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Abstract

In this paper, a new numerical approach, embedding the differential transform (DT) and Laplace trans-
form (LT), is firstly proposed. It is considered in the local fractional derivative operator for obtaining the
non-differential solution for diffusion equation in fractal heat transfer. c©2016 All rights reserved.
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1. Introduction

Fractional calculus and its generalizations started to be considered by many researchers as an optimal
tool to describe the dynamics of complex systems [3, 4, 11, 16, 24, 26, 30]. Ordinary differential equations
(ODEs) and partial differential equations (PDEs) within the derivative of non-integer orders were used to
describe complex phenomena in the time-space sense of differentiability [1, 12, 23, 27, 28, 33] and non-
differentiability [7, 17, 37, 38]. Several approaches were developed to find the numerical and analytical
solutions for fractional ordinary differential equations (FODEs) and fractional partial differential equations
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(FPDEs), namely the methods of Mellin and Laplace transforms [5], implicit local radial basis function
(ILRBF) [19], finite difference (FD) [32], homotopy perturbation (HP)[18], homotopy analysis (HA) [10],
heat-balance integral (HBI) [15], variational iteration (VI) [14], generalized differential transform (GDT) [29],
and others [9, 22, 25, 31]. There are distinct strategies for solving the local fractional partial differential
equations [13, 20, 34, 35], such as the local fractional perspectives to differential transform (DT) [8], variation
iteration method (VIM) [36], Fourier transform (FT) [39], Laplace transform (LT) [40], Laplace variation
iteration method (LVIM) [21], and functional method (FM) [6].

In this paper, we consider the diffusion equation in fractal heat transfer with local fractional derivative
[34, 35, 37, 38]

∂αΩ (x, t)

∂tα
−

∂2αΩ (x, t)

∂x2α
= 0, (1.1)

where the local fractional derivative partial derivative operator is defined as [8, 34]

∂αΩ (x, y)

∂xα
|x=x0

= lim
x→x0

∆α (Ω (x, y)− Ω (x0, y))

(x− x0)
α ,

with
∆α (Ω (x, y)− Ω (x0, y)) ∼= Γ (1 + α)∆ (Ω (x, y)− Ω (x0, y)) .

The classical Laplace differential transform was presented in [2]. However, the Laplace differential transform
via local fractional differential operator is not addressed. The aim of the manuscript is to point out the
local fractional Laplace differential transform to solve the diffusion equation in fractal heat transfer with
local fractional derivative.

The structure of the manuscript is as follows. In Section 2, we introduce the fundamental theory of
Laplace and differential transforms via local fractional derivative. In Section 3, we analyze the Laplace
differential transform method. In Section 4, we give the numerical solution for diffusion equation in fractal
heat transfer. In Section 5, we discuss the error analysis. Finally, in Section 6 we outlines the main
conclusions.

2. Fundamental tools

The local fractional derivative of Ω (x) is defined as follows [34–36, 40]:

∂αΩ (x)

∂xα
|x=x0

= lim
x→x0

∆α (Ω (x)− Ω (x0))

(x− x0)
α ,

where
∆α (Ω (x)− Ω (x0)) ∼= Γ (1 + α)∆ (Ω (x)− Ω (x0)) .

The local fractional Laplace transform of Ω (τ) can be formulated as follows [21, 36]:

Ỹα {Ω (τ)} = ΩỸ ,α
y (y) =

1

Γ (1 + α)

∫
∞

0
Eα (−yατα) Ω (τ) (dτ)α, 0 < α ≤ 1,

where the local fractional integral operator of θ (x) is defined as follows [6, 21, 34, 36, 40]:

aI
(α)
b θ (τ) =

1

Γ (1 + α)

∫ b

a

θ (τ) (dτ)α =
1

Γ (1 + α)
lim

∆τ→0

j=N−1∑

j=0

θ (τ) (∆τ)α ,

where ∆τ = tj+1 − tj , j = 0, ..., N − 1, t0 = a, and tN = b.
The inverse local fractional Laplace transform is defined as [6, 21, 36]:

Ω (τ) = Ỹ −1
α

{
ΩỸ ,α
y (y)

}
=

1

(2π)α

∫ β+i∞

β−i∞

Eα (y
ατα) ΩỸ ,α

y (y) (dy)α,
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where yα = βα + iα∞α and Re (yα) = βα.
The properties applied in this paper are given below [21, 36]:

Ỹα {aΩ1 (τ) + bΩ2 (τ)} = aỸα {Ω1 (τ)}+ bỸα {Ω2 (τ)} ,

Ỹα

{
Ω(nα) (τ)

}
= ynαỸα {Ω (τ)} −

n∑

k=1

y(k−1)αΩ(n−k)α (0),

Ỹα {Eα (x
α)} =

1

yα − 1
,

Ỹα

{
τkα

Γ (1 + kα)

}
=

1

y(k+1)α
.

If g (τ) is a local fractional analytic function [8] in the domain Ω, then the differential transform (the revised
differential transform) via local fractional derivative becomes

G (κ) =
1

Γ (1 + κα)

dκαg (τ)

dτκα
|τ=τ0 , τ, τ0 ∈ Ω,

where κ = 0, 1, · · · , n, 0 < α ≤ 1, and the inverse transform of G (κ) in the domain Ω via local fractional
derivative is given by:

g (τ) =
∞∑

κ=0

G (κ) (τ − τ0)
κα , κ ∈ K. (2.1)

The function G (κ) is the non-differentiable spectrum of g (τ). The properties of differential transform via
local fractional derivative are listed in Table 1.

Table 1: The fundamental operations of the local fractional DTM (see[8]).

Original functions Transformed functions

s (τ) = g (τ) + h (τ) S (κ) = G (κ) +H (κ)

s (τ) = ag (τ) S (κ) = aG (κ) , a is a constant

s (τ) = g (τ)h (τ) S (κ) =
κ∑

l=0

G (l)H (κ− l)

s (τ) = Eα (τ
α) S (κ) = 1

Γ(1+κα)

s (τ) = Dnαg (τ) S (κ) = Γ(1+(κ+n)α)
Γ(1+κα) G (κ+ n)

3. The method of the Laplace differential transform via local fractional derivative

In order to present the Laplace differential transform method via local fractional derivative, we consider
the initial-boundary conditions of Eq. (1.1) as

Ω (0, t) = ϕ1 (t) ,

∂α

∂xα
Ω (0, t) = ϕ2 (t) ,

Ω (x, 0) = φ (x) .

We take the local fractional Laplace transform of Eq. (1.1) with respect to t, namely,

yαΩ (x, y)− φ (x)−
∂2αΩ (x, y)

∂x2α
= 0,
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and the initial conditions are presented as follows:

∂α

∂xα
Ω (0, y) = ϕ2 (y) ,

Ω (0, y) = ϕ1 (y) . (3.1)

Using the LFDT to Eq. (1.1) with respect to x, we have

Ω (x, y) =

∞∑

κ=0

Ω (κ, y)xκα, κ ∈ K,

so that

yαΩ (κ, y)− φ (κ)−
Γ (1 + (κ+ 2)α)

Γ (1 + κα)
Ω (κ+ 2, y) = 0.

Therefore, after taking the inverse local fractional Laplace transform, we obtain

Ω (x, t) = Ỹ −1
α {Ω (x, y)} = Ỹ −1

α

{
∞∑

κ=0

Ω (κ, y)xκα

}
=

∞∑

κ=0

Ω (κ, t)xκα,

which, using the inverse local fractional Laplace transform of Eq. (2.1), leads to the solution of Eq. (1.1).

4. Application to diffusion equation in fractal heat transfer

In this section we consider a typical application to diffusion equation in fractal heat transfer. We now
suggest

ϕ1 (t) = Eα (t
α) , ϕ2 (t) = Eα (t

α) , φ (x) = Eα (x
α) .

From (3.1), we obtain

yαΩ (κ, y)−
1

Γ (1 + κα)
−

Γ (1 + (κ+ 2)α)

Γ (1 + κα)
Ω (κ+ 2, y) = 0, κ = 0, 1, 2, ..., (4.1)

where
∂α

∂xα
Ω (0, y) =

1

yα − 1
, Ω (0, y) =

1

yα − 1
. (4.2)

Submitting Eq. (4.2) into the iterative relationship (4.1) leads to the simulation results for the components
Ω (κ, y) listed in Table 2.

Table 2: The simulation values for the components Ω (κ, y).

Ω (0, y) Ω (1, y) Ω (2, y) Ω (3, y) Ω (4, y)
1

yα−1
1

yα−1
1

Γ(1+α)
1

yα−1
1

Γ(1+2α)
1

yα−1
1

Γ(1+3α)
1

yα−1
1

Γ(1+4α)

Therefore, we obtain

Ω (κ, y) =

4∑

κ=0

1

yα − 1

1

Γ (1 + κα)
.

Making use of the inverse local fractional Laplace transform, it yields:

Ω (κ, t) = Eα (t
α)

4∑

κ=0

1

Γ (1 + κα)
. (4.3)

Adopting the inverse local fractional Laplace transform to Eq. (4.3), the simulation value of the solution
becomes:

Ω (κ, t) = Eα (t
α)

4∑

κ=0

xκα

Γ (1 + κα)
. (4.4)

The plot of Eq. (4.4) is shown in Figure 1 when α = ln 2/ ln 3.
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Figure 1: The simulation value of Eq. (4.4) when α = ln 2/ ln 3.

5. Error analysis

In this section we present the error analysis of the local fractional Laplace differential transform.
Taking the successively iterative process, we have

Ω (x, t) = Eα (t
α) lim

n→∞

n∑

κ=0

xκα

Γ (1 + κα)
, (5.1)

so that the exact solution of Eq. (1.1) takes the form:

Ω∗ (x, t) = Eα (t
α) lim

n→∞

n∑

κ=0

xκα

Γ (1 + κα)
= Eα (t

α)Eα (x
α) . (5.2)

From Eqs. (5.1) and (5.2) the error value can be written as:

ℜ (x, t) = |Ω∗ (x, t)− Ω (x, t)| = Eα (t
α)

∞∑

κ=n+1

xκα

Γ (1 + κα)
.

The comparison between the numerical solution when n = 4 and exact solution of Eq. (1.1) is displayed
in Figure 2. The components of the term Ỹ −1

α {Ω (κ, y)}, when κ = 0, 1, 2, 3, 4, are listed in Table 3. The

plots of the components of the term Ỹ −1
α {Ω (κ, y)}, when κ = 0, 1, 2, 3, 4, are illustrated in Figure 3. The

numerical solutions of Eq. (1.1), when n = 0, 1, 2, 3, 4, are listed in Table 4. The plots of numerical solutions
of Eq. (1.1), when n = 0, 1, 2, 3, 4, are demonstrated in Figure 4.

Table 3: The components of the term Ỹ −1

α
{Ω (κ, y)} when κ = 0, 1, 2, 3, 4.

κ = 0 κ = 1 κ = 2 κ = 3 κ = 4

Eδ

(
tδ
) Eα(tα)xα

Γ(1+α)
Eα(tα)x2α

Γ(1+2α)
Eα(tα)x3α

Γ(1+3α)
Eα(tα)x4α

Γ(1+4α)

Table 4: The numerical solutions of Eq.(1.1) when n = 0, 1, 2, 3, 4.

n = 0 n = 1 n = 2 n = 3 n = 4

Eδ

(
tδ
) 1∑

κ=0

Eα(tα)xκα

Γ(1+κα)

2∑
κ=0

Eα(tα)xκα

Γ(1+κα)

3∑
κ=0

Eα(tα)xκα

Γ(1+κα)

4∑
κ=0

Eα(tα)xκα

Γ(1+κα)
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Figure 2: The comparison between numerical solution and exact
solution of Eq. (1.1).
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Figure 3: The components of the term Ỹ −1

α
{Ω (κ, y)}

when κ = 0, 1, 2, 3, 4.
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Figure 4: The numerical solutions of Eq.(1.1) when n = 0, 1, 2, 3, 4.

6. Conclusions

The local fractional Laplace differential transform was firstly proposed based upon local fractional cal-
culus (LFC). We adopted the method to solve the diffusion equation in fractal heat transfer in the presence
of the local fractional derivative. The obtained result strongly illustrates that the method is easy, simple,
efficient and accurate for a class of local fractional partial differential equations.

Acknowledgment

This work is supported by the State Key Research Development Program of China (Grant No.
2016YFC0600705).

References

[1] R. Almeida, A. B. Malinowska, D. F. M. Torres, A fractional calculus of variations for multiple integrals with

application to vibrating string, J. Math. Phys., 51 (2010), 12 pages. 1
[2] M. Alquran, K. Al-Khaled, M. Ali, A. Ta’any, The combined Laplace transform-differential transform method for

solving linear non-homogeneous PDEs, J. Math. Comput. Sci., 2 (2012), 690–701.1



X.-J. Yang, J. A. T. Machado, D. Baleanu, F. Gao, J. Nonlinear Sci. Appl. 9 (2016), 5621–5628 5627

[3] D. Baleanu, K. Diethelm, E. Scalas, J. J. Trujillo, Models and numerical methods, World Sci., 3 (2012), 10–16. 1
[4] D. Baleanu, J. A. T. Machado, A. C. J. Luo, Fractional dynamics and control, Springer, Berlin, (2012). 1
[5] A. H. Bhrawy, E. H. Doha, D. Baleanu, S. S. Ezz-Eldien, A spectral tau algorithm based on Jacobi operational

matrix for numerical solution of time fractional diffusion-wave equations, J. Comput. Phys., 293 (2015), 142–156.
1

[6] Y. Cao, W.-G. Ma, L.-C. Ma, Local fractional functional method for solving diffusion equations on Cantor sets,
Abstr. Appl. Anal., 2014 (2014), 6 pages. 1, 2

[7] A. Carpinteri, P. Cornetti, A fractional calculus approach to the description of stress and strain localization in

fractal media, Chaos Solitons Fractals, 13 (2002), 85–94. 1
[8] C. Cattani, H. M. Srivastava, X.-J. Yang, Fractional dynamics, De Gruyter Open, Berlin, (2015). 1, 1, 2, 1
[9] K. Diethelm, N. J. Ford, A. D. Freed, Y. Luchko, Algorithms for the fractional calculus: a selection of numerical

methods, Comput. Methods Appl. Mech. Engrg., 194 (2005), 743–773. 1
[10] A. K. Golmankhaneh, A. K. Golmankhaneh, D. Baleanu, On nonlinear fractional Klein–Gordon equation, Signal

Process., 91 (2011), 446–451. 1
[11] R. Gorenflo, F. Mainardi, Fractional calculus: integral and differential equations of fractional order, Fractals

and fractional calculus in continuum mechanics, Udine, (1996), 223–276, CISM Courses and Lectures, Springer,
Vienna, (1997). 1

[12] R. Gorenflo, F. Mainardi, D. Moretti, G. Pagnini, P. Paradisi, Fractional diffusion: probability distributions and

random walk models, Non extensive thermodynamics and physical applications, Villasimius, (2001), Phys. A, 305
(2002), 106–112. 1

[13] J.-H. He, A tutorial review on fractal spacetime and fractional calculus, Internat. J. Theoret. Phys., 53 (2014),
3698–3718. 1

[14] J. Hristov, Approximate solutions to fractional subdiffusion equations, Eur. Phys. J. Spec. Top., 193 (2013),
229–243. 1

[15] H. Jafari, S. Seifi, Solving a system of nonlinear fractional partial differential equations using homotopy analysis

method, Commun. Nonlinear Sci. Numer. Simul., 14 (2009), 1962–1969. 1
[16] A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and applications of fractional differential equations, North-

Holland Mathematics Studies, Elsevier Science B.V., Amsterdam, (1997). 1
[17] K. M. Kolwankar, A. D. Gangal, Local fractional Fokker-Planck equation, Phys. Rev. Lett., 80 (1998), 214–217.

1
[18] C. P. Li, F. H. Zeng, The finite difference methods for fractional ordinary differential equations, Numer. Funct.

Anal. Optim., 34 (2013), 149–179. 1
[19] F. Liu, V. V. Anh, I. Turner, P. Zhuang, Time fractional advection-dispersion equation, J. Appl. Math. Comput.,

13 (2003), 233–245. 1
[20] H.-Y. Liu, J.-H. He, Z.-B. Li, Fractional calculus for nanoscale flow and heat transfer, Internat. J. Numer. Methods

Heat Fluid Flow, 24 (2014), 1227–1250. 1
[21] C.-F. Liu, S.-S. Kong, S.-J. Yuan, Reconstructive schemes for variational iteration method within Yang-Laplace

transform with application to fractal heat conduction problem, Therm. Sci., 17 (2013), 715–721. 1, 2
[22] Y. Luchko, R. Gorenflo, An operational method for solving fractional differential equations with the Caputo

derivatives, Acta Math. Vietnam., 24 (1999), 207–233. 1
[23] Y. F. Luchko, H. M. Srivastava, The exact solution of certain differential equations of fractional order by using

operational calculus, Comput. Math. Appl., 29 (1995), 73–85. 1
[24] C. I. Muresan, C. Ionescu, S. Folea, R. De Keyser, Fractional order control of unstable processes: the magnetic

levitation study case, Nonlinear Dyn., 80 (2014), 1761–1772. 1
[25] Z. Odibat, S. Momani, A generalized differential transform method for linear partial differential equations of

fractional order, Appl. Math. Lett., 21 (2008), 194–199. 1
[26] M. D. Ortigueira, Fractional calculus for scientists and engineers, Lecture Notes in Electrical Engineering,

Springer, Dordrecht, (2011). 1
[27] I. Podlubny, A. Chechkin, T. Skovranek, Y. Q. Chen, B. M. Vinagre Jara, Matrix approach to discrete fractional

calculus. II. Partial fractional differential equations, J. Comput. Phys., 228 (2009), 3137–3153. 1
[28] Y. A. Rossikhin, M. V. Shitikova, Application of fractional calculus for dynamic problems of solid mechanics:

novel trends and recent results, Appl. Mech. Rev., 63 (2010), 52 pages. 1
[29] M. G. Sakar, F. Erdogan, A. Yıldırım, Variational iteration method for the time-fractional Fornberg-Whitham

equation, Comput. Math. Appl., 63 (2012), 1382–1388. 1
[30] S. G. Samko, A. A. Kilbas, O. I. Marichev, Fractional integrals and derivatives, Theory and applications, Edited
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