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It is shown that a new integrable nonlinear evolution equation

. 9 _\ _
fact (1) =0
is solved exactly by the inverse scattering method. From the Gelfand-Levitan equation, one

soliton solution is obtained. It is found that one-soliton solution has two interesting limits,
a small amplitude soliton and a bursting soliton.

§ 1. Introduction

In this paper, we shall study a newly found integrable nonlinear evolution
equation”

i+ (q/V141g1) =0, 1-1)
under the boundary condition
q(x, t) >0 as |x]|—>oo. 1-2)

Equation (1-1) has been obtained as an example of a generalization of the inverse
scattering scheme.” Compared with the already known systems such as the non-
linear Schrédinger equation® and the derivative nonlinear Schrédinger equation,?
Eq. (1-1) is highly nonlinear and even has the saturation effect. Therefore its
analysis is quite interesting mathematically and physically.

The main purpose of the present paper is the application of the inverse scat-
tering method.””® 1In § 2, we shall introduce fundamental equations of the inverse
scattering method and discuss the scattering problem, in particular, the asymptotic
expansions of the Jost functions. Using the results, we shall derive the Gelfand-
Levitan equation for our system in §3. In §4, we shall obtain one-soliton solu-
tion from the Gelfand-Levitan equation. We find that the Gelfand-Levitan equation
does not give one-soliton solution explicitly in a usual sense, but provides us a
sufficient information to describe it. The last section is devoted to discussion.
There, we point out two interesting cases of one soliton solution. One is the
small amplitude soliton which has the same properties as that of the nonlinear
Schrodinger equation, and the other is a bursting soliton whose amplitude diverges
under some condition,
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A New Integrable Nonlinear Ewvolution Equation

§ 2. Secattering problem
We consider the following eigenvalue problem:

Pro+ i1 =2q¢s
Dop— 10Dy = —Aq* Py .

The time dependence of the eigenfunctions is chosen to be
$re= A+ B,
Dy =C¢— Ay,

where
A=— (2i/0) X,
B= (2q/0) X +i(q/®) .,
C=—2g*/0)*+i(q*/D).1,
O=v1+|ql~

Assuming 04/0¢t=0, we find that the integrability condition for Eqgs.

(2-2) yields Eq. (1-1).
We introduce the Jost functions by

¢——><(1)>exp(—ilx)
7—(_7)exp (G2
$— < 2 ) exp (iA%)

$_><(1)>exp(—mx)

and the scattering coefficients by

p=ag +by,

¢=—ap+bf,
where

ag+bb=1.

We note that

) -(han):

809

(2-1a)
(2-1b)

(2-2a)
(2-2b)

(2-3a)
(2-3b)
(2-3¢)
(2-3d)

(2-1) and

2-4)

(2-5)

(2-6a)
(2-6b)

@7

(2-8a)
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810 T. Shimizu and M. Wadati
¢ (A *(Q*
(BR)_(_wei), .
¢2(A) —* (2*)
from whence it follows that
a(d) =a*@%), b)) =b*QQ*). (2-9)

We investigate the analytic properties of @ (1) and the Jost functions for
large |2|. From Egs. (2-6), (2-4) and (2-5), we have

log a = rmadx : (2-10)
where
o= log{p exp (i22)}. (2.11)
Ox
Define
g1 = ¢ exp (idx), (2-12a)
2= s exp (I0). (2-12b)
Then, Egs. (2-1) become
012 =240 (2-13a)
G2 — 2129, = — 2q7¢, . (2-13b)

Substitution of Eq. (2-11) with Egs. (2-12) into Egs. (2-13) yields
0.= (q=/q) 0+2idd — Xlq|*— 0. (2-14)

We expand ¢ in the power series of Z:

a:élan/ GO, (2-15)

Inserting this into Eq. (2-14) and equating the terms of the same powers of 2,
we obtain the conserved densities ¢,(z=—1,0,1,--). The first two conserved
densities which vanishe for ¢=0 are

Gi=1—0=1—V1+|q]?, (2-16a)
7 (1 > 1 9

Go=— 12 (= —1)—= 7 log®. 2-16b

0 2q<@ 2 0x o8 ( )

From Egs. (2-10) and (2-15), we see that

log a:iis-]—,a—l—O(—}T), (2-17)
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A New Integrable Nonlinear Evolution Equation 811

where

e= mO‘_ld.r, (2.18)

—co

p= r 6udz . (2-19)
Using Egs. (2-11) ~(2-13), we have

Tog [, exp (i1z)] =12 j ¢ dz f aodx+o(%), (2-202)

log[$, exp (iAx) ] = log[i A-0)/q+0 <%>]

+ [il j Gdz+ j Godx—}—O(%)]. (2-20D)

—co

Similar analysis is possible for other Jost functions. Summing up the results, as

|2]— o0, we have

a exp (—ike) =exp (1) +O<»}—>, (2-21a)

b exp[id(z—e)] = < >exp (1) +o<%>, (2.21b)

1
i(1=0)/q

pexpl=i2(z+e)]= ("D Men—un +o(2), @219

N AR e 1 .y
7 expwmem—(m_@/q)e p(—u)+0(2), (2-21d)
b exp[—id(x—e )] = (—1(1:?)/(]*) exp (u*) +O<%>, (2-21e)
where
e (z) = "_:a_ldx, (2.222)
e, () = "ja_ldx, (2.221)
1 (x) = ”_:ade, (2-232)
1o (2) = ":oodx. (2-23b)

§ 3. Gelfand-Levitan equation

In this section we shall derive the Gelfand-Levitan equation for a system
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812 T. Shimizu and M. Wadati

2-1).

We assume that ¢ is on compact support. Then, a()exp(—ile), @ exp[id
X (x—e)], ¢pexp[—il(z+e,)], ¢ exp[id(x+e,)] and ¢ exp[—id(z—e.)] are
entire functions of A.

From Eq. (2-6a), we have

% <¢ZS/1/I> - <£/1/1> + %(Sb:/}/l;) : 3-D

We define an integrall path C to be the contour in the complex A plane, starting
from A= —o0+70", passing over all zeros of a (), and ending at A= + oo 70"
Similarly, C is the contour starting from 1= — 0041707, passing under all zeros
of @2 (%), and ending at A= 4+ 0o +70".

Consider the integral:

di’ 1_ o 1 (2) xp 22/ (2 —
X1 a ) exp(—il'e) <¢2<z'>/z'>e Pt (==e.)]
_ ,di_‘:_ al(}‘/> A (x
— C,l,_l<$2(l,)/l/>exp[zi( +e0)]
A b)Y () s .
X =2 a () <¢2(/1’)//1'>e plid/(z+en)]. ©2

As the contour C becomes far away, then from Egs. (2-21a) and (2-21b), we
have

L.HS. of Eaq. (3.2>'=~in<(1)>exp(—ﬂ+).

From Eq. (2-21d), similarly, we have
R.H.S. of Eq. (3-2)

o[ 9:1(D) . .
= ——227T<¢2 @ /i> explid(z+e.)]

v [ Q) e
el ) T )

ar o) ( ¢:@) iV
a0 gy ) D)

= -2 <§ZZJ—E/§§)/K> exp[id(x+e,)] +ix <(1)> exp (—/4,)

ar o) v() v
=10 ey ) T @He0)

Therefore, we obtain
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A New Integrable Nonlinear Evolution Equation 313

(f(f)“/]) explid(e+6)] = (1) exp (= 1)

v s D) o (527 (ot _
27fl X —=da@) s/»z(//)//v)e pli! (@ reu)]. (3-3)

We introduce a kernel K by

<¢1/7‘> = (2) exp[id(x+e,) — 2]

gb‘)

E o = (Ki(x,s)exp (—4y) <o (il 3.4
Fexp (ide,) L K2<x’S)exp(_ﬂ+*)>eAp(zls)cis, (3-4)

The kernel K is assumed to satisfy

lim K, (x, s) =0

§—00

lim K, (x, s) =0

§—o0

(3-5)

The relation between K,(x,x) and ¢(x) is obtained as follows. By a partial
integration, we can show from Eq. (3-4) that

<£t> exp[—id(xz+e)]= <iK1 (;v;p.?z)jij)ﬁ)— ) \) +0 <%> ’ (3:6)

Comparing Eq. (3-6) with Eq. (2-21c), we have

1—vV1+[q|®
*

K (z, z) = - exp (S — 1) 37

Now we are in a position to derive the Gelfand-Levitan equation. From Egs.

{2-8b) and (3-4), we have

P Vexplin (et
<$2<z>/x>e plid(z+e)]

— <_$i’: 8:; //1> exp[id(z+¢e,)]

- <(1)> exp (—z5) +exp ({dx) Lw <—II§'?: Ef:: 3 zii E: f,i:)*))

xexp (—ils)ds . (3-8)

Substitution of Egs. (3-4) and (3-8) into Eq. (3-3) gives

j <_ ]I?: 8‘6 3) exp (—ils)ds
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814 T. Shimizu and M. Wadati

_exp(—ilz) I dr > 21
27 bG —/1 1//1 exp[2i (z+e)]
_exp(—idz) [ d¥V b “(Z’Kl(x, s)>
2ri e —1 a Ky (x,s) /X
Xexp[id' (s+x+2¢,)]ds=0, 3-9)

Taking a Fourier transform of Eq. (3-9), we arrive at the Gelfand-Levitan equa-
tion:

Ki(z,9) — F*(z+y) — LmKZ* (2, 5) F* (s+ y) ds =0, (3-10a)

Ky* (2, 9) - rKl (2, ) F" (s+v)ds=0 (3-10Db)

for #4<<y. Here F(z) and F”(2) are defined by

F(z) = 1 biﬁ)) %exp[z/ (24 2¢, (2))]dA, (3-11a)
, 5D 3 it e 95 (o .
F7 () = zz‘ ajau Aexplid (=4 26, (2))]dA. (3-11b)

The time-dependence of the scattering coefficients are determined from Egs.
(2-2). The result is

a(lt)y=a(l0), (3-12a)
b2, 1) =b(2,0)exp (4i2%). (3-12b)

The zeros of a(2) in the upper half Zpldne are the bound state eigenvalues,
which we shall designate by 2, (k=1, 2, -, N). When all the zeros of a(l) are
simple, F'(z) can be represented by

F(z,0) =3 C, () Pl (1 26.)]

‘k

e I eXP[“<j+2~e+”dz, (3-13)
7: — 0

(8

where the time dependence of C,(z) and p (2, t) are
Ci (1) =Ci (0) exp (4id,*t), (3-14a)
04, t) =p(2, 0)exp (4i2%t). (3-14b)

The set of Eqgs. (3-7), (3-10), (3-13) and (3-14) determines a sought func-
tion g(x,?). Given the scattering data {p (4, 0), Areal; 4, C,(0), £=1,2, - N},
we construct F(z,#) by Eq. (3-13) with Egs. (3-14), then we solve Egs. (3-10)
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A New Integrable Nonlinear Evolution Equation 815

for K,(x,v;t), and by Eq. (3:7) we can obtain ¢(x, ). However, as we shall
see in the next section, the analysis is quite complicated due to the presence of
¢+ (x) and . (x).

§ 4. One-soliton solution

We shall analyze a one-soliton solution. For the purpose, we restrict our-
selves to the case that a(4) has only one simple zero in the upper half A-plane

and 0(4,0) =0 for real . Then, Eqs. (3:11) become
F(2) :]lcl @ exp[idy (= +2¢)], (4-12)
‘1

F" (2) = =4C, (&) expid (z+2¢4) ]. (4-1b)
The bound state eigenvalue 2, is denoted by
h=§&+i7, 1>0. (4-2)
Substitution of Egs. (4-1) into the Gelfand-Levitan equation (3-10) yields

K, (x, y):CI*(t) exp[ —i* (x+y+2¢, (2))] (4-3)

AE L GOF bt s e, (@)

4t A*
Combining Eq. (3-7) and Eq. (4-3), we obtain

. 2
Ky, 2) =27V 10 e (9
O ew[-2rGre @]
W OO8 b eplap(ae, (2))]
47 24
From Eq. (3-14a), we have

2%7C1(t):exp[—8$77t+4i($2—7]2)t+60], (4.5)

where the constant 0, is defined by
exp 0,=C,(0)/27. (4-6)

With Eq. (4:5), Eq. (4-4) yields

2 2 2 2

lg|?= 47 cosh [20<7€+4§t) —l—20¢+(x)] 77/(‘5 +7°) 4-7)

£+ 7 {eosh®[27 (x + 488) + 278, (2) ] — 20°/ (€ + 1)}
—27 cosh[27 (x4 4€2) +27¢, (z) +ia]

TTVE LT coshi[27 (x+ 480+ 272, (2)] - 27/ G 1)
xexp[—2i (Grt 2@ Tt e ()] ep(mF—n),  (@S)
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816 T. Shimizu and M. Wadati

where
a=tan"'(7/8). (4-9)
Here and in the following, the constant §, is omitted for simplicity.
Let
u=x+4Et. (4-10)
We can prove that ¢, is a function of z. Hereafter we shall write &, (%) instead

of &, (x) to emphasize the u-dependence of ¢,. There should be no confusion about
this notation. Then from Eq. (2-22b) with Eq. (2-16a), we have

(e, (@) =1+ g, (4-11)
du i

Substitution of Eq. (4-7) into Eq. (4:11) gives

cosh’[27 (u+ e, (v))] 4-12)

d — __cos
du (e, ()= cosh’[27 (u+ ¢, ()] —27°/ (& + 7%’

where we have assumed that

>0, (4-13)
Integrating Eq. (4-12), we obtain
7
e, (u) =— tanh[27 (u+¢c. ()] —1}. 4-14)
+ () $2+772{ [27(u+e,(u))]
This relation can be rewritten as
1 27 1 =
u=—¢ —I——log[— —~1]. (4-15)
Ty Eiyte, ‘

We can also prove that (x,*—z.) is a function of . From Eq. (2-23b) with
Eq. (2-16b), we have

1 (- q 1
Ly = <1 -_> < L —1>d , 4-16
st (s D) (L 1) (4-16)

Substitution of Eqs. (4-7) and (4-8) into Eq. (4-16) gives

no == 415_772_ R — d‘_r - .
T e e cosh®[29 (ut ey ()] 7/ (B )
2 (7 (it p).dx (4-17)

g e cosh’[29(ute, ()]
Solving Eq. (4-17), we obtain

cosh[27(u+e, (u)) —ia] } ) (4-18)

*— :Io{
Aem £ cosh[29(u+e, (u)) +ix]
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1
2

_________________ ;.1 I
Fig.1. The curve of €.(w) for
7=1/2 and &/7=13.

u

g/n=V3  E/m=VZ  E/n=]

Fig. 2. The envelope of one-soliton solution for 7=1/2 and
&/n=v3, v2 and 1.

Substituting Eq. (4-18) into Eq. (4-8), we obtain an expression for one-soliton

solution:
q(a,t) = —27 cosh[27 (x4 46t) + 27¢e, (x +468) —ia]
VE L7 cosh?[27 (x + 468) + 2ne . (x + 488)] — 27°/ (&2 + 1)
Xexp[—2i{fx+2(&—7)t+E&e, (x+48D)}]. (4-19)

Since ¢, (x) is given by Eq. (4-15), we can evaluate g (x, #) numerically. The
function €. (z) for 7=1/2 and &/7=+/3 and the one-soliton envelope |g(x,¢)|
=|g(u)| for 7=1/2 and various values of &/7 are shown in Figs. 1 and 2,
respectively. The peak of the soliton is obtained by the condition d|g|*/du=0

21§l _ 2|7/§| ) (4-20)
52—7]2 1—(77/5)2

From Egs. (4-13) and (4-20), we find that the larger the peak amplitude of the
soliton is, the smaller its speed 4% for constant 7, as shown in Fig. 2.
Another expression for one-soliton solution is obtained as follows. Let

IQImax

q(x, t) =l|ql exp (i0). (4-21)
From Eqgs. (4-11) and (4:-12), we have

d \/ - 12
VAN P
du i

_ 80 \/1_*_' IZ;smh[277(um—|-w,(u))]cosh[Zv(u—l—e+(u))]. (4.22)
ey {cosh®[27 (u+e, (u))]—27"/ (§+71)}*
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818 T. Shimizu and M. Wadati

Since Eq. (4:12) yields

2 VI lal’

combe[2n e, ()] = 2 Il (4-23)
we obtain
%(ju m>2:~w03<¢—1)2(m—m0), (4-24)
where
O=v1+]ql, (4-25a)
w=4(—7), (4-25b)
Go= (471 /(& —7). (4-25¢)

The solitary wave solution exists under the condition (4-13), and then the integra-
tion of Eq. (4-24) gives

og (VO =10 —VO— 0\ | VO—1 (0,0~ 0"
o o/ e A
=+ V20 (0y—1) (u—u). (4-26)

Here u, is an integration constant and + (—) is for y>vy, (y<y,). Equation
(4-26) determines the shape of the envelope |¢|=+® —1. Next we consider the
phase part of ¢(x,#). From Eq. (4-19) we find that

0(x, t) = —28x—4(E =) t+f(w), (4-27)
where
f(u) =—2&e, (1) —arctan <%tanh f>, (4-28)
Differentiating Eq. (4-28) and using Eq. (4-23), we obtain
2
df . 4e U 4oz (4-29)
du 1+0

Therefore, the envelope and the phase of g (x, #) can be determined by Egs. (4-26)
and (4-27) with Eq. (4-29), respectively.

§ 5. Discussion

In the present paper, using the inverse scattering method, we have solved

a newly found integrable equation

i+ (q/V1+1g)..=0, -1
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A New Integrable Nonlinear Evolution Equation 819

under the boundary condition

q(x, t)—0 as |x|—>o0. 1-2)

In particular, we have examined one soliton-solution in detail. Here we point

out two interesting limits of one-soliton solution.

First, when &>7%, Eq. (4-19) or Eq. (4-26) reduces to

q(x, t) = 2—:1 sech[27 (x + 4&1) Jexp[ —2iéx—4i (§—7°) ], (5-1)
¢

which is in the same form as one-soliton solution of the nonlinear Schrodinger
equation. The phase factor exp[—4i(—7%)¢] in Eq. (5-1) is left for comparison.
From Eq. (5-1), we see that the soliton with small amplitude may be approxi-
mately described by the nonlinear Schridinger equation. We show this fact direct-
ly from the original nonlinear evolution equation. Assuming that |q| is small, we

have
. 1, . _
ZQt+[Q<1*—§IQ|>] =0, (b2>

Suppose that the phase changes much faster than the envelope does. Then, for

g~exp(—2ifx), we set
(1qPPq) o= —48q1°q . (5-3)
Therefore, we obtain

i+ @z +28°qPq=0. (5-4)

Equation (5-4) is the nonlinear Schrodinger equation whose one-soliton solution
is given by Eq. (5-1).
Second, we consider the limit |£]—>7+0. We have shown that one-soliton

solution has the properties:

q(x, t) ~exp(—int), (5-5)

|QImaX:8|§|n/w, (56)
where

w=4(—7). (5-7)

We notice that as the frequency @ approaches zero the peak amplitude of the
soliton increases infinitely, a bursting soliton. This situation reminds us of a kind
of resonance phenomena. From this viewpoint, the application of Eq. (1-1) to the
physical system, such as nonlinear optics, is under research.
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