
IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 31, NO. 2, MARCH 2016 1259

A New Mathematical Model for the Restoration
Problem in Balanced Radial Distribution Systems

Rubén Romero, Senior Member, IEEE, John F. Franco, Member, IEEE, Fábio B. Leão, Member, IEEE,
Marcos J. Rider, Member, IEEE, and Eliane S. de Souza

Abstract—This paper presents a comprehensive mathematical
model to solve the restoration problem in balanced radial dis-
tribution systems. The restoration problem, originally modeled
as mixed integer nonlinear programming, is transformed into a
mixed integer second-order cone programming problem, which
can be solved efficiently using several commercial solvers based
on the efficient optimization technique family branch and bound.
The proposed mathematical model considers several objectives
in a single objective function, using parameters to preserve the
hierarchy of the different objectives: 1) maximizing the satisfaction
of the demand, 2) minimizing the number of switch operations,
3) prioritizing the automatic switch operation rather than amanual
one, and 4) prioritizing especial loads. General and specialized
tests were carried out on a 53-node test system, and the results
were compared with other previously proposed algorithms. Results
show that the mathematical model is robust, efficient, flexible, and
presents excellent performance in finding optimal solutions.

Index Terms—Distribution system optimization, mixed integer
second-order cone programming, restoration problem.

I. INTRODUCTION

T HE problem of the restoration of radial electrical distribu-
tion systems (EDSs) is one of the most relevant topics re-

lated to the efficient operation of radial distribution power sys-
tems. This type of problem attempts to restore the portion of the
electrical system that was de-energized as a result of switching
operations to isolate a fault and the system can be re-energized
through the operation of interconnection switches. In this con-
text, the main goal is to restore the largest number of discon-
nected loads (out-of-service areas). The restoration must be car-
ried out without violating the constraints of EDS operation, while
still preserving the radial topology and satisfying the constraints
of the problem. Such constraints include the constraints of load
flow related to Kirchhoff's laws and the operational limits re-
lated to the current capacity of feeders, the voltage limits of
nodes, and the capacity of the substations, among others.

Reference [1] presents a review of the key publications up
to 1996 that have discussed the main characteristics of the
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restoration problem. The authors mention that the restoration
problem must have two fundamental objectives: to restore the
maximum possible demand of the region affected by the fault
and to implement the restoration process as soon as possible.
The authors suggest that other goals, such as minimizing power
losses and load balancing between feeders, should not be consid-
ered in the restoration process. Furthermore, some operational
restrictions, such as the restriction in values of voltage, can be
relaxed or disregarded. They acknowledge that the restoration
problem is a combinatorial nature problem and, as a result, none
of the reviewed references have applied mathematically rigid
optimization methodologies to the restoration problem. In [1],
the authors continue to analyze the different characteristics of
the problem and the constraints that may be considered in the
restoration problem, including 1) the types of faults treated, i.e.,
line faults, bus faults, and transformer faults, 2) the portion of the
distribution network that is involved in the restoration process,
3) the consideration of important consumers, i.e., important
consumers found in the unaffected portion of the system must
not have swapped their feeders, and those in the affected zone
should be reconnected on a preferential basis; 4) after the solu-
tion of the restoration problem is found, then the sequence of
switching operation for reconnection must be provided; 5) the
length of the restoration process, i.e., if it takes too long, the
variation of demand response should be taken into account; 6) the
method of deciding the voltage constraints that can be relaxed or
disregarded; and 7) the operation of the switches, i.e., switches
are remotely operated or locally operated and, therefore have
different times of operation. Finally, in [1] it is recognized that
loss minimization is an important operational objective in the
normal operation, but, in the restoration process, it generates
an insignificant benefit and may conflict with the fundamental
objectives. The same consideration can be applied to load
balancing, and, hence, these goals should be not pursued in the
restoration problem.

Another important contribution is presented in [2], which
proposes an Non-dominated Sorting Genetic Algorithm-II
(NSGA-II) algorithm to solve the restoration problem consid-
ered as a multi-objective optimization problem. In its formula-
tion, the restoration problem in [2] considers most of the aspects
mentioned in [1]. However, there is special emphasis on the
following aspects: 1) the demand to be restored should be the
maximum possible, but the minimization of power losses should
also be taken into account; 2) the radial topology must be pre-
served, even during the operation of switches in the restoration
process; 3) voltage limits and current capacity constraints must
be considered; 4) the number of switching operations should
be kept to a minimum, considering differently operations of
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automatically controlled switches (ACS) and manually con-
trolled switches (MCS); and 5) priority loads should be treated
preferentially, and the restoration process should be performed
in the shortest amount of time possible. The authors choose four
objective functions in the multi-objective optimization strategy:
the maximization of the load not restored, the minimization of
the ACS operations, the minimization of the MCS operations,
and the minimization of power losses. A very important aspect of
this work is that the authors acknowledge that these goals are not
equally important and can be prioritized. As such, they consider
the minimization of the load restored to be the most important.
This proposal is used to identify the best solution that should
be implemented in the restoration process.

In [3], the authors present an efficient heuristic method based
on ranking, which considers various objective functions ranked
in order of importance, i.e., maximizing the amount of priority
load to be restored, maximizing the amount of total load re-
stored, and minimizing the number of switching operations. Ad-
ditionally, the mathematical model considers the three-phase
power flow and allows for the analysis of real and large sys-
tems. In [4], the authors add the strategy of closing multiple
switches that are normally open (multi-tier switching) as part of
the search, increasing the search space of the heuristic strategy
and therefore finding better quality solutions than those found in
[3]. The authors call this strategy a single-tier algorithm. Also,
the authors include both a geographical distance objective func-
tion and a reprogramming of the capacitors operation that are in
the portion of the system not energized following the isolation
of the fault. In [5], the authors add a heuristic with possibility
of performing a load curtailment of in-service customers. This
possibility allows, for instance, for a node that is still energized
with a small demand to be turned off in order to enable the re-
connection of a larger demand node that has been de-energized
by the out-of-service area. The possibility of load curtailment in
nodes not isolated by the fault increases the complexity of the
problem, but generates better quality solutions.

In literature, few mathematical models proposed for the
restoration problem are solved by exact optimization tech-
niques. In these few studies, the models are relaxed and used
as auxiliary heuristic strategies. Thus, in [6], a mixed integer
linear programming model is presented. This model is relaxed
(e.g., among other simplifications, it only uses the active power
balance) and used only in the second phase of the optimization
strategy, which accurately solves a portion of the system using
a branch and bound algorithm. In the phase one, the researches
separate the problem into subproblems, considering the knowl-
edge of restoration experts.

In [7], a mathematical model is used when the initial heuristic
strategy does not find a feasible solution. In this context, a
portion of the system, called the “local network”, is modeled
through a linear programming problem using a commercial
mixed integer solver. Thus, classical optimization is used as an
auxiliary element to the heuristic. In addition, the mathematical
modeling is also relaxed.

In [8], the restoration problem is separated into two parts. The
first part deals with the classic formulation of the restoration
problem, obtaining the final topology of the restored system
usingagenetic algorithm.The secondpart searches the switching
operation sequence by using a dynamic programming approach.

In addition there are many publications related to the restora-
tion problem, which are essentially devoted to the application
of specific optimization techniques. Among these impor-
tant publications are metaheuristics that use the multi-agent
approach presented in [9], genetic algorithm, evolutionary
approach and fuzzy sets, and the fuzzy non-dominated sorting
evolution strategy presented in [10]–[12], heuristic optimiza-
tion techniques presented in [13] and [14], a heuristic strategy
based on a theoretical analysis of a search detailed in [15],
a heuristic strategy that uses rules based on an operator's
experience presented in [16], a heuristic strategy for the load
transfer and specialized implementation of four steps in [17]
and [18]. Furthermore, several methods were proposed to
solve the restoration problem such as the application of expert
system techniques analyzing group restoration, zone restoration
and load transfer presented in [19], the heuristic generating
the minimal paths to the boundary branches connecting the
out-of-service area with the nearby area, presented in [20],
service restoration using a fuzzy sets approach presented in
[21], and the heuristic algorithm with an expert system that
incorporates the network information and restoration strategies
presented in [22].

After reviewing the relevant literature, we can see that there
are no proposals for the complete mathematical modeling of
the restoration problem, solving it using traditional optimiza-
tion techniques, such as branch and bound algorithms, or com-
mercial solvers based on exact optimization techniques. Many
authors mention that this line of research is not important due
to the combinatorial nature of the restoration problem. How-
ever, it should be noted that the additional problem of repre-
senting the radiality constraint through simple algebraic rela-
tions is crucial to having a complete mathematical model for
problems in which the radial system topology of the optimal
solution is required. This problem is solved in [23] in the for-
mulation of model for the reconfiguration problem of radial
EDSs. This formulation can be easily adapted to the restora-
tion problem. Additionally, recent research has shown that sev-
eral types of distribution network optimization problems that are
originally mixed integer nonlinear programming problems can
be transformed into convex optimization problems [24]–[26].
A set of conditions must be satisfied for the optimal solution of
the transformed problem to be the same as that of the original
problem. In this paper, the mixed integer nonlinear model de-
veloped can be transformed into a mixed integer second order
cone problem as shown below.

This paper presents a comprehensive mathematical model to
solve the restoration problem in radial EDSs. The original model
is a problem of mixed integer nonlinear programming. How-
ever, this model is transformed into a problem of second-order
cone programming, which can be solved efficiently using com-
mercial solvers based on the efficient branch and bound opti-
mization technique. Specifically, this paper addresses:

• The development of a general mathematical model of
second-order cone programming to solve the restoration
problem in balanced radial distribution systems.

• An analysis of the particular mathematical model formula-
tions that may be more easily solved.

• A comparative analysis with other previously proposed
algorithms.
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II. MATHEMATICAL MODEL

The following assumptions were made in order to formulate
the mathematical model for the restoration problem in EDSs: 1)
a balanced three-phase AC power flow is considered, hence the
EDS is represented by a single-phase equivalent; 2) the radial
topology must be maintained; and 3) the operational limits, such
as the current capacity of the feeders and the voltage magnitude
limits, must be satisfied.

The objective function is modeled using five different terms.
It should be noted that these terms are not necessarily equally
important or conflicting. Therefore, we present a hierarchical
mathematical modeling in which parts of the objective func-
tion are more important than others. This hierarchical process
should account for the following criteria: 1) the most impor-
tant goal is to meet the highest possible demand of the restored
system and to perform all of the switching operations neces-
sary to achieve this goal; 2) if it is necessary to open switches,
then the automatic switches must be opened before the manual
switches, since this kind of maneuver is possible; and 3) if it is
necessary to close switches, then the automatic switches must be
closed before the manual switches, since this kind of maneuver
is possible. Finally, modeling the objective function makes it
possible to prioritize the connection of more important loads
over less important ones, yet various types of priority loads can
be considered. It should also be noted that the objective func-
tion is a generalization of the proposal presented in [7]. As such,
the first four terms of the objective function can be considered
to be the restoration time costs or switching costs, and the last
term can be considered to be the cost of non-supplied energy,
as shown in [7] and [8]. However, the mathematical model has
presented these terms as hierarchical, as observed in [2], and
the coefficients used have been calibrated to preserve the hier-
archical nature of the terms of the objective function. In addi-
tion, modeling the constraints in the new mathematical model
represents an original contribution to the restoration problem.
Previous studies have proposed relaxed constraints, considering
only the active power balance. In our work, we have presented
the full constraints of AC modeling used in distribution system
operation and all of the operating limits constraints of the AC
model.

The proposed mathematical formulation for the restoration
problem in EDSs takes the following form:

(1)

(2)

(3)

(4)

(5)
(6)
(7)
(8)
(9)

(10)

(11)
(12)
(13)
(14)
(15)

(16)
(17)
(18)
(19)
(20)

The formulation presented above uses a fictitious substation
at node . The purpose of this substation is to maintain the
connection with the part of the system that cannot be restored
without modifying the switch state of that part of the EDS. In
the same way, artificial circuits that link the fictitious substation
to each load node are incorporated; they can only transport ficti-
tious flow demanded by the nodes disconnected from the EDS.
Also, the strategy used to model the restoration problem in EDSs
is similar to the artificial node and the artificial branches in phase
one of the network flow optimization method. The purpose of
the fictitious substation and its artificial circuits is so that the
switch state of the isolated part of the system will not change.
Without the fictitious substation, unnecessary switch maneu-
verings could appear in the non-restored part of the electrical
system in order to satisfy (9). Therefore, the fictitious substa-
tion and artificial circuits ensure that the non-restored part of the
system forms a radial topology with the fictitious substation and
some artificial circuits, and the operation state of the switches in
the non-restored part of the system does not change. This fact is
illustrated in Fig. 1. For this illustrative example, a fault at node
5 is isolated by opening the corresponding circuits and only the
load at node 7 can be restored. As a result, two isolated parts
are formed (one with node 6 and other with nodes 8 and 9). The
fictitious substation makes it possible to form a radial topology
connecting these two parts through two artificial circuits. Note
that the switch at circuit 8–9 remains closed.

The decision variables of the model are and . The bi-
nary variable assumes a value of 1 if the circuit is closed,
and 0 if the circuit is open. The connection state of a load is de-
termined by the binary variable that has a value of 1 if the
active and reactive power demands at node are not supplied
by the substations and therefore the node is disconnected from
the EDS; otherwise, is 0, implying that the demands are fully
met by the substations.
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Fig. 1. Illustrative example of a fault at node 5. (a) Before the fault. (b) After
the restoration process.

Other variables of the model are , and , which
represent the active and reactive power flows and the square of
the current flow magnitude in circuit , respectively. and

represent the active and reactive power generation at node
, (there is generation only at the substations). corresponds

to the square of the voltage magnitude at node , and is an
auxiliary variable in the calculation of the voltage drop in circuit

that depends upon the state of that circuit. Additionally, the
variables and were added to the formulation in order to
represent the artificial power flow in circuit and the artificial
generation at node , respectively.

The data and parameters of the model are as follows: is
the load disconnection cost, and are parameters related
to the manual and automatic switches that are open before the
restoration process, while and are parameters related to
the manual and automatic switches that are closed; and
represent the active and reactive power demands at node , re-
spectively; , and represent the resistance, reactance,
and impedance of circuit , respectively, and is the current
limit of that circuit; the lower and upper voltage limits for the
EDS operation are defined by and .

The sets considered in the formulation are and ,
which correspond to the sets of automatic and manual open
switches, respectively; and represent the sets of au-
tomatic and manual closed switches, respectively; is the set
of circuits in the EDS after eliminating the circuits that cannot
operate when restoring the system; is the set of nodes; and

is the set of fictitious circuits that connect the fictitious sub-
station to each load node. All of these sets are known before
the beginning of the restoration process. Additionally, is the
number of substations, including the fictitious one.

In the proposed formulation, the objective function aims first
at minimizing the disconnection of loads and second at reducing
the operation of switches. This kind of compromise can be ob-
tained by adequately selecting the values for the parameters

, and . A suitable selection of these parame-
ters makes it possible to differentiate between priority and non-
priority loads, as well as to prioritize the operation of automatic
switches over manual ones. The units of the parameters in the
objective function must have the proper form so that each parcel
of the objective function is given in monetary units. However,
the values of these parameters are chosen in order to prioritize
some objectives over others according to the same logic of the
big-M method in LP. Thus, the objective function value is of
no practical importance, since it is only used to find the values
of the decision variables and to preserve the hierarchy of these

variables according to the preferred options of the restoration
problem. It should be noted that the coefficient of variable in
the objective function is ; this value should be
significantly higher than the other parameters.

Constraints (2) and (3) represent the active and reactive
power balances in the nodes of the EDS, while (4) and (5)
represent compliance to Kirchhoff's second law for each circuit
of the network. However, in the traditional formulation, there
is no additional variable in (4), and the equation related to
(5) is an equality constraint. The variable is incorporated in
order to satisfy (4) if circuit is not operating (a circuit does
not need to satisfy Kirchhoff's second law if it is disconnected);
the value of is controlled by (8) according to the state of the
corresponding circuit.

In (5), the original relationship is
transformed into the second order conic constraint

according to the similar formulation presented in [27]
and taking into account that the conditions presented in [25]
are satisfied in the nonlinear model developed. Then, the orig-
inal nonlinear problem is transformed into a second order cone
model. A formal demonstration of the conditions under which
this transformation is exact appears in [25]. According to [25],
the transformation is valid if the objective function is linear, if
there are no upper bounds on loads, if the solution assumes a ra-
dial topology, and if it complies with the following assumptions:
1) the network graph G is connected, 2) the objective function
is convex, 3) the objective function strictly increases with the
square of the current, non-increasing with the load and inde-
pendent of branch power flow, and 4) the problem is feasible.
A detailed analysis showed that the model (1)–(20) meets all of
the requirements outlined in [25] (the sufficient conditions for
optimality). Additionally, it was observed that (5) was active in
the optimal solution for all of the performed tests. Since the pro-
posed method is a relaxation of an exact model, it is important
to check if the solution obtained is feasible and if the error in the
approximation is not large. For the tests showed in the Tests and
Results Section, it was verified that the obtained solutions sat-
isfied (5) as a stricter equality constraint and there was no error
in the approximation.

Constraints (6) and (7) represent the operational limits of
voltage and current, respectively. Constraint (8) is used to en-
sure the feasibility of (4). So, if (circuit is operating),
then , which means that Kirchhoff's second law must be
satisfied in that circuit, otherwise takes any value that satis-
fies (4). The radial topology of the EDS after the restoration is
guaranteed by (2), (3), (9), and (10) as was proven in [23].

Constraint (10) represents the artificial power flow balance in
each node of the EDS and, as such, forces the topology of the
buses not restored to be radial. Thus, if , then node has
been restored. Therefore, the artificial flows are equal to zero be-
cause there is no connection between this node and the fictitious
substation, which is the only node that supplies artificial flow.
In this case, (10) becomes irrelevant. However, if is equal
to 1, then node has not been restored and there is a demand
of a fictitious flow of unitary value in node that needs to be
supplied by the artificial substation. Therefore, there must be a
path between node and the substation through closed circuits or
an active fictitious branch between the fictitious substation and
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node . Thus, this strategy ensures that the not restored portion
of the system is radial and connected, and, more importantly,
does not require switch maneuvers in the non-restored portion
of the system. Constraint (11) establishes that only the artificial
substation generates artificial flow. The artificial power flow in
a circuit is limited by (12) according to the operation state of the
circuit, while (13) and (14) define that there is not active and re-
active generation at the fictitious substation.

Additionally, a set of constraints is added to the proposed
formulation in order to improve the solution process. The con-
straint (15) is a surrogate constraint indicating that at least one
circuit must be connected to a load node. This condition is not
necessary in the original model, but it can be important for ac-
celerating the optimization process in the branch and bound al-
gorithm. Constraints (16) and (17) force the active and reactive
power in one branch to be equal to zero when there is no closed
branch and limit these values to be smaller than the maximum
apparent power in the branch. Constraint (18) ensures that if cir-
cuit is operating, then the variables and have the same
value. Finally, the binary nature of the decision variables
and is represented by (19) and (20). Additionally, a quadratic
constraint limiting the apparent power generated at each substa-
tion can be included in the mathematical model.

The main idea of the mathematical model can be described
as follows:

• If it is possible to restore the EDS without violating the
operational constraints, all variables must be equal to
zero, and the demands at the load nodes must be satisfied
by the substations. In this case, the model optimizes the
number of switching operations. Furthermore, all artificial
variables are zero, and the artificial substation is isolated.

• If it is not possible to restore the EDS without violating the
operational constraints, then some variables are equal
to 1, which means that the complete demand of the corre-
sponding nodes is disconnected. The mathematical model
does not permit the partial disconnection of a demand (i.e.,
there is full attendance or complete disconnection). In this
case, the model must prioritize the disconnection of the
lower demands if the same value for is chosen. More-
over, the different selection of values for allows the
optimization model to disconnect preferential non-priority
loads. Under these conditions, the model optimizes the
number of operations of the switches as a secondary func-
tion. The load nodes that are not reconnected to the EDS
must be linked to the artificial substation.

It must be noted that the proposed mathematical model is
general and comprehensive, which permits it to solve partic-
ular cases. So, in its general form, by controlling the parameter

, the model prioritizes the satisfaction of the demand. Within
this process, a node of the system, which was not disconnected
(in-service customers), can be disconnected in order to recon-
nect nodes in the disconnected part of the system (out-of-service
areas) with larger demand, as proposed in [5].

This mathematical formulation is a mixed integer second-
order cone programming model that can be solved using com-
mercial solvers. The main advantage of this kind of formulation
is that classical optimization techniques can guarantee the op-
timal solution to the problem. This formulation can require a

long processing time to find the optimal solution because any
node or circuits can be disconnected. For particular cases, how-
ever, the model can be solved very quickly, as is show in the
Tests and Results Section.

III. TESTS AND RESULTS

The mathematical model was tested using a 53-node test
system with 61 circuits, which was based on the system in
[28] adapted from [29]. In the latter work, a specialized tabu
search algorithm was used to solve the restoration problem
in EDS. The 53-node test system had 3 substations and 50
load nodes and under normal conditions presented an active
power demand of 45 668.7 kW and a reactive power demand
of 22 118.24 kVAr. The nominal voltage of the system was
13.8 kV, while the lower and upper voltage limits were 0.95 p.u.
and 1.00 p.u., respectively. The data for this test system is
shown in the Appendix. The value of the parameters used were:

, and (re-
flecting the preference for using automatic switches over open
manual switches). Fig. 2 shows the normal operation of the
system with a configuration of open and closed switches that
form a radial topology. The nominal capacity of the substations
at nodes 101, 102, and 104 is 33 400, 30 000, and 22 000 kVA,
respectively. The model was implemented in AMPL [30] and
was solved with CPLEX [31] using a computer with an Intel
4770 processor. The stopping criterion was a maximum gap of
0, i.e., the optimization process carried out by CPLEX ended
when the optimal solution was guaranteed.

A. General Tests

For the general tests, any switch could be open or closed,
and the demand of any node could be disconnected. All of the
switches were of the same type. There were no priority loads,
and each circuit of the system had a switch (allowing the circuit
to be open or closed). These kind of tests are complex and, there-
fore can require longer processing times. However, they permit
a more complete conceptual analysis. In the Section III-B, spe-
cialized tests involving short processing times are described.
1) Fault at Node 3: In this case, a fault at node 3 was an-

alyzed. As such, node 3 and circuits 101-3 and 4-3 were dis-
connected from the EDS, and the number of related switch op-
erations was not taken into account. Also, the load at node 3
(485.10 kW and 234.93 kVAr) was not restorable. After iso-
lating the fault, the EDS had 52 nodes (3 substations and 49 load
nodes) and 59 circuits. The following results were obtained:
(a) it was not possible to restore all of the demands of the re-
maining EDS. Nodes 5, 6, and 26 were disconnected because it
was not possible to satisfy the complete demand at these nodes.
Therefore, the curtailment in the restored EDS was 3 118.50 kW
and 1 510.35 kVAr, totaling, 3 465 kVA of apparent power (i.e.,
the total demand at nodes 5, 6, and 26); the switches in circuits
5-4, 28-6, 27-8, 26-27, and 34-33 needed to be open, totalizing
5 open switches, and the switches in circuits 28-27, 8-33, 35-40,
and 28-50 needed to be closed, totalizing 4 closed switches;
(b) the restored EDS operated with 49 nodes (3 substations and
46 load nodes) and 46 circuits. The restored EDS is shown in
Fig. 3; it can be seen that the system operates with a radial con-
figuration; (c) the node with the lower voltage was the node 4,
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Fig. 2. Topology of the test system before the fault.

which had a voltage of 0.9635 p.u. The optimal solution was
found in 38.6 s.
2) Fault at Node 11: In this case, a fault at node 11 was ana-

lyzed. Node 11 and circuits 102-11 and 12-11 were disconnected
from the EDS, and the number of related switch operations was
not taken into account. Also, the load at node 11 (207.90 kW
and 100.72 kVAr) was not restorable. After isolating the fault,
the EDS had 52 nodes (3 substations and 49 load nodes) and
59 circuits. The following results were obtained: (a) it was pos-
sible to restore all of the demands of the remaining EDS. Just
node 11, at fault, was isolated in the EDS; the switches in cir-
cuits 45-12, 39-38, and 34-33 had to be open, totalizing 3 open
switches, and the switches in circuits 13-12, 8-33, 35-40, and
10-38 had to be closed, totalizing 4 closed switches. Therefore,
7 operations of the switches were executed; (b) the node with
the lower voltage was node 32, which had a voltage of 0.9685
p.u. The optimal solution was found in 8.1 s.
3) Fault at Node 14: In order to restore the system after a

fault at node 14, node 14 and circuits 102-14, 15-14, and 14-46
were disconnected. Also, the load at node 14 (693.00 kW and
335.64 kVAr) was not restorable. After the isolation of the fault,
the remaining EDS had 52 nodes (3 substations and 49 load
nodes) and 58 circuits. After solving the problem, it was veri-
fied it was not possible to restore all of the demand. The solution
had the following characteristics: (a) nodes 15, 16, 36, 46, and
47 were disconnected from the system because it was not pos-
sible to completely satisfy the demands at these nodes. There-
fore, the curtailment in the restored EDS was 4 435.20 kW and
2 148.06 kVAr, totalizing 4 928 kVA of apparent power (i.e., the
sum of the loads at nodes 15, 16, 36, and 47); (b) the switches

Fig. 3. Topology of the test system restorated after the fault at node 3.

in circuits 36-35, 16-40, 42-41, and 47-42 had to be open, total-
izing 4 open switches. The switches in circuits 40-41, 35-40, and
28-50 had to be closed, totalizing 3 closed switches. Therefore,
the state of 7 switches was modified. The EDS operated with
47 nodes (3 substations and 44 load nodes) and 44 circuits; and
(c) the node with the lower voltage was node 41, which had a
voltage of 0.9600 p.u. The optimal solution was found in 27.8 s.
4) Comments on the General Tests: From the aforemen-

tioned tests, the following observations can be made about the
performance of the mathematical model:

• For the fault at node 3, a better quality solution was ob-
tained than the one found in [28] using the tabu search al-
gorithm. The solution found had load disconnection.

• For the fault at node 11, the solution obtained was of the
same quality as the one found in [28] by the tabu search
algorithm. In this case, there was not need for load discon-
nection. As a result, it can be concluded that there is no
curtailment, and there are alternative optimal solutions.

• For the fault at node 14, a better quality solution was ob-
tained than the one found in [28] by the tabu search algo-
rithm. The solution obtained needed load disconnection.

• For all cases, the voltage was above the lower limit, and
the substations operated within their limits.

Another important fact is that there is usually voltage regula-
tion at the substation. For these cases, it would be appropriate to
fix the voltage at its upper limit (1.05 p.u.). For the 53-node test
system, additional tests showed that this strategy did not pro-
vide significant improvements because the problem lay in the
current capacity of some circuits. However, for other systems,
this strategy could be relevant. By increasing the voltage at the
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substation, there should be a slight reduction in the current of the
circuits, and therefore there is a small possibility that some addi-
tional loads will be reconnected. In order to verify this premise,
the tests for the three faults were carried out again, but this time
the voltage at the substations was fixed at 1.05 p.u. The results
showed that for a fault at node 3, the same solution was found
and for a fault at node 11 there was an alternative optimal so-
lution. But for a fault at node 14, however, there was a better
quality solution. In this solution, the switches in circuits 40-41,
35-40, and 28-50 had to be closed, while the switches in circuits
16-40, 42-41, and 47-42 had to be open, totalizing 6 switch op-
erations. It is important to note that the solution found restored
the demand at node 36 (which was disconnected in the solu-
tion found in Section III-A3) and the demand at node 41 (which
was disconnected in the solution found by the tabu search al-
gorithm). The theoretical explanation for this behavior may be
related to the fact that an increase in the voltage produces a
small reduction in the circuit currents, which may be enough
to incorporate an additional load into the restoration of the EDS
studied. So, the solution found disconnects a load of 4227.3 kW
and 2047.3 kVAr, that is, 4697 kVA.

Additionally, tests were performed on faults in each bus of
the electric system. The tests presented here were the most im-
portant and significant ones. For faults in each of the other buses
of the system, the processing times were much smaller and less
critical than for the faults in the buses connected to the substa-
tions. Therefore, those tests have not been included, as they do
not add any relevant information.

Since the parameters and are concurrent, choosing
could be enough. However, a more conservative

choice for an electric system with open automatic switches
would be the values and . For the
choice of parameter , one should take into account that the
coefficients of the variables should be significantly higher than
the coefficients of the other variables in the objective function
according to the same logic guiding the choice of the M param-
eter in the big-M method in linear programming. Thus, these
parameters must be several times larger than the other param-
eters. Therefore, the lowest must be sufficiently higher than
the other parameters. In the performed tests, the lowest value
that could assume was calculated using the data of the test
system. So, and A was the
highest valueof theotherparameters ( , and ).Then, the
minimum value of was with being relatively
large, for example between 20 and 50 units. In the system tested,

(see Table II) and . In addition, we chose
, which resulted in . Thus, we used a value

of . This means that the lowest coefficient value for the
variables was the coefficient with a value of .

All other coefficients for were higher. Obviously, the same
logic can be applied if power is represented in the p.u. system.

B. Specialized Tests

In this subsection, specialized tests that consider specific tech-
nical characteristics of the EDS are shown. Such characteristics
are priority loads, the requirement that the part of the EDS not
isolated by the fault must not be disconnected by the restoration
strategy, the discrimination between manual and automatic

switches, and the fact that not every circuit can be open/closed,
that is, just aportionof thecircuitshave interconnectionswitches.
The main result of these tests was that the processing time was
significantly reduced, making the proposed optimization method
applicable to real-time situations. Only faults at node 3 were
considered, and, for these specific tests, the solutions found
were the same as those presented in Section III-A1. (Only the
test E1, in which the disconnection of loads not isolated by the
faults was not permitted, produced a different solution.) So, the
only difference was in the processing times.
1) Test E1: For this test, it was assumed that in the restoration

process it would not be possible to disconnect nodes that were
not isolated after the fault. This requirement meant that
for all nodes that were not isolated and for all circuits
that were in operation after the fault. So, the switches that could
be used in the restoration were the ones that were in the region
isolated by the fault, including the switches at the open circuits
that could connect that region to the remaining part of the EDS
in operation. Consequently, the number of binary variables of
the model was reduced drastically. Under these exigencies, the
optimal solution disconnected nodes 4, 5, 6, 7, and 26, totalizing
4573.80 kW and 2215.21 kVAr (5621 kVA). In addition, the
switches in circuits 8-7, 27-8, 26-27, and 28-6 were open, while
the switches in circuits 8-25, 28-27, and 28-50 were closed, to-
talizing 7 switch operations. This solution was the same as the
one found using the tabu search algorithm presented in [28]. The
processing time was 0.7 seconds. For the other tests, the optimal
solution was the same as was shown in Section III-A1.
2) Test E2: In this test, priority loads were consid-

ered. A priority load not disconnected by the fault must
not change the feeder where it is connected, and if the pri-
ority load was disconnected it should be reconnected with
priority. The loads at nodes 25, 27, 31, and 33 were pri-
ority. (Note that load at node 27 was disconnected by the
fault). For this test, the variables ,
and were fixed to 1 for the priority load at node
31; , and

are fixed to 1 for the priority load at node 33;
, and were fixed to

1 for the priority load at node 25. Additionally, the variables

, and had to be fixed to 0. Furthermore, the value for
(related to the priority load at node 27) was chosen to be larger
than the other , aiming at restoring that load with priority.
The optimal solution was found in 8.4 s.
3) Test E3: In this test, besides the priority load considered

in Test E2, some automatic switches were considered. Open au-
tomatic switches were in circuits 8-33, 35-40, 28-50, 10-38, and
17-18, therefore, the values for related to those devices had
to be lower that the values for . Closed automatic switches
were in circuits 33-34, 26-27, 8-27, 13-43, and 44-45, therefore,
the values for related to those devices had to be lower than
the values for . Also, the variables fixed in the Test E2 re-
mained fixed. The optimal solution for this test was obtained in
5.5 s.
4) Test E4: For this test, besides the priority loads and

automatic switches considered in Test E3, it was assumed
15 switches did not exist in the system. So, the variables
related to the circuits 19-20, 18-19, 18-21, 13-43, 32-39, 4-7,
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TABLE I
SUMMARY OF THE RESULTS

7-8, 16-40, 15-16, 14-15, 48-49, 49-50, 41-42, 42-47, and
46-47 had to take a value of 1 (i.e., they had to be closed). The
optimal solution for this test was found in 1.2 s.

It should be noted that the results for these specialized tests
showed that when particular cases (existing in the EDS) are con-
sidered, the processing time is reduced considerably.

A summary of the results is presented in Table I.

C. Additional Comments on the Tests and the Mathematical

Model

The results showed that when the general model is used, the
processing time is relatively large for solving the restoration
problem. Therefore, this model can be used off-line to carry
out preventive tests, to optimize maintenance programs, and to
generate optimal solutions that can be used to verify the quality
of faster heuristic or metaheuristic methods. Furthermore, it is
known that branch and bound algorithms can demand a large
amount of time to verify the optimal solution, but they usually
found the optimal or near optimal solutions very quickly. In this
context, the EDS operator does not need to wait until the process
is finished; the first feasible solution without load curtailment
obtained by the optimization method can be used; furthermore,
a stopping criterion, such as a preestablished optimality gap dif-
ferent from 0, can be defined. Both new research about the gen-
eration of feasible constraints for optimization problems and
improvements in commercial solvers have improved the per-
formance of the optimizations methods and reduced the com-
putational effort demanded when solving the models. For the
specialized tests, the processing times are compatible with the
requirements for the restoration problem in EDSs.

Concepts from operational research were applied to the for-
mulation of the mathematical model. Thus, the following ob-
servations are appropriate: (a) the objective function is a gen-
eralization of the two-phase method widely used in the simplex
algorithm in linear programming. So, in phase 1 of the simplex
method, artificial variables are used, and they are systematically
eliminated in the optimization process (see big-M method in
linear programming [32]), i.e., the normal variables and the ar-
tificial ones are treated hierarchically; (b) in the mathematical
model, concepts of graph theory are also used to ensure the ra-
dial topology of the final solution, while the minimum number
of switching operations needed to isolate the disconnected part
of the system and connect it to the fictitious substation is guar-
anteed; and (c) the transformation of a mixed integer nonlinear
programming model into a mixed integer second-order conic
programming formulation is essential for making the proposed

TABLE II
NODE DATA

method viable. Preliminary work using mixed integer nonlinear
models has been abandoned due to the lack of efficient solvers
for these kind of formulations.

The proposed method determines the final configuration, i.e.,
providing the information about the switches that must be open
or closed. An algorithm to solve the problems separately and
sequentially of how to identify the switches that must be op-
erated and generate the sequence in which they must be acti-
vated is proposed in [8]. However, in the specialized literature,
the problem of finding the sequence of switching operations is
still under analysis. The model proposed in this work can be ex-
panded to consider that problem and we consider that this im-
portant issue should be addressed in other research work.

IV. CONCLUSION

In this paper, a comprehensive mathematical model for the
restoration problem in balanced radial distribution systems was
presented. The mixed integer second-order conic model can be
solved efficiently using commercial solvers. Thus, the proposed
model and the proposed solution presented can be used offline
or online, depending on the time needed to solve the problem.

Test results show excellent performance with regard to the
quality of the solution (i.e., the model guarantees that the solu-
tions are optimal). The drawback of the model is the relatively
long processing time. However, further research can be con-
ducted to improve this feature. Finally, we consider this work to
be an initial proposal that can lead to further research in related
topics such as (a) improving the mathematical model with the
generation of valid constraints in order to reduce the processing
time, (b) developing slightly relaxed models that can be solved
more quickly using commercial solvers, while does not signif-
icantly degrading the quality of solutions, (c) considering the
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TABLE III
CIRCUIT DATA

effect of distributed generation, and (d) discussing the problem
of how to implement the switching operations after identifying
the switches that must be operated in order to energize the por-
tion of the electrical system de-energized.

APPENDIX A
53-NODE TEST SYSTEM DATA

The data for this test system is shown in Tables II and III.
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