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SUMMARY

A new numerical framework for solving conservation laws is being developed. This new
approach differs substantially from the well established methods, i.e., finite difference, finite
volume, finite element, and spectral methods, in both concept and methodology. It employs:

a. anontraditional formulation of the conservation laws in which space and time are unified
and treated on the same footing; and

b. a nontraditional use of discrete variables such that numerical marching can be carried out
by using a set of relations that represents both local and global flux conservation.

To be specific, we consider a conservation law that governs the convection and diffusion of a
physical variable in a 1-D space. Let (i) x be the spatial coordinate, (ii) cq > 0 be a conversion
constant with the dimension of velocity, and (iii) ¢+ be the product of cq and the temporal
coordinate. By definition, x and ¢ have the same dimension. As a result, x; = x and x, = t may be
considered as the coordinates of a two-dimensional Euclidean space E, (also referred to as a
space-time). Let u(x,t) be a scalar function of x and ¢. Let a be a dimensionless constant and p
(2 0) be a constant with the dimension of length. Then the conservation law may be expressed
as

§ K& =0 ©.1)
S(V)
where (i) § (V) is the boundary of an arbitrary volume V in E ,, (ii)
Z"‘:‘f(au—u%;—,u) ©02)

is a current density vector in E5, and (iii) ds = do 7 with do and 72 respectively, being the area
and the outward unit normal of a surface element on S (V). By applying the divergence theorem
in E,, Eq. (0.1) implies the unsteady convection-diffusion equation, i.e.,
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Let E; be divided into nonoverlapping regions referred to as conservation elements (see Figs.

2.1(a) and 2.1(b)). A conservation element and its interior, respectively, may be denoted by

CE(j,n) and CE”(j,n) where j and n, respectively, are the spatial and temporal indices. For

(x,t) € CE”(j,n), u(x,t) will be approximated by

pt) Y oar(x-x7) + BI(t-1") + 7] 0.4)

where @, B} and v} are constants in CE”(j,n), and (x,¢") are the coordinates of the center of



CE(,n). For (x,t) € CE”(j,n), h(x,t) will be approximated by
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Furthermore, the conservation law Eq. (0.1) will be approximated by
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where V is the union of any combination of conservation elements. Since k is not defined on
§(V), the above surface integration, by definition, is to be carried out over a surface which is in

the interior of ¥ and immediately adjacent to S (V).

Because g (x,t) and E(x,t) are continuous in the interior of a conservation element but may be
discontinuous across an interface separating two neighboring conservation elements, a
conservation element is also a solution element in the current scheme. As will be shown,
generally a conservation element is not necessarily a solution element and vice versa.

Let ¥'= CE(j,n). Then Egs. (0.4) - (0.6) and the divergence theorem imply that Bl =-a d;-'.
As a result, Eq. (0.4) can be simplified as

uxn) =of [(x=xj)—a(t=t")1 + v} , (x,t) € CE"(j,n) 0.7

Thus, for (x,£) € CE”(j,n), u(x,t) is determined by the parameters Y] and of. As will be shown,
by repeatedly applying Eq. (0.6) with ¥ being the union of two neighboring conservation
elements, any palr of vy} and o} can be determined in terms of 70 and af, j=0, 1, 42, . The
values of yo and o ;» 10 turn, can be determined by the initial condition.

Because
e NOERY (0.8)
and

?Tf = o (1) € CE”"(jn) ©9)

Y; and o}, respectively, may be considered as the numerical counterparts of u(xj,t") and
uy(x7,¢"). In other words, both u and its spatial derivative at (x},1") are computed by the current
scheme.

In the current paper, we also

a. explore the concept of a dynamic space-time mesh (the conservation elements are
embedded in this mesh) and the need for a unified treatment of physical variables and mesh
parameters;
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a.

study the stability, dissipation and dispersion of the current scheme by using a rigorous
Fourier analysis;

develop a new error analysis technique that enables us to predict and interpret the
numerical errors of the current and other classical schemes;

study the consistency and truncation error of the current scheme; and

compare the errors of the numerical solutions generated by the current scheme and other
classical schemes.

The key results obtained from the above study are:

It is demonstrated that (i) stability and accuracy can be improved, and (ii) dissipation and
dispersion can be reduced, if the space-time mesh is allowed to evolve with the physical
variable such that the local convective motion of physical variables relative to the moving
mesh is kept to a minimum. Because the appearance of wiggles near a discontinuity is a
result of numerical dispersion, these wiggles can also be reduced by reducing this relative
convective motion.

It is shown that there is a remarkable similarity between the forms of the amplification
Jactors of the Leapfrog/iDuFort-Frankel and the current schemes. As a result of this
similarity, the stability condition of the current scheme, as in the case of the
Leapfrog/DuFort-Frankel scheme, is essentially the CFL condition and thus independent of
the viscosity |L. Therefore, the current scheme is unconditionally stable in the case of pure
diffusion. Also, as in the case of the Leapfrog/DuFort-Frankel scheme, the current scheme
has no numerical diffusion in the absence of viscosity. Note that the stability condition of a
classical explicit scheme for solving Eq. (0.3), e.g., the MacCormack scheme, generally is
more restrictive than the CFL condition. In the case where the mesh Reynolds number <«
1, the stability bound for the time-step size At is more or less proportional to (Ax)?. In
contrast, the same bound will still be determined by the CFL condition and therefore is
proportional to Ax if the current scheme is used. The advantage of the current scheme in
the allowable time-step size grows as Ax — 0. This advantage becomes particularly
important when the current scheme is used in a steady-state calculation.

It is shown theoretically that the current scheme is more accurate than the
Leapfrog/DuFort-Frankel scheme by one order (in a sense to be defined in the paper) in
both initial-value specification and the marching scheme. It is also shown theoretically that
the current scheme is substantially more accurate than the MacCormack scheme in spite of
their almost identical operation counts. Its advantage ranges from a factor of four for the
case of pure convection to several orders of magnitude if diffusion is dominant and a
theoretically-determined optimal At is used.



It is shown that the consistency of the current scheme, as in the case of the
Leapfrog/DuFort-Frankel scheme, requires that Az/Ax — 0 as At, Ax —» 0. This fact
contrasts sharply with most other explicit schemes, e.g., the MacCormack scheme, that
have no such requirement for consistency. However, by using Lax’s equivalence theorem
and a necessary condition for convergence, it is shown that, for these explicit schemes, this
requirement must manifest itself as a part of stability conditions. As a matter of fact, it is
shown that the truncation errors of the Leapfrog/DuFort-Frankel, the MacCormack, and
the current schemes are all second order in Ax if stability is taken into consideration.

It is shown numerically that the current scheme is far superior to the Leapfrog/DuFort-
Frankel scheme in accuracy, and has a substantial advantage over the MacCormack scheme
in both accuracy and stability.



1. INTRODUCTION

This paper is the first of a series of papers that describe a new framework for solving
conservation laws. This new approach differs substantially from the well established methods,
" i.e., finite difference, finite volume, finite element, and spectral methods, in both concept and
" methodology. The focus of the current numerical simulation is entirely on the integral forms of
the conservation laws. Little or no attempt is made to simulate the differential forms which are
valid only when the dynamical variables are well behaved. As a result, this new framework has
the potential to provide more accurate simulation of the physical phenomena in which the
dynamical variables may not vary smoothly.

Specifically, the explicit scheme to be presented in this paper employs:

a. anontraditional formulation of the conservation laws in which space and time are unified
and treated on the same footing; and

b. a nontraditional use of discrete variables such that numerical marching can be carried out
by using a set of relations that represents both local and global flux conservation.

As a preliminary, this paper will begin with a discussion on the conservation laws. For
simplicity, we consider the conservation law that governs the convection of a physical variable in
a 1-D space. Let (i) x be the spatial coordinate, (ii) ¢y > 0 be a conversion constant with the
dimension of velocity, and (iii) ¢ be the product of c and the temporal coordinate. By definition,
x and ¢ have the same dimension. As a result, x, =x and x, =7 may be considered as the
coordinates of a two-dimensional Euclidean space E, [p.161, 1]. Note that the scalar product of
any two vectors in E is defined in [1] as a part of the definition of E;. Let u(x,t) be a scalar
function of x and ¢ Let a be a dimensionless constant. Then the conservation law can be
expressed as
o 2

§soy i =0 | (L.1)

where (i) § (V) is the boundary of an arbitrary volume V in E, (ii)
%Y (au,u) (1.2)

is a current density vector in E,, and (iii) d5 = do# with do and 7. respectively, being the area
and the outward unit normal of a surface element on S (V). Note that an n-dimensional Euclidean
space E, (n 2 2) may be referred to as a space-time if one of its coordinates is temporal in nature
while others are spatial in nature. Also %-ds may be referred to as the flux of 7leaving the
volume V through the surface element Es’ With the aid of the divergence theorem and the fact
that V - 71)= d(au)/dx + du /dt, one may obtain the differential form of Eq. (1.1), i.e.,



u ou _
5 + a Pl 0 (1.3)

The current unified and equal treatment of space and time is in sharp contrast to the

traditional approach in which space and time are divided and treated separately. The following
comments are made to clarify the differences between these two approaches:

a.

Geometric figures referred to in the traditional approach, such as rectangles and triangles,
usually are objects in space (Note: By definition, "space” is the coordinate hyperplane with
time = 0. See p.263 in [2]). Contrarily, geometric figures referred to in the current paper,
unless specified otherwise, are objects in space-time. Note that, in this paper, a geometric
figure, such as a rectangle, implies both its boundary and interior.

In a space-time E,, the volume V in Eq. (1.1) is traditionally taken to be a rectangle with
its edges being aligned with either the x— axis or the #— axis. With this choice, the integral
on the left side of Eq. (1.1) can be divided into four parts, each of which involves only
integration in time or space. Contrarily, in the current approach, the volume V can be a
geometric figure of any shape and thus the surface integration over the boundary of V may
involve both space and time simultaneously.

In a space-time E, with n > 3, we also can consider a conservation law with the form of Eq.
(1.1). For example, the mass conservation law in a space-time E; can be expressed in the
form of Eq. (1.1) with the coordinates x, x, and x3, and the vector?deﬁned by

n¥x, ¥y, Y, (1.4)
and
- Vx vV
B=(=p,2p,p) (1.5)
Co Co

Here (i) y is a spatial coordinate, (ii) p is the mass density, and (iii) v, and vy are the
velocity components in the x— and y— directions, respectively. In the traditional approach,
the volume V in Eq. (1.1) is taken to be a cylinder in E like that depicted in Fig. 1.1,
Assuming that (i) each of the two ends of this cylinder has a constant value of z, and (ii) the
generators of its side surface point in the ¢ — direction, then Eq. (1.1) implies that

[+AI
1 -
d] —[ d] + — | ar V-ds; =0 1.6
|:§le = @ +AnD §le = ! cg ’[, ‘[Sl(Vl)p L (1.6)

where (i) V is the projection of the cylinder on the x—y plane, (ii) dv, is a volume

element in V, (iii) § (V) is the boundary of V, (iv) d_s) 1 is a surface element on
S$1(Vy), and (v)V % (vx, vy, 0) is a vector lying on the x—y plane. Traditionally, V| is
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referred to as the "control volume" and Eq. (1.6) is known as the integral form of the two-
dimensional time-dependent mass conservation law. Note that, by definition, ¢/c is the
ordinary temporal coordinate. Since the control volume V, is an object in space, the first
two integrals in the above equation involve only integration in space while the last integral
represents a combined operation in which a surface integration in space is followed by an
integration in time. This is another example in which space and time are divided and
treated separately. With the division, the above equation has a simple interpretation, i.e.,
the increase of the mass in the control volume V' during a time interval Az /c is equal to
the total mass entering V; through its boundary S (V) during the same time interval.
However, the division of space and time is achieved at the expense of limiting the choice of
the volume V to a cylinder in space-time like that depicted in Fig. 1.1. Note that pV, a
vector in space, is commonly known as the mass current density vector. Also p7- ds L is
referred to as the flux of pV leaving the control volume V| through the surface element
ds 1- These definitions involve only vectors in space. On the contrary, the current density
vector ?is a vector in space-time while the flux 7 - Js) is the inner product of two vectors in
space-time.

The above remarks make it clear that a greater flexibility in choosing the volume V is allowed
in the current formulation of conservation laws than that allowed in the traditional approach. As
will be shown, the use of this flexibility is an integral part of the current numerical framework.

Next the classical Lax-Wendroff scheme will be discussed using the uniform mesh depicted
in Fig. 1.2(a). This discussion is presented such that readers may understand the stream of
thoughts that leads to the development of the current framework.

The Lax-Wendroff scheme for solving Eqgs. (1.1) and (1.2) consists of two distinctly different
marching steps. In the first step, the variables uﬁff at the time level (n+'%) are evaluated in
terms of the variables u7} at the time level n, ie.,

w 1 .
uhhh = > [(1+v)uj + (1-v)u;+,] a.7n

where
v ¥ an/ax (1.8)

is the Courant number. The derivation of Eq. (1.7) may be explained using Fig. 1.2(a). Point Q
is at the time level n and on the same characteristic line with the mesh point P. The value of u at
P, ie., u}'ﬁ,{‘ is evaluated in terms of those at the mesh points R and S, ie., «7,; and uj, by
assuming (i) u is constant along a characteristic line, and (i) the value of u at Q is the linear

interpolation of those at R and S.



In the second step, the variables u"+1 at time level n+1 are determined in terms of the
variables at time levels n and n+%: by using a conservation relation. Specifically, one assumes
that u” uj, u;';*,;f u;'“ and u}” +u,’3, respectively, represent the average values of 4 on the line segments
BC, CD, DA and AB. Then an application of Eq. (1.1) with V being the rectangle ABCD implies
that

Wit Ax — ufAx + aulHE A - aultE A = 0 (1.9)
Eq. (1.9) is equivalent to
n+l n

uj =Uu; - V(uj.p/z - u,ﬁl}f (1.10)

This is the relation used in the second marching step. Substituting Eq. (1.7) into Eq. (1.10), one
obtains a difference form in which the variables at time level n+1 are expressed directly in terms
of the variables at time level n, i.e.,

v(v+1 v(v-1) ,
u;’“ = —(2—)u/ 1 + (1= —v? )uj (—2luj+1 (1.1

To serve as the starting point of the current development, the conservation relation (1.9) will
be cast into a form similar to Eq. (1.1). To proceed, let (see Fig. 1.2(b))

if (x,t) e ¢ IBGC

u(x,t) "—f{ _ § (1.12)
wthi if (%) e {” DICF

where (" IBGC denotes the interior of the rhombus ¢ IBGC, and so on. Similarly, u (x,t) can be
defined for any (x,) which is in the interior of other similar rhombuses. Since u(x,t) is
continuous in the interior of each of these rhombuses but may be discontinuous across an
interface separating two neighboring thombuses, such a rhombus will be referred to as a solution
element. In terms of u (x,t), the vector function Z(x,t) is defined by

et ¥ (aun), un) (1.13)
With the aid of Eqgs. (1.12) and (1.13), Eq. (1.9) can be expressed as
$ B-ds =0 (1.14)
S(QABCD)

i. e the total flux leaving the rectangle 0 ABCD vanishes if h is the flux density vector. Note that
h is not defined at the vertices A, B, C and D However, contributions to the above integral from
these isolated points are zero no matter what h are assigned to them, As a result, they may simply
be excluded from the above surface integration. Since Eq. (1.9) applies for any
J=0,%1,42, -~ andn=0, 1, 2, ---, Eq. (1.14) is valid if O ABCD is replaced by any similar
rectangle like O JADK or O DCML shown in Fig. 1.2(b). For this reason, each of these rectangles
will be referred to as a conservation element for the Lax-Wendroff scheme. Note that, excluding

Ty



its two end points, an interface separating two neighboring conservation elements is located in the
interior of a solution element. As a result, the vector function —Eis continuous across such an
interface. This coupled with Eq. (1.14) implies that the total flux leaving any volume V which is
the union of any combination of conservation elements must also vanish, i.e.,

$ E-ds=0 (1.15)

)

For example, V can be the L-shaped figure formed by OABCD, OJADK and ODCML. Eq.
(1.15) is in a form similar to Eq. (1.1). However, it is equivalent to Eq. (1.9) and thus represents
only one of two marching steps that form the Lax-Wendroff scheme.

At this juncture, we emphasize that both solution elements and conservation elements are
domains in space-time. Contrarily, elements in the finite element method are domains in space
only.

In its earliest form, the current scheme may be considered as a modification of the Lax-
Wendroff scheme in which all the marching steps are derived from a single conservation
relation. The modifications begin with the assumption that u (x,¢) is approximated by

u(xt) = o (x=x1) + Br(t=1") + 7! if (x,)e {” IBGC (1.16)

where (i) (x},t") are the coordinates of the center of { IBGC depicted in Fig. 1.2(b), and (ii) o,
B; and Y} are considered constants in (" IBGC. Note that x7 is only a function of j if a
"stationary” space-time mesh, e.g., a mesh shown in Fig. 1.2(b), is considered. However, in
Section 2, it becomes a function of both j and n when a "moving" mesh is introduced. Also note
that

uxj,t") = vj (1.17a)
and
% _gr oana - B if (x,1) e (" IBGC (1.17b)
ox J ot J ’

i.e., ¥} is the value of y at the center of { IBGC while o and B”, respectively, are the spatial and
temporal derivatives of g in " IBGC.

Hereafter, unless specified otherwise, an equation like Eq. (1.16) is assumed to be valid for
any (j,n) with either (i) n=0,1,2, ---, j=0,£1,42, ---, or (ii) n=1/2, 32, 572, - -,
J=%172, £3/2, £5/2, - --. Thus the rhombuses referred to earlier are also the solution elements
in the current method.

In the current method, it is also assumed that



§S®Lz-ds =0 (1.18)

where
et ¥ (aunn, i) (1.19)

is the flux densnty vector, and V is the union of any combination of the rhombuses referred to
earlier. Since 1; is not defined on S(¥), the above surface integration, by definition, is to be
carried out over a surface which is in the interior of ¥ and immediately adjacent to S(V). A
necessary condition for the conservation relation Eq. (1.18) is

$ R-ds =0 (1.20)
S

where ) is any one of the thombuses referred to earlier. Thus these rhombuses are also the
conservation elements in the current scheme. This is different from the Lax-Wendroff scheme in
which a conservation element is a rectangle like 1 ABCD depicted in Fig. 1.2(b).

Another necessary condition for Eq. (1.18) is the requirement that the net flux of _}?emering an
interface separating two neighboring conservation elements (i.e., the rhombuses) must vanish.
- This may be seen by applying Eq. (1.18) separately to two neighboring rhombuses and then to the
union of them. Obviously the local flux conservation relations at each interface and within each
conservation element (i.e., Eq. (1.20)) are equivalent to the conservation relation Eq. (1.18). In
the next section, the current marching procedure will be constructed by using the local
conservation relations.

This completes the description of the basic concepts behind the current development. In this
first paper, these concepts will be used to construct a numerical scheme for solving an unsteady
1-D constant-coefficient convection-diffusion model equation over a uniform constant-velocity
moving mesh. The model equation and the mesh used are simple enough such that the important
properties of the resulting scheme may be studied analytically. Yet they are complicated enough
that the information gained and the techniques developed in the current study may provide a solid
base for the development of new schemes for solving nonlincar conservation laws in higher
dimension. Note that it has been shown empirically that the local behaviors of a nonlinear
variable-mesh scheme may be studied by using a local analysis (such as the von Neumann
analysis) in which the dynamic coefficients and geometric parameters are frozen at their local
values. In the same spirit, the current analysis is intended to serve as a guide for the local
analysis of the more complicated schemes to be developed later.

The remainder of this paper is briefly described as follows: In Section 2, we construct the
current scheme without using several questionable assumptions commonly made in the
construction of an explicit, time-accurate, conservative scheme. We also point out several
fundamental differences that separate the current scheme from the traditional schemes. One of

-10-
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them is the fact that the current scheme is locally implicit while globally explicit. It is also
explained how these differences will result in greater stability and accuracy for the current
scheme.

In Section 3, we explore the concept of a dynamic space-time mesh and the need for a unified
treatment of the physical variables and mesh parameters. Specifically, it is demonstrated that the
stability and accuracy of a numerical calculation may be improved if the space-time mesh is
allowed to evolve with the physical variables such that the local convective motion of the
physical variables relative to the moving mesh is kept to a minimum. In the meantime, a
parameter defined in Section 2 is interpreted as the Courant number for a moving mesh.

In Section 4, the stability, dissipation and dispersion of the current scheme are studied using a
rigorous Fourier analysis. It is shown that there is a remarkable similarity between the forms of
the amplification factors of the Leapfrog/DuFort-Frankel [p.161, 3] and the current schemes.
Note that, hereafter, the former will be referred to as the L/D-F scheme. As a result of this
similarity, the stability condition of the current scheme, as in the case of the L/D-F scheme, is
essentially the CFL condition and thus independent of the viscosity coefficient L. Therefore, the
current scheme is unconditionally stable in the case of pure diffusion. Also, as in the case of the
L/D-F scheme, the current scheme has no numerical diffusion in the absence of viscosity. Note
that the stability condition of a classical explicit scheme for solving Eq. (2.2), e.g., the
MacCormack scheme [p.163, 3], generally is more restrictive than the CFL condition (see Fig.
4.1). In the case that the mesh Reynolds number « 1, the stability bound for At is more or less
proportional to (Ax)?. In contrast, the same bound will still be determined by the CFL condition
and therefore is proportional to Ax if the current scheme is used. The advantage of the current
scheme in the allowable time-step size grows as Ax — 0. This may become particularly
important when the current scheme is used in a steady-state calculation.

In Section 5, assuming smooth and periodic initial data, an error analysis technique is
developed using the discrete Fourier analysis formulated in Section 4. The main achievement in
this development is the derivation of a simple formula for predicting the numerical errors of the
current scheme. This formula contains a principal part and a spurious part. The principal part
grows linearly with the time-step number n while the spurious part is independent of n. Thus the
principal part will become dominant as n increases. Furthermore, it will be shown that this
error-prediction formula is valid up to any » as long as the numerical solution is still accurate up
to this n. Similar error-prediction formulae are also given for the L/D-F and the MacCormack
schemes. The prediction formula for the L/D-F scheme also contains a principal part and a
spurious part while that for the MacCormack scheme contains only the principal part. By using
these formulae, it will be shown that the current scheme is more accurate than the L/D-F scheme
by one order (in a sense to be defined later) in both initial-value specification and the marching
scheme. These formulae may also be used to show that the current scheme is substantially more
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accurate than the MacCormack scheme. This section is concluded by showing that the operation
counts for the current scheme and the MacCormack scheme are almost identical.

In Section 6, it is shown that the consistency of the current scheme, as in the case of the L/D-
F scheme, requires that At/Ax — 0 as Ar, Ax — 0. This contrasts sharply with most other explicit
schemes, e.g., the MacCormack scheme, which have no such requirement for consistency.
However, by using Lax’s equivalence theorem [p.45, 4] and a necessary condition for
convergence, it is shown that, for these explicit schemes, this requirement must manifest itself as
a part of the stability conditions. As a matter of fact, it is shown that the truncation errors of the
MacCormack, the L/D-F, and the current schemes are all second order in Ax if stability is taken
into consideration.

In Section 7, numerical solutions generated by the MacCormack, the L/D-F, and the current
schemes are compared with the corresponding analytical solutions for different values of physical
coefficients, mesh parameters and total running time. These comparisons show that the current
scheme is far superior than the L/D-F scheme in accuracy, and has a substantial advantage over
the MacCormack scheme in both accuracy and stability. Moreover, they confirm many of the
theoretical predictions made earlier in this paper.

Finally, odds and ends are dealt with in Section 8. They include discussions on boundary-
value specification, conservation elements of other geometric shapes, and a possible extension of
the current scheme to a space-time of higher dimension.

-12-



2. MARCHING PROCEDURES

In Section 1, for simiplicity, we consider only pure convection. Thus the flux density vector
h (au , u). Hereafter both convection and diffusion will be considered. As a result, Eq. (1.2) is
replaced by

Y (w9
h = (au uax,u) 7(2j1)

where | 2 0 is a constant with the dimension of length. We will continue to assume Eq. (1.1) and
the related assumptions. Note that the unsteady convection-diffusion equation

du ou u
E-F ox '”axz =0 @2

follows from Eq. (1.1) and (2.1) if u is well-behaved.

For reasons to be explained later, we will also consider a moving mesh shown in Fig. 2.1(a).
By "moving mesh", we mean a space-time mesh such that the coordinate x may vary along a j
mesh line, i.e., a mesh line with a constant value of the index j. In Fig. 2.1(a), 4 is a constant and
dx/dt =b along any j mesh line. In other words, a particle with a space-time trajectory
coinciding with a j mesh line has a constant velocity 5. For this reason, b may be referred to as
the velocity of the moving mesh. The moving mesh is reduced to a stationary mesh if & = 0. Let
the origin of the coordinate system coincide with the mesh point with j=n=0. Then the
coordinates x and ¢ for a mesh point (j,n) are given by

x=x] Yjax+nbrt and 1= % oaar 2.3)

In the current method, a conservation element is a parallelogram like that depicted in Fig.
2.1(b). It is also a solution element. Hereafter, no distinction will be made between a
conservation element and a solution element. A conservation element which is centered at
(x},t") will be denoted by CE(j,n). Its interior will be denoted by CE” (j,n).

To construct the marching procedure, 4 (x,t) is assumed to be in the form defined by Eq.
(1.16) for (x,t) € CE”(j,n). Moreover, we assume the conservation relation Eq. (1.18) with

ou (x t)

Bot) ¥ (auten-p 285D 6on) 2.4)

where Vis the union of any combination of conservation elements. Obviously, this assumption is
again equivalent to Eq. (1.20) and the interface flux conservation condition referred to in Section
1. The only modification required is the generalization of conservation elements from rhombuses
to parallelograms.
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With the above assumptions, one has
2 de
V& =f—-a—(~ ua~)+ =ad! + B! 2.5)

Thus the diffusion term in Q does not contribute to V - %, . However, the diffusion term does play a
role in the fiux balance across an interface. With the a1d of Eq. (2.5) and the divergence theorem,
the generalized form of Eq. (1.20) implies that aa} + B} =0. As aresult, Eq. (1.16) implies that

uxt) = of[(x=xj)—a(t—t")] + 7] if (x,t)e CE”(j,n) (2.6)

As a preliminary to the application of the interface flux conservation relation, next we
consider the problem of evaluating the flux E d_s) Let dr be the line segment joining the two
points (x,#) and (x +dx,+dt) (see Fig. 2.2(a)). Let# = (ny,n,) be a unit normal to Er) Then

dt dx
—_ =
V(dn)? + @dr)? C N @)+ @y

where (dx)* + (dt)2 # 0 is assumed. The upper and lower signs in Eq. (2.7) correspond to the two
senses of 7. Let ds be the surface element with the end points (x,t) and (x+dx,+dt). Then

— @.7)

& Y V@ +@y 7= t(dr, —dx) 2.8)
Egs. (2.4) and (2.8) imply that
B-ds =+ (ag-ug—i‘)dt—gdx =19 ar 2.9)
where
2Y (ra-n) . FY @ 2.10)

It may be shown that the upper (lower) signs in Egs. (2.7) - (2.9) should be chosen if the 90°
rotation from 77'to dr is in the counterclockwise (clockwise) direction.

Let I be a simple closed curve in E,. Let (x,t) and (x+dx,t+dt) be two points on T. Let 7’be
the outward normal to T at the pomt (x,t) (see Fig. 2.2(b)). Then the upper (lower) signs in Egs.
(2.7) - (2.9) should be chosen if dr points in the counterclockwise (clockwise) direction of I". Let
AT be a segment of I". Then Eq. (2.9) implies that

jAr R-di = j ‘2@ @.11)

where the notation c.c. indicates that the line integration should be carried out in the
counterclockwise direction.
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Let Q PQRS be the parallelogram depicted in Fig. 2.1(b). Let
JPQ) % the flux of Bleaving § PQRS through the line segment PQ. (2.12)

Similarly, we define J(QR), J(RS) and J(SP). Let T be the boundary of  PQRS. Then Egs. (2.6),
(2.10) and (2.11) may be used to obtain

J(@:% (1+fc)yy+(1—r7——5)%ay (2.13)
J(@):%((l—t)yj' —(1—12—5)54"—@ (2.14)
J(R_S)z%[—(l+t)y}‘+(1—12+8)—A4—xa}} (2.15)
J(sT>)=£‘21[-(1—r)y;—(1-1%8)%0@'] (2.16)
where
1Y ————(“‘AZ)A’ @.17)
and
def 4UAt
§ 2 aF 2 0 (2.18)

Two comments may be made about Egs. (2.13) - (2.16):
a. These equations are consistent with the local conservation relation
J(PQ) + J(QR) + JRS) + JSP) = 0 (2.19)
and

b. The influence of parameters a and b on the fluxes leaving () PQRS through its four edges is
expressed through a single parameter 1. As a result, the use of the moving mesh depicted
in Fig. 2.1(a) does not increase the complexity of the expressions on the right sides of Egs.
(2.13) - (2.16). The meaning of 1 is a subject to be discussed in Section 3.

To proceed, let

1oum ¥ L@ . fO0m @ = IQR) (2.20)
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om ¥ -2y qhem Y -2 5P @21)

In other words, f{°’(j,n) and £{°’(j,n), respectively, are the normalized fluxes leaving CE(j,n)
through its "future right" and "future left" edges. Similarly, £{/)(j,n) and ££7)(j,n), respectively,
are the normalized fluxes entering CE(j,n) through its "past left" and "past right" edges. For
simplicity, a normalized flux will be referred to simply as a flux. Thus, the first two normalized
fluxes may be referred to as the outgoing fluxes while the last two normalized fluxes as the
incoming fluxes. These two pairs of fluxes form two column matrices, i.e.,

f2Gm) ; DG
7 ¥ . TP0m ¥ , (2.22)
£2)(.n) HDG,n)
Also we define
, , def Ax ,
q1(,n) & Y} , g20j.n) =f 7Y (2.23)
and
ql(jvn)
26 ¥ , (2.24)
q20j,n)
With the aid of Eqgs. (2.20) - (2.24), Egs. (2.13) - (2.16) can be rewritten as
76 = A ZGn 2.25)
and
(7). _ A(D ,
700m = ADQGm) (2.26)
where A©) and A are the matrices defined by
-2
A@) & 1+1 1-1°-8 22n
1-1 —(1-1*-3)
and
A 4 [ 1FT —(1-7+38) 228
1-1 1-1243%
Through out this paper, it will be assumed that
1-12+8£0 (2.29)

Thus [A/?]7!, the inverse of A, exists. We have
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1 1

i1 _ 1
AT = 2| 1-n 1+1 (2.30)
1-72+8 1-72+8
From Eq. (2.26), one obtains
26.m) = WO 7O m @31)
Substituting Eq. (2.31) into Eq. (2.25), one has
(0) . (r,.
7 P6m = @73 2.32)
where Q is the matrix defined by
Q % A0 (A (2.33)

Let Wy, I, m =1, 2, be the elements of the matrix Q. Then Egs. (2.27), (2.30) and (2.33) imply
that

T(1-72)+8 _ (d+n(1-1?)

oS TTE S e 1-1+8 @39
oy = 4 11)1(21;;2) . Op = ———_t](:f i); 9 (2.35)
A result of Egs. (2.34) and (2.35) is
Iél O =1, m=1,2 (2.36)
Since Eq. (2.32) is equivalent to
#n) = )2_‘,1 O frGR) . 1=1,2 2.37)

Eq. (2.36) may be used to prove that
20Gn) + (£93.n) = FDGn) + F£D¢.n) (2.38)

i.e., the sum of the outgoing fluxes is equal to the sum of the incoming fluxes. From Egs. (2.20)
and (2.21), it is easy to see that Eq. (2.38) is equivalent to Eq. (2.19).

With the above preliminaries, the current marching procedure may now be defined by using
the interface flux conservation relation. Explicitly, this relation requires that (see Fig. 2.3)

O+ = {90 . ADG+An+n) = F£9G+1,n) (2.39)

and
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G+ = [O0G-Y%n+s) DGR+ = O+ n+4) (2.40)

where j=0, £1, £2, --- ; n=0, 1,2, ---. Because of the above relations, a single arrow is
drawn across an interface (see Fig. 2.3) to represent both the flux entering and the flux leaving
this interface. Let n >0 be a fixed integer. Let the outgoing fluxes £°(j,n) of the conservation
clements at the time level n be given. According to Eq. (2.39), the incoming fluxes
fl(’ )(i +¥4,n+Y%) and 51 (j+'4,n+%) of CE(j+",n+Y2), respectively, are equal to the outgoing
flux £{%)(j,n) of CE(j,n) and the outgoing flux f{%)(j+1,n) of CE(j+1,n). Thus all the
incoming fluxes of the conservation elements at time level n+% are known. Since Eq. (2.37)
remains valid if the indices j and n, respectively, are replaced by j+' and n+%, one has

FONj+Ya,n+¥s) = X O FEDG+5,n44) =12 (2.41)
m=1
The outgoing fluxes of the conservation elements at time level n+% can be evaluated in terms of
the known incoming fluxes by using Eq. (2.41). Similarly, with the aid of Eq. (2.37) and (2.40),
the incoming and outgoing fluxes of the conservation elements at time level n+1 can also be
evaluated. This procedure can continue for time levels n+3/2, n+2, ---. The following
comments are made to provide more details about this procedure:

"a. The outgoing fluxes f,(o)(j, 0) at time level n =0 may be evaluated by using Eq. (2.25) if
the coefficients g;(j, 0) at time level n = 0 are given.

b. The coefficients , are considered as given constants in the marching procedure. Let j
and n be a pair of fixed integers. Then the outgoing fluxes O +,n+1%), [ =1, 2, may
be evaluated in terms of the incoming fluxes £\ )(j+Y%5,n+1%), m =1, 2, by using Eq.
(2.41). This evaluation requires four multiplications and two additions. However, the
operation count can be reduced if the following alternative procedure is adopted. Let
fL2)(j+%4,n+%) be evaluated by using Eq. (2.41). This requires two multiplications and
one addition. f5%)(j+Y,n+%) is then evaluated by using the conservation relation

B +an+4) = fD(+%n+1n) + FDG+HARS) — FLO(+A,n+%)  (2.42)

which can be obtained from Eq. (2.38) by replacing j and n, respectively, with j+% and
n+Y%. The last evaluation requires only one addition and one subtraction. Thus evaluation
of ff2)(j+%,n+%), I =1, 2, requires only two multiplications, two additions, and one
subtraction. Thus the operation count of the current scheme is five for each j per half time
step.

c. The principal variables involved in the marching procedure described above are incoming
and outgoing fluxes. However, for any pair of given integers or half integers Jj and n,
I
7(j,n) can always be evaluated in terms of?( )(/',n) by using Eq. (2.31).

-18-
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More relations connecting to the marching procedure may be derived. To proceed, note that
Eqgs. (2.39) and (2.40), respectively, can be written as

FOUne) = L7 O6n) + LG +1,n) 2.43)
and
FOUn+1) = LG4 + L7+ n+%) (2.44)
where
L‘i‘f[l OJ cand L YO 0} (2.45)
00 0 1

are projection matrices [p.116, 5). For any pair of numbers ¢; and c,, we have

SN RN
I = , L = (2.46)
Ca 0 €2 | Ca

Substituting Eq. (2.43) into the equation obtained from Eq. (2.31) by replacing j and n,
respectively, with j+%4 and n+'%, one obtains

FG+5,n+4) = [AD] [L?(O)(j,n) + I_?(O)(jﬂ,n)} (2.47)
With the aid of Eq. (2.25), Eq. (2.47) implies that
FU+sbn+E) = Q. F3U.n) + QF(+1,n) (2.48)
where
Q. ¥ (ADF1L, A©) Q ¥ (AD L A® (2.49)

Multiplying Eq. (2.47) from the left by A°? and using Egs. (2.25) and (2.33), one has

7%+ = Q. 7 V6m) + @ FPG+1m (2.50)
where
O 0 0 W2
Q+d=efQI+=[ } . ‘éefQL:[ J @2.51)
wy; O 0 wyp

Similarly, with the aid of Eq. (2.44), one can obtain
FU.n+l) = QTG40 +4) + QG +n+%) (2.52)

and
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FO%n+1) = 0, 7V n+) + @ F O+ n4%) 2.53)
As a result of Eqs. (2.48) and (2.52), one has
FU.n+D = [Q P FU-1n) + [QQ +QQ. 170 + [QPF(+L,n)  (2.54)
Similarly, Egs. (2.50) and (2.53) may be used to obtain
- FOUnen = (9, 27—
+ 12+ 017 V0m + 1 273G +1n) 2.55)

In both Egs. (2.54) and (2.55), a column matrix at time level n+1 is expressed directly in terms of
three column matrices at time level n. Note that, with the aid of Egs. (2.23), (2.27), (2.30), (2.45)
and (2.49), Eq. (2.54) can be explicitly expressed as

- 1-72 -
v -%[”—-—fﬂzfé} {“*”Y?—w——( . S)Axa;'-l}

1-12 T(1-12-9) n
1 1-1%2 - n
- %{T—%J—:%J {(1—1)7;‘“—(——-—2—&&%“] (2.56)
and
Avartt = - L] ¢ 8(1-1) 4 -7 _., +(1—t)~lﬂAxa’-‘
J 2 1-12+8 1-12+5 7! 1-12+8 71
1"’12 2 2 n
+ m [4TY;+(1—T -S)Axaj]
1 3(1 1-12 1-12-3 n
e {41—_—1‘21_51'“‘“*“’?.:2—%““#‘} @3

At this juncture, it is noted that the marching procedure described earlier is constructed by
using Egs. (2.50) and (2.53). One may construct alternative procedures by using Eqs. (2.48) and
(2.52), or Eq. (2.54), or Eq. (2.55). However, these altematives are less efficient than the original
procedure. This is because (i) the matrices €, and €, respectively, have only two surviving
elements, and (ii) the original procedure can take advantage of the conservation relation Eq.
(2.38). Since the current numerical method is developed on the principle of flux conservation, it
is natural that the most efficient marching procedure is the one that uses incoming and outgoing
fluxes as the marching variables.
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To further clarify the differences between the current scheme and other explicit schemes, this

section is concluded with the following remarks:

a.

The marching step in the Lax-Wendroff scheme in which uj';‘f is updated, i.e., Eq. (1.7), is
derived with the assumption that u is a constant along a straight line with dx /dr = a. This
assumption generally breaks down if u satisfies Eq. (2.2) instead of Eq. (1.3). If the
diffusion term in Eq. (2.2) is comparable to the convection term, the error caused by this
assumption may be substantial. Nevertheless, the marching step Eq. (1.7) or one of its
variants is used in many generalized Lax-Wendroff schemes that are used to solve Eq.
(2.2). This marching step generally is followed by another in which u"+l is obtained by
using the conservation relation (see Fig. 1.2(a))

[ du 4 |
it Ax — Wl Ax + au]i'x}? - p( u);:x,g At
r 14 n+%4 ]
- (1u_’;+1/2 - ( )J VZJ At =0 (2.58)

where ( );:1: and (gl);:/f , Tespectively, are the finite-difference approximations of
X

du/ox at the mesh points (j+'2,n+'2) and (j—"2,n+"2). Generally, these approximations
may be expressed in terms of the mesh values of u at the time level n+Y.

The assumption that u is a constant along a straight line with dx /dt = a may be avoided if

one lets u}';‘;f, J=0,4%1, 12, ---, be lagged behind by one half time step, i.e., uj’;ﬁ,’lf =
Uiy, j=0,%1, 12, -+, Here uj,,; may be obtained by interpolating the given values of
uj, j=0,%1, 42, ---. Obviously, an explicit conservative scheme may be formed by

combining this new assumption with Eq. (2.58).

The errors caused by the assumptions mentioned in (a) and (b) generally are considered as
the penalty one pays for using an explicit conservative time-accurate scheme. One may
avoid this penalty by using either an implicit scheme or an explicit nonconservative time-
accurate scheme (e.g., the MacCormack scheme). The current scheme is an exception to
the above common wisdom. It is explicit, conservative and time-accurate, yet constructed
Without relying on the assumptions mentioned in (a) and (b).

In Section 1, the pure-convection discrete conservation relation Eq. (1.9) was cast into an
integral form (i.e., Eq. (1.14)) similar to the conservation law Eq. (1.1). For it # 0, one may
be tempted to repeat the same feat by again assuming Eq. (1.12) but replacing Eq. (1.13)
with
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Bt Y (aucen - p

ou (x,1)
Ea u(xt)) (2.59)

However, because du (x,£)/dx = 0, Eq. (1.14) again is equivalent to Eq. (1.9). It will not be
equivalent to a convection-diffusion conservation relation in the form of Eq. (2.58).

A desire to cast the discrete conservation relation into an integral form is a strong
motive behind the current development. As a matter of fact, the integral form Eq. (1.18) is
one of the basic building blocks of the current marching scheme. It is our belief that a
conservative scheme that can be cast into an integral form not only is easier to interpret but
also provides a more realistic simulation of the conservation laws.

In the current scheme, u (x,t) is approximated by g (x,¢) which is defined in Eq. (2.6). For
(x,t) € CE”(j,n), u(x,t) is determined by two independent parameters Y} and o] which,
respectively, represent u and du /ox at the point (x7,¢"). The extra parameter o} accorded
to the current scheme allows a more precise specification of the discrete initial conditions.
It also provides more leeway for y(x,t) to simulate a rapidly varying function u (x,t), as
often occurs across a shock or within a boundary layer.

According to Eqgs. (2.32) and (2.33), the determination of 7(0)(/','1) in terms of ?U)(j,n)
requires the inversion of the matrix AY). As a result, the current scheme is locally implicit.
As will be shown in Section 4, the appearance of the factor (1—12+38) in the
denominators of two elements in [A)]™ (see Eq. (2.30)) has a positive effect on stability.

Let
1 -1 -8=0 (2.60)

Then [A(°’]! and Q7! exist. Let
Q. YLa! , O Yo @2.61)

By using Eq. (2.32) and the interface flux conservation conditions, we obtain the time-
reversal counterpart of Eq. (2.55), i.c.,

7O%m = 1927 G141
+ 12,0 + Q.0 17 PG+ + 19 PP O +1,n41) (2.62)

Eq. (2.62) states that the discrete variables associated with a conservation element at time
level n can be determined by those of its three closest conservation elements at time level
n+1. Contrarily, in a typical classical scheme, e.g., the Lax-Wendroff scheme Eq. (1.11), a
discrete variable at time level # may depend on all the discrete variables at time level n+1.
Note there may be several solutions of 7(O)U,n) for a given set of 7(0)(_/' -1,n+1),
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0 0
7( )(i,n+1), ?( )(j+1,n+1), if the current scheme is generalized to solve a nonlinear
PDE, e.g., the Burgers’ equation [p.154, 31.

23-



~ 3. THE DYNAMIC SPACE-TIME MESH

The main purpose of this section is to explore the concept of a dynamic space-time mesh and
the need for a unified treatment of physical variables and mesh parameters. Specifically, we will
demonstrate that stability and accuracy of a numerical calculation may be improved if the space-
time mesh is allowed to evolve with the physical variables such that the local convective motion
of physical variables relative to the moving mesh is kept to a minimum. To simplify the
discussions, again we consider only Eq. (1.3) or Eq. (2.2). Also the coefficients @ and K, and the
mesh parameters b, At, and Ax are assumed to be frozen at their local values.

The parameter T defined in Section 2 plays a central role in the following discussions. As a
result, its role as the Courant number for a moving mesh will be established immediately.

In Fig. 2.1(a), Q and S, respectively, denote the mesh points (j,n+%) and (j,n—'%4). The point
T is on time level n—Y% with TQ being in the direction of convection. Hereafter, by definition, a
line segment in space-time is said to be in the direction of convection if dx /dt = a along this line
segment. Note that the direction of convection is identical to the characteristic direction of Eq.
(2.2) only if u=0. Points T and S are on the same time level and separated by a spatial distance
(a@—b)At. The parameter 7 is the ratio between this distance and Ax. In the case where b = 0,
i.e., the moving mesh is reduced to a stationary mesh, the spatial distance between T and S is
reduced to aAr. As a result, T is reduced to the ordinary Courant number v. For this reason, the
parameter T may be considered as the Courant number for a moving mesh.

To further explore the significance of 1, again we consider Eq. (1.3) and the Lax-Wendroff
scheme which solves it. If the moving mesh depicted in Fig. 2.1(a) is used, then this scheme may
be expressed as

Wit = 5 [ o+ -nu] G0

and
! 1
utt =yt —’c(uf:x,f - u;_ﬁg} (3.2)

As in the derivation of Egs. (1.7) and (1.10), Eq. (3.1) is obtained through the use of backward
characteristic projection and linear interpolation while Eq. (3.2) represents a flux conservation
relation over the parallelogram PUVR shown in Fig. 2.1(a). When b =0, T = v and Eqgs. (3.1) and
(3.2), respectively, are reduced to Egs. (1.7) and (1.10). For this reason, the original Lax-
Wendroff scheme may be viewed as a special case of the scheme defined by Egs. (3.1) and (3.2).
As will be shown later, a moving mesh relative to a coordinate system may become a stationary
mesh relative to another coordinate system. As a result, a scheme defined by Egs. (3.1) and (3.2)
with any value of b may be reinterpreted as the original Lax-Wendroff scheme if it is viewed
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from another coordinate system. This will provide an alternative (and more satisfying) proof for
Egs. (3.1) and (3.2).

Note that v is a function of Ax, At, and a while 71 is a function of Ax, At, a, and b. The extra
independent variable b of the function T corresponds to the extra degree of freedom introduced as
a result of allowing the mesh to be "moving" relative to the coordinate system. It will be shown
immediately that the time-step size limitation associated with the original Lax-Wendroff scheme
may be removed by taking advantage of this added freedom.

According to the von Neumann analysis, the amplification factor of the scheme defined by
Egs. (3.1) and (3.2) is

ALW.@) = 1 — 72 (1 -cosO) — i Tsin® (3.3)

where 0 is the phase angle variation in Ax of a plane-wave component. Eq. (3.3) implies that the
stability condition is |t] < 1,i.e.,

Ax
la-b|

At £ (a#b) (34)

Let Ax be held constant. Then Eq. (3.4) implies that the stability bound for At becomes greater as
|a—b| becomes smaller. Since a and b, respectively, are the convection velocity of the physical
variable u and the velocity of the moving mesh, a—b is the velocity at which u is convected
relative to the moving mesh. In this paper, a—b and |a—b|, respectively, may simply be
referred 1o as the relative convection velocity and the relative convection speed. As a result, one
may say that the time step size limitation associated with the Lax-Wendroff scheme is due to the
existence of a nonzero relative convection speed.

A large relative convection speed and thus a severe time-step size limitation, may result from
an indiscriminate use of a stationary mesh. For the current case in which a is a constant, this
limitation may be eliminated completely by using a moving mesh with b=a. Even if a is a
function of u, x, and t, the above discussion suggests that the time-step size limitation may be
reduced sharply if the mesh is designed such that the local relative convection speed is kept to a
minimum,

At this juncture, we introduce another interpretation for the parameter 7, i.e., it is the product
of the relative convection velocity (a—b) and the mesh aspect ratio (At/Ax). If only the
stationary mesh (i.e., b =0) is allowed, then T can be made smaller only by making At/Ax
smaller, a move very costly in computational effort. On the other hand, if a moving mesh is
allowed, T may be made smaller by reducing |a—b].

Next we study the dependency of accuracy on the relative convection speed |a—b|. Note
that A“%-(8) =1 when t=0. Thus the numerical dissipation and dispersion vanish when =0
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[pp. 93-94, 3]. Moreover, Eq. (3.2) implies that the numerical solution does not vary along a j
mesh line when T=0. Since a j mesh line is also a characteristic line of Eq. (1.3) when Tt =0, the
numerical solution coincides with the analytical solution at the mesh points. Since T— 0 as
(a—b) — 0 when At/Ax is held constant, the above observations suggest that the accuracy of the
scheme defined by Eqgs. (3.1) and (3.2) may also be improved by reducing |a—-b|.

Since ALW-(8) = ¢¥'® when T=11, the dissipation and dispersion also vanish when T = 1.
Again Eqgs. (3.1) and (3.2) imply that the numerical solution is exact when T = +1 (Note: The
diagonal RU (PV) of the parallelogram PUVR depicted in Fig. 2.1(a) is in the characteristic
direction of Eq. (1.3) if t=1 (t=-1)). Thus the numerical solution of Egs. (3.1) and (3.2) will
be highly accurate if one uses a mesh with |t <1 and |t| is very close to 1 everywhere.
However, since |t| =1 is on the verge of instability, this strategy of obtaining accurate solutions
may not be practical when the coefficient a is not a constant.

In order to further explore the significance of T and (a—-b), in the following, we will study
the transformation properties of several equations and parameters under a Galilean
transformation. This study will also provide a systematic way to obtain the form of a classical
finite-difference scheme over a moving mesh.

To proceed, we consider the Galilean transformation:
¥ =x-b"t and ¢ =1t (3.5)

where b is any real constant. Physically, (x,t") represents a coordinate system moving with the
velocity b* relative to the coordinate system (x,#). Assuming that the mesh is fixed in space-
time, Eqs. (2.3) and (3.5) imply that the coordinates x” and ¢’ for the mesh point (j,n) are given
by

= xt Y jax v nb'A amd 0= Y (3.6)
where
b % b _p G.7)

is the velocity of the moving mesh relative to the new coordinate system. In this paper, a
parameter defined with respect to the new coordinate system is denoted by a prime. Immediately,

we have
A Y yr ot =Aa A Y e Cpn (3.8)

Also, Eq. (2.2) may be rewritten as
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ou’ du’ 2u’
+ a T =0 3.9
a T ar TH ©9)

where
o ¥a_p |, wy (3.10)
and u’ is a function of x” and ¢’ such that
W) = ulxt) (3.11)
An immediate result of Eqgs. (3.7) and (3.10) is
a-b =a-b 3.12)

Thus the relative convection velocity (a—») is invariant under the Galilean transformation Eq.
(3.5). Also Egs. (3.8), (3.10) and (3.12) imply that

v def (a’—=b’)Ar _ la-b)N

= 2o, 8 Y ‘::;?)‘2' = ‘('A*;’)’z' =5 61y
Moreover, it may be shown that, for any (x,¢) € CE”(j,n)
uE) =@ ) Y -+ PI—) +yT (3.14)
where
| Y Yy Yy (3.15)

With the aid of Eqs. (3.10) and (3.15), one concludes that a’c’} +f°7 =0 if and only if
aoj +B7=0.

From Eqgs. (3.8), (3.13) and (3.15), one concludes that all the parameters and variables that
appear in Egs. (2.56) and (2.57) are invariant under the Galilean transformation Eq. (3.5). This
property will be used to simplify the discussion given in Section 6.

Let b* =b. Then b’ =0, and thus Egs. (3.6), (3.8) and (3.13) imply that

X7 =jAx Ot =nAr (b'=b) (3.16)
and
a’'At’
1=17 = b*=b 3.17
. ( ) (3.17)

From Eqgs. (3.16) and (3.17), one concludes that (i) the mesh is stationary relative to the primed
coordinate system, and (ii) T simply becomes an ordinary Courant number when it is expressed in
terms of the primed parameters. Moreover, as a result of (i), a classical finite-difference scheme
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may now be expressed relative to this new coordinate system in its traditional form. As an
example, the L/D-F scheme [p.161, 3] for solving Eq. (3.9) may be expressed as

rn+l rn-1

n+l rn-1 m m ’n mo _ :
g ' Pl R S LS L N Ml

u j — U J
2At 2Ax (Ax")?
(b*=b) (3.18)

=0

Since the mesh is fixed in space-time, Eq. (3.11) implies that u’} = uj for any (j,n). With the aid
of Egs. (3.8) and (3.10), Eq. (3.18) may be rewritten as

1 n-1 n 7 n n__ . n+¢l _ on-l
utt —u” + (a—b) Uiy — g - Uiy +uj_g —uj u—o_ 0 (.19
2At 2Ax (Ax)?

This is the form of the L/D-F scheme when the mesh and coordinate system used are those
depicted in Fig. 2.1(a). As a result, when a stationary mesh (b =0) is replaced by a moving mesh
(b # 0) without changing the coordinate system, the only modification required in the form of the
L/D-F scheme is to replace the coefficient a with (a—b). This'is also true for other classical
schemes solving Eq. (1.3) or Eq. (2.2). Note that the Courant number v should be replaced by the
parameter T as the coefficient a is replaced by (a—b). This is consistent with the fact that Egs.
(1.7) and (1.10), respectively, are converted into Egs. (3.1) and (3.2) when v is replaced by 7.

In conclusion, the previous discussions suggest that a reduction in the relative convection
speed |a—b| may improve stability and accuracy, and reduce dissipation and dispersion of
numerical calculations. Since the appearance of wiggles near a discontinuity is a result of
numerical dispersion, the wiggles may also be reduced by reducing the relative convection speed.
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4. STABILITY, DISSIPATION AND DISPERSION
4.1 Preliminaries

In this section, the current numerical scheme will be studied using a discrete Fourier analysis.
Specifically, we assume the initial periodic conditions: 7(j, 0) =g (j+K,0), j =0, £1, +2, -- -,
where X is an integer > 3. With the aid of Eq. (2.54), by induction, it may be shown that ?(j.n)
is periodic at any time level n, i.e.,

70G.n) = QU+K,n) (j=0,%21,%2, -~ , n=0,1,2, ---) @.1)

With the aid of Egs. (2;54) and (4.1), 7 (j,n) can be expressed explicitly as a matrix function of j,
n, K and the initial-value matrices 7(/,0), [=1,2,3, -, K-1. The stability, dissipation and
dispersion of Z(j,n) are then studied by using this functional relation. According to Egs. (2.25),
(2.26) and (2.48), the other matrix variables, including §(j+¥5,n+%), FOGun) £ (o),
?(l)(j +%,n+%) and ?(o)(j +4,n+%2), may be considered as functions of @(j,n). Their
behaviors, therefore, may be inferred directly from those of 7°(j,n).

Since the current Fourier analysis also serves as the basis of an error analysis to be presented
in Section 5, the following development will include materials that are needed there. '

To proceed, let

o & %Kexp oK) i=T
(j=0,i1,:t2,"' ,k=0;1s2"")K—1) (4'2)

¢*) are periodic and orthonormal, i.e.,

of = o  (j=0.L£2, -+, k=0,1,2, -~ K-1) @3)
and
K-1  —
T oP0f) = 8 (K k'=0,1,2, -+, K-1) (4.4)
=0

where 8, is the Kronecker delta symbol. As a result,
K-1
76.n) = Y Pthn) 6% (j=0,%1,2, -+ , n=0,1,2, ---) 4.5)
k=0
where

K-1 _
76m ¥ T 20meP  (k=0,1,2, -, K-1,n=0,1,2, ---) (46)
=0 .
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Hereafter, unless specified otherwise, it is assumed that &=0,1,2, ---, K -1;
J=0,%1,%2, ---;andn =0, 1, 2,

Furthermore, let

def 2nk/K if K/22k20
0, = @.n
2n(k-K)K if K-12k>K/2
and
0O ¥ M2, + %20 (r20>-n) 4.8)
Note that 64, k =0, 1, 2, ---, K-1, are deliberately defined such that
X260, >-x 4.9

Also, unless specified otherwise, hereafter we assume that t>0 > —n. Substituting Eq. (4.5) into
Eq. (2.54), and using Egs. (4.3), (4.4), (4.7) and (4.8), one has

Zk,n+1) = [Q 012 Pk,n) (4.10)

i.e., the amplification matrix for any & is the square of the matrix Q(6,). Combining Egs. (4.2),
(4.5) - (4.7) and (4.10), it may be shown that

K-1 K-1 ..
r % T 0O T 9% 2¢ 0) @.11)
k=0 {=0

ie., the matrices @(j,n) are determined uniquely if the initial-value matrices G, 0),
1=0,1,2, ---, K-1, are given.

. With the aid of Eqgs. (2.27), (2.30), (2.45), (2.49) and (4.8), it can be shown that

cos(6/2) — i Tsin(6/2) —i(1-1%-3)sin(6/2)
0 = i(l-lx_z 1?281“?/2) _ _:% cos®/D+itsin@) |
Let
ne ¥ Scos(%) - i'c(l—'rz)sin(%) 4.13)
Then the eigenvalues of Q (8) are
6,0 % NOVOP +(1-7?7 - & @.14)

1-12+8

In this paper, the principal square root is defined such that

-30-

TY]



12‘_ 2 the phase angle of its polar form > ——g-

By applying the von Neumann analysis to Eq. (2.54), it may be shown that the amplification
factors are the eigenvalues of [Q (8)]?, i.e., [0,(8)]? and [6_(0)]2.

To proceed further, note that, for each 0, the matrix Q (8) is either nondefective or defective
[p.353, 6]. If Q(0) is nondefective, the Jordan form Q(0) of Q(6) and its powers (0O,
[0(8))?, - - - may be chosen as [p.362, 6]

. [ [0, (0™ 0 }
[Q@O)" = m=1,23, - @4.15)
0 [c-(6)]"
On the other hand, if Q (0) is defective, we have [p.362, 6]
6,(0) = 6_(6) )
and _ > (4.16)
. , { [6:@®)1"  m[c,.(6)I™! ]
[QO®)]" = m=1,2,3, -
0 [o_(8))" )

According to Jordan’s theorem [p.362, 6], for each 6 (7 >0 >—x ), there exists a nonsingular
matrix G (0) such that ' ' .

0®) = G(©) 0®) [GO)I"" @17

Note that matrix G () is not unique. It can be shown that a matrix 6(6) can also convert Q (0) to
é(e) if and only if c';(e) = G (0) ¥(0) where ‘¥(0) is (i) an arbitrary 2x2 nonsingular diagonal
matrix if Q (6) has two distinct eigenvalues, or (ii) an arbitray 2x2 nonsingular matrix if Q (8) is a
multiple of the identity matrix, or (iii) a 2x2 nonsingular upper-triangular matrix with identical
diagonal elements if Q () is defective. The above comments are useful in a later discussion.

Substituting Eq. (4.17) into Eq. (4.11), one arrives at
K-1 . .
7G.m = X " GO 00T (4.18)
k=0
where the column matrices ¢ are defined by

K-1 .
%Y %[G(ek)rl T %200 4.19)
1=0

Note that there is a one-to-one relation between the set of column matrices G, k=0, 1,2, -,
K -1, and the set of column matrices ¢'(j, 0), /=0, 1,2, - -, K—1. As amatter of fact, one has
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K-1 ..
76,00 = 3 ¢”* GO (4.20)
k=0

Let
G = [811(9) 812(0) ] @2n
- 821(0) g2(0) '
and
def £11(0) } def {812(9) ] ,
+(0) = , £-(0) = (4.22)
g [ £21(9) g £22(0)

With the aid of Egs. (4.15), (4.16), (4.21) and (4.22), Eq. (4.17), which is equivalent to Q@O)G ()
=G(0) Q(e) implies that (i), (8) is an eigenvector of Q (@) with the eigenvalue 6, (8), (ii) 2-(0)
is an eigenvector of Q (B) with the eigenvalue 6_(8) if Q (0) is nondefective, and (iii) Q(e)?_(e)
=2+.(08) + 6_(0)Z_(8) if 0 (0) is defective.

Let Q(8x). k=0, 1,2, ---, K-1, be nondefective or defective with G,(0,) = o.(0,) =0
(Note: [Q(8)]* = 0 in the latter case). Then Eq. (4.18) is reduced to
K-1 .
70 = T " ([0, ks B2(00) + [0-OP1" c-T-(0)) ) (4.23)
k=0
where ¢y, and c,_, respectively, are the upper and lower elements of the column matrix ?1:
Several comments may be made relating to Eq. (4.23):

a. The influence of the initial-value matrices g°(,0) on G(j,n) is expressed through the
coefficients ¢, and ¢, _.

b. Let
Felink) ¥ e (6,001 cre PuB) 4.24)

Then, for each k, §(j,n) = ,.(j,n.k) or @ (j,n) =7F_(j,n,k) is a particular solution of Egs.
(2.54) and (4.1). The general solution given in Eq. (4.23) is the sum of these particular
solutions.

C. With the aid of Egs. (2.45), (4.19), (4.21) and (4.22), and the fact that c;, and ¢,
respectively, are the upper and lower elements of ¢, it can be shown that

1 k-1
e B2@) = GOYLT = - GOILIGON" T e 2(,0) (4.25)
=0 ,
Let the eigenvalues of Q(6;) be distinct. Then, as noted earlier, matrix G (8,;) which
converts Q(6,) into Q(8,) (in this case, Q(8;) is a diagonal matrix) can be replaced by
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0(0,) = G(0,)\¥(8,) where ¥(8,) is an arbitrary 2x2 nonsingular diagonal matrix. Since
L., I, ¥(8,) and [¥(0,)]"! are diagonal and thus commute among themselves,

GOV L [GOT! = G(8y) WO Lt [FOI (GO = GO L [GOYI" (4.26)

Combining Eqs. (4.25) and (4.26), one concludes that the matrices c,d?i(e,‘) are invariants
under the transformation G (6,) — G (8,) if the eigenvalues of Q (8,) are distinct.

To interpret the particular solutions defined in Eq. (4.24), we introduce the functions B4(8)
such that

[0:@)1 = |0:0)[2e®®  and n>P,@) > - @.27)

Note that B+(®) ( B_(8) ) is uniquely defined by Eq. (4.27) if 6,(8)#0 ( 6_(8) 20 ). Also we
define

)
a0 @ p- PO Ax (8%0) (4.28)
0 At
In|c.(0)]?
w.© % _ Inle:®[” (020) (4.29)
B (2 yar
Ax
and
@ (2 + i () x - (0)]
) we@® () 1+ i () (x-a0) £ 620
pa(xt,0) ¥ AR, (4.30)
lo:(0)] ¥ e A if 0=0
By using Egs. (2.3) and (4.27) - (4.30), it may be shown that
"% (6,001 = p1(x.1",0p) @31)

According to Egs. (4.24) and (4.31), §+(j,n,k) is the product of p+(x},t",0,) and Crs 81(0p).
Since the latter is independent of j and n, the behaviors of ¢+ (j,n,k) are govemed by the former.

For any 0 such that t20 > —x and 020, u =p4(x,t,0) is a plane-wave solution of the
convection-diffusion equation

du ou u
E + Qi(e)—a—; - E&(e) axz =0

Also, the wavelength of this solution is given by

ae) & —2%’3'—" (4.32)
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As a result of the above observations, for each k #0 (i.e., 6, #0), the particular solution
7 U.n) =¢:(j,n.k) may be referred to as the plane-wave solution with the numerical covection
speed a+(8,), the numerical viscosity Ji:(8,) and the wavelength A(6,). Also since 8y =0 and
p+(x,t,0) is independent of x, one may say that the particular solution ¢'(j,n) = 7+(j,n, 0) has an
infinitely long wavelength.

In this paper, the marching procedure defined by Egs. (2.54) and (4.1) is said to be stable if
and only if, for any integer X 2 3 and any specification of the matrices ¢, k=0, 1, 2, -+, K~1
(.., any specification of the initial-value matrices g/, 0). See Eqgs. (4.19) and (4.20)), the
elements of the column matrices g(j,n), j =0, 11, 2, -- -, remain bounded as n — +o with
the parameters T and J being held constant (i.e., Ar and Ax being held constant — if one assumes
that @, b and u are constants). The readers are reminded that the term “stability" referred to in
Lax’s equivalence theorem has a meaning different from what we define here (see Section 6).

Because G(9,), k=0, 1, 2, ---, K~1, are nonsingular, Eq. (4.18) implies that the marching
procedure is stable if and only if, for any integer K 2 3, the elements of the matrices [é(ek)]z",
k=0,1,2, ---,K-1, remain bounded as n — +oo with the parameters T and 8 being held
constant. According to Egs. (4.15) and (4.16), this implies that stability occurs if and only if, for
anyK23andanyk=0,1,2, ---,K-1,

max { |6,(8,)], |o_(8,)| } < 1 if Q(8,)is nondefective 4.33)
and
|o.(0)] < 1 if Q(By) is defective (4.34)

Our study of dissipation and dispersion will be limited to the case in which each matrix Q (6,)
is either nondefective or defective with 6,(8,) = 6_(0,) = 0. From Egs. (4.23), (4.24), and (4.27)
- (4.32), one concludes that (i) for any & # 0, the dissipation of 4(j,n,k) may be measured by
K:(6,), and (ii) the dispersion of the general solution g(j,n) may be determined by the
distribution of a4 (6y), k =1,2, -+, K-1.

As a final note of this subsection, we will point out a remarkable similarity between the forms
of 04(0) and the amplification factors A;(6) (see Eq. (B.10)) of the L/D-F scheme. Let
1-12> 0. Then both the numerator and denominator on the right side of Eq. (4.14) may be
divided by 1—12. As a result, we have

Scos(g) - itsin(%) + \/ [Scos(%) - i'l:sin(%)]2 +1-8

1+6

c:(0) = (4.35)

where 5 %f 3/(1-1%). A comparison between Eqs. (4.35) and (B.10) reveals that the expression
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on the right side of Eq. (B.10) may be converted to that on the right side of Eq. (4.35) if §/2, ©
and 0, respectively, are replaced by S T and 6/2. In making this comparison, the reader should
keep in mind that the amplification factors for the current scheme are [0,(0)]* and [o_(®)?,
rather than 6,(0) and c_(0). Note that, if 1 — 12 <0, the sign "t" on the right side of Eq. (4.35)
should be replaced by "¥",

This completes the preliminaries. A discussion of two special cases, i.e., (i) §=0 and (ii)
T =0, will precede the investigation into the general case in which both 8 and T may not vanish.

4.2 The Special Case With =0

Egs. (2.29) and (4.14) coupled with the assumption 8 = 0 imply that (i) T2 # 1, and (ii)
2
6:(8) = —iTsin(6/2) £ %—L V1 —1%sin%(8/2) (4.36)

In the following, Eq. (4.36) will be used to study (a) stability and dissipation, and () dispersion.

(a) Stability and Dissipation:
We have
1 if |Tsin(6/2)] <1
4.37)

2
|—rsin(elz)iJ%::—ZLVrZsirﬁ(e/z)-1 | if |tsin®/2)[ > 1

In the case where 2 > 1, there exist a K and a k (K—12=k 2 0) such that |Tsin(6;/2)| > 1. Thus
max { [0,(8,)], |0_(0,)| } > |Tsin(0/2)] > 1 (4.38)

Combining Egs. (4.33), (4.34), and (4.38), one concludes that the current marching procedure is
not stable if 12 > 1 and §=0.

Let t < 1. The Eq. (4.36) implies that 6,(8) # 0_(0) for any 0. As a result, the matrices
Q(0), = 20 > —x, are nondefective. According to Eq. (4.37), we also have [0:(0)] =1,t20 >
—-r. It follows from Eq. (4.33) that the marching procedure is stable if 12 <1 and 8=0.
Moreover, since [03(6;)| =1, k=0, 1,2, ---, K~1, the particular solutions defined by Eq.
(4.24) will not dissipate as n increases. Thus the numerics reflects faithfully the physics of pure
convection. This contrasts sharply with the Lax-Wendroff scheme Eq. (1.11) which is
numerically diffusive even though it is also a conservative scheme.

(b) Dispersion:
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Let © < 1. Then Eq. (4.36) implies that
[Gi(e)]Z = eIZl’Sin_l[Tsin(G/Z)] (439)

Since 8y = 0 and [064(0)]*> = 1, the particular solutions defined in Eq. (4.24) are independent of j
and nif k= 0. As a matter of fact, the term with k = 0 on the right side of Eq. (4.23) is reduced to
a constant column matrix cg, g4(0) + co-g-(0). Thus this term is ignored in the following
discussion of the dispersion of the general solution defined in Eq. (4.23).

Since the range of Sin”! is (—=/2,n/2], one concludes that

—’25 > Sin~![1sin(8/2)] > -g if 12 <1 (4.40)

As a result, a comparison between Egs. (4.27) and (4.39) reveals that
> Bs(6) = F2Sin7! [1sin(6/2)] > - 4.41)
Substituting Eq. (4.41) into Eq. (4.28) and using Eq. (2.17), one concludes that

Sin™! [tsin(8/2)]  Ax
6/2 At

a:(®) =a-{17F (0%£0) 4.42)

Thus
a;(0) = a if t=0 and 620 4.43)

i.e., when Tt =0, all the particular solutions which appear on the right side of Eq. (4.23) except the
one with k = 0 are "convected” with the same velocity a. In this case, dispersion is completely
absent.

In the case where 1 > 12 > 0, Eq. (4.42) may be expressed as
. N 2
gt(e)=a—t[l¢F(t,0)]E (1>1°>0; 620) 4.44)

where

def Sin~!(1sin(6/2)) 2.0.
F(1,0) = £ (8/2) (1>1>0; 020) (4.45)

It is an exercise in calculus to show that
1> F@0) > 2/ (4.46)

By using Eqs. (4.44) and (4.46), one obtains that
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0<[a—g+(0)]/(1:%)<1—-% (1>2>0; 020) (4.47)
and
1+%<[a—__a__(9)]/(1:%)<2 (1>2>0; 020) (4.48)

Eqgs. (4.47) and (4.48) state that, on the real line, the distance between any a.(0) and the physical

convection velocity a is less than (1 - %) || Ax/At while the distance between any a_(8)and ais

greater than (1+%)|1:le/At and less than 2|t|Ax/A:r. Thus the dispersion, measured by the

maximum spread between a and any a,(6) or g_(8), is less than 2| T|Ax/At. As |T| decreases, so
does the dispersion. Recall that the same conclusion was also reached in Section 3 for the Lax-
Wendroff scheme. Moreover, since the maximum of the spread between a and a, (6) is less than
the minimum of the spread between a and any a_(0), a particular solution defined by taking the
upper sign in Eq. (4.24) will be "convected” at a velocity closer to the physical convection
velocity a than a particular solution defined by taking the lower sign in Eq. (4.24). For this
reason ©,(0) and g,(0), respectively, may be referred to as the principal eigenvalue and
eigenvector of matrix Q(8) while 6_(0) and g_(8), respectively, the spurious eigenvalue and
eigenvector of Q(0). This designation may be extended to the case 6 = 0 even though a+(0) are
undefined at 6 = 0. Similarly, a particular solution @(j,n) déf?i(j, n,k) will be referred to as a
principal (spurious) solution if the upper (lower) sign is chosen.

4.3 The Special Case Witht =0

For this special case, the physical variable u has no convective motion relative to the moving
mesh. Also Eq. (4.14) is reduced to '

8c0s(6/2) + V1 — 8%sin2(8/2)

c:(0) = 1+3 (4.49)
Eq. (4.49), coupled with (i) 2 0 and (ii) cos(6/2) 2 0 if © = 0 > —x, implies that
2
[ | scos@2:Vi—sint@r2) |° _ L i (Bsin@2)] €1
143 - -

[0:(8)]? =< : (4.50)

8-1 if |8sin(6/2)] > 1

L 8+1

Moreover, with the aid of Eq. (4.27) and the additional definitions that (i) B, (6) %f 0ifc,(6)=0
and (ii) B_(6) &f 0if 6_(8) = 0, one concludes that
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( 0 if |8sin(6/2)] <1

B.(6) = | __ 4.51)
+2 Sin™! \/ §S"‘8*2(9’?"—1 if |5sin8/2)] > 1

\

To study the stability, note that 6, (8) = 6_(0) is a necessary condition for the defectiveness of
matrix Q(8), and it occurs if and only if |§sin(0/2)| = 1. As a result, it follows from Egs. (4.33),
(4.34), and (4.50) that the current scheme is unconditionally stable if T = 0.

The dissipation and dispersion of the particular solutions defined by Eq. (4.24) generally may
be studied explicitly by using Eqs. (4.28), (4.29), (4.50), and (4.51). This study is greatly
simplified if one considers only the case in which 12820. For this special case,
|8sin(8/2)| <1 for any 8. According to Eq. (4.51), B+(6) =0, x>0 > -, i.e., the dispersion is
absent. Moreover, by studying the extrema of the first expression on the right side of Eq. (4.50),
it may be shown that '
l—Sf

1+8 (12820) (4.52)

=8 5 Jo®)? 2 (

12 |6,0)]% 2 S

According to Egs. (4.24) and (4.52), the rate of dissipation per time step of any spurious solution
is greater than or equal to that of any principal solution if 1 >8>0 and t = 0.

4.4 The General Case

Assuming 8>0 and 1-12+8#0, it is shown in Appendix A that the current scheme is
stable if and only if T <1. This stability condition has the remarkable property that it is
independent of | except that pu > 0 is assumed.

Assuming & 2 0, it is shown in Appendix B that the stability region of the L/D-F scheme on
the 8—1 plane is the region defined by 1> < 1, minus the two points (0,1) and (0,—1). This
stability region is exactly identical to that of the current scheme.

On the other hand, the stability conditions of all other classical schemes known to the authors
are dependent on p. As an example, the stability region of the MacCormack scheme (see
Appendix D) is depicted in Fig. 4.1. Obviously, the stability region of the MacCormack scheme
is smaller than that of the L/D-F and the current scheme. The significance of this difference was
discussed in Section 1. It will be further studied in sections 5 and 7.

The dissipation and dispersion properties of the current scheme may also be studied for the
general case in which both 8 and T may not vanish. This requires the use of Egs. (4.27) - (4.29)
and (A.10).
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5. ERROR ANALYSIS

In this section, an error analysis technique is developed using the discrete Fourier analysis
formulated in Section 4. Assuming smooth initial data, this technique enables us to predict,
" analyze and compare the numerical errors of the L/D-F, the MacComack, and the current
schemes for calculations involving hundreds or thousands of time steps. As will be shown, the
results of this error analysis provide us with a theoretical basis for improving the accuracy of the
current scheme. They will also be used to interpret the numerical results to be presented in
Section 7.

As a preliminary, the error analysis will be preceded by a discussion on a notable feature of
the current scheme, i.e., the requirement to specify two sets of initial data involving the values of
y? and of.

Among the classical schemes, the initiation of the L/D-F scheme also requires the input of
two sets of initial data, i.c., u? and uJ]-. Since only u? are given, generally u} are evaluated in
terms of uj—’ by using a starting condition, e.g., Eq. (B.1). Since the starting scheme is constructed
with the aid of an one-sided difference approximation of a time derivative, it is one order less
accurate than the main scheme. As a result, the accuracy of the L/D-F scheme may not attain the
level that one would expect if only the main scheme is considered.

In the current scheme, the initial data y? and a?, respectively, will be identified with u? and
(au/ax)?. In the case where u (x, 0) is smooth and known for all x on the initial line, both u? and
(8u/8x)9 may be evaluated and used as the initial data for the numerical calculation. Generally,
the extra set of initial data (aulax)‘} will allow a more accurate approximation of u (x, 0) and thus
gives the current method an edge in obtaining more accurate numerical solutions.

In the current error analysis, the accuracy of the MacCormack, the L/D-F and the current
methods will be studied and compared assuming that only the initial data uj-’ are given. For the
current method, this means that (Bu/Bx)? must be evaluated in terms of u?. Since du/dx at any
point on the initial line ¢ = 0 is the result of the differentiation of u along the initial line, (au/ax)?
may be expressed in terms of u? without using a one-sided difference approximation. Thus, at
least in principle, the accuracy of the current scheme may not be reduced as a result of the
complication associated with the extra initial data (au/ax);). This contention will be verified by
the results of the following analysis.

To proceed, let the initial data u?, j=0,1,2, ---,K-1be given. Anyu,j=0,%1,£2, ---,

may then be determined by using the periodic condition u? = u?+x, j=0,£1,42, - -+, Inview of
Eq. (2.6), it is natural to assume that
Y=u) , j=0%1,42, - 5.1
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In order to determine (u/ox)] in terms of u?, and also provide the initial values for a
corresponding analytical problem (i.e., u(x, 0) for this analytical problem will be determined in
terms of u})), a smooth periodic function 7 (x) will be formed by linearly combining X periodic
exponential functions (see Eq. (5.5)) such that

(@) 1Ay =u? . j=0,1,2, -+, K-1 (5.2)
and
®) I(x+KAx) = I (x) (5.3)

As a result of Eq. (5.2), and the fact that a? is the spatial derivative in CE” (j, 0), we will assume
that

of =I(GAx) , j=0,41,12, - (5.4)
where (x) is the derivative of / (x) with respect to x.

Given yj’ and a}), the discrete solution to Egs. (2.54) and (4.1) may be determined. Assuming
u(x,0)=1I(x), the analytical solution to Eq. (2.2) with the periodic condition
u(x+KAx,t) = u(x,r) may also be determined. The accuracy of the discrete solution may then be
assessed by comparing it with the analytical solution.

To construct / (x), note that the exponential functions
L(x) ¥ eitmikan 0 41 40 ... (5.5)

form a basis for the function space of the functions that have period KAx and are of bounded
variation over [0,KAx] [p.478, 2]. Let the integer K* > 1 be defined by

(K-1)/2 if Kisodd
kY
K/2 if K iseven

(5.6)

Then it may be shown that the wavelengths of the K functions Li(x),|=K'-K+1,K*'-K +2,

-+-, K*, are longer than or equal to those of the other functions defined in Eq. (5.5). We assume
that 7 (x) is a linear combination of these K functions. With the aid of Eqgs. (4.7) and (5.2), it may
be shown that

k-1 2,
Ix) = Y bre & (€N))
k=0
where
-40-
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[ %

= i ey | k=0,1,2, - K-1 (5.8)

At this point, it should be emphasized that the function 7(x) defined by Eqgs. (5.7) and (5.8)
generally is complex even if the given initial data 4] are real. As a result, generally o may be
complex. This should not cause alarm since the discrete equation to be solved, i.e., Eq. (2.54), is
a system of algebraic equations with real constant coefficients. For these equations, both real and
imaginary parts of a complex solution are themselves solutions. As a result, in case that physics
so dictates, only the real parts of the initial data and solution may be considered as physically
relevant. Obviously, the above comments are also applicable to a differential equation with real
constant coefficients like Eq. (2.2).

To obtain the solution to Egs. (2.54) and (4.1), note that a result of Egs. (2.23), (2.24), (4.2),
4.4),4.7),(5.1),(5.4),(5.7),and (5.8) is

1
%Kg NG00 = be| o (59)
4
Combining Eqgs. (4.25) and (5.9), one obtains
e Te®) = b He®) . k=0,1,2, ---, k-1 (5.10)
where
SRR
H:® ¥ 6OLIGOT | 4 (5.11)
L 4
By definition, (I, + I.) is the 2x2 identity matrix. Thus Eq. (5.11) implies that
. s
H@+H.© =H® ¢ | o (5.12)
L 4
In this section, we assume that every Q(8;), k = 0, 1, 2, ---, K-1, has two distinct

eigenvalues. As a result, Egs. (4.23) and (4.26) are applicable. With the aid of Eq. (5.10), Egs.
(4.23) and (4.24) imply that

K-~-1
76.n = Y FU.nk) (5.13)
k=0

where
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26,0 ¥ @k +7-Gunk)
= bee’™ ([0, 1" H, 00 + [0-(0) " H_8))) (5.14)

According to Eq. (5.14), (j,n,k) is composed of the principal and the spurious parts. At n =0,
the amplitudes of these two parts are b, ﬁ+(9k) and b, ﬁ_ (0,), respectively.

Let u(x, 0) =1(x). Then the analytical solution to Eq. (2.2) with u (x+KAx,t) = u(x,t) is

K-1 AR ,-9_‘ —
unt) = w0 2 bee RO 1y (et (5.15)
k=0
Let
ug(xj ,t")
L def
A T (5.16)
4 ox x=x",1=t"

In view of Eqgs. (1.17a), (1.17b), (2.23), and (2.24), ﬁo,n) may be considered as the analytical
counterpart of §(j,n). Let

)
a0 T (5.17)
and
26,0 Y bee ™ (4,001 Ha 00 (5.18)
Then Eqgs. (5.12), (5.15), (5.16), (2.3), and (2.18) may be used to show that
K-1 .
G = 3 quGink) (5.19)

K=o
Combining Egs. (5.12), (5.14), and (5.18), one obtains that
857Gk Y PGnk)=FuGnk) = b [Bon, ek);E’_(n,e,‘)] (5.20)
where
Exn0) € ([0:0) 1" - [4.©® 1 }H.® (5.21)

Thus ?(j,n,k) =q,(,nk) if both [0,(0)]* and [0_(8))* are replaced by A,(8). For this reason,
A,(6) may be referred to as the analytical amplification factor. Because g,(j,n) is the analytical
counterpart of 7(j,n), the numerical error of ¢ (j,n) may be measured by
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def K-1
AU 2 FGm-qGm) = 3 &FG.nk) (5.22)
k=0

The last equality sign follows from Egs. (5.13), (5.19) and (5.20).

In the following, A7 (j,n,k) will be studied assuming

2 and §20 (5.23)

1>1
To proceed, we define
o(0) e cos(0/2) =i T5in(@/2) ~0.(®) 20> (5.24)

In Appendlx C, it is shown that (z) (o(e) z0if > !6| and (ii) @(r) # 0 if either 1 -t -3 # 0 or
0>1>-1. Inthe followmg d1scussxon we assume that a0) 20. Let

def (1-1%-58)sin(6/2)

def (1-1%)sin(6/2)
0 , 0 5.25
‘C}() (1-2+8) o(®) €2(8) ) (5.25)
Then it is shown in Appendix C that, for any 0 such that & > > —xt and 6, (0) # 6_(6), one has
@) 1+&1(0)E2(8) = 0 | | (5.26)
» 4 95;(9) 1
b) +0) = ———— (5.27)
1
L +&£1(8)€,(0) P8, (0)
and 7 ,
, B i[5 -8®)] [ 150
0\ = — 5.28
«© VT TEeR0 | 29
Note that, for the special cases in which §=0o0rt=0,&,(8) and £,(6) are given by
[ sin(6/2) if 5=0
cos(6/2) + V1 — 12 sin%(6/2)
£1(0) = < (5.29)
sin(6/2) if T=0
cos(6/2) + V1 - 82 sin%(6/2)

and
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[ (1-72)sin(6/2)
cos(6/2) + V1 — 12 5in2(6/2)

E2(0) =1 . (5.30)
(1-38°)sin(6/2) if T=0

| cos(6/2)+ V1 - 82 5in2(6/2)

if 8=0

In view of the different roles played by the parameters & and 1, the structural similarity among the
expressions on the right sides of Egs. (5.29) and (5.30) is indeed remarkable.

According to Eq. (5.14) and the comment following Eq. (4.32), the wavelength of any
particular solution '(j,n) = ¢(j,n,k) is inversely proportional to |0, | if k #0 and Ax is held
constant. This is also true for its analytical counterpart. Thus a particular solution with a smaller
|8¢| is a slower-varying function of the index j. In the following, we will study Ag(j,n,k)
assuming |6, | is small. Note that a general solution which is a slow-varying function of the
index j generally is dominated by the particular solutions with small |0, |, i.e., the coefficients b,
are very small except for those k’s with very small |6, |.

As a preliminary to the following use of the Taylor’s expansion, note that, according to Eq.
(4.14), the current assumption 6,(0) # 6_(0) is valid if and only if

(® ¥ @)+ (1-?p2-8 £ 0 (5.31)

By assumption 1>12. Thus {(0)=(1-12)>>0 and @(0)= 2(1-12)/(1-12+8)>0. It
follows that that there is a neighborhood of 8 = 0 on the complex 8 —plane in which both \fi(e—)
and x(0) are nonzero analytical functions of 8 (Note: In obtaining the Taylor’s expansions for the
following study, the functions involved may be considered as the functions of a complex variable
0).

By using Eq. (5.28), it may be shown that

-?P-8[ itd 5, 1. 382 (1-9%) 104 . oo
2 () 1 - 0 + >4 [( +312)+——————(1_1_2)2 16*+0(@%
H.0) = - ' sy (5.32)
T _ ¢ 2 —>1 3 4
S-) 192 [(1+37 )+—-————(1_‘52)2 ]16° +0(®%

Hereafter a quantity is denoted by 0 (') if there exists a constant C > 0 such that the absolute
value of this quantity < C 8|’ for all sufficiently small |8|. Eq. (5.32) is reduced to
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(1-2)(1+37) £ 0%
768
H©® = Leaets if §=0 (5.33)
_i +31T 3 4
e 0% + 0 (8% J
or
] i . i
(1-8)(1+38) o (059
768
H.0) = ) if 1=0 (5.34)
i(1+3 3 4
e 0% + 0 (6% |

Note that Taylor’s expression of ﬁ+(9) may be obtained from that of H (6) by using Eq. (5.12).
An inspection of these expansions reveals that the upper and lower elements in ﬁ 9),
respectively, are smaller than those in ﬁ+(6) by (i) three orders and one order of 0 if T8 # O or (ii)
four orders and two orders of 0 if either §=0 or t=0. Thus, at » = 0, the spurious part of
Z(.n.k) is much smaller than the principal part if |8, | <« 1.

In the case where |0] « 1, H +(8) may be approximated by the leading terms in their Taylor’s
expansions. In the following, we will search for the approximations of

[0:(0)1*" ~ [4,(0)]"

which are valid for small 0 and large n. Note that the approximations which are valid for only
small n are of little value since n generally is quite large in a typical numerical calculation.

To proceed, let

d_f [0'+(9)] :

2.0) (5.35)

€,(0)

By definition, |€,(8)| is a measure of error when A,(8) is approximated by [c,(8)]%. It may be
shown that

iAo 51— 51 4 5
&0 = —— 0+ 1 [ ) - 477]6% +0(8") (5.36)
where
2
A ¥ 112 13 512 (5.37)

is an often-encountered expression in the current paper.



Since

@ [0,@) " = [A,(0)]" = [A4,(®)]" ([1+€,(6)]" -1} (5.38)
and
@) [1+&,0)]" = 1+ne,(0) if nle (0)] <1 (5.39)

we arrive at the important conclusion that

(GO " —[A @) = n[A,(0)]"e.(0) if n|e,(®)| <1 (5.40)
Here the sign "=" is used to signal the fact that the ratio between the expressions on both sides of
this sign is nearly equal to 1.

Note that the assumption # |€,(8)| <« 1 may be justified if one is only interested in the case in
which the numerical calculation is accurate up to the time step , i.e., @(,Lk) = Q.G Lk), [ = 1,
2,3, -+, n. According to Egs. (5.20) and (5.21), generally this requires that [0, (0,)]¥ =
[A, @), 1=1,2, -+-, n. Itis shown in Appendix C that the last n equations are valid if and
only if n|e,(8;)]| « 1.

Let

[c-®) )

def 001
=® = Faoa®

(5.41)

where

def | 1-12-8 2
M (T,0) = m (5.42)

By definition, [e_(0)| is a measure of error when A;(1,8) A,(8) is approximated by [c_(0)]%. It
may be shown that

e(0) =2i10+(3/2-21%)6*+0(9°) (5.43)
Egs. (5.41) and (5.43) imply that [6_(8)]> — A2(1,8) A,(6) as |6] — 0.

Because (i) Ay(t,0) < 1 if and only if 8 (1 -12)>0, and (it) £.(8) = 0 (0), Eq. (5.41) implies
that

| (o))

A.(0) |= |42, 8)[1+e.0)]] < 1 (5.44)

if 8> 0 and |8| is sufficiently small (note: 1-7* > 0 is assumed in Eq. (5.23)). Assuming Eq.
(5.44), one may conclude that |[6_(8)]>"/[A,(8)]"| <« 1 and thus
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[0-O) 1" —[AB)]" = —[4,(0)]" - (545)
if n is sufficiently large.

As an example, let T=0.5 and 8=0.1. Then A,(1,8) = 0.585. Let 0 be sufficiently small
such that |e_(6)| < 0.1. Then |[0_(8)]2/A,(8)| < 0.65. Thus |[0_(8)]2*/[A.(0)]| < 1.812 x
107 if n = 20.

In the following discussions, the integers n and & are such that the approximations given in
Eqgs. (5.40) and (5.45) arc valid if 6=0,. Let b, #0. Let r;(n,k), i = 1, 2, denote the ratio
between the i-th element in the column matrix Ag'(j,n,k) and that in the column matrix g, (j,n,k)
[Note: the meaning of r;(n,k) will be examined later]. Then Eqgs. (5.18), (5.20) and (5.21) imply

that
rink) = ro(mk) +ri(nk) , i=1,2 (5.46)
with
risn k) % (Eu(n,00) i=1,2 (5.47)
[Aa®p) 1" [Ha (00 ;

Here [B_t(n, 0,)]; and [ﬁa(ek)],-, respectively, denote the i-th elements of the column matrices
E‘i(n, 0,) and ﬁ,,(e,,). Hereafter, r;,(n,k) and r;_(n,k), respectively, will be referred to as the
principal and spurious parts of r;(n,k). By using Egs. (5.12), (5.21), (5.32), (5.36), (5.40), and

(5.45), one has
Fia(nk) = n{ ”Azlf’s) 0f + o5 [ 11‘_5:22 Al(t,S)—412]02+0(92)} (5.48)
o+ IR
4 2—14[(1+3¢2)+3—5(2%2—)192+0(92)} (5.49)
ra:(n.k) = n{ ”AZ“?’& 0% + 122 [ 11‘_9: A,(I,S)—412]62+0(02)} (5.50)
and
ro(nk) = 2'—("1%9,‘+4i8[(1+312)+%5§2—)} 0% + 0 (63) (5.51)

Note that, in the current paper, any term denoted by O (8") or O (8}) is independent of n.



Now we shall reexamine the meaning of r,(n,k) and r,(n,k). By using Egs. (5.15), 6.17),

(5.18), and (5.12), it may be shown that
K-1
ua(x;'l’tn) = Z ua(ifn’k)
k=0

where

uaGumk) % bre® (4,01 = the upper element in TG, n.k)

Let u (j,n,k) be the numerical counterpart of u,(j,n,k), i.e.,
wGomk) % the upper element in 2(j,n.k)

Then it may be shown that

k) — Gk
ring) = 29 "u)(l_n"k()’" ) (b, 20)

Similarly, it may be shown that

ou, (x, K-1
ua 0,1 & [—"—("3] = 3 uuink)
x=x}, t=1" k=0

ox
j ’
where
. def O i, n
uax(,’n:k) = Ebke [Aa(ek)]
4

—A—xx[ the lower element in g,(j,n,k) ]

The numerical counterpart of ug,(j,n,k) is
uGonk) & %x[ the lower element in (j,n,k) }

Obviously

X " ’k — Yax " vk
ra(nk) = & (’"uaj(l_:k)(’" ) (b, 20)

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

6.57)

(5.58)

(5.59)

The accuracy of the current scheme will be compared with those of the L/D-F scheme and the
MacCormack scheme. In Appendices B and D, we study the numerical solutions of Eq. 2.2)
generated by these two schemes. In these studies, again we assume periodic conditions, i.e., Eq.

(B.2) and use the mesh depicted in Fig. 2.1(a).
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Let u,(j,n,k) be the numerical counterpart of u,(j,n,k) obtained by using the L/D-F scheme
(see Egs. (B.31) and (B.33)). Let.
def .EL(j!nvk) - ua(i’n’k)

r.(nk) = Ty (b 20) (5.60)

Then it is shown in Appendix B that
ru(nk) = r(nk)+r-(nk) (561)
with

) 28 T 3
ro(nk) = n{ TTeZ +‘?(1—r2)(1—252)92

+

586[91282(1—12)+3146+412—%62+2]62+0(6§)} (5.62)
and

2 .
r(nk) = %(1—%){1292—%(1—212)92

—4—18 [412(4-912)+382 (151 -1272+1) 18} + O (BD) } (5.63)

r.+(n,k), and r,_(n,k), respectively, may be referred to as the principal and spurious parts of
r(nk).

Let u,,(j,n.k) be the numerical counterpart of u,(j,n,k) obtained by using the MacCormack
scheme. Let

Uy (]', n’rk) - l‘fa (j’ n, k)

Gk (b #20) (5.64)

ra(nk) %

Then it is shown in Appendix D that

- 2
r (k) = n{LIG—-:C—)GE+21—8—[5(1—61:2)—61:2(1—1:2)]92+0(62)} (5.65)

The numerical errors of the current scheme, the L/D-F scheme, and the MacCommack scheme
will be studied and compared using Egs. (5.46), (5.48), (5.49), (5.61) - (5.63), and (5.65). Note
that the parameter ry(n,k) and the associated equations, i.e., Egs. (5.50) and (5.51), have no
counterparts in the last two classical schemes.
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According to Egs. (5.48) and (5.49), the principal and the spurious parts of r;(n,k) are of the
same order of 8,. Because the principal part is linear in n while the spurious part is independent
of n, generally, one expects that the principal part will become dominant as n increases. This
conclusion also applies to r,(n,k). However, it may not apply to r,(n,k) because its principal
partisn O (63) while its spurious part is O (8,).

By comparing Egs. (5.48), (5.49), (5.62), and (5.63), one concludes that the principal and
spurious parts of ry(n.k), respectively, are one order of 6, smaller than those of r (n,k). As
shown in Appendix B, the difference reflects the fact that the current scheme is more accurate
than the L/ID-F scheme in both the initial-value specification and the main marching procedure.

According to Egs. (5.48), (5.49), and (5.65), r\,(n,k), and both the principal and the spurious
parts of r{(n,k) are in the same order of 0,. Moreover, one may observe that:

a. For any t#0, the ratio between the leading term in the principal part of r(n,k) and the
leading term in r,,(n,k) approaches 1/4 as 8 — 0.

b. The leading term in the spurious part of r{(n, k) generally will be small for small §.
The above observations coupled with the fact that the principal part would be dorminant for a
large n lead us to conclude that the current scheme generally will be more accurate than the
MacCormack scheme by a factor of 4 when 8 is small and the initial condition is smooth.

In the above discussion, the general constraints on T and J, respectively, are 1—12 > 0 and
8> 0. For the MacCormack scheme, these constraints must be further tightened by stability
consideration (see Fig. 4.1). In the following, we will discuss the additional constraints required
to annihilate the leading term in the principal part of each of the parameters r(n,k), ro(n,k),
r.(n,k), and r,(n,k) (Note: r,(n,k) has only the principal part). This annihilation obviously will
lead to a sharp improvement in the accuracy of the schemes under consideration.

Let T=0. Then all the leading terms in the principal and spurious parts of r;(n,k), r2(n,k),
r.(n,k), and r,,(n,k) vanish. As a matter of fact, it may be shown that

[ 282 ] 2 2

Fnk) = n ﬂ%s—)e,ﬁo«abj _(1=% ;g;ﬂs ) 04 +0(8)) (5.66)
[ _ 2 ] 2

ra(nk) = n 5(%,;5)9%0(92) +ﬂ%5)e%+0(92) (5.67)
[ 5(4-38%) 4 s | O i &g s

r{nk) = n —_192—6k+0(ek) —a(l—T)ek-ﬁO(ek) (5.68)

and
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ra(nk) = n [ %ez +0(92)} (5.69)
Note that: (i) The second leading terms on the right sides of Egs. (5.62) and (5.63) also vanish
when 1 =0, and (ii) when 1 = 0, the ratio of the leading terms in the remaining r,(n,k), r..(n,k),
and r,(n,k) approaches 1:4:4 as 8 — 0. Again we emphasize that, for a stationary mesh (i.e., b =
0), =0 occurs only when a = 0. However, for any a # 0, T may be annihilated if one uses a
moving mesh with b=a.

According to Eq. (5.65), the leading term in r,,(n,k) also vanishes when 12 = 1. However,
since 12 = 1 occurs either outside or on the stability boundary of the MacCormack scheme (see
Fig. 4.1), the strategy of improving the accuracy of the MacCormack method by choosing the
parameters At, Ax and b such that 1% = 1 may be impractical in reality. This is particularly true
for the more general case in which the convection speed may be a function of the dependent
variable u.

According to Eqs. (5.48) and (5.50), the leading terms in ry,(n,k) and r,,(n,k) also vanish
when A, (1,8) = 0. Combining A;(t,8) = 0 and the assumption 1-1> > 0, one obtains the optimal
condition

1-1=V3% (5.70)

Combining Eqs. (5.46), (5.48) - (5.51) and (5.70), it may be shown that

2 2
ri(nk) = n[—%—)92+0(92)}
2 .
_(1_;;_)[%92+1—12(1—312)92+0(92)] (5.71)
and
2 2 :
rank) = n[-%ezw(ei)} +-%ek+2i4<1—tz)e%+0<ei) (5.72)

Eq. (5.70) represents a parabola on the 8—1 plane. Since the segment of this parabola with
& > 0 lies entirely within the stability boundary of the current method, no stability constraint may
prevent us from improving the accuracy of the current method by choosing Az, Ax, and b such
that 1-12 =3 §,

Because & > 0, Eq. (5.70) is equivalent to the parametric equations:
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T = tan(y/2) (g >y> ‘%) (5.73)

and
1 2 1 T
= —[1- — —_— .74
‘5[1 tan”(y/2) ] (2>\U> 2) (5.74)
Eqgs. (5.73) and (5.74) imply that
df v _ V3 LN
Re = 5= 3 tan(y) (2 >y> 2) .75
With the aid of Egs. (2.17) and (2.18), one also has
Re = (a=0)Ax (5.76)

4u
As a result, Re may be referred to as the mesh Reynolds number.

In the case where (a—b), |l and Ax are given, Re and y may be determined using Egs. (5.76)
and (3.75). Subsequently, the values of T, 8, and Ar when A;(1,8) = 0 may be determined,
respectively, by Eqs. (5.73) and (5.74), and the relation Ar = (Ax)? 8/(4p). For later reference,
these particular values of T, & and As, respectively, will be denoted by Ty, 8, and (Af),.

In the case where |, Az, and Ax are given, 8 may be determined using Eq. (2.18). If
8> 1/V3, Eq. (5.70) has no solution. I 1/Y3 2 & > 0, then Eq, (5.70) implies that A, (t,5) = 0 if

t=1 ¥ N1-s (.77)

Subsequently, the values of (a—b) when A, (1,8) =0 may be determined by using the relation
(a-b)=1Ax/AL

Egs. (5.49), (5.51), and (5.63) were obtained assuming Egs. (5.45) and (B.43). The last two
equations, in turn, assume & > 0. In the following, we consider the special case in which 8 =0,

Eqgs. (4.37) and (5.17) imply that
[0-(0)] = |A.(0)] =1 if <1 and =0 (5.78)
As a result,

n n
OO -AOF |5 @<t amd 520 (5.79)
[4.(0)]"

With the aid of Egs. (5.12), (5.33), (5.47), and (5.21), one concludes that
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(1-12)(1431%)

[ri_(nk)| < ~ o} +0(e,§)| (8=0) (5.80)

~and
|ra-(nk)| < |—“L2i‘2—) e%+0(92)| (8=0) (5.81)
Eqgs. (5.48) and (5.50) are applicable even if = 0. In that case, they, respectively, are reduced to
r(nk) = n { ”(;—;‘2)92 +0(e£)} (5=0) (5.82)

and
ra(mk) = n { ”(;—;‘2)92 +0(ei)} (5=0) (5.83)

A comparison between Eqgs. (5.80) and (5.82) reveals that the spurious part of ry(n,k) is
negligible compared with its principal part if § = 0. Thus

: .2
ri(nk) = ri(nk) = n ﬂ;—;l—‘—)eho«ai) (8=0) (5.84)

Since r,_(n,k) < O (8%) and r,,(n,k) = n O (83), the relative weights of the principal and spurious
parts of r,(n,k) are dependent on the relative magnitudes of 8, and nif §=0.

By using an argument similar to that leading to Eqgs. (5.80) and (5.81), it is shown in
Appendix B that

2 5 1A(4-97%)

|r_(nk)| < Ifz— 02 24 0f + 0(e£)| (8§=0) (5.85)

if 1 < 1and 8 =0. Eq. (5.62) is applicable even if § = 0. In that case, it is reduced to

itT(1-1%)

roo(nk) = n[——6—ei+0(92) (8=0) ~ (5.86)

Eqgs. (5.85) and (5.86) imply that the relative weights of the principal and spurious parts of r,(n,k)
are dependent on the relative magnitudes of 6, and nif §=0.

By comparing Egs. (5.84), (5.86), and the reduced form of Eq. (5.65) for the special case
8=0,ie,
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i'c(l—-‘cz)ei_‘rz(l—'cz)

< 2 0} +0(67) (8=0) (5.87)

ry(nk) = n
One concludes that the ratios of the leading terms in 7, (n,k), re+(nk), and r,(n,k) are exactly
1:44if8=0.

Because comparison of the accuracy is meaningless without considering the operation counts
of the schemes being compared, we conclude this section with a comparison of the operation
counts of the current and the MacCormack schemes. It is shown in Section 2 and Appendix D
that, for each j, (i) it requires four multiplications, four additions, and two subtractions for the
current scheme to advance one full time step, and (ii) it requires five multiplications and four
additions for the MacCormack scheme to advance one time step.
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6. CONSISTENCY AND THE TRUNCATION ERROR

In Section 5, we studied the question of how well a discrete solution to Eq. (2.54) and (4.1)
approximates its analytical counterpart. In this section, we will investigate the circumstances

-« under which an analytical solution may "satisfy" Eq. (2.54). This investigation amounts to a

study of the consistency and the truncation error of the current scheme. This study will assume a
uniform mesh like that depiéted in Fig. 2.1(a). The analysis in this section will be further
simplified by assuming b = 0, i.e., the mesh is stationary with respect to some coordinate system
(x,1). According to a discussion given in Section 3, the last assumption may be made without any
loss of generality. Note that consistency and the truncation error are properties to be evaluated at
each point within the computational domain. The above uniform-mesh assumption is tantamount
to freezing the mesh parameters at their local values. Also, the assumption b = 0 is tantamount to
introducing a local coordinate system (x,¢) such that the mesh is stationary with respect to this
system at the local point under consideration.

Before proceeding, we will discuss a general limitation on the ability of an explicit scheme to
solve a convection-diffusion problem accurately. As an example, consider Eq. (2.2) (in this
section, unless specified otherwise, u > 0 in Eq. (2.2)) over a domain with d=x >0 and ¢ > 0 (see
Fig. 6.1). Let the initial data u(x,0) (d 2x20), and the boundary data u(0,¢) and u(d,t)
(¢>0)be given. Let u(Pg) and u (P), respectively, denote the values of analytical and discrete
solutions at a fixed point Py. Since a characteristic of Eq. (2.2) is represented by ¢ = constant, the
domain of dependence of u(P;) is the union of AB, BC, and CD. In other words, u(Py) is
dependent on all the initial data, and the boundary data with ¢ < t,. Assuming that the discrete
solution is generated by an explicit solver, then the domain of dependence of u (Pg), contrarily,
will include only a subset of the mesh points located on AB, BC, and CD. As an example,
consider the MacCormack scheme (see Eq. (D.3)). If the mesh point (f,n) is not on or immediate
next to the boundary, then u7*! is determined by u}_, «}_;, u7, u7,; and u},;. As a result, the
domain of dependence of i (Po) includes only the mesh points on EB, BC, and CF. Because (i)
the mesh points that lic on AB but not EB and those that lie on CD but not CE do not belong to
the domain of dependence of u (Py), and (ii) for a fixed point Py, the lengths of AE and FD are
proportional to the ratio Az/Ax, one may conclude that, as Az, Ax —> 0, the discrete solution
(considered as a function of At and Ax) can not converge to its analytical counterpart unless
At/Ax — 0.

As another example, we consider Eq. (2.2) with +e0 > x > —o0 and ¢ 2 0 (see Fig. 6.2). Let
u(x, 0) = ug(x) where ug(x) is a given smooth function with period 4, i.e., ug(x+d) = ug(x). The
solution to the above problem also is smooth and has period d in the x-direction. The domain of
dependence of u (P) is the entire initial line. Assuming that the discrete solution is generated by
the MacCormmack scheme, then the domain of dependence of y (P ), contrarily, includes only the
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mesh points on EF. If to is small enough, the length of EF will be even less than the period d of

the initial data. Because the length of EF is inversely proportional to the ratio At/Ax, one may’
conclude that, as At, Ax — 0, the discrete solution can not converge to its analytical counterpart

unless At/Ax — 0. Note that this conclusion was also mentioned by Fritz John on p.111in[7].

Contrarily, in the case of pure convection equation Eq. (1.3), the domain of dependence of an
analytical solution at (x,¢) is a single point (x — at, 0) on the initial line. As a result, At/Ax — 0
is not required for the convergence of an explicit-scheme discrete solution to its analytical
counterpart.

Because an explicit-scheme discrete solution to Eq. (2.2) will not converge to its analytical
counterpart as A, Ax — 0 without imposing the additional condition At/Ax — 0, in general one
would not expect that, in the limit of At, Ax — 0, the nodal values of an analytical solution to Eq.
(2.2) will satisfy the explicit scheme which is satisfied by the discrete solution at all At and Ax.

In this paper, by definition, a discrete scheme is said to be "strongly consistent” with a PDE
when the nodal values of any smooth solution of the PDE satisfy the discrete scheme (i.e., the
truncation error = 0) in the limit of Az, Ax — 0, regardless how the mesh is refined (particularly
how At/Ax behaves as At, Ax — 0). According to the observation given in the last paragraph, it
should be an exception rather than the norm for an explicit scheme to be strongly consistent with
a qohvection-diﬁ‘usion equation. However, perhaps because the strong consistency condition is
routinely imposed in the construction of a numerical scheme, there are very few schemes, e.g.,
the L/D-F scheme, that are not strongly consistent with the PDE to be solved.

At this juncture, note that the term "consistency” as defined on p.44 of [4] represents a
concept that involves the numerical scheme, the PDE, and the rule of mesh refinement (i.e., how
Ar and Ax are related as At, Ax — 0). A two-level scheme is said to be consistent with a PDE if
the truncation error — 0 as A¢, Ax — 0 under a given rule of mesh refinement (Note: For multi-
level schemes, consistency means more than truncation error — 0. See p.175 in [4]. However, in
this paper, the above definition of consistency for two-level schemes will be extended to a multi-
level scheme like the L/D-F scheme. This extended definition should not be confused with the
more rigorous definition used in an equivalence theorem given on p.172 of [4]).) Generally, one
can not say that a scheme is consistent with a PDE without specifying the particular rule of mesh
refinement. A scheme may be consistent with a particular PDE under one rule of mesh
refinement, and be consistent with another PDE under another rule of refinement. If a scheme is
consistent with the same PDE regardless of how Ar, Ax — 0, then it is strongly consistent with
this particular PDE,

As will be shown, the current numerical scheme is not a strongly consistent scheme. To expel
any misconception that somehow such a scheme is intrinsically inferior than a strongly consistent
scheme, next we shall compare the consistency, stability, convergence, and truncation errors of
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two model schemes, i.e., the MacComack scheme, which is strongly consistent with Eq. (2.2),

and the L/D-F scheme, which is not.

Let u(x,t) be a smooth function and &;‘ défﬁ(iAx,nAt). Then with the aid of Taylor’s

formula with remainder, it may be shown that

[FDEM)]} - [PDE]} = [ERM)]} (p20)
and

[FDE(L)]] - [PDE}} = [ERM)]] (L20)
where

n Ji di Ra |" ar | 3@ ! it
[PDE],-‘i‘f{a—’;\uaa—;_uax—‘;} -—ff{—+a——u——
J

-n 6,90 ~n 1,9 3t & | .n

[FDEM) ]} &f Alt[uj+1 -3 Z-!-T)uj_z *i'(§+ + Z—T—T)uj_l
5 38 sy 1.8 5 831 & \.-n
—'(1—-2+1—6—T )u] 2(2 T+1T°+ 2 4)u1+1

[ERM) ]} = O(An) + O[(Ax)?]

e 4+ O\ ~n
(FDEQ) 1} ¥ %At[(ng)uj Lo (v )i

S, ~n O | ~n-1
+(T—§)uj+1 _(I-E)uj ]

2
O[(A?] + O[(A)?] + O[(Ax)?]

2 2~1" A
o[22 -2
J

Several comments may be made about Egs. (6.1) - (6.7):

[PDE]} = 0

if u = u(x,r) is a solution of Eq. (2.2).
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(6.6)

6.7

(6.8)



u? = ii; will satisfy the MacCormack scheme Eq. (D.3) if
[FDEM)]} = 0 6.9

As a result, [FDE(M) ] may be considered as the approximation of [PDE];-' associated
with the MacCommack scheme. Eg. (6.1) then states that [ER(M) ]j’ is the error of this
approximation.

u? = ii; will satisfy the L/D-F scheme Eq. (3.19) if
[FDE(L)]? = 0 (6.10)

As a result, [FDE(L)]] may be considered as the approximation of [ PDE 1} associated
with the L/D-F scheme. Eq. (6.2) then states that [ER(L)]} is the error of this
approximation, :

Let u = u(x,t) be a solution of Eq. (2.2). Then, by definition, [ FDE(M) ] 7 and [FDE(L) ];-'.
respectively, are the truncation errors of the MacCormack and the L/D-F schemes at U.n)
[p.20, 4]. Since Eq. (6.8) is satisfied, Egs. (6.1) and (6.2) imply that

[FDE(M)]} = [ER(M)]’ (6.11)
and
[FDE@L)]} = [ER(L)]} (6.12)

According to Eq. (6.5), [ER(M) 17 = 0 as A1, Ax —» 0. Thus the truncation error
[FDEM)]} — 0 as Az, Ax - 0. In other words, the MacCormack scheme is strongly
consistent with Eq. (2.2). On the other hand, according to Eq. (6.7), [ER(L) ]}'. and thus
the truncation error [ FDE(L) 17, generally does not approach zero as At, Ax — 0. As a
result, the L/D-F scheme is not strongly consistent with Eq. (2.2). However, [ ER(L) ];-' -
0 as At, Ax, At/Ax > 0. Thus L/D-F scheme is consistent with Eq. (2.2) if the mesh is
refined in a way such that At/Ax — 0 as At, Ax — 0.

Because (i) a discrete solution to Eq. (2.2) generated by an explicit scheme like the
MacCormack scheme can not converge to its analytical counterpart without imposing the
condition that At/Ax — 0 as At, Ax — 0, (ii) MacCormack scheme is strongly consistent
with Eq. (2.2), and (iii) Lax’s equivalence theorem [p.45, 4] states that, given a properly
posed initial-value problem and a finite-difference approximation to it that satisfies the
consistency condition, stability is the necessary and sufficient condition for convergence,
one comes to the conclusion that, in solving a properly posed convection-diffusion problem
like that depicted in Fig. 6.2, stability of the MacCormack scheme will require that AtfAx
— 0 as At, Ax — 0. Note that the term "stability" referred to in Lax’s equivalence theorem
has a meaning different from that defined in Section 4.
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f. As will be shown in Appendix E, the Lax stability of the MacCormack scheme requires
that the mesh be refined in a way such that the parameter & remains bounded as A¢, Ax — 0.
In the case where § > 0, this implies that

At
& = 0 - 61y

It follows from Eq. (6.13) that At/Ax — 0 as At, Ax — 0. Assuming that u = u(x,t) satisfies
Eq. (2.2), then Egs. (6.5), (6.7), and (6.11) - (6.13) imply that

[FDE(M))} = O[(Ax)*] and [FDE@)]? = O[(Ax)?] (6.14)

Thus the MacCormack scheme has no advantage over the L/ID-F scheme in the order of the
truncation error if the Lax stability is considered.

This completes the comparisons between the MacCommack and the L/D-F schemes. It has
been shown that a scheme that is strongly consistent may not have an intrinsic advantage over a
scheme that is not.

Next we shall study the consistency and the truncation error of the current scheme,
particularly the two-level, two-dependent-variable discrete equations Egs. (2.56) and (2.57). It
will be shown that these two equations are consistent with a pair of PDEs if At/Ax — 0 as At, Ax
— 0. One of these PDE’s is Eq. (2.2).

To proceed, let u(x,t) and v(x,?) be smooth functions. Let

by _ o (6.15)
ox

Leti; ¥ a(jaxnan, 5; ¥ 5(jAx,na and w; € w(jAx,nAD. Also let

o def n+l 1| 0 §(1-1) n 1-12-8 , -n
[FI]J' =fuj —E[T-Fm] [(1+t)uj_1 +TAXV]~_1

2 n - N
S ek {(1-12)17,-——-——1“ : 8)Axv,]

1-7%+8 4
n 1-17%2 - ~n
+ %{1 - %—} {(l—r)ujﬂ - —%——SAva} (6.16)

L def 1 §(1-1) 1-7 . N L
[F2]j éfovj + 3{T+ 1_12+5j| |:4 1_12+8uj_1 +(1—1)1TT2T5AXVJ'_1]
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- [ 1-7 ]2[41&}‘ + (1—1:2—8)Ax\7;:|

1-72+3
1 8(1+ 1-7 .n 1-12-8 , .n
e g a0l e

Then, with the aid of Taylor’s formula with remainder and the assumptions that

§>0 and 1 > 1? (6.18)
It may be shown that
[FDE1]} - [PDE]} = [ERI]} (6.19)
and
[FDE2]} - w; = [ER2]] (6.20)

Here [PDE]] is defined in Eq. (6.3). Also
(FDE1]} & i[ﬂ]} (6.21)

. def (1-12+8)?
[FDE2]] < 48(1-1%)Ax

e 18w, 1| [ Fa]"_ L Fa]| 4
g @ wi=528 2 N (5] e )
J

-1 1" 122 _ 2 _ 2 A2
[m_uJ (Ax)z__g[ava (1=2-8){AF -2’ @1 | | o1 oam]

[F21} (6.22)

1-72+3

[ s(1-1) | 1 4 2 4
+ ] 1T+ m A—t (1+T)x0[(Ax)*] + (1-7 —S)XO[(AX) ]

—;—t{(l—x)xO[(Ax)“] + (1—1:2—8)x0[(Ax)4]} (6.23)
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[ER2]}

df (1-12+87 M) [a9]"_ a(l-v2-8P@x? [37]"
T 16p(1-17) a | 16pn(1-12) ox |

a(l-?)y@ax? [ Pa]", A-2+82 0\
M [axz TR N a

- T, 2 - 2 (1-22-5) 2
+(1+ 5(1 ) x{O[(Ax) 1+ T+7 X O[(Ax) ]}
+ 1-%(1-12) x{O[(Ax)2]+ “—1‘_2;—5 x0((Ax)21} (6.24)

The significance of Egs. (6.19) - (6.24) will be discussed in the following comments:

a. [FDE1]} and [FDE2]}, respectively, may be considered approximations of [PDE]} and
ﬁ;;-'. Egs. (6.19) and (6.20) then state that [ER1]} and [ER2 ]}, respectively, are the errors
of these approximations.

b. Egs. (2.56) and (2.57), respectively, are equivalent to
[FDE1]} = 0 (6.25)
and
[FDE2]} = 0 (6.26)
if E; and 5; in Egs. (6.25) and (6.26), respectively, are replaced by y; and oj.

c. With the aid of the observations made in (a) and (b), and Egs. (6.3) and (6.15), one
concludes that Egs. (2.56) and (2.57), respectively, may be considered as the discrete
approximations of Eq. (2.2) and the PDE

v-—=—=0 6.27)

with the understanding that ] and o}, respectively, are the discrete counterparts of « and v.

d. Let u=u(x,r) and v="(x,r) be a solution of the system of PDEs Egs. (2.2) and (6.27).
Then, by definition, [FDE1]] and [FDE2]} are the truncation errors of the discrete
equations Eqs. (2.56) and (2.57). Furthermore, we have [ PDE ]}' =0 and w,"- =(. Thus

[FDE1]} = (ER1]} and [FDE2]} = [ER2]} (6.28)
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ie., [ER1]} and [ ER2 17 become the truncation errors.

e. Since § and a are constants, parameters T and & vary as At and Ax vary. Generally, T and §
do not approach certain limits as Az, Ax — 0. In spite of this and the fact that [ ER1] ;‘ and
[ER2]} are dependent on T and §, it is shown in Appendix E that

lim [ER1)} =0 (6.29)
Al,Ax 50
and
lim [ER2]7 = 0 (6.30)
At/Ax, Ax -0

if u=u(x,r) and v =v(x,r) satisfy Eq. (6.27). Note that the notation Az — 0 does not
appear on the left side of Eq. (6.30) because At — 0 if At/Ax, Ax — O. Furthermore, it is
shown in Appendix E that

[ER1]] = O[(Ax)*] and [ER2]? = O[(Ax)?] (6.31)

if u=u(x,t) and v =7(x,¢) satisfy Eq. (6.27) and the rule of refinement is such that o
remains bounded as At, Ax — 0.

f.  Combining (a) - (e), one may conclude that Egs. (2.56) and (2.57) are consistent with Egs.
(2.2) and (6.27) if the rule of mesh refinement is such that At/Ax — 0 as At, Ax — 0.

g8 Because of Eq. (6.27), convergence of a discrete solution (v}, o) to its analytical
counterpart (u,v) implies that Y — u and o] — u/ox. This is consistent with the
interpretation of y} and o} given in Eqs. (1.17a) and (1.17b).

Finally we consider the special case in which & = 0 (i.e., p = 0). For this case, it may be
shown that

1 n _ | O 9_'7"=A£ﬁ_2ﬁn+o Ax)?] + O[(AD?] (632
A—I[Fl]j-—[§+aax] _2[8:2 aaxzj [(Ax) (An”] (6.32)

j

1 | aw 2o . oau|l]”
AtAx[lej —[ PR P ax[ * H

g T Y I K RN '} n+0 Ax)?] + O[(Ar)?] (6.33
'Z[aﬂ‘“axz’fax[a,z aaxzj [(Ax)?] + O[(A?] (6.33)

Using Egs. (6.32) and (6.33) and some comments given previously, one concludes that Egs.
(2.56) and (2.57) are strongly consistent with Eq. (1.3) and
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ow ow J | du du | _
?—a¥+$[at+aax]—0 (634)
Eqgs. (1.3) and (6.34) are equivalent to Eq. (1.3) and
ow oaw _
ot - a —a; =0 (635)

Eqgs. (1.3) and (6.35) are similar in their forms. They, respectively, represent the wave motions
propagating with the speeds +a and —a.

Let u = u(x,t) and v = v(x,t) satisfy Egs. (1.3) and (6.35). Then the lowest-order terms on the
right sides of Egs. (6.32) and (6.33) vanish. Thus Egs. (2.56) and (2.57) are strongly consistent
with Egs. (1.3) and (6.35) with their truncation errors being O [ (Ax )2 ]+ O [(At)?].
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7. NUMERICAL EVALUATION

In this section, the current method will be compared numerically with the L/D-F method and
the MacCormack method. During this comparison, many theoretical results developed
previously will also be evaluated using the numerical results presented.

To simplify our effort, the numerical problems to be considered have the common initial
condition

ud = sin(2mjAx) j=0,11, %2, --- (7.1

where

1
Ax = — 2
% (7.2)
and K 2 3 is the integer introduced in Eq. (4.1). According to Egs. (7.1) and (7.2), u? is periodic
over every unit length and every K mesh intervals in the x-direction. In this section, we shall
continue to use the mesh depicted in Fig. 2.1(a) and assume the periodic condition, i.e., uj =

uhi j=0,41, 82, -+, n=0,1,2, ---

The analytical problem corresponding to the above numerical problem will be specified by
the periodic condition u (x+KAx,t) = u(x,t) and the initial condition u (x, 0) = 7 (x) where 7 (x) is
determined according to Egs. (5.7) and (5.8). With the aid of Egs. (4.7), (5.7), (5.8), (7.1), and
(7.2), it may be shown that

1 1

b - N b = — y —_— b = A — ' = N b - —— —— 7.

0=20 1 2 b, 3 bg, =0 K -1 2 (1.3)
2n 2n

Y . 7.4

% =% Ok K 74
and

I(x) = sin(2nx) ‘ 7.5)

By using Egs. (5.15) and (7.2) - (7.4), one obtains the analytical solution to Eq. (2.2), i.e.,
u=ut) ¥ e gin2n(x—ar)] (1.6)

Note that parameters 'y? and a?, which are needed in the initiation of the current numerical
procedure, may also be evaluated by using Egs. (5.1), (5.4), (7.1), and (7.5).

Combining Egs. (5.17), (5.52), (5.53), and (7.2) - (7.4), it may be shown that
Ua(x31") = e 4R sin (O [ jAx —n(a—b)At]) = uyGom, 1)+ u,Gon K1) (7.7)

with

R B



UG, 1) = %D(nAt)ew? (7.8)
and
(o K1) = _Ziio(nm)e“""? 719)

Here

DW Y e (130 (7.10)
is the decay factor of u,(x,t) and

ot ¥ an(i-nt)k (7.11)

is a phase angle. u,(x},t") is the value of the analytical solution at the mesh point (j,n). Its
numerical counterpart in the present method is yj. By using Eqs. (2.23), (2.24), (5.13), (5.14),
(5.54), and (7.3), one concludes that

Y, = w(n, D+u(nK-1) (7.12)
Let

o def Y] —Ua(x]t")
Ry(jn) & “——— 7.13
10,n) D (A1) (7.13)
In other words, R (j,n) is the error of the numerical solution Y; normalized by the decay factor

of ua(x7,t"). Egs. (5.55) and (7.7) - (7.13) imply that

R\(j,n) = %[rl(n, l)e‘W —r,(n,K—l)e_iq’;] (7.14)

Substituting Eqs. (5.46), (5.48), and (5.49) into Eq. (7.14) and using Eq. (7.4) one has

Lo TA(7,0) 3 n
Ri(,n) = n T(2n/K) cos(¢7)

8 | 1-57°
1~

<55 —TAl(t,a)-mz (2rn/K)*sin(¢7)+0[(2n/K )* ] }

_ (1__12)2_62
32(1-1%)

{ 05 (2m/K Y cos (0]

382 (1-91°)

(1-7 ) }(27;/K)4sin(¢;-')+0[(21:/1()5]} (7.15)

1 2
+ 4 [(1+31 )+
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According to Eq. (5.56), u,(x},t") is the value of du,(x,t)/dx at the mesh point (,n). Tis
numerical counterpart in the current method is a}‘. By using Egs. (5.17), (5.56), (5.57), and (7.2)
- (7.4), one concludes that

Uar(X], ") = 2TeT RN cos (20 jAx —n(a=b)At]) = ugGin, 1)+ ug(ymK—1)  (7.16)
with

ua(jon, 1) = nD (nAt) e’ (7.17)

Ug (o K=1) = nD (nAr) e (7.18)

Moreover, Egs. (2.23), (2.24), (5.13), (5.14), (5.58), and (7.3) imply that

of = w(on D+u,(jnK-1) (7.19)
Let
def OF = Ugy (x],t")
RaGon) 21D (nAs) (7.20)

ie., Ry(j.n) is the error of o normalized by the "amplitude” of Ugx(x},t"). Then Egs. (5.59) and
(7.16) - (7.20) may be used to show that

RyGin) = % [ ran, e +ry(nK—-1)e"% ] (7.21)

Substituting Eqs. (5.46), (5.50), and (5.51) into Eq. (7.21) and using Eq. (7.4), one has

Ry(j,n) = n{ —;Q(ZR/KPSIH(%)

6 1= 91:
192 1-12

A, 8) 41} (2r/K)* cos(¢7)+ O[(2n/K )] }

76

- 2(l__’tz)(21:/1«1')sm(q)j)

2 2
+ o [(1+3t )+”(—1“;55);‘—’} (2n/K ) cos(¢])+O[(2n/K )} ] (722)

According to Eqgs. (7.3), (B.31), and (B.33), the numerical counterpart of u,(x},¢") in the
L/D-F method is

w(.n) = w(Gn D+u(nK-1) (7.23)

Let
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. def i‘.c(l'v")—ua(x;‘,f")
R.(j.n) = D (ndt) (7.24)

Then Egs. (5.60), (7.7) - (7.9), and (7.23) imply that
, 1 i} -i¢"
R, (j,n) = e riin, e —r,(n,K-1)e ™ (7.25)
Substituting Egs. (5.61) - (5.63) into Eq. (7.25) and using Eq. (7.4), one has

2 .
R.(jim) = n{%(zn/x)2sin(¢;)+ %(1—12)(1—%82)(%/1()3 cos (¢7)

+%[98212(1—12)+381“+4tz"%82+2} (2r/K)*sin (97 )+ O[(2n/K )’ ] }

2
+7:—(1 —%){12(21:/1()2 sin(¢}) - %5(1—212)(21:/1()3 cos ()

‘711§ [412(4-91:2)+362(15¢4-1212+1)] (2r/K)*sin(¢])

+0[(2rn/K )] } (7.26)

According to Egs. (7.3), (D.5), and (D.6), the numerical counterpart of u,(x},t") in the
MacComack scheme is

uy(sn) = wy(Gon, 1) + 4y, (j,n,K-1) 1.27)
Let
, def y_,,,(j,n)—ua(x}',t")
R,(,n) = D (nd1) (7.28)

Then Eqgs. (5.64), (7.7) - (7.9), and (7.28) imply that

R,(j,n) = 2% [ ry(n, e —r (nK=1)e % ] (7.29)

Substituting Eq. (5.65) into Eq. (7.29) and using Eq. (7.4), one has

2
R,(.n) = n{l(lg—’c)(znlk)3 cos (¢7)
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+ % [8(1-67)-61>(1-12)](2n/K )*sin(¢7)+ O [(2n/K )* ] } (7.30)

Let T= 0. Then Egs. (7.15), (7.22), (7.26), and (7.30), respectively, are reduced to

2
R\(j,n) = n{%)—(Zn/K)“ sin(¢;)+0[(2n/1<)5]}

_(1-8)(1+38°

ox ) (27K ) sin(¢7)+O[(2n/K )’ ] (1=0) (7.31)

2
RaGjon) = n{a(_ll-_gga_) (2r/K ) cos(¢7) +O[(2n/K )’ ]}

+(1+352)

28 (2r/K Y cos (97 )+0[(2r/K)*] (t=0) (7.32)

2
R.G.n) = n{%(Zn/K)“sin(q);’)+0[(21t/K)5]}

2 2
—%(1—%—)(Zn/K)"sin(q);')+0[(2n/K)5] (1=0) (1.33)

and
R,(.n) = n{%(Zn/K)4sin(¢f)+0[(21:/1()5]} (t=0) (7.34)

Let T and 0 satisfy the optimal condition Eq. (5.70), then Egs. (7.15) and (7.22), respectively,
are reduced to '

Ri(in) = n —M(ZR/K)“SM((D")+0[(21t/K)5]
4873 /

2
- 1;81 {%(27:/1()3 cos (¢7) + 1—12(1—312)(2n/1<)4sin(¢;)
+0[(2n/1<)51} (1-12="38) (7.35)

and
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-1

R,(,n) = n{ W(21r/K)4cos(¢j-')+0[(21r/K)5]}

a1 .
—%(2E/K)Slﬂ(¢j )+ g(l—tz)(Zn/K)ZCOS((bj)

+0[(2r/K ) (1-12=3§) (7.36)

According to Eqgs. (5.46), (5.48), and (5.49), r,(n,k) may be approximated by the sum of the
expressions on the right sides of Eqs. (5.48) and (5.49). This sum may be converted to the
approximate form of R (j,n) given in Eq. (7.15) if one carries out the following substitution:

(2r/K ) sin(¢7}) if ! is even
0y — (7.37)
= r/K) cos(8}) if 1 is odd

The same relation also exists between r,(n,k) and R, (j,n), and between r,(n,k) and R, (j,n). A
similar relation also exists between ry(n,k) and R,(j,n). However, for this case, the rule of
substitution is

(2r/K Y cos(¢7) if I is even
®) - { } (7.38)

i(2r/K) sin(¢}) if I is odd

The approximations for the spurious parts r|_(n,k), r>_(n,k), and r,_(n,k), respectively, given
by Egs. (5.49), (5.51), and (5.63) are used in the above derivation of Egs. (7.15), (7.22), and
(7.26). In the case where & = 0 or § is very close to zero, these spurious-part approximations may
no longer be valid. Fortunately, the spurious part generally is negligible compared with the
principal part in a calculation with large n. Thus we may completely omit the spurious parts in
Eqgs. (7.15), (7.22), and (7.26) if d is very close to zero and » is large.

Subject to the modifications required by the substitution rule given in Egs. (7.37) and (7.38),
the comments made in Section 5 about the approximate forms of r(n,k), ro(n,k), r,(n,k), and
ry(n,k) are applicable to those of R, (j,n), R,(j,n), R,(j,n), and R,,(j,n). Particularly, the leading
terms in the principal parts of R, (j,n) and R ;(j,n) also vanish if A;(1,0) = 0. Because the factor
2n/K - 0as K — +eoo (i.e., Ax — 0), the leading term becomes more dominant as K — +o. As
a result, the effect of the leading-term annihilation on the accuracy of a numerical method
becomes more pronounced as K — +oo.

Eq. (7.6) implies that
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dug(x,t
a La(xil = 2nage TR cos[2n(x—at)] (7.39)
and
d%u, (x,
——’;(ZLO = —4m? e "M sin[2n(x—at)) (7.40)
X

Thus, in the case where u = u,(x,t), the relative importance of the convection and the diffusion
terms in Eq. (2.2) may be determined by comparing the "amplitude” of the expressions on the
right sides of Egs. (7.39) and (7.40). As a result, in the following numerical study, the solution
u=u,(x,t) will be referred to as: (i) convection dominant if la| > 2=my, (ii) convection-
diffusion comparable if |a| =2 ny, and (iii) diffusion dominant if |a| « 2.

In the following numerical study, each test problem is defined by the values of (i) the physical
parameters a and W, and (i) the mesh parameters b, n, At, and X (= 1 ). Afier n time steps, the

Ax
numerical error of a test problem will be measured by

1 K-1
— X |uf —u,(x}, ™| (7.41)

def 1
E(bn At K) = lOglo[ DAt K
j=0

where 4} is the numerical solution at the mesh point (j,n). Roughly speaking, the negative of
E(b n,At,K ) represents the average number of correct significant figures in u? it
Jj=0,1,2, » K—1. Note that, in the current paper, we will not distinguish between the exact
solution of a numerical scheme and the actual numerical solution of the same scheme, ie., the
roundoff error is assumed to be negligible.

With the aid of Egs. (7.13), (7.24), and (7.28), one concludes that
( 1og10 R 1(b,n, At,K) ( Present scheme )

E(b,n,At,K) =4 logioR,(b,n,AtK)  (L/D-F scheme ) - (7.42)

| 10go ﬁu(b, n,At,K)  (MacCormack scheme ) J

Here
R b0K) 9 %,;ol IR1(n)| (7.43)
R, ALK) & %K}:‘, X (7.44)
frt
and
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K_
R, (b.n, ALKy & % P IRy Giu) | (7.45)

h.

» respectively, are the averages of |R;(j,n)|, |R.(j,n)| and |R,(j,n)| at time level n. Note that
R1(j,n), R,(j,n), and R,(j,n), implicitly, are functions of b, Az, and K. In our future discussions,
E(b.n,At,K), R, (b,n,AL,K), R,(b,n,At,K), and R,,(b,n, At,K); respectively, may be abbreviated
as E,E,, ﬁ,_, and 1?,,.

To pave the way for the interpretation of the numerical results to be presented, several
approximations of R R,, and R will be introduced in the following discussions:

a. Let 1-12=V3'8. Then the approximation of R;(j,n) given in Eq. (7.35) may be
applicable. Let R(j,n) be dominant by the leading term in its principal part. Then it may

be shown that
_ 3.2 17 _ .2 .
R, = 2rm v |l-t] (1-7=V38 , nK»1) (7.46)
3V3 K
Note that, in obtaining Eq. (7.46), we use the identity
im { LS jsincorecy| b= 2 (7.47)
K — +o0 K ]=O J TC

where C is any real number which is independent of j.

The parameters Re, Ty, 8y, and (At), were defined in terms of (a—b), p, and Ax
(=1/K) in Section 5. By these definitions, we have 1 —13 =‘/§80. Furthermore, Egs.
(5.73) - (5.75) imply that

o] €1 and & = —\;? if |Re| <1 (7.48)

Combining Eqs. (2.17), (2.18), (7.46), and (7.48), one has

m (a-b) n(An)y

R(b.n,(A1)g,K) =
1(b.n,(At)o.K) TIVE

(n, K> 1>|Re|) (7.49)
ie,R 1(b.n, (At),K) is approximately proportional to n (At)g (i.e., the total running time),
and (Ax)* if n, K> 1> |Re].

b. Let 1> « 1. Then with the aid of Egs. (2.17), (2.18), and (7.2), Eq. (7.30) may be further
simplified as

RuGin) = VAT +A3 sin(¢7 +€0) + nO[(2n/K)’] (2 <1) (7.50)

where
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3 _ 4
A def 4m (03]?2)('!At) . A, def ﬂ%’ﬂ (7.51)

and g is a number such that
s Al A2
Singg = ——— , (€08§ = —————
VaZ + A2 VAT + AZ

Assuming that the term n O [ (2r/K )5 ]in Eq. (7.50) is negligible, then Egs. (7.45), (7.47),
(7.50), and (7.51) imply that

(71.52)

7 - 812 V(a—-b)? +m*pu? (nAt)

u e (K>1>1) (1.53)

i.e., R, is proportional to nA¢ and (Ax)? if K > 1 12.

Let R,(j,n) given in Eq. (7.15) be dominated by the leading term in its principal part.
Then it may be shown that
- 2nn? |14,(1,5)]
R, = 3
3K

(K1) (7.54)

Similarly, let R,,(j,n) given in Eq. (7.30) be dominated by its leading term. Then it may be
shown that

8nm |t(1-12)]
3K3

R, = (K> 1) (7.55)

Let nt#0. Then the right sides of Egs. (7.54) and (7.55) will be equal if and only if either
(i) (1-12Y +8* =0 or (i) 5(1-12)>~38=0. Since 1-12>0 and 520, case (i)
cannot occur and case (ii) is reduced to

1 -1 =V3/5% : (7.56)
ie.,R 1 and R, are approximately equal if T and & are related by Eq. (7.56). Note that the

only difference between Egs. (5.70) and (7.56) is that the factor V3 in the former is
replaced by V3/5 in the latter.

Let (a — b), ), and Ax be given. Then it may be shown that there is one and only one
set of values of 1, 3, and Ar (denoted by T, go, and (A=t)o, respectively) such that Eq. (7.56)
is satisfied. These values may be determined by using a procedure similar to that used in
the determination of 1y, 8y, and (At), (see Section 5).

Let y, At, and Ax be given. Eq. (7.56) has no solution if § > V5/3. IfV5/3 2§ > 0,
then Eq. (7.56) is satisfied if
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1=7. ¥ N1-3/55 (1.57)

d. Let 1=0. Then the approximations given in Egs. (7.31), (7.33), and (7.34) may be
applicable. In each of them, we further assume that it is dominated by the leading term in
its principal part. Then it may be shown that

nw8[1-38| _ 21u(nAr)|1-38

R, = 1=0,K > 1 7.58
1 6K4 3K2 ( ) ( )

3 3« 3 3 &

_ 2nrx 8'1-—;5’ 8n u(nAt)|1—26|
R = = 1=0,K»1 7.59
} v —z ( ) (7.59)

= 2nm 8 81c3u(nAt)

R, = = 1=0,K>» 1 7.60
M 3K4 3K2 ( ) ( )

Thus R,,, approximately, is proportional to nAz and (Ax)* if 1=0. However, one must
assume both T=0 and |8| <« 1 in order that R, and R,, be approximately proportional to
nAt and (Ax)*.

Assuming & > 0, one may conclude that

@) R, =R, if 8=Y5/6=0913 (t=0,K» 1) (7.61)
(i) R, =R, if §=V5/3 =1.291 (t1=0,K > 1) (7.62)
and

i) R, =R, if 8=V8/3 =1.633 (1=0,K> 1) (7.63)

This completes the preliminaries for the following numerical evaluation. Several sets of test

(=0.1), b (=0), K (=30), and ¢ (=0.5). They are distinguished by their values of At. For each
member of set #1, n = IN(¢ / At) where

IN(x) &f the integer nearest to the real number x. (7.64)

As aresult, nAr = tif t/At> 1. Sets #2 - #4 are defined similarly. The values of a, , b, X, ¢,
Re, Ty, T+, and Ty for sets #1 - #4 are listed in Table 7.1. Among these parameters, 7. is the only
one yet to be defined.

For sets #1-#3, |a|=2nu. Thus the corresponding u,(x,t) is convection-diffusion
comparable. Forset #4, |a| > 2np. Thus the corresponding u,(x,t) is convection dominant.

» Because (i) 1 & (a —b)At/Ax, and (ii) a, b, and Ax are constant among the test problems in
7 _any one of sets #1 - #4, each test problem within one set can be identified by its value of 1. In
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Figs. 7.1 - 7.4, the values of E(b, IN(z / At),At,K) for the current, the L/D-F, and the MacCormack
schemes are plotted against the values of T for representative test problems in sets #1 - #4. The
following remarks pertain to the results shown in these figures:

a. For the test problems in sets #1 and #2,
1

T
Re=3=1

Thus, on the -1 plane, each of these problems is represented by a point on the straight
line T=58/12. Since |Re| « 1, one may conclude from Fig. 4.1 that the MacCormack
scheme will become unstable at a T with [t] « 1. As a matter of fact, it may be estimated
that the above straight line intercepts the stability boundary at T = 0.17. Note that, as a
result of how stability is defined (see Section 4), instability generally occurs at a value of 1
slightly greater than what is predicted by the stability map if X and » are finite.

For the test problems in set #3, Re = 1/24. Thus the MacCormack scheme becomes
unstable at an even smaller 7. On the other hand, Re = 5/6 = 1 for the test problems in set
#4. Thus the MacCormack scheme becomes unstable at a © very close to 1.

b. The most remarkable result shown in each of Figs. 7.1 - 7.4 is the sharp increase in the
accuracy of the current method in the neighborhood of T = 15. For each of sets #1 - #3,
which is characterized by |Re| <« 1, the peak accuracy is 3 - 4 orders of magnitude higher
than what can be achieved by either the L/D-F scheme or the MacCormack scheme. For
set #4, which is characterized by Re = 1, the peak accuracy of the current method is about a
factor of 30 higher than that of the MacCormack method which occurs just before it
becomes unstable.

Moreover, for each of sets #1 - #4, the actual value of T (denoted by 1. in Table 7.1) at
which the peak accuracy of the current method occurs is extremely close to the theoretical
value Tg. The difference is numerically insignificant. As an example, it can be determined
numerically that Eo =-4.923 and E, = —4.924 for set #1. Here Eoand E,, respectively,
denote the values of E of the present method for the test problems with 1= 1, and 1 = 1,.

c. Forsets #1 - #3, |Re| <« 1. Thus E, may be estimated by using Egs. (7.42) and (7.49).
Using these equations, one obtains Eo = —4.97 for set #1, EO =—4.67 for set #2, and 17?0 =
—6.18 for set #3. For set #4, [Re| = 1 and thus Eq. (7.49) is not applicable. However, by
using Egs. (7.42) and (7.46), one has E o = —3.33 for set #4. From Figs. 7.1 - 7.4, one can
infer that the above estimates of E agree very well with those of £, .

d. According to Egs. (7.42) and (7.53), parameter E obtained using the MacComack scheme
is not dependent on At (and thus 1) if (a — & ), u, K, and nAt are held constant and K > 1 >
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2. This explains the fact that, for the MacCormack scheme, the values of E shown in each
of Figs. 7.1 - 7.3 are hardly dependent on 1.

Moreover, the approximation of R,, given by Eq. (7.53) generally is very accurate. As
an example, for the test problems in sets #1 - #3 with T = 0.01, estimates of E obtained by
using Eqgs. (7.42) and (7.53) are —1.8146, —1.5135, and -2.4166, respectively. On the other
hand, the actual numerical values are —1.8148, —1.5119, and —2.4167, respectively. The
above comparison also indicates that the accuracy of the approximation of RM improves
with the absolute value of E, i.e., the accuracy of the numerical calculation. The reason for
this fact is explained in statements following Egs. (5.40) and (D.7).

e. It was argued in Section 5 that the current scheme will generally be more accurate than the
MacCormack scheme by a factor of 4 when & is small and the initial condition is smooth.
Since T = Re-d and Re is a constant in each of sets #1 - #4, one would expect that, as T — 0,
the value of |E| for the current scheme will be greater than that for the MacCormack
scheme by approximately logo4 = 0.602. This expectation is certainly confirmed by the
results shown in Figs. 7.1 - 7.4. The same results also indicate that, as T — 0, the value of
E for the MacCormack scheme coincides with that for the L/D-F scheme. This fact may be
explained by the following observations: The first term in the principal part of R, (j,n)
given in Eq. (7.26) becomes negligible compared with the second term as T — 0 (and & =
T/Re — 0). On the other hand, the latter is reduced to the leading term in R,,(j,n) (see Eq.
(7.30)) as & - 0.

f. The values of Ty for sets #1 - #4 are given in Table 7.1. From Figs. 7.1 - 7.4, it is seen
that, for each of sets #1 - #4, the value of E for the current scheme is approximately equal
to that for the MacCormack scheme at T = T,. This observation confirms a prediction made
in a previous theoretical discussion.

This completes the discussion of the test problems in sets #1 - #4. Next we will study the test
problems in sets #5 and #6. As shown in Table 7.2, the test problems in each of these sets share
the same values of g, |, K, n, and Az. They are different in their values of b. As a result, each
member in set #5 or #6 may be identified by its value of 1. Note that, for each test problem in
sets #5 and #6, the total running time nA¢ = 26/(3‘5) = 5.0037.

Since a —b = 1.0 for sets #1 - #4, no member in these sets may have T = 0. Contrarily,
(a —b) is a variable in sets #5 and #6 and therefore both contain a member with © =0. Recall
that the leading terms in the principal and spurious parts of R (j,n), R3(j,n), R,(j,n) and R,(j,n)
will be annihilated if T = 0. In other words, for either of sets #5 and #6, and for all three schemes
considered, the test problem with T = 0 is expected to have the highest accuracy.
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The leading terms in the principal parts of R (j,n) and R,(j,n) can also be annihilated if 1 =
T, or T=1_. The parameters T, and 1_ are defined in Eq. (5.77) and the values of 1, for sets #5
and #6 are given in Table 7.2. Note that, for set #6, T, = T_ = 0. Thus the accuracy peaks of the
current scheme that occur at T =0, T = 1,, and T = 7_ will merge into one. Furthermore, when 1 =
1. =1 =0, Eq. (7.15) is reduced to

RiGin) = nO[(2r/K) |- 5—;6— (277K )*sin(67) + O[(2n/K )] (7.65)

ie., all the explicitly-given leading terms in the principal part vanish. As a result, the
approximation of R | given by Eq. (7.58) also vanishes. Obviously, in the case where T, =1_ = 0,
the estimation of E at T = 0 for the present scheme requires an approximation containing more
explicidy-given terms.

In Figs. 7.5 and 7.6, the values of E for the current, the L/D-F, and the MacCormack schemes
are plotted against the values of T for representative test problems in set #5 and #6. The
following remarks are for the results shown in these figures:

a. Onthe 3—1 plane, each test problem in set #5 is represented by a point on the vertical line
6=0.8/ V3. From Fig. 4.1, one concludes that the MacComack scheme will be stable for
a test problem as long as [t| < 0.9. A similar conclusion may be applied to the test
problems in set #6. These observations are consistent with the numerical results shown in
Figs. 7.5 and 7.6.

b. Asexpected, the accuracy of all three schemes considered reaches its highest level at T = 0.

The values of E at T = 0 can be estimated by using Egs. (7.42) and (7.58) - (7.60). For
the test problem with T = 0 in set #5, we obtain E = —3.38, —2.41, and —2.34, respectively,
for the current, the L/D-F, and the MacCormack schemes. These estimates agree very well
with the results shown in Fig. 7.5.

For the test problem with t© = 0 in set #6, Egs. (7.42), (7.59), and (7.60) imply that E=
—-2.46 and -2.34, respectively, for the L/D-F and the MacCormack schemes. These
estimates are also in good agreement with the results shown in Fig. 7.6. As noted
previously, for the test problem considered here, the approximation given in this paper is
inadequate in providing an estimate of E for the current scheme,

c. InFig. 7.5, another accuracy peak for the current scheme also appears in the neighborhood
of T =1,. The actual value of 1 (denoted by T, in Table 7.2) at which the peak accuracy
occurs again is very close to the theoretical value T,. With the aid of Eqgs. (5.77), (7.46),
and (7.42), it is estimated that E = —3.04 for the present scheme at T = t,. This is very
close to the actual peak value one observes in Fig. 7.5. Note that the accuracy peaks at T =
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7, and T = 0 are merged in Fig. 7.6.

d. From Figs. 7.5 and 7.6, and Table 7.2, one may confirm that, for each of sets #5 and #6, the
values of E for the current and the MacCormack schemes are approximately equal at T =

%+ -

Next we study the test problems in set #7. According to Table 7.3, these problems share the
same values of a, [, b, K, and ¢. They differ in their values of Ar. Again we assume that n =
IN(z/At). Because the relations T =0 and § = 36 At hold for these problems, the error measure E
is plotted against 6 in Fig. 7.7 for all three schemes considered. From this figure, one observes
that

a. The value of E for the MacCormack scheme is hardly dependent on & before it becomes
unstable near d = 2.1.

b. As & — 0, (i) the value of E for the L/D-F scheme approaches that for the MacCormack
scheme, and (ii) the difference between the value of E for the current scheme and that for
the other two schemes approaches log;o4 = 0.602.

c. The accuracy of the current and the L/D-F schemes has a sharp rise, respectively, near § =
1/¥3 20577 and §=2/V3 = 1.155.
The above observations can be explained by using the stability map Fig. 4.1 and Egs. (7.58) -
(7.60). In addition, the results shown in Fig. 7.7 also confirm the predictions given by Eqgs. (7.61)
- (7.63).

The last test problems to be considered are those in set #8 (see Table 7.3). These problems
share the same values of a, W, b, K, and ¢, and differ in their values of Az. For them, we have & =
0, T =30A¢ and n = IN(¢/Ar) = IN(15/1). In Fig. 7.8, the values of R, /R, and R, /R, are
plotted against . One obsecrves that:

a. 13,,,/131 is nearly a constant (= 4) throughout the range 1 > 1 > 0.

b. R,/Ryis nearly a constant (=4) in the range 0.4 > 1 > 0. Its dependence on t becomes
more and more irregular as T increases from 0.4 to 1.0.
With the aid of Eqgs. (7.14) and (7.29), observation (a) can be explained by using Egs. (5.84) and
(5.87). On the other hand, with the aid of Eqgs. (7.14) and (7.25), observation (b) can be explained
by using Egs. (5.84) - (5.86) and the fact that n = IN(15/7) is relatively small when T > 0.4.

So far in this section, no numerical results are provided for the error R,(j,n). This omission
is because our discussions have focused on the comparisons of the three schemes considered, and
there are no simple counterparts of R,(j,n) in the MacCormack and the L/D-F schemes.
However, it should be noted that the errors R (j,n), Ry(j,n), R,(j,n), and R,(j,n) at different
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(J,n), respectively, have been thoroughly compared against their approximations obtained by
evaluating all the explicitly-given terms on the right sides of Eqgs. (7.15), (7.22), (7.26), and
(7.30). Without going into details, it is sufficient to state that these approximations are highly
accurate as long as the errors they approximate are sufficiently small.
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8. FINAL REMARKS

Using Eq. (2.2) as a model equation, the basic concepts and properties of the current
numerical framework were described and studied in sections 1 - 7. By employing nontraditional
discrete variables and taking advantage of the flexibility gained in a unified treatment of space
and time, we were able to construct an explicit marching procedure from a single flux
conservation principle. '

Several fundamental differences that separate the current scheme from other explicit schemes,
and how these differences result in greater stability and accuracy for the current scheme were
discussed and explained near the end of Section 2. Other important concepts and ideas were
discussed in the last part of Section 1. '

Perhaps the most intriguing results presented in the current paper are the similarities between
the L/D-F scheme and the current scheme. It has been shown that:

a. There is a remarkable similarity between the forms of the amplification factors of these two
~ schemes.

b. These two schemes have the same stability region on the d—1 plane.

¢. The stability condition of the current scheme, as in the case of the L/D-F scheme, is
essentially the CFL condition and thus independent of the viscosity coefficient p.

d. Both schemes have no numerical diffusion in the absence of viscosity.

e. The consistency of the current scheme, as in the case of the L/D-F scheme, requires that
At/Ax > 0as A, Ax > 0.

Since most of the above similarities are nontrivial, their existence suggests that there may be
deeper reasons behind these similarities. Progresses made in a study along this direction will be
reported in near future.

Despite of the above similarities, it was shown theoretically and numerically that the current
scheme is far superior to the L/D-F scheme in accuracy.

In order to clarify the discussion on consistency, the concept of "strong consistency" is also
introduced. Itis shown that a scheme which is strongly consistent with the PDE being solved has
no intrinsic advantage over a scheme which is not.

This paper is concluded with the following odds and ends:

a. The triangle APQR depicted in Fig. 8.1 is a bouhdary conservation element. Let c, B, and y
be constants. Let (xg,70) be the coordinates of the mid-point M of QR. Let A”PQR be the
interior of APQR. Let
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uxt) = a>(x—x0) + B(t—tp) + v (x1) e A"PQR 8.1

be the approximation of u(x,t) in A”PQR. Let the flux entering APQR through the edge
P—(S and the value of u at M (denoted by u,) be given. Then «, B, and 7y can be determined
by the requirements that (i) the total flux leaving APQR = 0, (ii) the flux be balanced at 136
and (iii) u(xg,t9) = Y = u,. Upon determining a, B, and ¥, one can calculate the flux
leaving APQR through RP.

In Fig. 8.2, a space-time E is divided into conservation elements that are hexagons. Each
hexagon has three incoming fluxes and three outgoing fluxes. A marching procedure can
be defined if the outgoing fluxes are expressed in terms of the incoming fluxes. A possible
way to do this will be described as follows. Let

px) ¥ A(x-x0)? + B(x—x0)(1—10)
+ C(t—t9)> +D(x-x0) + E(t—tp) + F (8.2)

be the approximation of u (x,¢) in the interior of a hexagon. Here A, B, C, D, E, and F are
constants, and (xq.?o) are the coordinates of its center. Let Z)(x,t) be defined by Eq. (2.4)
and

V-Bx:) =0 (8.3)

Then the divergence theorem implies that the total flux leaving this hexagon = 0. Egs.
(8.2) and (8.3) also imply that

B=-2aA, C=a%A, E=-aD +2pA (8.4)
As a result, .
B = Al(x—x0)—a(t—19)1
+ D[(x~xp)—a(t—19)] + 2pA(t—ty) + F (8.5

The coefficients A, D, and F in Eq. (8.5) can be determined in terms of the three incoming
fluxes. In turn, the outgoing fluxes can be determined by using Eqs. (2.4) and (8.5).

As depicted in Fig. 8.3, a space-time can also be divided into conservation elements of
different geometry shapes.

A possible conservation element in a space-time E; is shown in Fig. 8.4. This
conservation element is formed by three "incoming” surfaces RSWV, QRVU, and TWVU,
and three "outgoing” surfaces PSWT, PTUQ, and PSRQ. The "marching” direction is that
of Vf’ Because four points generally are not on a plane in E3, a surface like RSWV can be
formed by two triangles, ARWYV and ARSW.
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In the interior of this conservation element, we may assume that

.yt = a(x—xo) + P(y—yo) + ¥(t—t0) + & (8.6)

where @, B, v, and & are constants, and (xg,y¢,¢o) are the coordinates of the center of the
conservation element. The parameters ¢, B, v, and & can be determined by the
requirements that (i) the total flux leaving the conservation element = 0 and (ii) the fluxes
be balanced at three incoming surfaces.
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Appendix A
In this appendix, stability will be discussed assuming 1 —t2 + 8§ #0and § > 0.

Eq. (4.14) implies that

. _6-(1-1)
c.(8)-0.(8) = (-1 (A.1)

Thus

>1 ift*>1and §>0
|6.(8)] - |o_(8)] (A2)
<1 if1’<1and §>0
An immediate result of Eq. (A.2) is
max { |0,(0)], [o_(®)] } > 1 if ?>1and §>0 (A.3)

From Egs. (4.33), (4.34), and (A.3), one concludes that the current scheme is unstable if 2 > 1
and 8 > 0. This fact coupled with a result established in subsection 4.2, i.e., the scheme is
unstable if ©2 > 1 and 8 = 0, leads to the conclusion that the current scheme is unstable if 7* > 1
and 6 20.

From Eqgs. (4.13) and (4.14), one has
c:(0) = cos(%) ti |sin(%)| if =1 and §>0 (A9

Thus
|6,(0)] = |o_(8)] =1 if ©2=1 and >0 (A.5)

Because (i) 0,(6) = 6_(8) is a necessary condition for the defectiveness of Q (0), (ii) in the case
where =1 and § >0, 0,(0) =0_(8) occurs only if =0, and (iii) the matrix Q(0) is the
identity matrix when t>=1 and & > 0, the matrices Q(8) are nondefective for £20 > —x if
=1and §>0. As a result, Egs. (4.33) and (A.5) imply that the current scheme is stable if
©2=1and § > 0. Note that the assumption 1 — 12 + & # 0 excludes the case in which ©2 =1 and
0=0.

It was shown in subsections 4.2 and 4.3 that the current scheme is stable if either (i)t <1
and =0, or (ii) t=0 and § 2 0. Thus the only stability problem left to be discussed is that in
which 1> 1% > 0and & > 0.

To proceed, note that Eq. (4.13) implies that
[(N® T + (1-12) — & = X(0) + i Y(0) (A.6)
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where X(8) and Y(8) are real functions defined by

x® ¥ -2y [1-2 sinz(g)] - & sin2(—g-) (A7)

Yoy ¥ -2 31(1-1%) sin(%) cos(%) (A.8)

In the following derivations, X(0) and Y(0), respectively, may be abbreviated as X and Y. Since,
by definition, the range of the phase angle of the principal square root is (-rt/2 , ®/2], we have

VX [ WXEEY2 +X + isign(Y)\N X?+Y?-X ] (A.9)

1
+iY = —
T
where sign(Y) % 1if Y 20 and sign(Y) d=qf_1 if Y < 0. By using Egs. (4.14), (A.6) and (A.9),
one concludes that

0:(0) ={{Scos(%)i%2‘j;X2+Y2 +X

+ i { i%z sign(Y)‘/V X2+Y? -X —T(l—‘rz)sin(%)] }/(1-1%5) (A.10)

It will now be shown that

|o,®)] <1 and [o_(0)] <1 if12<1,8>0 and 820 (A.1D)

Proof: Using Eq. (A.10), on¢ has

[16,0)|*+ |o-(8)|2] (1 —1? +5)?
= 2[& cosz(-g-) +2(1-12) sinz(%) + VX251 Y? ] , (A.12)
Combining Egs. (A.1) and (A.12), one obtains
[1-]0,@]*]1[1-|c_(®)|*](1-7*+8)
=2{(1-1)?[1 —’czsin2(g)] +8° sinz(%) VXZ+Y?} (A.13)
Because (i)

{(1-1%)? [l—tzsinz(%)] + 82 sinz(%)— VX% +Y? }
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x {(1-12)? | 1-1:2sin2(g)] + stinz(%) +VxZ+Y?)

482 (1-12)3 sinz(g) (A.14)
(ii)

(1-1)Y[1 —rzsinz(%)] + & sinz(g)+VX2+Y2 >0 if12<1  (A.15)
and (iii)

482(1—1:2)3sin2(g) >0 if <1, 8>0 and 020 , (A.16)

one concludes that the expression on the the right side of Eq. (A.13) > 0if 1> <1, 8> 0 and
6 #0. Thus
[1-]o.®*][1-|o.(®)%] >0 if <1, 8>0and 820  (A.17)

According to Eq. (A.2), [04(8)] - |6_(8)| <1if 12 <1 and &> 0. This inequality combined
with Eq. (A.17) implies Eq. (A.11). Q.E.D.

Note that (i)
IS (1-
6+ (1-

and (ii) Q (0) is diagonal and thus nondefective. According to Egs. (4.33) and (4.34), (i), (ii), and
Eq. (A.11) imply that the current scheme is stable if 12 < 1 and § > 0. Combining this and other
results obtained earlier, one concludes that, assuming 8 20 and 1-1% + § #0, the current scheme
is stable if and only if 2 < 1.

l6,@] =1 and |o_(0)] = |< 1 if1’<1and >0 (A.18)
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Appendix B

The main L/D-F scheme is defined in Eq. (3.19). It will be supplemented by the starting
scheme

1 0 0 0 0 0 2 0
U; —u; Uiyl —U;j Wjp) YU — U
[kl A il

=0 B.1
At 2 Ax " (Ax)? ®.D

Because the moving mesh shown in Fig. 2.1(a) is used in the current discussion, coefficient g is
replaced by a — b in Eq. (B.1). We will also assume periodic conditions:

W= ulg (j=0,41,%2, - ,n=0,1,2, -+ ) (B.2)

As a result of Eq. (B.2),

K-1
uj = ¥ ubof B.3)
k=0
where ¢ are defined by Eq. (4.2) and
df K=l
i 2y uoP (B4)
/=0

Substituting Eq. (B.3) into Eq. (3.19) and using Egs. (2.17), (2.18), and (4.7), one obtains

(1+§)22“ + (2iTsin6) — Scosby ) uf — (l—g)zr‘ =0, n=123, - (BS)
Note that Eq. (B.5) can be expressed as
O = MOOT . n=0,1,2, - B.6)
- where
y';+l
..: 4 } B.7)
i
and
0cos6 — 2i tsind 1-(8/2)
1+(8/2) 1+(8/2)
M@©) = (B.8)
1 0
As a result of Eq. (B.6), M(6,), k=0, 1,2, ---, K-1, can be referred to as the amplification
matrices of the L/D-F scheme. Also we have
”n 0
U = M61r T » n=0,1,2, - (B.9)
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The eigenvalues of M(8), i.e.,

(g)cose - i1sin@ % \/(gcose —itsing)’ + 1 - (”2")2
Ax(6) = 5 ®.10)
1+ 5

will be referred to as the amplification factors of the L/D-F scheme.

Because M () is not diagonal, it is defective if and only if A, (8) = A_(8). With the aid of this
fact and Jordan’s theorem [p.362, 6], Eqs. (B.7) and (B.9) can be used to show that

{ her [ALB) T +he [A_B " if Au(B)#A_(8y)
Ber [AL@D Y +nh [A_0) ]! if A,(B)=A_(6))

(B.11)

Ur =

where h, and h,_ are constants to be determined by ﬁko. In this paper, the L/D-F scheme is said
to be stable if and only if, for any K > 3 and any specification of hepand by, k=0,1,2, -,
K1 (i.e., any specification of 4} and u}, j=0,1,2, ---,K~1),u”, j=0, 1,42, - -, remain
bounded as n — +oo with the parameters 7T and & being held constant. From Eq. (B.11), one can
conclude that the L/D-F scheme is stable if and only if, for any K >3 and any k=0,1,2, :--,
K -1, we have

max { [A,00], [A-09] ) S 1 if A,B)=A_(8y) (B.12)

and
|4,00] <1 if A8)=A_(8) (B.13)
In the following derivations, we shall prove this: In the case where & > 0, the L/D-F scheme

is stable if and only if T < 1. In the case where 8 = 0, it is stable if and only if 1 < 1,

Proof: 1t is easy to show that

N 3
max { |45, (4] ) = 2] + 11+(81/‘2“)(5/2) >1 if®>1and 520 (B.14)

and
AR = A ad (APl = APl =1 ifP=1amd =0 @IS

Because 0, =n/2ifK=4,8,12, ---, and k =K/4, Egs. (B.12) - (B.15) imply that the L/D-F
scheme is unstable if either (i) 12 > 1 and § > 0, or (ii) 12 > 1 and §=0.

Next we observe that
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|AL®)] = [A_®)] =1
and if12<1 and §=0 (B.16)

A.0) # A_(0)
It follows from Eq. (B.12) that the L/D-F scheme is stable if 12 < 1 and §=0.

The proof is completed by showing that the L/D-F scheme is stable if 7 <1 and § > 0. To
proceed, from Eq. (B.10), we obtain

_8/2-1 \
A (B)A_(B) = 8/2+ 1 (B.17;
and
- Ai(9)={[§cosei—l—\NX2+Y2 +X
2 \73
+i [i%z s VV X2+ Y2 - X — tsine} }/(1 +8/2) (B.18)

where X and Y, respectively, are the abbreviations of
X0 ¥ (1-%sin%0) - ( "2‘ ¥sin?0 , and Y®) % —5tsinfcosd  (B.19)
Also sign(Y) = 1if Y 20 and sign(Y) & ~1ifY <0. Eq. (B.18) implies that
[|A.®)]2+|A_®)|%]1 (1 +§)2 = 2[(%)2cos29+12sm29+\f'm2_] (B.20)

~ By using Eqgs. (B.17) and (B.20), one concludes that

(1= [A@1(1- A @1 (142
=2[1-1? sin29+(g-)2 sin?6 — VX2 + Y2 | B21)

Note that
[1 -t’-sin2e+(§)zsin2e-‘lx2 +Y?2][1 —tzsin29+(-g)zsin26+\/x2 +Y?%]
= 8 (1-1)sin?® (B.22)

and
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[1—xzsin29+(—g-)zsin29+\/x2+Y2] >0 if <1 and 550 (B23)

Combining Egs. (B.21) - (B.23), one concludes that
[1-]A.@®2]1[1-]|A_®)|*1=0 if 2=1and §>0 (B.24)
and
[1-[A.8)*1[1-|A_(®)]?] >0 if 2<1,8>0 and sinf=0  (B.25)
An immediate result of Eq. (B.17) is
|A.@)] - |A_(®)] < 1 if §>0 (B.26)
From Eqgs. (B.24) - (B.26), one concludes that (i)

max { |A,.(0)], [A-®)])} =1
and if ?=1and §>0 (B27)
|A+8)] # [A_(O)]
and (ii)
|A+@)] <1 and [A_®)] <1 if ©<1,8>0 and sin® =0 (B.28)
Furthermore, Eq. (B.10) implies that
max { |A,0)|, |A-®)]) = 1
and if sinf=0 and §>0 (B.29)
|A+0)] = |A_®)]

By using Egs. (B.12), (B.13), and (B.27) - (B.29), one reaches the conclusion that the L/D-F
scheme is stable if 12 < 1 and & > 0. Q.E.D.

Next we shall study the accuracy of the numerical solutions obtained by using the L/D-F
scheme. Let

A,0) -1 + g(l—cose) + i1sind

def
h(®) = 2.0) — A.©) (A.(0)=A_(8))  (B.30)

and
. {ef 158y n n
wOmk) = bee’™ ([1-h(O)]1[A,O0)]" + (O [A_(0)]")
(A+(Br) = A_(8)) (B.31)
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where b, are defined in Eq. (5.8). With the aid of Egs. (B.3) and (B.11), and the assumption that

AB) 2A_6), £=0,1,2,..,K-1 (B.32)
-, it can be shown that the solution to the finite-difference problem defined by Eqgs. (3.19), (B.1),

and (B.2) is given by '

i o def Ko
= wGm Y wink (B.33)
k=0
Note that
1-86/2

A0 =1 and A_Q) = - (B.34)

1+8/2

Thus there is a neighborhood of 8 =0 on the complex 6 —plane in which A, (0) # A_(8) and thus
h(0) is defined.

Combining Egs. (5.53) and (B.31), one has
w (k) — Uy (k) = by e"™ A (n,8)) (B.35)
where
A0 ¥ [1-h®)] ([A,OF - [4,O)]") + h(©®) {[A-®)]" - [A,(®)]"} (B.36)
In the following, we shall study A, (n,8) in the neighborhood of 6 = 0.

Egs. (B.10) and (B.30) imply that

_ 1 P g, iT8 2103
h(9)-4(1—4){ °0° + 5 (1-21°)0

+

%[4:2(4—912) + 38 (15t -1272+1)10* + 0(95)} (B.37)

Eq. (B.37) is reduced to

2 2 2
Y2, v(4-977)
h@®) = -6 + 25

0* + 0(8® if =0 (B.38)
and

_ Lo 8\ 5 P
h(6) = 648 (1 4 )9 + 0(©°) if t=0 (B.39)

According to Eq. (5.12), the sum of the upper elements in ﬁ+(9) and ﬁ_(e) is 1. Thus the role
played by the upper element of 17’_(9) in Eq. (5.21) is similar to that played by 4(0) in Eq. (B.36).
An inspection of Egs. (5.32) - (5.34) and (B.37) - (B.39) reveals that the upper element in ﬁ_(e)
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is (i) smaller than /() by one order of 8 if T8 # 0, or (ii) smaller than h(0) by two orders of 0 if
8 =0, or (iii) in the same order of 6 with 4(8) if T =0. Thus, if T # 0, the influence of the spurious
part is less noticeable in the current scheme than in the L/D-F scheme. Note that the form of h(6)
given in Eq. (B.30) is dependent on the forms of both the main scheme Eq. (3.19) and the starting
scheme Eq. (B.1). It is an accident of this combined influence of the main and starting schemes
that 4(8) and the upper element in H ~(B) are in the same order of 8 if T =0, even though du /dt is
approximated by a one-sided difference formula in Eq. (B.1).

Next, with the aid of Egs. (5.17) and (B.10), it can be shown that

af A+0) P8, it 5 3o\m
€..(0) = A®) 1= y 0° + 6(1 )(1 48)9
b 2 3'52 2 3 2 4 5
* 56 (1-1 )[T(ss '25+4)+2(1'28 )] + 3812 0% + 0(6°)(B.40)
and
g ) & 4-©) -1 =2i19+[§(2—12)—212]62 + 0% ®B.41)
_(1-5/2 )A. () 4
1+8/27°¢

Obviously, the roles played by ¢,,(8) and £,_(8) in the L/D-F scheme, respectively, are similar to
those played by €,(8) and €_(B) in the current scheme. A comparison between Egs. (5.36) and
(B.40) reveals that, [0,(0)]? approximates A,(0) to the second order in 0 while A,(6)
approximates A,(6) only to the first order in 8. Note that the amplification factors are compiletely
determined by the main marching scheme. Thus, the above difference in accuracy has nothing to
do with how the starting scheme is defined.

By using the arguments that were used to establish Egs. (5.40) and (5.45), it can be shown
that (i)

[A4(0)]" —[As(0)]" = n[A,(8))"€,.,(0) ‘ (B.42)
ifn|g,,(0)] < 1, and (ii)
[A-0®) ] -[4,0)]" = -[A,®)]" (B.43)
if &> 0, |8] is sufficiently small, and n is sufficiently large.
Let |

o dg [1=h@1{[ALO] - [4,0)]") “
r(nk) € AOT (B.44)
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and

i h(®) ([A_(0)]" - [4,(0)]" )
[A,(®)]

Then Eqgs. (5.61) - (5.63) follow directly from Eqgs. (5.53), (5.60), (B.35) - (B.37), (B.40), (B.42),
and (B.43).

(B.45)

T

For the special case in which § =0, Eq. (B.43) is not applicable. However, since |A_(8)| =
|A4(8)| =1if1? < 1 and =0, one has

[A_(G)] - [Aa(e)] <2 if 12 <1 and §=0 (B46)
[A.(0) ]

With the aid of Egs. (B.38) and (B.45), Eq. (B.46), in tum, can be used to obtain Eq. (5.85).
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Appendix C

Eqs. (5.26) - (5.28) and the assumption n €, (8)| <« 1 of Eq. (5.40) will be discussed in this
appendix,

Assuming Eqs. (5.23) and (5.24), first we shall show that
a o@=0 if t > |6];and

b. o(m)=0 ifandonlyif 1-12-8=0and 1>1>0

Proof. By using Egs. (4.13), (4.14), (5.23), and (5.24), it is easy to show that

2(1-12%)

0 . C.1
1-12+38 g €h

o(0) =

Let T be the 2x2 identity matrix. Then the determinant of the matrix [ 0(6) — 6_(0)1] vanishes.
This fact coupled with Eqgs. (4.12), (5.23), (5.24), and (C.1) implies that

o®) # 0 if m20>-r and 1-12-§%0 (C.2)

Let 1-1~8=0. Then §=1-1% > 0. This inequality combined with Eq. (4.13) implies that
the real part of 1\(8) is positive if & > [0]. As aresult, the principal square root ‘/[n(e)]z =1(0)
if &> |6]. Combining Egs. (4.14) and (5.24), one can conclude that 6_(0) = 0, and

©(8) = cos(8/2)—itsin(8/2) = 0, if t>|6] and 1—12—5=0 (C.3)

Statement (a) ia a result of Egs. (C.2) and (C.3). Statement (b) follows directly from Egq.
(C.2) and the fact that

o(m) = (i/2)(|t] -1) if 1-12-8=0 (C4)
QE.D. |

Next we shall prove Egs. (5.26) - (5.28) for any 6 with © >0 > —r and 0,(0) £ 6_(8). To
proceed, note that 6,.(0) + 6_(0) = the trace of Q(6). By using Eqgs. (4.12) and (5.24), one obtains

2
@) = (:%212 )[cos(8/2) + i Tsin(0/2)] + 6,(6) (R20>-1)  (C5)

Because 0,(0) = 6_(8), 2,(6) and g-(6), respectively, are the eigenvectors of Q(0) with
eigenvalues o, (0) and 6_(8). With the aid of Egs. (4.12), (4.22), (5.24), (5.25), and (C.5), it can
be shown that

£21(0) = i&(0)g,,(8) (C.6)

and
9.
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812(0) = i&,(0) £22(0) (S))
By choosing g1,(8) = g22(8) = 1, Egs. (4.21), (C.6), and (C.7) imply that
1 &)
®= [ i8,© 1

Because g, (6) and ‘Z-(8) must be linearly independent (i.e., G (8) must be nonsingular) if c,(0) #
~ 6.(0), Egs. (5.26) - (5.28) follow from Eqs. (C.8) and (5.11) immediately.

(C.3)

As a preliminary for a discussion on the assumption n |€,(0)| <« 1 of Eq. (5.40), we shall
establish the following inequality:
Lemma. Let x be a complex number. Let n > 0 be an integer. Then
|(1+x)-1] « 1, 1=1,2,3..,n (C.9)
if and only if

nlx] €1 (C.10)

Proof: Let the real numbers », ¢, p, and y be defined by the conditions:
x=re?®, rz0, m2¢>-n (C.11)
and
l+x =pe'Y, p20, n2y>-x (C.12)

(See Fig. C.1). It follows from Eq. (C.12) that

1(1+x) =1] = V(p =12 +2p (1 - cos(iy)) (C.13)

By using Eq. (C.13) and the fact that 1 — cos(!y) 2 0, one concludes that Eq. (C.9) is true if and
only if

(p-1¥ <1, =123 .,n (C.14)
and
I-cos(ly) <« 1, [1=1,2,3..,n (C.15)

Note that Eq. (C.14) implies that p’ isverycloseto 1 for/=1, 2, 3, ..., n. As aresult, the second
term under the radical sign on the right side of Eq. (C.13) will be small compared with 1 for
[=1,2,3, .., nif and only if Eq. (C.15) is true. Because &t 2y > —x, Eq. (C.15) is equivalent to
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nly| <« 1 (C.16)
Also, Eq. (C.14) is equivalent to

le| « 1 where € d:’“ffp"—l (C.17)
A result of Eq. (C.17) is

1
p=(l+e)" =1+% (C.18)

With the above preparations, first we shall show that Eq. (C.10) is a result of Eq. (C.9).
According to Fig. C.1,

|x] =r =Vp2+1-2pcosy (C.19)
By using Egs. (C.16) - (C.19), one concludes that

nlx| =

nVp2+1-2p(1-y%/2) = nV(p-12+py? = n\'E/n)2+(l+£/n)\|12
= Vel +(1+e/n)(ny) « 1

i.e., Eq. (C.10) is true.
Next, assuming Eq. (C.10), we shall prove Eq. (C.9) by induction. Obviously [(1+x) ~1]

=|x] «1ifi=1. Let /o be an integer such that n > 15 > 1 and

[(1+x) -1 < 1,

1=1,2,3,..,1 (C.20)
As a result of Eq. (C.20), we have
[(M+x) | <2, 1=1,2,3,.,1, (C21)
With the aid of Egs. (C.10) and (C.21), we have
Iy lo
[(1+x)°o* -] = ]xl§0(1+x)’{ < [x[l_EO|]+x|’ < Rly+1)|x] < 1
QED.
7 With the aid of the above lemma, we now show that
[6:@) = [4,@®)) , I=1,2,..n (n>0) (C22)
if and only if
nle,0)] « 1 (C23)
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Proof: By replacing n with [ in Eq. (5.38) and recalling the definition of the sign "=" given in
Section §, it is seen that Eq. (C.22) is true if and only if

[[1+e,®))-1] « 1, [=1,2,3,..,n (C.24)

According to the above lemma, Eq. (C.24) is true if and only if Eq. (C.23) is true. Q.E.D.
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Appendix D

A version of the MacCormack scheme for Eq. (2.2) [p.163, 3] is

. — _b)A At o
Predictor:  u}*! = u? - %(u;’n -u;) + zix)T(u;” —2u}+uj ) (D.1)
| S a1 _ (@-b)At T o
Corrector:  u}*! = 5 L} + - Iy U /A )
A n+l A+l o a4l
+ BT wrd — 2w )] (D.2)

(Ax)?

Because the moving mesh depicted in Fig. 2.1(a) is used in the current discussion, coefficient ais
replaced by a —b in Egs. (D.1) and (D.2). In the above version, a forward difference is employed
in the predictor step for du/dx and a backward difference is used in the corrector step. The
altemate version employs a backward difference in the predictor step and a forward difference in
the corrector step. For both versions, the predictor and corrector steps can be combined to yield

n+1_§§ n lé 2_&_8_2 n _é iZ_Z n
u’ —8(4+1:)u1_2+2(2+‘c+1: 5 4)u,.,+(1 2+168 °)u’
1,9 3t &, , o, n
(ot TR T + S (- (D.3)
Let
df (1 8.3 S 2 &
A®) = (1 2+168 ‘C)+(2+’t 4)cose
. 3. .. i i8t .
- zt(l—z)sme + T c0s20 2 sin20 (D.4)
and
w,Gonk) Z b, AT ®.5)

where b, are defined in Eq. (5.8). Then the solution to the finite difference problem defined by
Egs. (D.3) and (B.2) is

K-1
W} = wGon) €Y w,Gink) (D.6)
k=0
Combining Egs. (5.17) and (D.4), it can be shown that
; 2
£(0) %f % -1= %—)93 + %3—[8(1—612)—612(1—12)]64 + 0(0%) (D.7)

By using the arguments used to establish Eq. (5.40), one can show that
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[A@)] — [A:(0)]" = n[Ai(0)]"€(0) if nle@)] <« 1 (D.8)
Eq. (5.65) follows directly from Egs. (5.64), (D.5), (5.53), (D.8), and (D.7).

We conclude this appendix with a discussion on the operation count of the MacCormack

- scheme. Because the coefficients in front of the mesh variables on the right side of Eq. (D.3) are

constants, they need not be reevaluated during the numerical marching. Thus, for each j, the
MacCormmnack scheme requires 5 multiplications and 4 additions to advance one time step.



Appendix E
The proofs for several assertions made in Section 6 are provided here.

We begin with the assertion: Let g > 0. Then the Lax stability of the MacCormack scheme
for solving Eq. (2.2) requires that the mesh be refined such that the parameter & remains bounded
asAt, Ax - 0.

Proof: Because (i) tﬁe sum of the terms involving &% on the right side of Eq. (D.4) =
(cos®—1)28%/8, and (ii) A!cimo‘t:/8=0, one concludes that, for any 6 with cos® # 1, the
__’

amplification factor A (6) of the MacCormack scheme will become unbounded as A, Ax -5 0if 8
becomes unbounded as Arz, Ax — 0. Since uniform-boundedness of the spectral radius of the
amplification matrix is necessary for the Lax stability [p.70, 4], the proof is completed. Q.E.D.

Next we show that Egs. (6.29) and (6.30) are true if u = u(x,t) and v =v(x,t) satisfy Eq.
(6.27),i.e., w(x,r) = 0. To proceed, note that

1-12-8 1-1?
1>|————| and 1> —— 5 ¢ .1
'1—1,2+8 1-12+98 (ED)

follow directly from Eq. (6.18). Also,

§(1F1) | 147 . -2 ,
{fci 1_12+5} A 0l = [a(Ax:!:aAt) + 4;1——1_124_5} XO0[(Ax)"] (E2)
3(1F1) [ 1-72-35 ‘
) 2
= {a[(Ax)Z_aZ(At)Z_4u(At)] t 4p(Ax ¥aAt)————:_:2:§ } X O[(Ax)] (E.3)

With the aid of Egs. (6.23) and (E.1) - (E.3), and the fact that 0w /9x = 0 if w(x,7) =0, one
concludes that Eq. (6.29) is true if u = i(x,) and v = V(x,t) satisfy Eq. (6.27).

Next, we have

T30 and Axd - 0 as At/A&x - 0 (E4)
Also,
(1-1? +8)? (Ax)? = (Ax - 1?Ax + 8 Ax )? (E.5)
_ 12 2 a2 2
L=t s opan) = L2t ’j’;*“’" x O[(AN)] E6)
-08-
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T ) — alAx 2
[115(1 'c)] 1+ m (1-1%) (E.7)

(1-2=8)XO0[(Ax)?] = O[(Ax)*1+0[(AD)? 1 -8 Ax x O[(Ax)] (E.8)
Eq. (6.30) now follows directly from Eqgs. (6.24) and (E.4) - (E.8).

If i # 0 and the rule of mesh refinement is such that & remains bounded as At, Ax — 0, then
(i) At = O[(Ax)? ] and (ii) At/ Ax — 0 as At, Ax — 0. With the aid of Egs. (E.1) - (E.8), it is easy
to show that Eq. (6.31) is true if u = u(x,1) and v = v(x,?) satisfy Eq. (6.27) and the rule of mesh
refinement is such that 8 remains bounded as A¢, Ax — 0.
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a Bl b | K| ¢t Re To Ts T
#1] 10|01 |0 |30 05] 1/12 | 0.048002 | 0.048011 | 0.1064
#2]10]01 |0 [30] 10 1/12] 0048002 | 0.048026 | 0.1064
#3010]01 |0 |60 05| 1/24 | 0024042 | 0.024043 | 0.05364
#4 10| 001 |0 | 30|31 5/6 | 040299 | 040309 | 0.6380

Table 7.1. Definitions of the problem sets #1 - #4 and the corresponding
values of Re, Ty, T«, and Tp.

a M K| n At 3 T, Te T,
#5010 001 | 30| 39 | 1/@5V3) | 0.8/V3 | 0.4472 | 0.4468 | 0.8014
#6 || 1.0 | 001 | 30 | 312 | 1/36Y3) | 1/¥3 | 0. 0. 0.7435

Table 7.2. Definitions of the problem sets #5 and #6, and the corresponding
values of 8, T,, T., and T,..

a H b | K t
#7 | 0. 001 | 0. | 30 | 15.
#8 || 1.0 | O 0. | 30 0.5

Table 7.3. Definitions of problem sets #7 and #8.
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Figure 1.2.
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Figure 2.1.
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(a) A line segment in a space-time E,.
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(b) A simple closed curve T in a space-time E5.
Figure 2.2.

Figure 2.3 —Interface flux conservation relation.
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Figure 4.1—Stability region (shaded area) of the
MacCormack scheme on the 8-t plane.
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Figure 6.1.—Computation domain withd>x20and t= 0. Figure 6.2.—Computation domain with + o> x> — o and 12 0.

-104-



0.25

‘! . ;Present c:ilgorithmé
o O MacCormack scheme
o s Leapfrog/Dufort—Frankel
I R T e T ——
.
.
s . _ ; |
0.00  0.05 0.10 0.15 0.20

Courant number, T

Figure 7.1—Accuracy of test problems in Set #1 (v = 30At).
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Figure 7.2—Accuracy of test problems in Set #2 (v = 30At).
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Figure 7.3—Accuracy of test problems in Set #3 (v = 60A%).

-107-

0.12



. Presentf algoritfnﬁ
O: MacCormack scheme
6. Leapfrog/Dufort—Frankel

_3 T .2
_4 | L L |
0.0 0.2 0.4 0.6 0.8 1.0

Courant number, T

Figure 7.4—Accuracy of test problems in Set #4 (r = 30At).
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Figure 7.5—Accuracy of test problems in Set #5 (v = 2{1-b)/(3V3)).
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Figure 7.6—Accuracy of test probloms in Set #6 (r = 5(1-b)/{(6V3)).
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Figure 7.7—Accuracy of test problems in Set #7 (6 = 36At).
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Figure 7.8—Accuracy of test problems in Set #8 (r = 30At).
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Figure 8.1 —Boundary conservation element (APQR). Figure 8.2.—Hexagons as conservation elements.
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Figure B.3.—Space-time E, divided into conservation elements of  Figure 8.4 —Conservation element in space-time E,.
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Figure C.1.—Geometric relations among the parameters r, b, p
and s defined by Eqgs. (C.11} and (C.12).
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