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Abstract In this paper, an integrable generalization
of the Kadomtsev-Petviashvili (KP) equation in arbi-
trary spatial dimension is proposed. Firstly, the sin-
gularity manifold analysis is performed to prove that
the (n+1)-dimensional KP equation with general form
is Painlevé integrable. Secondly, combining the trun-
cated Painlevé expansion and binary Bell polynomial
approach, the integrable characteristics of the (n+1)-
dimensional KP equation are derived systematically,
including N-soliton solution, bilinear Backlund trans-
formation, the associated Lax pair as well as infinite
conservation laws. Moreover, various types of localized
solutions can be constructed starting from the N-soliton
solutions. The abundant interactions including over-
taking solitons, head-on solitons, one-order lump, two-
order lump, breather, breather-soliton mixed solutions

are analyzed by some graphs.
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1 Introduction

During the past decades, mathematical physicists have
devoted great efforts in developing a number of effec-
tive and efficient methods for solving integrable sys-
tems, including the inverse scattering transform (IST),
Béacklund transformation, Darboux transformation and
Hirota’s bilinear method amongst many others [1-5]. As
is well known, many researches focus on the integrable
systems in (141)-dimensions and (2+1)-dimensions [6-
16]. Considering the fact that the real situation is in
(341)-dimensions, a number of (341)-dimensional equa-
tions have been proposed starting from the lower di-
mensional integrable models, and their various types
of exact solutions have been presented [17-22]. Among
these (341)-dimensional equations, most of them do
not pass the conventional integrability test. Therefore,
searching for more integrable models in 34+1 dimen-
sional or more higher dimensions, is a challenging and
significant research issue in nonlinear science.

The KP equation formulated by Kadomtsev and
Petviashvili in 1970 [23], as a two spatial dimensional

analog of the classic Korteweg-de Vries equation, can

well simulate nonlinear phenomena in fluid physics, plasma

physics, Bose-Einstein condensates, optics etc. Due to
the physical and mathematical significance, KP equa-
tion attracts much attention of scholars, its integrable
features and various exact solutions have been inves-
tigated by using different methods [24-31]. Consider-
ing that the real situation is in 3+1 dimensions, vari-
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ous higher dimensional extensions of KP equation have
been investigated from different viewpoints [32-37]. How-
ever, these higher dimensional extensions do not keep
their original integrable characteristics since the Painlevé
property, N-soliton, Lax pair, symmetry structure as
well as infinite conservation laws are no longer con-

served.

The question that naturally arises is whether the
well-known KP equation can be extended to three spa-
tial dimensions or more higher dimensional space. More
importantly, the extended KP equations in higher di-
mensions are expected to possess the same integrable
properties as the classic KP equation in 2+1 dimen-
sions. This paper aims to give an affirmative answer
to this question. For this purpose, we propose a new

generalized KP equation in n+1 dimensions

n
(i 0tttg, + By, 212, ) oy H Y Uaazs + Y Oi tiaya, =0, (1)
i=1

where n > 2, u is a differentiable function with respect

to spatial variables z1, s, -- , 2, and time variable t,

the subscripts represent the partial derivatives, and «,

B, v and o;(i = 1,--- ,n) are constant parameters.
When a =6, 8=1,v=3e2 and A = 01 = 05 = 0,

and z1 = x, £3 = y, equation (1) becomes [23]
(ut + 6uty + Upps)s + 32Uy, = 0, € = £1. (2)

when € =i and e = 1, (2) is exactly the the KPI equa-
tion and KPII equation, respectively. The change in
sign of €2 is related to the magnitudes of gravity and
surface tension.

When 21 = z, 29 = y, 3 = z, equation (1) may
be reduced to the (3+1)-dimensional generalized KP

equation

(ut + auug + /BU’I"I"E)’E + YUyy + 01Uzy (3)
+ 0’2uajy + O3Ugy = 0.

Note that another (3+1)-dimensional KP equation in-

vestigated in Ref. [32] fails the integrability test due to

the existence of second order dispersion term ..

The remaining parts of the paper are arranged as
follows. In Section 2, the singularity manifold analysis
is conducted to prove that equation (1) is Painlevé in-
tegrable based on the WTC method. Subsequently, we

employ the binary Bell polynomial approach to investi-
gate several integrable features of Eq. (1). The bilinear
form and N-soliton solution are constructed in Section
3, the bilinear Backlund transformation and Lax pair
are derived in Section 4. Section 5 is devoted to prove
that there exists infinite conservation laws for equation
(1). In Section 6, some localized solutions and interac-
tions of multiple waves are analyzed by graphs. Finally,

some brief conclusions are given in Section 7.

2 Painlevé property

The singularity manifold analysis is a very useful and
effective tool in the analysis of Painlevé property of non-
linear evolution models. According to the WTC method
[2], Eq. (1) is said to have the Painlevé property if its

solution can be written as Laurent series

oo

w=> u¢t (4)

Jj=0

and it is “single-valued” in the neighborhood of singu-
larity manifold ¢. Note that in (4), both ¢ and u;(j =
Tyt
To reduce the computational complexity, we take the

0,1,---) are analytic functions of {z1,x9,"--

Kruskal’s ansatz about singular manifold, i.e., letting
¢ =1+ P(T2, T, 1),

First, substituting the series (4) into (1) and bal-
ancing the most dominant terms, yields the exponent
and the coefficient of leading term in (4), k = —2 and
ug = —128/a.

Subsequently, we need to determine the resonance
points at which the coeflicients in (4) are arbitrary. To
this end, inserting u = ug¢ =2 + u;j¢~2 into (1), and
vanishing the coefficients of ¢/~°, one obtains the gen-
eral recursion relation about u;. It easily follows from
the recursion relation that the four resonant points oc-
cur at j = —1, 4, 5 and 6.

Finally, one should verify the compatibility condi-
tions for each non-negative resonant point. For this pur-

pose, inserting the truncated series

6
u= uj¢ (5)

Jj=0
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into (1) and equating the coefficients of ¢ with different
powers, it is obtained as

up = —128/c, w3 =0,

wp = —(on + e + V2, + 32 oithm) /0 (6)
1=2

usz = 777[}3’:2362 /O[.
The compatibility conditions corresponding to the re-
mained resonant points 4, 5,6 are listed as follows,
n
Uy, + 7”17;[):6212 + 27“1,9527/)952 + Z O ULz, = 0,
i=2
ul,wzwg = 0)

us,t + YU2, zoxy + 2U47/)t + 7“3"/):1321’2 + 27”3,12 1;[}12 (7)

+ 2cugus + 20y + aul + 27u4¢§2 + 201ug

n
+ Z Ui(2uubwi =+ U3)xi) = 0.

i=2
Combing the ug, u1, ug and uz values given by (6), the
above three compatibility conditions are proven to be
satisfied identically. In other words, u4, us and ug in (5)
are arbitrary functions. Therefore, it is concluded that
the new (n+1)-dimensional KP equation (1) with gen-
eral form possesses the Painlevé property without any
constraints between the parameters «, 8,7 and o;(i =
]‘7 P 5 n).

3 N-soliton solutions

The binary Bell polynomial method [3] provides a direct
and effective framework to construct Backlund trans-
formation, Lax pair and other integrable characteristics
in a systematic way, which is widely applied in a great
number of NLEEs [38-42]. Starting from the above sin-
gularity manifold analysis, one obtains the truncated
Painlevé transformation u = %(ln @) wyzy + u1. Let-
ting ¢ = 2ln¢ and u; = 0, and integrating (1) with

respect to z1 twice yields

n
Quyt + 3 qg2clgc1 +5 Qi TV Qoomy T Z CiGzrz; = 0,
i=1
(8)
which can be rewritten as the &2-polynomial equation
with the form,

gzzlt(q) + 6'@931931931931 (Q) + rygﬂiziz (q)

n 9)
+ ;Uiﬁmlmi(q) =0.

With the assumption ¢ = 21n ¢, the above £-polynomial
equation is reduced to the bilinear representation of the

(n+1)-dimensional KP equation (1)

(Dg, Dy + Dy, +~vD2, + > 0i Dy Dy)op - ¢ = 0.
=1

(10)

Based on the bilinear form (10), and employing the
perturbation technique [5], one obtains the N-soliton

solutions of equation (1), which reads

128 92 N a
U= 7'@1ﬂ E exp E P3N + E PjPs Gjs
1 j=1

p=0,1 1<j<s
(11)
with
n
nj =2 kji (@i +wjt) +njo,
i=1
n
wj = — (o1 + Bk, +vkjy + 3 i ki), (12)
=2

_ Sﬂ(kjl - ksl)z

o = - ’Y(kj2 - ks2)2
7 3B(kj1 + ks1)?

— y(kjo — ks2)?’

where > _, | means a summation of possible combina-
tions about p; = 0,1(j = 1,--- , N). Note that kj;; and

njo (j=1,--- ,N;i=1,--- ,n) are arbitrary constants.

4 Backlund transformation and Lax pair

To construct the Backlund transformation, it is assumed
that ¢ = 2In F and § = 2In G are two different solu-
tions of equation (8). In addition, introducing w and v
such that w = (G4 q)/2, v = (7 — q)/2, we get

E(@) - E(9)

) = Vgt t Gﬂvzlzlwmlml + BUIIIIIIII

n
+ Y Vzoxo + Z 0i Vg,
=1

= 2 B0) + 8% (0, 0)) + R,

8371
(13)
where R is given by
R = 3/8 Uaslxlwa:la:l - 3/valwailill$l - 35U§1v$1$1
(14)

n
+ DAY + Z O Vg,
=1
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Then, to write (14) as the #-polynomial, we sup-

pose

Weyzy + V2, + Oz = A, (15)

where A and § are constant parameters. Then, after

some calculations, Eq. (14) can be rewritten as

Q52
R= 3/\67}901901 - %(wwmmwz + (2 - défyﬁ)vﬂhvﬂhwz

(16)

n
3628
+ Tvm1mlvﬂﬂ2) + Z 0i Ugya; -
1=1

By setting 62 = v/(33), equation (16) is equivalent to

R= 0 (8N4 01) %5, (0) — L Fhre (0, 0)
an
+ 350 %, 0),

Finally, combining (13), (15) and (17), one obtains

Yoy (VW) + 0%, (v) — A =0,

S (Bh(0) + By (0,0) + BAG+01) 2%, ()
L1

5 Yo (0.w) + X 01 %, (0)) =0
=2

1=

(18)

With proper transformation, the % -polynomials can
be reduced to Hirota’s differential operators. Based on
this, the above #-polynomial system (18) yields the
bilinear BT of Eq. (1), which reads

(D2, +6Dy, —AN)F - G =0,
v
(D¢ +BD; + (3\8+01)Dy, — 5 D2, Do, (19)
i=2
where 62 = v/(303).
To derive the Lax pair, we take
w=v+gq, v=Ine. (20)

Starting from the bilinear Bécklund transformation (18),
through the linearizing technique, the Lax pair of (1) is

as follows,

Prrzy + 0Pzy + oy, @ — Ao = 0,

il

ry
@t - (g + /86)()0Z1I2 - (ﬁq:vl:rlml + 5qa:1a:2><p (21)

+ (25%1:19:1 + 4)‘ﬂ + Ul)@ml + Z 03 Pz; = 0,
1=2

where 62 = v/(38), and \ is an arbitrary constant pa-
rameter. The two equations in (21) are compatible pro-

Otgyz,- 1D

other words, the system (21) is just the Lax pair of

vided that ¢ satisfies Eq. (8), i.e., @g,2,t =

equation (1).

As a particular case of equation (1) in 3+1 dimen-
sions, its bilinear Backlund transformation and the as-
sociated Lax pair may be easily derived. Here, we de-
note 1 = x, x2 = y, x3 = z, (19) yields the bilinear

Bécklund transformation of equation (3) with the form,

(D2 4+ 6D, — M)F - G =0,

(Dy + BD? — 1D,D, + (3A3 + 01) D, (22)

)
+0’2Dy +03DZ)F'G = 0

The corresponding Lax representation of (3) is given by

Prz T &Py + Geap — A = 0,

Yt — (% + ﬂé)(pxy + (26Qm$+4>\/8+0'1)<;03:

- (qucx:c + %‘Lcy)@ + o2y + 030, = 0.

(23)

Under the constraint 62 = +/(33), the compatibility

condition @, = @iz implies that

qzt + /BqIICEI + 3BQ§1 +7qmy +o0q Qxx + 02(zy + 03(rz = 07

which indicates that the system (23) is exactly the Lax

pair of equation (3).

5 Infinite conservation laws

As discussed in Section 3-4, equation (1) is both Painlevé
integrable and Lax integrable. The existence of infinite
conservation laws is also an essential and significant
integrable property. In this section, starting from the
coupled #'-polynomials system (18), we will derive the
infinite conservation laws of equation (1) in arbitrary
spatial dimension.

First, by introducing 7 = (gx; — 4z, ) /2, the functions
v and w are related by
(24)

7}11 = 77; w:vl = qwl + 77
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Inserting it into the coupled #/-polynomials system (18)
leads to
ETE + Ny + 772 + 58 ! 77362

0
ot ()

i _
- g (qﬁhwz + Nz =+ 77311177322))

—A=0,

0
+ 671 [ﬂnﬂhﬂh + BB n(qﬁtlﬂfl + 77581)

+ (BAB+o1)n + B’ + >

0

Suppose that 7 = 77+ € and A = €2, equation (25) is

reduced to
Moy + 17"+ 267+ 00y Ty + oy, =0, (26)
1o} 1o} 5
8t( ) + (97 [46 B+ (2qucwc1 + 2577901
- ﬂd nxz - gaxl 77362) (55 - 7)7]8 ! 7]3:2
_ v _ _ (27)
+ 260z, = 5 (dovas + 22) + 284z,2,7

+ BMayay + 0'17]} + Z (Uz' 7) = 0.

5 0z,

Next, we expand the function 7 as the series with

the form,

}: (G, o

Ye . (28)
Inserting the series (28) into (26) and collecting the co-
efficients with the same power of €, we have the explicit

recursion formulae for the conversed densities .7,

I = _qI1$1/2 = —au/(126),

Iy = (Oéufl + aéazilumz)/(zllﬁ)a (29)
kfj’11+5a;11‘,¢]’_’12+ XJ: I Ik

tﬁj*%l = - P} == ’ j > 2.

Finally, combining (27) and (28), one obtains the in-
finite conservation laws of the (n+1)-dimensional gen-

eralized KP equation (1),

Tt + yjﬂﬂl + Z gijwi

=2

:O7j:1a25"'a (30)

where .#; is presented by (29). Moreover, the recursion

formulae of the fluxes .%,, is obtained as
F1 = —(2aBug,z, + 207 [ [ Ugye,drrday
+ @?u? + 2a0qu) /(248)

=4BIj0 + 28I 41,2, — (B0 + 1) I 41,

J
+26 Z jk%—k,z1 + 5%,11.%1 + (Zﬂqmm + Ul)‘%
k=1

—3Fjas — (B6+ 3)B Z S0z,

krw] >2

Other fluxes ¥, are given by

ao2 2(0‘7-’*951 + aéa UHEQ)
Gy =22 g
21 12ﬁ U, 22 24B )
_ aog B os(auy, + oz58;11ux2)
G31 = 125 G3p = 545 )
%jzo’i%a 1227,71,]:273,

In conclusion, equation (1) has N-soliton solutions,
and it also possesses the Painlevé property, Lax pair,
bilinear BT as well as infinite conservation laws, thus
it is concluded that the proposed (n+1)-dimensional
generalized KP equation (1) is completely integrable.

6 Multiple solitons and localized solutions of
equation (3)

In this part, the (3+1)-dimensional KP equation (3)
is chosen to illustrate the interactions between multi-
ple solitons and localized solutions more intuitively. For
convenience, we set v1 = x, 2 =y, 23 = 2z, kj1 = kj,
kjo =1, k;j3 = m;, combining (11)-(12), the N-soliton

solution of equation (3) is written as

12

[0
with

p=0,1 1<j<s
n = ki(z + ljy + mjz + w;t) + njo,

(32)
wj = — (0‘1 —+ ﬁkj? +’}/lJ2 + U2lj + U3mj)7
By k) — A0, L)
7T 3Bk + k)2 — (1 — )2

where > p—0,1 Mmeans a summation of possible com-
binations for p; = 0 and 1. The remained parame-
ters kj,l;,m; and njo(j = 1,--- , N) are arbitrary con-

stants.
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6.1 Two solitons and localized solutions

Taking N = 2 in (32), equation (31) with (32) leads to
the two-soliton solution. Due to the existence of arbi-
trary parameters k;, [; and m;(j = 1,2) in (32), there
are various types of interactions of multiple waves.

Case 1. Two-soliton solution

In (32), we take the parametric choices

k:1=0.87k52=llzm1201252—7:1.07

(33)
ZQ = 0.7,m2 = 0.6,0'2 = 0.5,0’3 = 1.27Ot = 6,

the overtaking interactions between two solitons are
shown in Figure 1. Fig. la depicts the evolution of
two solitons along = direction. It is easily observed that
these two solitons move along the positive x direction
with different speeds, and the soliton with smaller am-
plitude moves faster and it overtakes the soliton with
larger amplitude. In Fig. 1b and Fig. 1c, two solitons
move along the positive y and z direction with differ-
ent speeds, and the soliton with larger amplitude moves
faster and it overtakes the soliton with smaller ampli-
tude.

For the parametric choices

k1 =038,k =m; =~v=-1,11 =0.5, I = 0.3,
(34)

mo =0.6,01 =00 =0F=1,03 =12, =6,
Figure 2 shows the head-on collisions between two soli-
tons. In Fig. 2a, the smaller amplitude soliton prop-
agates along the positive z direction, and the larger
amplitude soliton moves along the negative x direction,
they still keep their original wave speeds and shapes af-
ter the head-on interactions. Similarly, Fig. 2b and Fig.
2¢ display the evolutions of two solitons along with y
and z directions, and there also exist head-on interac-
tions between two solitons.
Case 2. One-order lump solution

By employing the long wave limit method, the lump
solutions can be constructed from solitons with even
orders. Starting from the above two soliton solution,
one can obtain the one-order lump solution. Taking the
limit k; — 0, €"° = —1 and ki /ke = O(1) (j = 1,2),
along with (32), we have

123

=d + —
¢ 1V2 ’Y(ll*l2)2

(35)

where

ﬁjzx—l-ljy-‘rij‘i‘wjta
(36)
w; = — (01 +’yl? +o2ly +o3my), j=1,2.

In order to rewrite (35) as quadratic functions, we
set ll = pP1 +iV1, 12 = pP1 — iljl, mi1 = Kq +i)\1, mo =

k1 — tA1. Then we have

3
b= ($+Ply+l€12+7'1t)2+(V1y+/\12—|—91t)2—%. (37)
1
where
_ 2 2 _ _
TL = YV{ —7YpP1 — K103 — P102 — 01,
(38)

(91 = —2’)/p1l/1 — /\10’3 — V109.
Together with the transformation (31), we get the one-

order lump solution of Eq. (3) as displayed in Fig. 3.

Case 3. One-order breather solution
If taking k1 = ko = p1, lh =15 = p1 + iy, my =
mb = k1 + A1, 10 = 120 = 0, (32) is reduced to

2

2
gid 2¢

d =1+ 2% cos(&y) + ——a——— 25 39

&) 352+ 02 39
where
S =m@+py+rz+t),
S=my+Az+6;t),

(40)

1 =V —BM% _’YP% — k103 — p102 — 01,

91 = —2’Yp11/1 — )\103 — V109.

Substituting (39) into (31), one may obtain the pe-
riodic soliton solution of equation (3). Figure 4(a)-(c)
depicts the evolution of one-order breather solution in

x — y plane, x — z plane and y — z plane, respectively.

6.2 Three solitons and localized solutions

Taking N = 3 in (32), (31) is exactly the three-soliton
solution of equation (3). Compared with the two-soliton
solutions, there are more abundant interactions between
three solitons. In what follows, we focus on two different

cases.

Case 1. Three-soliton solution
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Fig. 1 (Color online) The overtaking collisions between two solitons given by (31), (32) and (33).a.y =0,z =0.b.z =0,z = 0.

c.x =0,y =0.

15 10

15 30 14 15

Fig. 2 (Color online) The head-on collisions between two solitons given by (31), (32) and (34). a.y =0,2=0.b.z =0,z = 0.

c.x =0,y =0.

Fig. 3 (Color online) The one-order lump solution given by (31),(37) and (38) with parametric choices p1 = 0.2, v1 = 1.2,
k1 =05, A1 =01=1,02=08,03=—-1,a=6,8=1,~v=—1. a.In x-y plane. b.In x-z plane. c. In y-z plane.

Selecting proper values for parameters in (32),

kl = 12 = 0.8,]()3 = 1.3,13 = 1.2,m2 = 0.6,
k=l =m =p=—y=0,=03=10, (41)

mg =0.7,00 =0.5,a = 6,

one can observe the overtaking collisions among three
solitons propagating in the same direction. In Fig. 5a,
three solitons propagate along the positive x direction.
Among these three solitons, the one with the tallest am-
plitude is the lowest. Thus after interaction, the soliton
with the shortest amplitude overtakes other two soli-
tons. Fig. 5b and Fig. 5c¢ depict the overtaking inter-
actions of three solitons in y-direction and z-direction.

In (32), we take the parametric choices

kl = 0.8,]€2 =mp =7= —1.0,l1 = 09 = 05,
kg = 1.3,[2 = 0.3,13 = —0.4,m3 = 0.7,0( = 6, (42)

m22—14:0.6,,8:0'1 20'3:1.0,

As observed in Fig. 6a, there exists both head-on and
overtaking interactions between three solitons. Two soli-
tary waves travel along positive z-direction and one
travels along negative z-direction. Note that the taller
soliton overtakes the shorter soliton when both of them
propagate along positive = direction. Fig. 6b and Fig.
6¢ depicts the collisions of three solitons propagating

along y and z directions.

Case 2. Soliton-breather mixed solution
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Fig. 4 (Color online) The one-order breather given by (31), (39) and (40) with the parameter choices 1 = 0.4,p1 = 0.75,v1 =
1.2,k1 =0.25,A\1 = 1.5, 01 =02 =03 =8 =1,y = —1,a = 6. a.In x-y plane. b. In x-z plane. c.In y-z plane.

Fig. 5 (Color online) The overtaking collisions among three solitons given by (31), (32) and (41).a.y = 0,2 =0.b.z =0,z = 0.
c.x =0,y =0.

15 15

15 10

Fig. 6 (Color online) The head-on collisions among three solitons given by (31), (32) and (42). a.y =0,2=0.b.z =0,z = 0.
c.z=0,y=0.

For the particular choices where B12 and L are given by

ki =ko = p1,li =15 = p1 +iv1,my = mj3 = Ky + i\,

P U
ks = p2,ls = p2,m3 = K2, M0 = N20 = 730 = 0, 2T 38uk + (44)
Loid — 3B(m —p2)® —y(py +ivy — p2)*
(32) is reduced to 380+ 12)* = v(pr + vy = p2)?
¢ =1+ 2¢% cos(V) + B e + [BraL?e*, Substituting (43)-(44) into (31), one may obtain the
+ 2LeSt cos( + A) + 1] e soliton-breather mixed solution of equation (3). Figure

. 7(a)-(c) depicts the interactions between one soliton
& = iz + piy + Kz + 7it), j=1,2, (8)-(c) depicts th ‘
and one breather in x — y plane, it can be observed

U=y + Mz + 6it), (43)  that both the solitary wave and the breather wave keep
T =W — Bud —yp3 — K103 — p1og — 01, their velocity and profile after interactions. Their inter-
To = — (01 + Bud + v} + Taps + o3k2), actions are elastic. Due to the limited space, the inter-

actions between one soliton and one breather in z — z
01 = —2vp1v1 — A103 — V109,

plane and y — z plane are omitted here.
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Fig. 7 (Color online) The soliton-breather mixed solution given by (31), (43) and (44). The parameters are selected as
w1 = 04, p=0.75, v1 = 1.2, k1 = 025, \y = 1.5, ua = —1.5, p2 = 0.3, ke = 06, 01 = 02 = 03 = f = —y = 1,

a=6. a.t=-20,z2=0. b.t=0,2=0.c.t=20,2=0.

6.3 Four solitons and localized solutions

Taking N = 4 in (32), equation (31) leads to the four-
soliton solution of the (3+1)-dimensional generalized
KP equation (3). Compared with the two-soliton so-
lutions, there are more abundant interactions between
three solitons. For the sake of simplicity, we only con-
sider two different cases.

Case 1. Four-soliton solution

In (32), we take the parametric choices
ki =1l =my=0.8ky=my =01 =03 ==1.0,
by =13 =12 ks =1y =151 =ms =02 = 0.5, (45)
my =0.3,a=6,8=1,v= -1,

the overtaking collisions between four solitons are shown
in Figure 8. Fig. 8a depicts the evolution of four solitons
propagating along x direction. It is easily observed that
the shortest soliton moves fastest and overtakes three
other soliton. After interactions, both of these four soli-
tons keep their original speed and profile. Fig. 8b and
Fig. 8c depicts the evolution of four solitons propagat-

ing along y and z directions.

In (32), we take the parametric choices
k‘l = —k‘4 = 0.8,](52 =mp =7= —1.0,k'3 = 1.3,
ll =02 = —My = 0.5,m2 = —l4 = 0.6,’!713 = 07, (46)
lg = 0.3,53 = —0.4,ﬁ =01 =03 = 1.0,a = 67
the interactions between four solitons are shown in Fig-
ure 9. Fig. 9a depicts the head-on collision between two
left-going solitons and two right-going solitons along
positive x direction. Fig. 9b and Fig. 9c depicts the

evolution of four solitons propagating along y and z

directions.

Case 2. Two-order lump solution

By using the long wave limit method, the four-soliton
solution can be transformed into
¢ = V1 U20304 + BiaV¥3 Vs + Bi3¥2 94

+ B14Y2 U3 + Bazty V4 + Bog?1 U3 (47)

+ B3yt Yo + B12B3a + B13Bas + B1aBoas,
where
Y =z + Ly + miz + w;t,
wj = — (01 +’Yl]2 +U2lj +U3mj)7 .7 = 1a o 74a (48)
123
Bjs = —/——3,
TR

By setting lo = I7,ma = m7,ly =I5, m4 = mj, we

1<i<s<4

obtain the two-order lump solution of equation (3). Fig-
ure 10(a)-(c) depicts the evolutions of two-order lump
waves in the x — y plane, x — 2z plane and y — z plane,

respectively.

7 Conclusions

Searching for higher dimensional integrable models is
a significant and challenging issue in nonlinear math-
ematical physics. Our previous work presented some
novel integrable models in 3+1 and 4+1 dimensions,
and their integrable features as well as exact solutions
are explored from different viewpoints. This paper aims
to extend the classic lower dimensional integrable modes
to arbitrary spatial dimension. Due to the physical and
mathematical significance, we investigate the celebrated
KP equation and propose its (n+1)-dimensional inte-
grable extension. By employing the singularity manifold
analysis, the (n+1)-dimensional KP equation is shown
to be Painlevé integrable without any constrains of pa-
rameters. The binary Bell polynomial method is suc-
cessfully used to the proposed (n+1)-dimensional KP
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Fig. 8 (Color online) The overtaking collisions among four solitons given by (31), (32) and (45). a.y =0,z =0.b.2 =0,z = 0.

c.x =0,y =0.

15 10

Fig. 9 (Color online) The head-on collisions among four solitons given by (31), (32) and (46). a.y =0,z =0. b.z =0,z = 0.

c.x =0,y =0.

(@

Fig. 10 (Color online) The two-order lump solution given by (31), (47) and (48). The parameters are chosen as I3 = I =
0.541.2i, I3 =15 =0.4—1.5i, m1 =m3 =0.4d+4, mg =m} =08+1.2, 01 =1.0, 00 =08,05 =—1, 0 =6, 3=1,v=—1.

a.t=—-6,2=0. b.t=0,y=0.c.t=-3,z=0.

equation, and as a result, the N-soliton, Backlund trans-
formation, Lax pair and infinite conservation laws are
explicitly constructed systematically. Therefore, the ex-
tended KP equation in arbitrary spatial dimensions also
possesses the same integrable properties as the classic
KP equation in 2+1 dimensions. In addition, abundant
interaction structures like overtaking and head-on soli-
tons, one-order lump, two-order lump, breather, and
breather-soliton mixed solutions are analyzed by some
graphs. The research framework developed in this work
may be applicable to some other lower dimensional in-
tegrable models with great physical interests. Future
research is expected to construct more and more inte-

grable models in arbitrary spatial dimension.
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