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Abstract

For a given n-vector ¢ and a real square matrix M € IR™ ", the
linear complementarity problem, denoted LC P(M, q), is that of finding
nonnegative vector z € IR™ such that 2z (Mz+¢q) =0 and Mz +q > 0.
In this paper we suppose that the matrix M must be a symmetric and
positive definite and the set

S={ze€ IR" /z>0and Mz+q >0}

named interior points set of the LC'P(M, q) must be nonempty.

The aim of this paper is to show that the LC'P(M,q) is completely
equivalent to a convex quadratic programming problem (CQPP) under
linear constraints. To solve the second problem, we propose an iterative
method of interior points which converge in polynomial time to the
exact solution; this convergence requires at most o(n®°L) iterations,
where n is the number of the variables and L is the length of a binary
coding of the input; furthermore, the algorithm does not exceed o(n*°L)
arithmetic operations until its convergence and in the end, we close our
paper with some numerical examples which illustrate our theoretical
results.

Keywords: Linear Complementarity Problem, Convex Quadratic Pro-
gramming with Equilibrium Constraints, Matrix symmetric and positive defi-
nite, Interior Point Algorithm
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Introduction

We consider the linear complementarity problem LCP(M,q) that is,
given a real square matrix M € IR™" and ¢ an element of IR", find
vectors z € IR" such that

<z,Mz+q>=0
Mz4+q=>0
z>=0

This problem has important applications in game theory, operational
research, and some other areas of engineering (see [3], [4], [5], [6], [7],
9], [10], [13], [14], [15], [16] and [17]). For solving this problem, many
results exist, for instance Lemke[l11] have developed an algorithm for
solving a linear complementarity problem which is based on pivot steps.
Mukherjee[12] gave an iterative method for finding a solution to a linear
and quasi-linear complementarity problem. Kojima[8] and Achache[l]
have showed that the linear complementarity problem is completely equiv-
alent to solving quadratic convex problem (QCP); each of them gave a
different iterative method to solve the second problem.

Our notation in this paper is the usual one. In particular, IR" denotes
the space of real n—dimensional vectors,

IR} = {x € IR" : x; > 0,i = 1..n} is the nonnegative orthant and its
interior is IR} | = {z € IR" : 2; > 0,7 = 1..n}.

With = € IR" we define |x| = (|24, .., |z.])T € IR™.
We denote by I the identity matrix.

Let z, y € IR", 2Ty or < x,y > is the inner product of the x and y; ||x||
is the Euclidean norm.

For z € IR" and k a nonnegative integer, £(¥) refers to the vector obtained
after k iterations; for 1 < ¢ < n, z; refers to the i"* element of =, and

(

xik) refers to the i’ element of the vector obtained after k iterations.

For A € IR™™ and k a nonnegative integer, A%®) refers to the matrix
obtained after k iterations; for p a nonnegative integer, A”*) refers to
the matrix at puissance p obtained after k iterations and A="®*) denotes
the inverse of the matrix AP,

Let z, y € IR", the expression x < y (respectively x < y) meaning that
x; < y; (respectively x; < y;) for each i = 1..n.
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Given a vector z in IR", X = diag(x) is the n x n diagonal matrix with
X;; = x; for all @ and X;; = 0 for all ¢ # j.

The transpose of a vector (respectively matrix) is denoted by super script
T, such as the transpose of the vector z (respectively the matrix A) is
given by z7 (respectively AT).

Remember that the spectrum o(A) of the matrix A is the set of its

eigenvalues and its spectral radius p is given by p(A) := sup{|A| such
that A € 0(A)}.

We recall that a matrix M is called symmetric and positive definite
matrix if and only if

x'Mx > 0,V # 0.

and a matrix M is called symmetric and positive matrix if and only if

Mz > 0,Vz.

The paper is organized as follows. In the next section, we show that
solving linear complementarity problem associated with a matrix M and
a vector ¢ is completely equivalent to finding the minimum of a convex
quadratic programming problem (C'QPP); for solving the second prob-
lem we propose to construct a sequence of vectors {z(k)}k:071,,. which
converges to a vector z* (the exact solution of linear complementarity
problem LCP). In the third section, we show that the convergence of
this method requires o(y/nL) number by iteration where L is the length
of a binary coding of the input data of the problem and in the end,
we close our paper with some numerical examples which illustrate our
theoretical results.

2. Equivalent reformulation of the problem

In this section, we show that solving a linear complementarity problem
(LCP) is equivalent to finding the minimum of a convex quadratic pro-
gramming problem (C'QPP)under linear constraints.

Consider the linear complementarity problem as follows

Find z € IR" such that:

<z,Mz+q>=0
Mz+q=>0 (1)
220
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where M € IR™™ and ¢ € IR" are given data.

and let’s consider
S={z€ IR" /z>0and Mz +q > 0};

named interior points set of the LCP(M, q).

Theorem 1 : If M is symmetric positive matriz and the interior points
set of the linear complementarity problem

S:={2€IR"/2>0 and Mz +q > 0}

is nonempty then the problem LCP(M,q) has one and only one solution.

Proof. : For a proof of the above theorem we refer to [1]. =
Consider the minimization problem under linear constraints (CQPP) as

follows

min f(z) =<z, Mz+q>
Subject to: @)
Mz+q=>0

z2=0

We note that if z* is a solution of the linear complementarity problem
LCP(M, q) then zero is the global minimum of the problem(2) (see [18]).

Inversely, if z* is the minimum of the problem(2) then we have two
situations:

e If f(z*) =0, then z* is a solution of the LC'P(M, q).

e Otherwise (ie f(z*) > 0), then the linear complementarity problem
LCP(M,q) admits no solution.

That is to say the problem(1) and the problem(2) are equivalent.
The Lagrange function associated with the problem(2) is given by

L(z, A1, M) = f(2)— < A, Mz4+qg>— < X,z >

where A\; and )y are the Lagrange multipliers associated with the prob-
lem(2).
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The KKT conditions applied to the problem(2) imply that if z is a sta-
tionary point, then there exists Ay € IR"™ and A\ € I R" such that

( 2Mz+q— MMN — Xy =0

MN(Mz+q)=0

Mz=0

Mz+q=>0 (3)
z>=0

A =0

Ao > 0.

Let’s consider
T:={(z,\,X2) /2Mz+q—MN —Xa=0; 2, Mz +q,\1, X2 > 0}.
In this paper we propose to construct a sequence of vectors
(AN N o €T
such that

ﬁm(<ﬁﬂwhw+q>+<A9¢W>q:0

——400

To achieve this objective we consider the iterative method which starts
from an arbitrary point (2(0), A§°>, )\éo)) € T and generates successively
points

S () | (k)

where the vectors d*®) are the directions chosen to generate the vectors
2 1) they are defined by the Newton directions associated with the
following penalized problem (see [2])

min f,(z)

Subjects to:
Mz+q>0
z>0

where

fu(z) i=<z,Mz>+<q,z> —,uZlog(zi) - uZlog(wi)
i=1

i=1



3294

Y. Elfoutayeni and M. Khaladi

and
w=Mz+q.

The Newton direction at z*) is the optimal solution of the following
quadratic problem

min G,z (d(k)) (4>
where

1
gu(z(k)) = 5 < d(k)’ VQka(Z(k)>d(k) >4+ < vfuk(z(k)),d(k) > .
Now we show that

Theorem 2 : The problem(4) admits one and only one solution; this
solution is given by

dP = — gtk o Fu (z(k))

where

H® = 2M + (MW =20 M 4 7-2(R)

Z = diag(z)
W = diag(w)
w=Mz+q.

Proof. : The Hessian of the penalty function f, at 2®) noted by H®)
is given by

H® .= oM + pp (MW 2 W0 4 7720,

Since the matrix M is symmetric and positive definite, then the matrix
H® is symmetric definite positive.

Therefore, the problem(4) admits one and only one solution.

This solution is given by
HFq®) L Vfuk(z(k)) =0
this implies

dP = —g=tk) o fuk(z(k))'
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After calculating the direction d®), we can write

St — (k) 4 q(k)
)\ngrl) — ukW_l’(k)(e _ W—l,(k)Md(k)>
/\gk+1) — Mkal,(k)(e _ Z*L(k)d(k))

Now we give the following algorithm for solving our problem
Algorithm:
(Initialization):
k=0
o > 0: Parameter penalty.

€ > 0 : Tolerance wanted.

(Calculation of the vector z*+1) AL, )\g’““))

p

d¥ = —H3® 7 £, ()

St — (k) 4 q(k)

wkt) = N+ 4 g

/\gk+1) — Mkwq,(k)(e _ Wfl,(k)Md(k))
)\ngrl) — ,ukZ_l’(k)(e _ Z—l,(k)d(k))

52 n
[ Hkt1 1= 2/%5;;\‘/[5

(Stopping criterion):

if < AP ) 5 o \BFD () S < ¢ then STOP.

otherwise:
k:=k+1.
GO TO the previous step.

3. Convergence

3295

In this section, in the one hand, we show that all points generated by
this algorithm are in the set T and (< A(lk),w(k) > + < )\(Qk),z(k) >)
converges to zero when k — +o00; on the other hand, we prove that

our algorithm has o(y/nL) iteration complexity; more precisely we will

show that the algorithm does not exeed O(n*5L) arithmetic operations

until its convergence. To so do, we suppose that there exist 2% > 0 and
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0 < & < 1/2 such that: ||Z=4OdO|| < § and [[W- 5O M| < § and
we prove that if k is positive integer then we have

||Z‘1’(k)d(k)|| <4
and
||W‘17(’“)Md(k)|| <9

to achieve this goal, we will need the following four lemmas

Lemma 3 : Let k be a positive integer, if
1270 < 5
then we have
12K+ 210 _ 1)) < 6.

where I s the identity matriz.

Proof. : For each i = 1,..,n we have

((Z(k-i-l)Z—l,(k) . I)@)Z _ Z -1

= (Z7 MWk,

Lemma 4 : Let k be a positive integer, if
W E M) < 5
then we have

HW(kJrl)Wfl,(k) . IH < 5.
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Proof. : For each 7 = 1, .., n we have

(k+1)
w®
n k
Y myd?

7

= (W0 1™y,
]
Lemma 5 : Let k be a positive integer, if
|27 04| <o
then we have

2
|| 20+ =20 gh) 4 Frt1, _ ZE+D) z=LRe|| < 5@

Lok §+2/n

where

6+ /n

=2
Hk+1 Mk:6+2\/ﬁ

Proof. To show that we use the definition

He+1 6 — o7

ei=e— ————e;
ok 5+ 2v/n

and the relation

7k+1) _ (k) + D"

where Z®) D®) are respectively the diagonal matrix of the vector 2

and d®).
By multiplying the last relation by the matrix Z=5®) we get
Zk+D) 7=L(k) — 1 1 pk) 7-1(k)
— [+ 7 LR pk)
this implies

(Z(k:—l—l)Z—l,(k) . [)6 — Z—l,(k)D(k)e

3297

k)
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if we note that

Ay = || 2K Zz=2®) gk FRAL, (D) g1k
Mk

then we have

_ _ § — 26°
A = H<Z(k+1)Z L(k) _ Nz LK) (k) _ —¢|
d+2yn
< |20+ 21®) [ 1210w 1 S =20
d+2yn
§ — 26°
<4. 6 —
* \/ﬁé +2y/n
_ 552 +/n
S+ 2yn’

Lemma 6 : Let k be a positive integer, if
(W=t ®Mma || <o
then we have

2
||W(k+1)W_2’(k)Md(k) + @6 _ W(kH)W_l’(k)eH < 5M'

Proof. : In the one hand, if we use (5) we can write
(I _ W(kH)W_l’(k))e — WL ® pra)
and in the other hand, if we note that

Ay = [[WEFD=20) prgte) 4 HErLo  pyertpy—1k)|
Foke
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then we get

5 — 267
A — [[TEDT~20 178 1 o — kD —10)
) = |[WEDW d® 4 e — WEDW 65+2\/_|]
_ B 5 — 267
— Hw(kJrl)W 2,(k)Md(k)+([_W(k+l)W 1,(k))€ H
6+2\F
b+ 1) 2.6 g g _ -1 g _ 9= 207
< [[WEDW =20 prg®) — pr-1k) prg e|
5+2\F
k+1 —1,(k —1,(k k 6_262
gH(W(JF)W ’()—I)W F) Ard®) — el|
5+2\F
< IW DW= ) W Opa) + ity
N ' 5t 2yn
§-26°
<6. 6
:552+\F
§+2y/n’

Now we show that

Theorem 7 : If we suppose that

1271 0dW)| < 5
HW‘l’(k)Md(k)H <46

then we have

||Z—1(k+1)d (k+1) || <9
{ HW 1,(k+1) Md 1)H 5

Proof. : Since
H®OA® + 71, (z") =0

we have

H®A® +<7f,, (20) =0
H (k+1) g(k+1) +Vf (z k-‘,—l)) 0

By multiplying the two equatlons by d*+Y) we get

(< d% D (2M + pp(MW =28 M 4 Z2-20)))qk) > 4
<dk+1 2Mz<k>+q—uk(MW B 4 770 0)e >= 0

< d(k+1), (2M+Mk+1(MW_ (k+1)M + 72 (k+1)))d(k+1) > 4
< d (k+1) QMZ(kJrl) +q o Hk:—f—l(MW ,(k+1) + 7= (chrl))6 >=0
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if we note
A3 — Mk+1(||W k—i—l)Md(lH—I ||2 + ||Z k—i—l)d k+1)|| )
then we have

Az < pippr < dFD (MW BED L Z-LEDYe 5 o gt D) 9D g s
= g1 < W—L(k+1)Md(k+1) e > 41 < Z—l,(k—l—l)d(k—kl)’ e >
(,LL < dk+1 (wal,(k) _}_Zfl,(k)) >
— e < B (MW M 4 272 0)a® )

= gy < d®HD BB =Lt e priy—L®e 4 A2 0 A
ek

F o < dEFD EEL gLt gL =200 gk)
M

= py < d(k+1)’MW—l,(k+1)(W(k+1)W—2,(k)Md(k)+@e_W(kH)W_L(k)e .
M

o < 0D, Z—l,(k-ﬁ-l)(Z(k—f—l)Z—2,(k)d(k)+M€_Z(k+l)Z—l,(k)e >
Hk

2
) +\/_(||W 1,(k+1) Mdk+1)||+||Z (k1) g(k+1) )

SO

52 ++/n
W k—l—l)Md k+1) Z k+1)d(k+1 < 208
(] 1+ )< i n
finally

||W k+1)Md(k+1 || + ||Z 1,(k+1) d(k+1 || < 5

hence the result. =

Now we show that all points generated by the algorithm (z(*), )\gk), )\gk))
remain in the set 7.

For that, let’s assume that:
(PN eT

then we have
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LD — (k) (k)
= Z(k)(€+ Z—l,(k)d(k))
> 0.

w1 — pro kD) 4 q
— w® £ A
= WH (e + W-L® prak))
> 0.

)\ngrl) — Iukwfl,(k)(e _ W*L(’“)Md(’f))
> 0.

/\gk-',—l) — MkZ_l’(k)(e _ Z—L(k)d(k))
> 0.

)\(219—1—1) _ ukZ—L(k)(e _ Z—l,(k)d(k))
= uszlv(k)e _ ukZ—z(k)d(k)
= w2 Y We — (H® — 2N — pyu MW =20 pp)g®)
= uszl,(k)e — gH®gk) (QMZ(kH) +q)— (QMZ(k) +q)
+ g MW —2®) g™
= e Z " We + QM2 + g — e MW ®e — 1y 771 Ee)
+ (M2 ) — 2M2® 1 ) + pu MW 2 prg®)
= — e MW We 1 (MY 4 o) + e MW =2® pra®
= (2M 25D 4 g) — MW LB (¢ — WLE prgk))
= (QMZ(k-i-l) + q) . M/\gk-i-l).

Now we give the following proposition
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Proposition 8 : For any positive integer k, we have

<w® AP > 4 < 2® AF S <o (54 V)2

Proof. : From the above we can write

< kD \FHD o )\
=< W® (e + WL prd®) W0 (e — LR prg®y > 4
< Z(k)(e + Z_l’(k)d(k)),ukZ_l’(k)(e _ Z—L(k)d(k)) >
= (< e+ WAk o — WwL®prg®) > 4
<e+ Z7M0g® o 7710 GR) )
< 2 (8+v/n)?.

Hence the quantity (< w®), )\gk) > 4+ < 20 )\gk) >) converges to zero.

Now we prove that our algorithm has o(y/nL) iteration complexity; more
precisely we will show that the algorithm does not exceed o(n*°L) arith-
metic operations until its convergence, and in the end we will establish
the total number of iterations performed by the algorithm so that its
convergence is reached.

Proposition 9 : The total number of iterations performed by the algo-
rithm s less than or equal to

. d+2yn 2(0 + /1) 1o
k™ = In
d—02+/n €

where € denotes the tolerance of the problem and jg is the parameter of
the initial penalty.

Proof. : The algorithm ends when

2(6 +v/n) ke < €

thus, it is enough to show that k* satisfies this inequality.
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From the definition of k* we can write

§— 6%+ .

In(e) = — 5+2\/l/_k
6 ++/n

> k* ln(——Y—
/kln( 3

62+\F 2
<5+2\F) " In[2(0 + V/n)? o]
6+ /n

= In[2(6 + ﬁ)%o(m
= In[2(6 + v/n)* 1]

+ n[2(5 + /)]
) + n[2(5 + v/m)2p0]

)]

this implies

2(6 + V) < €

If we denote by L the length of a binary coding of the input data of the
problem LCP(M,q), then we have

Corollary 10 : If Logs(uo) = o(L) and Loga(e) = —o(L) then the algo-
rithm stops in at most o(v/nL) iterations with o(n3>L) arithmetic oper-
ations.

Proof. : From this assumption we have

Loga (o) = o(L)
and

Loga(e) = ~o(L)

then

— o(\/nL)

But to solve a linear system we need o(n?) arithmetic operations, then
the algorithm converges in at most o(n®*°L) arithmetic operations.

1. Numerical example

In this part, we consider the following example to test our method. Con-
sider the following linear complementarity problem
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Example 11 Find vector z in IR" satisfying 27 (Mz+q) =0, Mz+q >

0,z>=0,
100 -2 -3 —4 1
where M = —2 50 =6 =7 and q = —2
-3 —6 100 -11 3
-4 -7 —11 200 —4

The exact solution is z* = (0, 55,0, &)7.

The solution of this problem with six significant digits is presented in
following Table.

Iteration T Ty T3 Ty

k=01 1,217700  4,0302853 10,748913 6,834140
k=05 1,094700 3,627983 9,659913  6,147865
k=10 0,971700  3,225683 8,570913  5,461590
k=15 0,848700 2,823383 7,481913  4,775315
k=20 0,725700 2,421083 6,392913  4,089040
k=25 0,602700 2,018783 5,303913  3,402765
k=30 0,479700 1,616485 4,214913  2,716490
k=35 0,356700 1,214183 3,125913  2,030215
k=40 0,233700 0,811883 2,036913  1,343940
k=45 0,110700 0,409583 0,947913  0,657665
k=50 0,073800 0,288893 0,621213  0,451783
k=52 0,036900 0,1682053 0,294513  0,245900
k=53 0,012300 0,096750 0,012340  0,145670
k=54 0,000000 0,043010 0,000000  0,021505

Conclusion:

In this paper we have showed that, on the one hand, linear complementar-
ity problem can be written as a quadratic convex programming problem; on
the other, we have built a method to solve it; the convergence of this method
requires o(y/nL) number of iterations where L is the length of a binary coding
of the input data of the problem LC'P(M,q).
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