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A new non-linear higher-order shear deformation theory for large-amplitude
vibrations of laminated doubly curved shells

M. Amabili, Department of Mechanical Engineering, McGill University, Montreal, Canada

]N Reddy, Department of Mechanical Engineering, Texas A&M University, College Station, USA

A consistent higher-order shear deformation non-linear theory is developed for shells of generic shape, taking geometric imperfections into
account. The geometrically non-linear strain-displacement relationships are derived retaining full non-linear terms in the in-plane
displacements; they are presented in curvilinear coordinates in a formulation ready to be implemented. Then, large-amplitude forced vibrations of a
simply supported, laminated circular cylindrical shell are studied (i) by using the developed theory, and (ii) keeping only non-linear terms of the
von Karman type. Results show that inaccurate results are obtained by keeping only non-linear terms of the von Ka" rma’”n type for vibration

amplitudes of about two times the shell thickness for the studied case.
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1. Introduction

Classical shell theories, which neglect shear deformation and
rotary inertia, give inaccurate natural frequencies for moderately
thick or laminated anisotropic shells and plates (e.g. [1]). In order
to overcome this limitation, shear deformation theories have been
introduced. These theories can be classified as first- and higher-
order shear deformation theories [2]; in the first category, a shear
correction factor is required for the equilibrium since a uniform
shear strain is assumed through the shell thickness. Higher-order
shear deformation theories overcome this limitation since a
realistic shear stress distribution through the shell thickness is
assumed, which also satisfies the condition of zero shear stresses
at both top and bottom shell surfaces.

Several higher-order shear deformation shell theories have
been proposed. Librescu [3] developed a non-linear shell theory
by expanding the shell displacements with cubic terms in the
transverse coordinate. A linear higher-order shear deformation
theory of shells has been introduced by Reddy [4] and Reddy and
Liu [5]. Arciniega and Reddy [6] have improved the theory
developed in [5]. A review of shell theories has been presented by
Reddy and Arciniega [7].

Reddy [8] developed the non-linear higher-order shear
deformation theory of plates, taking into account von Karman
type non-linear terms. Dennis and Palazotto [9] and Palazotto and
Dennis [10] have extended Reddy shell theory [4] to non-linear
deformation by introducing the von Karman type non-linear
terms. These theories have been also discussed in the books of
Amabili [2] and Reddy [11].

In the existing higher-order shear deformation geometrically
non-linear shell theories, the von Karman type non-linear terms
(i.e. those involving the normal displacement only) have been
added to the linear equations, so that consistent derivation has
not been performed. Moreover, the von Karman type non-linear
terms are known for being accurate for classical shell theories
only for small displacements and moderately small rotations, as
shown by Amabili [12] in case of vibrations. Therefore, it is
important to derive a consistent higher-order shear deformation
theory that keeps all the non-linear terms in the normal and in-
plane displacements.

In the present study, a consistent higher-order shear deforma-
tion non-linear theory is developed for shells of generic shape;
geometric imperfections are also taken into account. The
geometrically non-linear strain-displacement relationships are
derived retaining full non-linear terms in the in-plane displace-
ments. They are presented in curvilinear coordinates in a
formulation that can be readily implemented. Then, large-
amplitude forced vibrations of a simply supported, laminated
circular cylindrical shells are studied (i) by using the developed



theory, and (ii) keeping only non-linear terms of the von Karman
type. Results show that inaccurate results are obtained by keeping
only non-linear terms of the von Karman type for vibra-
tion amplitudes of about two times the shell thickness for the
studied case.

2. Non-linear higher-order shear deformation theory

A laminated shell of arbitrary shape, made of a finite number
of orthotropic layers, oriented arbitrarily with respect to the shell
principal curvilinear coordinates (o, o), is considered, as shown
in Fig. 1. The development of the theory remains the same for
shells made of isotropic, orthotropic or functionally graded
materials. The displacements of an arbitrary point (¢4, o) on
the middle surface of the shell are denoted by u, v and w, in the o,
o and z directions, respectively; w is taken positive outward from
the center of the smallest radius of curvature. Initial geometric
imperfections of the shell associated with zero initial tension are
denoted by displacement wy in normal direction, also taken
positive outward. The thickness h of the shell is assumed to be
small compared to the principal radii of curvature of the shell, so
that only moderately thick shells can be considered. The
displacements (uq, u,, u3) of a generic point are related to the
middle surface displacements by

up =(1+z/R)u+z¢, +2%4, +23y, +2404, (1a)
Uy = (142/Ro)V+2, + 22, +2), +2%0,, (1b)
Uz =w+2zy+Wwp, (1o

where ¢; and ¢, are the rotations of the transverse normals at
z=0 about the o, and o axes, respectively, and V1, Y2, y1, y2, 01, 02
and y are functions to be determined in terms of u, v, w, ¢; and
¢>. Thus, the five variables describing the shell deformation are u,
v, W, ¢1 and ¢,. In Egs. (1) the in-plane displacements have been
expanded up to the 4th order in z while the normal displacement
has been assumed to be linear in z; Egs. (1a,b) give a high-order
distribution of shear effects through the thickness.

The shear and normal Green'’s strains for three-dimensional
elasticity are [2]
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Fig. 1. Doubly curved shell and curvilinear coordinate system.
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Egs. (2a-c) are non-linear; in Egs. (2a,b), Ry and R, (functions of
the coordinates «; and o) are the principal radii of curvature in o
and o, directions, respectively, and A; and A, are the Lamé
parameters. The shear deformation, see Egs. (2a,b), is neglected in
classical shell theories, which is a very good approximation for
thin and moderately thick isotropic shells and for very thin
laminated shells [2,12]. For laminated shells that cannot be
considered very thin, shear deformation should be retained in
order to obtain accurate results. However, shear deformation
plays a smaller role than in-plane strains and bending (since it is
even neglected in classical theories), so that it is reasonable to
keep only linear displacement terms in Eqs. (2a,b). This assump-
tion leads to the possibility of expressing the displacement field in
Egs. (1a-c) by using only linear expressions in u, v, w, ¢; and ¢,.
Therefore, the following relationships are obtained for the
transverse shear strains:

N0 1 ous Uy
3= 5 "1k, (A]aoc1 R1>’ 33
o, G2 1 ous Uy
V23 = 0z + l+Z/R2 (Aza(xz Rz) (3b)

It is also assumed that normals to the middle surface of the shell
before deformation are not elongated after deformation. This is
mathematically expressed by

2 2 2
o= 2 1) (@ () 20w
The constraint given by Eq. (4) could be removed and the shell
theory will become a six-variable theory, instead of having five
variables, y being the additional variable.

The expressions for the transverse shear strains are
obtained by substituting Eqs. (1a-c) into (3a,b); the vanishing of
the shear strains at the top and the bottom surfaces of the shell
requires

Y13lz= £n2=0, Va3lz= +n2=0. (5a,b)

The following approximation for moderately thick shell is
introduced

h h _h
2Rih:ﬁ<1+ﬁ>' ©)
Collecting first- and third-order terms in h from Eq. (5a) into two
separate equations, the following expressions are obtained since

these expressions change sign if evaluated at z= + h/2 and must
be set equal to zero

1 1
a1 R =0 72
1 1 o 1 ow
2R P S A o TR Ay oy (7b)
Egs. (7a,b) give

1 1 aw 1 oy
V1= oR, 91 2R, oy "2y oy

(8a)
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01 = iR, Y1— 4R2 vy (8b)
Then, Eq. (5a) gives
-4 ow h2 oy
n= W |:¢] T A oo A] aOC 8R2 (d)l A] 60(1 R A] 5061):| ' (8C)
Similarly, from Eq. (5b), the following expressions are
obtained:
1 1 ow 1 oy
Vo= ok, P2t aRya,  2Ay 00y ®a)
1 1
0, = 4R2 Va— @1//2, (9b)
-4 ow h2 ow oy
V2= W |:¢2 T A 00, Az ooty SRZ (d)z A ooty R A2 8062>:| ' (QC)
By using Eq. (4), the function y can be determined
u 2 v 2
r=-1+ 1—(——0—(]5 > —<—+(]§ )
R RZ 72
~ b i gziag g, L LY (10a)
T2 TiTRRTAYIR R, "R RZ)

where the approximation in Eq. (10a) is accurate for ¢, ¢, < 1.
Eq. (10a) shows that y is a second-order term with respect to the
other five variables, i.e. displacements and rotations, when the
constraint given by Eq. (4) is introduced. Therefore, it is possible to
approximate

(10b)

Under this approximation, Egs. (8a-c) and (9a-c) are linear; more-
over, Egs. (1a-c) are also linear in the five variables describing
the shell deformation u, v, w, ¢; and ¢,. The linear expression of
Eqgs. (1a-c) is a consequence of the assumption (10b) and of retaining
only linear terms in Egs. (2a,b).

By substituting Eqgs. (1a-c) into (3a,b) and using the approx-
imations (6) and Eqgs. (8), (9), (10b), the following strain-
displacement relationships are obtained for the shear strains
keeping terms up to z°:

2 ~0.

P13 = Y130+ 2K +2k3 +22KE), (11a)
V23 = Va3 0+ 2K + 2K +22KD), (11b)
where
ow
Y1z =1+ A ooy’ (12a)
ow
V230 = 92 +A £ (12b)
0 1 2
k(w) =0, I<(13) =- <¢1 A, o0 >+ R_3’ l<(13)—0 (13a—0)
0 1 v 2
Ky=0, Ki=-7 <¢2+Azaa )+R—§, k2 = 0. (13d—f)

Egs. (11)-(13) show that the strain and stress distribution
through the thickness is parabolic and therefore the shear
correction factor is no longer required.

The expressions of the other Green’s strain tensor g; in the
curvilinear coordinate system, are [2]

_ _ —2
en=81+iE +0?+0°), (14a)

e =B+ N +E+ T, (14b)

V12 =01+ W2+ @102+ 82001 + O ), (14c)
where
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The strain-displacement equations for the higher-order shear
deformation theory to be added to Eqgs. (11a,b), keeping terms up
to z> and using approximations (6) and (10), are obtained by
substituting Eqgs. (1), (8), (9), (10b) into Egs. (14) and (15)

en =&10+2(KY +zk" +22KP), (16a)
€22 = &0 +2(KY + 2K + 22KP)), (16b)
V12 = V120 + 2K +2kY +22k3), (16¢0)
where
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Eqs. (18a-i) give the changes in curvature and torsion of the
middle surface, and they have been obtained retaining only linear
terms; in fact, non-linear terms in the changes in curvature and
torsion play a very small role, at least for moderate vibration
amplitudes of the order of the shell thickness [12]. Eqs. (17a-c),
giving the middle surface strains, are coincident with those
obtained by using Novozhilov non-linear shell theory [2,13],
which neglects shear deformation and rotary inertia. Moreover, it
can be observed that k{", k", k) are negligible for shells that are
not very thick.

3. Elastic strain and Kinetic energies, including rotary inertia,
for laminated shells

It is assumed that the transverse normal stress g3 =0 is
negligible (plane stress assumption); in general, it is verified that
o3 is small compared to 713 and 7,3, except near the shell edges,
so that the hypothesis is a good approximation of the actual
behavior of moderately thick shells. The stress—strain relations
for the k-th orthotropic lamina of the shell, in the material
principal coordinates (x,y,z), are obtained under the hypothesis
a3=0[2],

(k)

Ox ci1 ¢2 O 0 0% Exx
Oy C1 Cx2 0 0 0 Eyy
Tyz =0 0 G, O 0 Vyz 3, (19)
Txz 0 0 0 Gxz 0 Vxz
Ty 0 0 0 0 Gyl| (7

where G,,, Gy, and G,, are the shear moduli in x-y, x-z and y-z
directions, respectively, and the coefficients c; are given in
Appendix A and in Ref. [11]; 74, and 1y, are the shear stresses
and the superscript (k) refers to the k-th layer within a laminate.
Eq. (19) is obtained (i) under the transverse isotropy assumption
with respect to planes orthogonal to the x axis, i.e. assuming fibers
in the direction parallel to axis x, so that E,=E,, G,=G, and
Vxy=Vxz and (ii) solving the constitutive equations for g, as
function of ¢, and ¢,, and then eliminating it.

Eq. (19) can be transformed to the shell coordinates (o, o5, Z)
by the following equation [2]:

(k)

01 &1
() €22
T3 o =[QI% V23 o, (20)
713 713
T12 Y12

where [Q]® is the 5 x 5 matrix of the material properties of the
k-th layer expressed in the shell principal coordinates and it is
given in Appendix A. Eq. (20) can be rewritten as

€10 K 0 kP
€20 KD 0 K
{60y =@M 7230 S+2{ 0 V42l KJ V43! 0 Y|, @1
7130 0 kY 0
V12,0 k(102) 0 k(lzz)



In Eq. (21), KV, K, k) have been neglected, supposing a
moderately thick shell.
The elastic strain energy Us of the shell is given by

l( htk)
o (k) k k),
/ / /h 01 ¢11+0,; ?22+r(12)y12+1(13)/13+r2)y23)

(k—1)

x (1 +Z/R1 )(1 +Z/R2)d0€1 do dz,

(22)
where K is the total number of layers in the laminated shell and
(h% =1, b)) are the z coordinates of the k-th layer. For simplicity a
shell of rectangular base of dimension a and b in «; and oy
directions, respectively, has been considered.

The kinetic energy Ts of the shell, including rotary inertia, is
given by

a b h(k\
To— zzp(m//0-/hkill(u%+u§+u§)(l+z/R1)(1+z/R2)doc1doczdz.
(23)

The z and Z> terms vanish after integration on z in the case of a
laminate with symmetric density with respect to the z axis.
In particular, for a laminate with the same density for all the layers
and uniform thickness, the following simplified expression is
obtained:

7
— 2 —_—
Tg_zps / / {u +V? 4w +h [3 ((/) ¢z)
2 2 4
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7 R R)\RTR)T12RE,
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* A o0, 252A 00, 120K, 30K, 0315
v oW v v qb2>
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t Ay o0, 252A,0u, 120K, 30K, °315 }do‘] dety +0(").
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4. Boundary conditions and discretization of a circular
cylindrical shell

In order to reduce the system to finite dimensions, the
middle surface displacements u, v and w are expanded by
using approximate functions. Circular cylindrical shells with
simply supported boundary conditions are analyzed in the
following part of the study, as shown in Fig. 2. In particular,
Ry =00, R, =R, o1 =X, 06220, Ai=1, Ay=R, a=L and b=2m.
The following boundary conditions are imposed at the shell
ends, x=0, L:

w=0, v=0, ¢,=0, (25a—¢)

Ny=0, My=0, (25d,e)

where N, is the axial stress resultant per unit length and M, is the
axial stress moment resultant per unit length, i.e.,

N, K ~h®)
{M }_ E /’ o'(k){ }(l+z/R)dz (26)
X =1 Jhkn

Moreover, the three displacements and the two rotations must be
continuous in 0.

The following base of shell displacements, which satisfy
identically the geometric boundary conditions (25a-c), is used

to discretize the system:

M; N
ux, 0,t) = Z Z[um c(©)C0S(0) + Uiy s(£)SINGO)]COS(AmX)

m=1j=1

M,
+ ) Uno(t)cos(AmX),

(27a)
m=1
3M; 2N
VX, 0.60= > > [Vimj(t)SInGO) +Vimjs(t)cos(O)lsin(imx),  (27b)
m=1j=1
M, N
WX 0.0= > > [Wij()COS(j0) + Wi j5(DSINGO)]ISINCmX)
m=1j=1
MZJ
+ > Wno(t)Sin(mXx), 270)
M; N
o1x.0.0="3" 3[¢y,, (DCOS([O) + by, (0)SINGO)]COS(Amx)
m=1j=1
M,
+ D b1, (DCOS(ImX), 27d)
m=1
M, N
Oy, 0= > [y, (OSINGO) + s, (H)COSGO)SINmX),
m=1j=1
27e)

where j is the number of circumferential waves, m is the number of
longitudinal half-waves, A, = mmn/L and t is the time; up,j(t), Vm(t),
Wmit), ¢1,. and ¢, = are the generalized coordinates that are
unknown functions of t; the additional subscript c or s indicates if
the generalized coordinate is associated to cosine or sine function
in 0 except for v, for which the notation is reversed (no additional
subscript is used for axisymmetric terms). The integers N, M; and
M, must be selected with care in order to obtain the required
accuracy and acceptable dimension of the non-linear problem. By
using a different number of terms in the expansions, it is possible
to study the convergence and the accuracy of the solution.

Fig. 2. Circular cylindrical shells: (a) symbols used for dimensions and displace-
ment of a generic point; (b) cross-section of the shell with close-up view.



The minimal expansion giving accurate results for excitation in
the neighborhood of resonance of mode (m=1, n) is

u(x, 0, t) = [uq pc(t)cos(nd) +uq n 5(t)sin(nd)jcos(41x)

3
+ ) Umo10(5)C0S(Aam_1X),

(28a)
m=1
2
v(x,0,t)= Z [V1.kn.c(£)sin(kn0) + vy yn s (t)cos(knb)]sin(L1 x)
k=1
+[V3.2n,c(0)sin(2n0) + v3 2n s(f)cos(2nb)]sin(43x), (28b)
W(x, 0, t) = [W1 nc(£)cos(nd)+wi , 5(t)sin(n0)]sin(4; x)
3
+ ) Wamo10(0sin(Aam_1%), (280)
m=1
$1(x,0,8) =[¢y, , (H)cos(nO)+ ¢y, (t)sin(nb)]cos(21x)
3
+ > b1y, o (DCOS(2m_1X), (28d)
m=1
$2(x,0,t) =[5, (Dsin(nO)+ ¢y, . (t)cos(nb)]sin(4,x). (28e)

This expansion has 23 generalized coordinates (degrees of
freedom) and guarantees good accuracy for the calculation
performed in the present work.

Initial geometric imperfections of the shell are considered
only in radial direction. They are assumed to be associated with
zero initial stress. The imperfection wq is expanded in the same
form of w

M; N
wo(x, 0) = Z Z [Am.n €OS(10) 4 By 1 sin(n6)]sin(Lmx)
m=1n=1

2
+ ) Ao SIn(m), 29)
m=1

where Amyn, Bnn and Apo are the modal amplitudes of imperfec-
tions; N, M; and M, are integers indicating the number of terms
in the expansion.

Eq. (25d) is not identically satisfied by the shell displacements
given in Egs. (27) and (28). In particular, after integration with
respect to z as shown in Eq. (26), it becomes

)
g (k)2 _pk=1)2
® ok oyl ¢ do_pk-1 1
Ny = Z Q7. Q3. Q 0.0 <h —h" 0+ ~— 3R
Vx0,0

k@

:‘0) hR2_pt=12  po3_pk=1)3
ko ( 2 T 3R )
k(O)
x0
k(2)
;‘2) ha_pde=D4  pdos _pk=1)5
ky ( 7 + R > =0 atx=0,L,
k(2)
X0

(30)

where Q% Q% Q% are given by Egs. (A.6)-(A.8) in Appendix A
and the strain-displacement relations are given in Appendix B. In
order to satisfy Eqgs. (30) up to second-order non-linear terms, a
second-order term i (x, 0, t) must be added to the expansion of u in
Egs. (27a) and (28a). In particular, eliminating in Eq. (30) null

terms at x=0, L, the following expression is obtained:
- Sl
k=1

aﬂ+1 8v2+aw2+
a2 [\ax ox

oW oWy
X ox

« 1(tau\? (hmh« v I m)
2\R20 2R
v 1o
ox Rao0O

0
0 h(k)z _h(k—l)z N h(k)3 _h(k—l)3
§O 2 3R

x0

h®4_pk=-14  pk)5_pk-1)5

+ +
k2 ( 1 5R
X

> =0 atx=0,L,
(31a)

where the term {i(x,0,t) has been neglected in second-order
terms. In Eq. (31), all the linear terms (av/ax)+(1/R)@u/a0), k9
and I<(2) can be eliminated since they establish a linear relatlon—
ship Wthh is satisfied by using the minimization of energy in the
process of building the Lagrange equations of motion; in fact, this
is equivalent to the Rayleigh-Ritz method and therefore it is
necessary only to satisfy only geometrical boundary conditions.
Therefore Eq. (31a) can be simplified into

aﬂg[(@v)ﬁ(@w)z%
ox 2 |\ox oxX
M- 3 {at.off)

11auy®
2\R a0

ow owo
0X 0OXx

*)2 __p(k—1)2
x<h(k’—h(k_1)+%>} =0 atx=0,L, (31b)
which immediately gives
N _ - 2
h®2 _ pk=1)2 o 1] (ov
_ (k) _pk=1) k) ov 1 ov
N = k;(h T ) {Qﬂ x 2 {(m)
ow\?|  ewawy w1 (1ouw\?
+ (&) } +§W> Q25 (m) =0 atx=0,L
(310)
By introducing the notation
N h(k)z_h(kfl)z
D= S Q¥ (h“th(k*lu )
2% 28
N k)2 __pyk—1)2
K02 _pk=1)
D= )" QY (h(k)_h(k71)+ — SR >,
k=1
Eq. (31c) can be expressed in the following form
o 1[/av\? fow\?| awow,
Ne=Dn (ax +3 [(&) + <a_x> ] o o
2
+D12%<}1{’2_g> —0 atx=0,L 31d)



In Eq. (31d) it is necessary to retain only the resonant mode (m,n).
The expression of I can be obtained from Eq. (31d) as

()= — % [a(t)+ b(t)cos(2n0) + c(t)sin(2nb)]sin(2mmx/L)—(mmn /L)

N M;
X [Winn e (£)COS(10) + Wi ns(£)sinmO)] > > LY} . €os(j6)
Fommti

+ B sin(j0)]sin[(m +i)7tx /L], (32)

where

ait)= (mn/L)(Wrzn,n,c + Wrzn,n,s + V%un,c + V;,n,s)
+(D12/D1)ILN? /(MARN(Up, . + Uy )
b(t) = (mn/l‘)(wfn,n,c_w;,n,s + Vrzn,n,s _V%‘t,n,c

+(D12/D1)ILn? /(MARD)(UZ, U2, ).

)= (zmn/L)(Wm,n,ch.n,s +Vm,n,ch,n,s)
_2(D12 /Dl 1 )[an /(mnRZ)]um,n,cum,n,s~

The boundary condition (25e) is identically satisfied for
symmetric laminates if the term z/R is neglected in Eq. (26), i.e.
for thin shells. This is due to the expressions of k' and k¥’ given
in Appendix B, which are zero at x=0, L for the expansions
assumed in Eqgs. (27a-e). Additional terms must be added to the

expansion of the in-plane displacement u for asymmetric

5. Lagrange equations of motion
The virtual work W done by the external forces is written as

L 21

W= /0 /0 (Gxu+qyv+q,w)dxRd0, 33)
where g, q, and q; are the distributed forces per unit area acting
in x, 0 and z directions, respectively, applied at the middle
surface. Only a single harmonic force orthogonal to the shell is
considered; therefore, gx=q,-0. The external distributed load g,
applied to the shell, due to the normal concentrated force f, is
given by

g, =f 8(x—%)8(0—0)cos(wt), (34)

where w is the excitation frequency, t is the time, ¢ is the Dirac
delta function, f gives the force magnitude positive in z direction
and % and 0 give the position of the point of application of the
force. Here, the point excitation is located at the center of shell,
that is, X =L/2, 6 =0. Eq. (33) can be rewritten in the following
form:

W =f cos(wt) (W), _ /2.0 o- (35)

The non-conservative damping forces are assumed to be of
viscous type and are taken into account by using the Rayleigh
dissipation function

laminates and moderately thick shells. In fact, bending and 1 Lm0 o 52 5.2
stretching are coupled for asymmetric laminates. F= ic_/o ./0 V" + W +h%¢ +h% ;) dxR dO, (36)
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Fig. 3. Frequency-response curve of the circular cylindrical shell obtained by using the proposed non-linear theory; n=4, 23 degrees of freedom; —, stable periodic

solution; - -

-, stable quasi-periodic solution; - -, unstable solutions; BP, pitchfork bifurcation; TR, Neimark-Sacker bifurcation. (a) Maximum of the generalized coordinate

Wi e (driven mode) normalized with respect to the shell thickness h; (b) maximum of the generalized coordinate w; , i (companion mode) normalized with respect to the
shell thickness h; (c) maximum of the generalized coordinate w; (first axisymmetric mode) normalized with respect to the shell thickness h; (d) maximum of the

generalized coordinate ¢1W (rotation about the curvilinear coordinate y).



where ¢ has a different value for each term of the mode
expansion; in particular

3 35 g et Ve

n=1m=1

1L77: +an
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In Eq. (37) displacements are non-dimensionalized dividing by h,
while rotations are already non-dimensional. The damping
coefficient ¢, is related to the modal damping ratio that can
be evaluated from experiments by {m, = Cmn/(2 Uy n®mn), Where
wmn is the natural circular frequency of mode (m, n) and i, is
the modal mass of this mode.

The following notation is introduced for brevity:

q= {um,n,vm,n,wm,n,d)]m‘n,szm_,,}—r, m=1,.. .,MOI‘M and n
=1,...,NorN. (38

The generic element of the time-dependent vector q is referred to
as g;; the dimension of q is N, which is the number of degrees of
freedom (dofs) used in the mode expansion.

The generalized forces Q; are obtained by differentiation of the
Rayleigh dissipation function and of the virtual work done by
external forces:

aw
=—— . 39
Q= aq] aq, (39

The Lagrange equations of motion are

d (oTp\ oTp LU . _
dt(aqj> aq] E =Q, j=1,...,N, (40)
where 0Tp/dq;=0. The complicated term, derived from the
maximum potential energy of the plate, giving quadratic and
cubic non-linearities, can be written in the form

Zf]iql“‘ Zf}qulqk‘F Z f}zkl%qkma ]—1 N

i=1 ik=1 ikl=1
41)

where the coefficients f have long expressions that include also
geometric imperfections. It is interesting to observe that in
Eq. (41) there are quadratic and cubic terms.

5.1. Inertial coupling in the equations of motion

For shells with rotary inertia, inertial coupling arises in the
equations of motion (see Egs. (23) and (24)) so that they cannot be
immediately transformed in the form required for numerical
integration. In particular, the equations of motion take the following
form:

Mg +Cq +[K+N2(q@)+Ns(q, @)1q = fo cos(t), (42)

where M is the non-diagonal mass matrix of dimension N x N (N
being the number of degrees of freedom), C is the damping matrix, K
is the linear stiffness matrix, which does not present terms involving
q, N, is a matrix that involves linear terms in q, therefore giving the
quadratic non-linear stiffness terms, N3 is a matrix that involves
quadratic terms in q, therefore giving the cubic non-linear stiffness
terms, fy is the vector of excitation amplitudes and q is the vector of
the N generalized coordinates, defined in Eq. (38). In particular, by
using Eq. (41), the generic elements kj; np,; and ns,,, of the matrices K,
N, and Nj, respectively, are given by

kii—=Ff.:

i = Jji»

My, (q) = Zﬁ:k% n3,(q,q) = Z fiik G-

kl=1
(43a—c)

Eq. (42) is pre-multiplied by M~! in order to diagonalize the

mass matrix, as a consequence that the matrix M is always
invertible; the result is

14 +M'Cq +[M~"K+M"'Nx(q)+M "N3(q,q)]q = M~ ', cos(t),

(44)
which can be rewritten in the following form
14 +Cq +[K+M " "Nx(q)+M 'N3(q, q)lq = f, cos(w0), (45)
where
C=M'Cc, K=M'K and fo=M"f,. (46a—c)

Eq. (45) is in the form suitable for numerical integration.

6. Numerical results

The dimensions and material properties of a simply supported,
imperfection-free, laminated circular cylindrical shell made of
graphite/epoxy plain weave fabric are: L=520mm, R=150 mm,
h=1mm, E;=F,=55x10°Pa, Gi2=4.48 x 10°Pa, Gy3=G,3=4.14
x 10°Pa, v12=v,;=0.04 and p=1500kg/m>; the fundamental
mode (m=1, n=4) is considered, with natural frequency of
309.7 Hz; it has n=4 circumferential waves.
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Fig. 4. Frequency-response curve of the circular cylindrical shell; n=4;
—, solution keeping all the non-linear terms; - -, solution keeping only von
Karman non-linear terms. (a) Maximum of the generalized coordinate wy,.
(driven mode) normalized with respect to the shell thickness h; (b) maximum of
the generalized coordinate w;, (companion mode) normalized with respect to
the shell thickness h.



Numerical results have been obtained by using the software
AUTO [14] for continuation and bifurcation analysis by using the
pseudo-arc length continuation method.

Fig. 3 presents the frequency-response curve for forced vibrations
of the shell around the resonance of the fundamental mode computed
by using the 3rd order shear deformation non-linear theory
introduced in Section 2. A modal damping coefficient {;, = 0.001
and harmonic point force excitation of magnitude 3.04N and
frequency  applied at shell mid-length are assumed. The main
branch 1 in Fig. 3 corresponds to vibration with zero amplitude of the
companion mode w , <(t). This branch has pitchfork bifurcations (BP)
at w/wq, =0.9905 and at 0.9997, where branch 2 appears. This new
branch corresponds to participation of both wy ,c(t) and wy ns(t),
giving a traveling-wave response. The companion mode presents a
node at the location of the excitation force and therefore it is not
directly excited; its amplitude is different than zero only for large-
amplitude vibrations, due to non-linear coupling. In the narrow
frequency region where both wy (t) and wy ,4(t) are different from
zero, they give rise to a traveling wave around the shell; phase shift
between the two coordinates is almost equal to 7t/2. The appearance
of branch 2 is related to the 1:1 internal resonance of wy () and
W1 n5(t), which is due to the axial symmetry of the circular cylindrical
shell. This branch appears for sufficiently large excitation, and it can
be observed for vibration amplitude of the order of 1/10 of the shell
thickness. Branch 2 undergoes two Neimark-Sacker (torus)
bifurcations (TR), at w/wi,=0.9909 and 0.9965. Amplitude-
modulated (quasi-periodic) response is indicated in Fig. 3 on branch
2 for 0.9909 <w/wyn <0.9965, that is, bracketed by the two
Neimark-Sacker bifurcations.

A comparison between the results obtained by using the
present theory and those obtained keeping only von Karman non-
linear terms in Egs. (B.1)-(B.3), or in Egs. (17a-c), is shown in
Fig. 4. Results indicate that, for the studied case, it is important to
retain non-linearities in the in-plane displacements in order to
obtain accurate results. In fact, the difference between the two
calculations is significant from the quantitative point of view,
even if the qualitative behavior is the same.

7. Conclusion

The proposed theory is the first 3rd order shear deformation
theory retaining non-linearities in the in-plane displacements. More-
over, it has been derived with consistency without introducing non-
linearities of the von Karman at the end of the derivation of the
theory. Numerical results show that, for the studied case, these non-
linear terms are important to predict with accuracy the non-linear
forced response of a laminated graphite/epoxy plain weave fabric
circular cylindrical shell.
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Appendix A. Stress-strain relations for a layer within a
laminate

The coefficients in Eq. (19) for a lamina are given by

Ey E,v E,
yVxy y

c11= Cl2=0C = =

n 1=y vy’ 127521 1—vyyvyx’ 2 1—viyVyx’

Usually, the lamina material axes (x,y) do not coincide with the
plate reference axes (o1,02), while the 3 axis is coincident with z.
Then, the strains and stresses on material axes can be related to
the reference axes by using the following invertible expressions
[11,15]:

Ox 01 Exx 11
Oy 02 yy €22
Tyz » =T1< T23 3, Vyz » =Ta< V23 p, (A.2a,b)
Txz 713 Vxz V13
Txy T12 Vxy V12
where
cos? 0 sin 0 0 0 2sinfcos 0
sin? 0 cos? 0 0 0 —2sinfcos 0
T = 0 0 cos® —sin0 0 ,
0 0 sinf cosf 0
|l —sinfcosf sinfcosf® O 0 cos? O—sin? 6
(A.3)
cos? 0 sin? 0 0 0 sin0 cos 0
sin? 0 cos? 0 0 0 —sinf cos 0
T, = 0 0 cos —sin0 0 ,
0 0 sinf cosf 0
| —2sinfcosf 2sinfcosd O 0  cos?6—sin®6
(A4)

0 being the angle between the shell principal coordinate o; and
the material axis x.
It can be shown that [11,16]

T =T,. (A5)
Therefore, the matrix [Q]® in Egs. (20) and (21) is given by

[QY = [Ty e HY,

where Cis the 5 x 5 matrix of ¢; and G coefficients in Eq. (19). As
a consequence of the discontinuous variation of the stiffness
matrix [Q]® from layer to layer, the stresses may be discontin-
uous layer to layer. In particular,

(A.6)

8 — 11 cos? 0+sin® 0(2c1, cos® 0+ 4ceg OS> 0+ Cap sin® O) X,
(A7)

Q¥ = [c12(sin* 0+ cos? 0)+sin? O(cy; cos? 0+ ¢z, cos? 0—4css cos? )]

(A.8)
Appendix B. Strain-displacement relations for a circular
cylindrical shell
b= O Ll () (V) row\ ) owo ow B1)
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Appendix C. Kinetic energy for a circular cylindrical shell

In particular, for a laminate with the same density for all the
layers and uniform thickness, the following simplified expression
is obtained:

2n L
_1 N ) ) 2 17 22 22 2 .
Ts—iﬂsh/ / {U +Vi+w +h m(%‘“ﬁz)*’ 15R Pl
0 0
(AN AV w1 aw a8
120R) 72" "4R2 " ox \2524x 30R 315"

tow/ 1 aw v 8 , ;
R a0 (ﬁ%ﬂzofﬁ%)]}“@dﬂom ). (€.1)

If the ratio h/R is negligible (i.e. for thin shells), Eq. (C.1) can be
simplified.
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