.10.  Example of the switching frequency 

 

    Apart from the switching frequency, the determination of the 

stiffness also depends on the stoke limitation. Once the 

suspension deflection is not less than the stoke limitation, the 

maximum stiffness will be turned on to avoid any collision. 

This value guarantees that the deformation of spring slows 

down before any collision under the maximum stoke limitation. 

Therefore, the controller to determine the stiffness is: ݇ୱ ൌ ൝݇୫ୟ୶ሺܫୱ ൌ 			,	ሻܣ0.4 ୰݂ୣ୯ ൏ ୡ݂	ܱܴ	|ݖୱ െ |୳ݖ ൒ ୱܫ୲,݇୫୧୬ሺݏ ൌ 0Aሻ	,						Otherwise.      (20) 

where ୡ݂  is the switching frequency, ୰݂ୣ୯  is the real time 

dominant frequency of the pavement input signal.  

V. EFFECTIVENESS EVALUATION AND ANALYSIS OF THE DAMPER 

ON A QUART CAR TEST RIG 

    In this section, the proposed TS fuzzy modelling and 

controller were applied to control the VSVD MR suspension 

system which is installed on a real quarter car test rig.  

    Figure 11 shows the experimental setup of the quarter car 

test rig. The tire is excited by a vertical road profile generated 

by a hydraulic system manufactured by the CRAM 

Corporation. The hydraulic actuator is controlled by the 

real-time control board (Model: myRio-1900, NI Corp.) with a 

proportional-integral-derivative (PID) controller. Specifically, 

as the first step, a target road profile was set in the controller 

and the real time road profile generated by the hydraulic system 

will be measured by a laser displacement sensor labelled as No. 

9 in Figure 11 (Model: LB-11, Keyence Corp.). A PID 

controller is designed to control the real time road profile to 

trace the target road profile. Then a close-loop control is built to 

generate different target road profiles.  

Regarding the VSVD MR suspension controlling, two 

displacement input signals, the suspension deflection (SD) and 

the sprung mass displacement (SMD), are measured by the two 

laser sensors (Model: LB-11, Keyence Corp.); the acceleration 

input signal, the sprung mass acceleration, is measured by an 

accelerometer (Model: ADXL327, Analog Devices Corp.). By 

running the VSVD control algorithm based on these inputs, the 

real-time control board calculates the command currents, ୢܫ 	 and ܫୱ , and sends them to the power amplifiers. After 

amplifying the power of the signals, the currents considered as 

the system outputs will be sent to the two MR dampers. 

Furthermore, the tire deflection can be calculated by using the 

signals from the laser sensors and will be used to indicate the 

road holding performance of different suspensions. The sprung 

mass acceleration will be used to measure the ride comfort of 

suspensions. A force sensor (Interface: SSM-AJ-20KN) is 

installed in between the MR damper system and the sprung 

mass to measure the force generated by the damper system 

under different control cases. As comparison, the other two 

suspensions are also tested, i.e. passive suspension where 

conventional passive damper (original damper from Toyota 

vehicle) was used; variable damping (VD) suspension where 

the variable stiffness and damping shock absorber was used but 

the stiffness was fixed by setting the applied current ܫୱ  as 

0.35A.  

    For the convenience of the reader, Figure 11 shows the 

control flowchart of the system. It can be seen that the 

measureable variables, ݖୱ  and ݖୱ െ ୳ݖ , are transmitted to the 

skyhook variable damping (VD) controller and thus the desired 

damping can be determined.  As for the variable stiffness (VS) 
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controller, it needs three inputs and produces one output. One 

of the inputs, ݖ୰ሶ , needs to be estimated by the observer designed 

in the above section as this variable is immeasurable in 

practice. After	 the	 estimation of ݖ୰ሶ , a frequency estimator will 

calculate the real time dominant frequency of the excitation 

using the Short-time Fourier Transform [30]. ୢܫ  provides the 

information of the switching frequency according to (14) and 

the suspension deflection (ݖୱ െ  ୳) will be compared with theݖ

damper stoke limitation. Then the VS controller can determine 

the desired stiffness of the MR damper.  

Two excitation signals were used to evaluate the whole 

system: bump road profile and random road profile. These two 

excitations are generated by the equation (21) and equation (22), 

which are classic road profile generation method [31-32]. The 

expression for the bump excitation is: 

ሻݐ୰ሺݖ ൌ ቐ௔ଶ ቀ1 െ cos ቀଶగ௏బ௟ ቁቁݐ ,												0 ൑ ݐ ൑ ௟௏బ0,																																										ݐ ൐ ௟௏బ                 (21) 

where V0 is the vehicle speed, a and l are the height and the 

length of the bump, In the experiment, a=30mm, l=0.8m, ଴ܸ ൌ1.39	݉/ݏ. 

The road displacement of the random road profile is 

generated by:  

ሻݐሶ୰ሺݖ ൅ ߩ ଴ܸݖ୰ሺݐሻ ൌ ଴ܸ ୬ܹ                                                     (22) 

where ୬ܹ is white noise with the intensity 2ߪଶߩ ,ܸߩ is the road 

roughness parameter, ߪଶ is the covariance of road irregularity. 

In this experiment, ߩ	 ൌ 0.45mିଵ, ଶߪ	 ൌ 300mmଶ , ଴ܸ	changes	from	20	m/s	to	10m/s at 15th second. After the 

road profiles are generated, they will be fixed and will be used 

to evaluate the performance of different vehicle suspensions. 

The same road profiles guarantee the fair comparison of 

different suspensions.  

During the test, the first step was to install the passive 

suspension to the quart car test rig and evaluate its vibration 

isolation performance under both bump excitation and random 

excitation. After that, the passive suspension was replaced by 

the VSVD MR suspension and both VS controller and VD 

controller were turned on. Then the performance of the VSVD 

MR suspension on vibration control was evaluated. The last 

step was to turn off the VS controller and leave the VD 

controller on to make the VSVD suspension function as a pure 

VD suspension. Then the dynamic performance of the VD 

suspension system under the two road profiles was evaluated. 

The evaluation results are shown as follow.  

 

  
 

Fig.11.  Control flow chart and Experimental setup: (1) computer, (2) NI real-time control board I, (3) NI real-time comtrol board II, (4, 5) power amplifier, (6) 

accelerometer, (7-10) laser sensors, (11) hydraulic actuator, (12) hydraulic station, (13) the proposed VSVD MR suspension system and (14) force sensor.  
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Fig. 12 Sprung mass acceleration under bump road profile in time domain.  
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Fig. 13 The force generated by the MR damper system under bump road 

profile 

    Figure 12 and Figure 13 show the vibration reduction 

performance and the forces generated by the three different 
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suspension systems under the bump road profile excitation. It is 

seen that the VD suspension performs better than traditional 

passive suspension and VSVD suspension performs the best in 

reducing the sprung acceleration.  

    After the bump road evaluation, random road evaluation is 

further conducted. Time histories of the sprung mass 

acceleration of the quarter car system under random road 

profile are shown in Figure 14. The forces generated by 

different damper systems under random excitation have been 

presented in Figure 15 as well. In order to thoroughly evaluate 

the vibration reduction effectiveness of the suspension under 

different vehicle velocities, we conducted the evaluation under 

different running speeds, i.e. the vehicle velocity was changed 

from 20m/s to 10m/s at 15th second, as shown in Figure 14. It 

can be seen that the sprung mass acceleration under the passive 

case has the biggest peak value during the whole time history. 

VSVD case and VD case both perform better than the passive 

case. However, the sprung mass acceleration under VSVD case 

is further reduced than under VD case.  This means that the 

quarter-car system performs best under the VSVD suspension 

where the damping and the stiffness of the damper are both 

controlled in real time. In order to illustrate the experimental 

results more clearly, the sprung mass acceleration responses 

under the three cases are compared in Table V and Table VI in 

terms of their RMS values and weighted RMS values 

respectively. It is seen that the acceleration RMS under VSVD 

case has the smallest value. And the reduction percentage 

compared to the passive case show that VSVD case is more 

effective on reducing the sprung mass acceleration than the VD 

case.  

    Figure 16 shows the frequency spectrum of the sprung mass 

acceleration under the random excitation with different 

velocity. Generally, it can be seen that the passive case 

performed worst and VSVD case performed best in reducing 

the vibration. But closer observations reveal that VD case is 

slightly better than VSVD control case around frequency of 

1.1Hz. That is because VD control case has a high fixed 

stiffness which results in lower transmissibility in low 

frequency range.  To sum up, the experimental results have 

shown the superiority of the proposed MR suspension system 

over the passive system and the variable damping system in 

terms of enhancing the ride comfort. 
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Fig.14.  Sprung mass acceleration under random excitation in time domain. 
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Fig. 15 The force generated by the MR damper system under random road 

profile 
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Fig.16. Sprung mass acceleration in frequency domain. 

 

TABLE V 

AVERAGE ACCELERATION RMS VALUE 

Variable  Passive  VSVD  VD 
RMS (m/s2)  0.97 0.76 0.79 

Reduction 
percentage (%)  NA  ‐21.6  ‐18.6 

 

TABLE VI 

WEIGHTED ACCELERATION RMS VALUE 

Variable  Passive  VSVD  VD 
RMS (m/s2)  0.7319 0.598 0.6175 

Reduction 
percentage (%)  NA  ‐18.3  ‐15.6 

 

    As the road holding performance is very important for 

vehicle driving, the road holding performance of the three 

different suspension systems under a sinusoidal signal with 

sweeping frequency from 0Hz to 20Hz was also evaluated. The 

tire deflection and the damper-generated force are both 

collected and presented in Figure 17 and Figure 18, 

respectively. It can be seen that the tire deflection of the VD 

suspension is slightly larger than the other two and the VSVD 

suspension and passive suspension have comparable tire 

deflection. This means that the VSVD suspension system can 

improve the ride comfort of a vehicle without deteriorating its 

road holding performance, which is desirable for vehicle 

driving.  
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Fig. 17 Tire deflection under sweeping excitation.  
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Fig. 18 The force generated by the MR damper system under sweep road 

profile 

 

VI. CONCLUSION 

An MR damper with tunable stiffness and damping 

characteristics was successfully designed in this study. The 

testing results by an INSTRON machine verified its feasibility 

to change both the stiffness and damping in response to the 

magnetic field variations. The stiffness and damping of the 

damper show clear increase when the applied current increase, 

respectively. The proposed phenomenological model was 

capable of predicting the stiffness and damping variation 

characteristics of the advanced MR damper. A control 

algorithm on the basis of STFT, skyhook and a state observer is 

built to control the advanced MR damper and a quarter car test 

rig is built to evaluate the performance of the MR suspension 

system on vibration control. Experimental tests were conducted 

under bump and random excitation. The results show that the 

VSVD MR suspension system with tunable stiffness and 

damping performs better in improving the ride comfort 

comparing to the passive suspension system and VD 

suspension system.   
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