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A NEW TYPE OF CONCENTRATION SOLUTIONS
FOR A SINGULARLY PERTURBED ELLIPTIC PROBLEM

E. N. DANCER AND SHUSEN YAN

Abstract. We prove the existence of positive solutions concentrating on some
higher dimensional manifolds near the boundary of the domain for a nonlinear
singularly perturbed elliptic problem.

1. Introduction

The aim of this paper is to construct solutions concentrating on some higher
dimensional manifolds for the following singularly perturbed elliptic problem:

(1.1)

{
−ε2∆u + u = up−1, u > 0, in Ω,

u = 0, on ∂Ω,

where ε > 0 is a small number.
We assume that Ω is a domain in RN , whose boundary is Lipschitz continuous,

and satisfies the following condition:
(Ω1): There is an integer m, 1 < m ≤ N , such that y ∈ Ω, if and only if

(|y′|, y′′) ∈ D, where y = (y′, y′′), y′ ∈ Rm, y′′ ∈ RN−m, D is a relatively open
domain in RN−m+1

+ , and

RN−m+1
+ =

{
z = (z1, · · · , zN−m+1) : z1 ≥ 0

}
.

Let us emphasize here that we do not assume that Ω is bounded. The domain Ω
can be a bounded domain, or an exterior domain in RN , or many other unbounded
domains.

We assume that p satisfies p ∈ (2, 2(N − m + 1)/(N − m − 1)) if m < N − 1,
p ∈ (0, +∞) if m ≥ N − 1.

In view of the assumption on Ω, we will work on the following subspace of H1
0 (Ω):

Hs =
{
u : u ∈ H1

0 (Ω), u(y) = u(|y′|, y′′)
}
.

Let U be the unique solution of the following problem:⎧⎪⎨
⎪⎩
−∆v + v = vp−1, v > 0, in RN−m+1,

v(0) = maxz∈RN−m+1 v(z),
v ∈ H1(RN−m+1).

Then U(z) = U(|z|), U ′ < 0, and

|z|(N−m)/2e|z|U(|z|) → c > 0
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Figure 1. D is a bounded domain

as |z| → +∞. Moreover, U(z) is nondegenerate. That is, the kernel of the oper-
ator −∆w + w − (p − 1)Up−2w in H1(RN−m+1) is spanned by {∂U(z)

∂zi
, i = 1, · · · ,

N − m + 1}. See [11, 15].
For any y = (y′, y′′) ∈ RN , y′ ∈ Rm, y′′ ∈ RN−m, we denote ỹ = (|y′|, y′′) ∈

RN−m+1. Let W̄ (y) = U(ỹ). For any x̄ ∈ D, let W̄ε,x̄(y) = U
( |ỹ−x̄|

ε

)
. Then, W̄ε,x̄

satisfies

(1.2) −ε2∆W̄ε,x̄ + W̄ε,x̄ = W̄ p−1
ε,x̄ − ε

m − 1
|y′|

|y′| − x̄1

|ỹ − x̄| U ′( |ỹ − x̄|
ε

)
, in Ω.

In this paper, we assume that Ω also satisfies the following condition:
(Ω2): There are k different points x̄j = (x̄j,1, x̄

′′
j ) ∈ ∂D, j = 1, · · · , k, such that

for j = 1, · · · , k,

(i) there is a C2 function ψj(z′′) in RN−m such that

D ∩ Bδ(x̄j) = {z = (z1, z
′′) : z1 > ψj(z′′)} ∩ Bδ(x̄j),

and

∂D ∩ Bδ(x̄j) = {z = (z1, z
′′) : z1 = ψj(z′′)} ∩ Bδ(x̄j),

where δ > 0 is a small constant;
(ii) x̄j,1 = ψj(x̄′′

j ) = minz′′∈Bδ(x̄′′
j ) ψj(z′′) > 0, and x̄j,1 < minz′′∈∂Bδ(x̄′′

j ) ψj(z′′).

By (Ω2), we can deduce that for each j = 1, · · · , k, there is constant δ′ ∈ (0, δ),
such that minz′′∈Bδ(x̄j)\Bδ′ (x̄j) ψj(z′′) > minz′′∈Bδ(x̄j) ψj(z′′).

We will prove that (1.1) has a solution uε, which is close to W̄ε,x̄j
in a small

neighbourhood of |y′| = x̄j,1, j = 1, · · · , k, and is close to zero elsewhere. Since the
right-hand side of (1.2) has a singularity, we truncate W̄ε,x̄j

as follows.
Let ξj ∈ C∞

0 (Bδ(x̄j)) be a function such that ξj = 1 in Bδ′′(x̄j) for some δ′′ ∈
(δ′, δ). For any xj ∈ D ∩ Bδ′(x̄j), define

Wε,xj
(y) = ξj(|y′|, y′′)W̄ε,xj

(y).
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Figure 2. D is an exterior domain

Then Wε,xj
satisfies

(1.3) −ε2∆Wε,xj
+ Wε,x̄j

= ξjW̄
p−1
ε,xj

+ f̃ε,xj
(y) in Ω,

where

f̃ε,xj
(y) = −ξjε

m − 1
|y′|

|y′| − xj,1

|ỹ − xj |
U ′( |ỹ − xj |

ε

)
− 2εDξjDU

( |ỹ − xj |
ε

)
− ε2U

( |ỹ − xj |
ε

)
∆ξj .

Since z−xj,1
|z−xj |U

′( |z−xj |
ε

)
= ε ∂

∂z1
U

( |z−xj |
ε

)
and ξj = 0 in a neighbourhood of |y′| =

0, it is easy to see that f̃ε,xj
is a smooth function in both y and xj , and satisfies

|f̃ε,xj
| ≤ CεU

( |ỹ − xj |
ε

)
.

Let Pε,ΩWε,xj
be the solution of

(1.4)

{
−ε2∆v + v = ξjW̄

p−1
ε,xj

+ f̃ε,xj
(y), in Ω,

v = 0, on ∂Ω.

By the uniqueness, we know that Pε,ΩWε,xj
∈ Hs.

Let

〈u, v〉ε =
∫

Ω

(ε2DuDv + uv), ‖v‖ε = 〈u, v〉1/2
ε .

The main result of this paper is the following.

Theorem 1.1. Assume that 1 < m < N . Suppose that Ω satisfies (Ω1) and (Ω2).
Then, there is an ε0 > 0, such that for every ε ∈ (0, ε0], (1.1) has at least one
solution of the form

(1.5) uε =
k∑

j=1

Pε,ΩWε,xε,j
+ ωε,

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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where ωε ∈ Hs, xε,j = (xε,j,1, x
′′
ε,j) ∈ D, and as ε → 0,

d(xε,j , ∂D)
ε

→ +∞,

xε,j → x̂j ∈ ∂D ∩ Bδ(x̄j), with x̂j,1 = ψj(x̂′′
j ) = min

z′′∈Bδ(x̄′′
j )

ψj(z′′),

and
‖ωε‖2

ε = o(εN−m+1).

Our assumption on the boundary implies that x̄j is the closest point to the
subspace z1 = 0 in D ∩ Bδ(x̄j). If we interpret the assumption on the boundary
in this way, we can also include the case m = N in Theorem 1.1. If m = N , then
(i) and (ii) imply that D is an interval [r1, r2] in R1 with r1 > 0. That is, Ω is
an annulus or the exterior domain of a ball. Theorem 1.1 states that (1.1) has a
solution concentrating near the inner boundary of the annulus. This is the result
in [4].

There are many works in the case m = 1 since the pioneering works [16]. See
for example [3, 5, 6, 7, 8, 9, 10, 12, 14, 16, 17, 18]. Except for [8], where the
exterior domain problem was studied, all the other papers consider the problem
in a bounded domain. To obtain the results mentioned above for the case m = 1,
no symmetry condition is imposed on the domain Ω. In the case m > 1, we
use the solution U of a lower dimensional problem as an approximate solution for
problem (1.1). So, there is no control in some directions for the corresponding
linear operator Lεv =: −ε2∆v + v − (p − 1)W̄ p−2

ε,x̄ v in H1
0 (Ω). As a consequence,

Lεv = λv, v ∈ H1
0 (Ω), will have many small eigenvalues. By imposing some partial

symmetry conditions on Ω, we can get rid of the small eigenvalues if we work on
the subspace Hs.

As far as we know, Theorem 1.1 is the first result on the existence of solution
for (1.1), concentrating on an (m − 1)-dimensional sphere. In [1, 2], Ambrosetti,
Malchiodi and Ni studied the existence of solutions concentrating on spheres for
some elliptic problems, assuming that the domain is either a ball or an annulus. But
for (1.1), neither Theorem 1.1 nor the results in [2] gives the existence of a solution
concentrating on an (m − 1)-dimensional sphere, if the domain is an annulus and
1 < m < N .

Solutions concentrating on a connected component of the boundary were con-
structed in [13] for the singularly perturbed Neumann problem. The techniques to
prove Theorem 1.1 can also be used to study the following Neumann problem:

(1.6)

{
−ε2∆u + u = up−1, u > 0, in Ω,
∂u
∂n = 0, on ∂Ω,

where n is the outward unit normal of ∂Ω at y ∈ ∂Ω.
We assume that Ω is an open connected set in RN , satisfying (Ω1) and
(Ω3): there exists x̄ = (x̄1, x̄

′′) ∈ ∂D such that
(i) there is a C2 function ψ(z′′) in RN−m such that

D ∩ Bδ(x̄) = {z = (z1, z
′′) : z1 < ψ(z′′)} ∩ Bδ(x̄),

and

∂D ∩ Bδ(x̄) = {z = (z1, z
′′) : z1 = ψ(z′′)} ∩ Bδ(x̄),

where δ > 0 is a constant;
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(ii) x̄1 = ψ(x̄′′) = maxz′′∈Bδ(x̄′′) ψ(z′′) > 0 and x̄1 > maxz′′∈∂Bδ(x̄′′) ψ(z′′).
For any x̃ ∈ D, let Pε,Ω,NWε,x̃ be the solution of{

−ε2∆v + v = ξW̄ p−1
ε,x̃ + f̃ε,x̃(y), in Ω,

∂v
∂n = 0, on ∂Ω,

where ξ ∈ C∞
0 (Bδ(x̄)) with 0 ≤ ξ ≤ 1; ξ = 1 in Bδ/2(x̄)). Then, we have

Theorem 1.2. Assume that 1 < m ≤ N . Suppose that Ω satisfies (Ω1) and (Ω3).
Then, for any positive integer k, there is an ε0 > 0, such that for every ε ∈ (0, ε0],
(1.6) has at least one solution of the form

uε =
k∑

j=1

Pε,Ω,NWε,xε,j
+ ωε,

where ωε ∈ Hs, xε,j = (xε,j,1, x
′′
ε,j) ∈ D, and as ε → 0,

d(xε,j , ∂D)
ε

→ +∞,
|xε,j − xε,i|

ε
→ +∞, ∀ j �= i,

xε,j → x̂j ∈ ∂D ∩ Bδ(x̄), with x̂j,1 = ψj(x̂′′
j ) = max

z′′∈Bδ(x̄′′)
ψj(z′′),

and
‖ωε‖2

ε = o(εN−m+1).

The solutions obtained in Theorem 1.2 concentrate near the boundary but not
on the boundary. Our next result shows that (1.6) has a solution concentrating on
several manifolds on the boundary.

Theorem 1.3. Assume that 1 < m < N . Suppose that Ω satisfies (Ω1) and (Ω3).
Then, for any positive integer k, there is an ε0 > 0, such that for every ε ∈ (0, ε0],
(1.6) has at least one solution of the form

uε =
k∑

j=1

Pε,Ω,NWε,xε,j
+ ωε,

where ωε ∈ Hs, xε,j = (xε,j,1, x
′′
ε,j) ∈ ∂D, and as ε → 0,

|xε,j − xε,i|
ε

→ +∞, ∀ j �= i,

xε,j → x̂j ∈ ∂D ∩ Bδ(x̄), with x̂j,1 = ψj(x̂′′
j ) = max

z′′∈Bδ(x̄′′)
ψj(z′′),

and
‖ωε‖2

ε = o(εN−m+1).

Condition (Ω3) implies that x̄ has the largest distance to the subspace z1 = 0
in D∩Bδ(x̄). Unlike the Dirichlet problem, Theorem 1.2 shows that the Neumann
problem (1.6) has solutions with several peaks clustering near the manifold |y′| =
x̂1, where x̂ = (x̂1, x̂

′′) is a maximum point of the distance function of x ∈ D to
z1 = 0. In the case that Ω is an annulus, the results here show that the Dirichlet
problem (1.1) has a solution concentrating near the inner boundary; while the
Neumann problem (1.6) has a solution with several peaks clustering near the outer
boundary.

We will use the reduction method, together with the comparison of the energy,
to prove the theorems. In this paper, we only give the proof of Theorem 1.1. For
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the Neumann problem, we can follow [7, 19] to make the necessary modifications.
In Section 2, we will estimate the energy of the approximate solution Pε,ΩWε,xj

and thus lay the foundation for the proof of Theorem 1.1. In [16], Ni and Wei
used the viscosity solution method to obtain the estimate of the energy of the
approximate solutions when m = 1 and Ω is bounded. But it seems that the
viscosity solution method cannot be applied to treat the present case, due to the
possible unboundedness of the domain, and/or the occurrence of a singularity of
the corresponding problem in D. In this paper, we will modify the techniques
developed in [7, 8] to obtain the desired estimates.

The functional corresponding to (1.1) may not be well defined in Hs, because
the exponent p may be supercritical. Our objective is to construct solutions con-
centrating near the (m − 1)-dimensional manifolds |y′| = x̄j,1. So we can modify
the nonlinear term up−1 in such a way that corresponding to the modified prob-
lem, the functional is well defined in Hs and the modified problem has a solution
concentrating near |y′| = x̄j,1, which is also a solution of the original problem. To
this aim, we define

(1.7) f(y, t) =
k∑

j=1

1Bj
tp−1
+ +

(
1 −

k∑
j=1

1Bj

)
f̄(t),

where Bj = {y : y ∈ Ω, (|y′|, y′′) ∈ D ∩ Bδ(x̄j)}, 1Bj
= 1 in Bj , and is zero

otherwise, and

f̄(t) =

{
tp−1
+ , t ≤ 1,

1 + (p − 1)(t − 1), t > 1.

Now we consider the following problem:

(1.8)

{
−ε2∆u + u = f(y, u), u > 0, in Ω,

u = 0, on ∂Ω.

The functional corresponding to (1.8) is

Iε(u) =
1
2

∫
Ω

(
ε2|Du|2 + u2

)
−

∫
Ω

F (y, u),

where F (y, t) =
∫ t

0
f(y, τ ) dτ . For any y ∈ Bj , we have |y′| ≥ x̄j,1 > 0. We see that

Iε(u) is well defined in Hs if p ∈ (2, 2(N − m + 1)/(N − m − 1)).

2. Basic estimates

In this section, we give some basic estimates needed in the proof of the main
result.

By our assumption on Ω, we can deduce that for each j = 1, · · · , k, there is a
constant δ′ ∈ (0, δ) such that minz′′∈Bδ(x̄j)\Bδ′ (x̄j) ψj(z′′) > minz′′∈Bδ(x̄j) ψj(z′′).
Define

Dj = {z = (z1, z
′′) : z1 ∈ (ψj(z′′), ψj(z′′) + γ), z′′ ∈ Bδ′(x̄j)},

where γ > 0 is a small constant. We choose γ > 0 so small that if x̄ ∈ Dj , then

(2.1) d(x̄, ∂(D ∩ Bδ(x̄j))) = d(x̄, ∂D).

In this paper, we always assume that xj ∈ Dj , and e−d(xj ,∂D)/ε ≤ ε1−θ̃ for a
fixed small θ̃ > 0.
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Let ϕε,xj
= Wε,xj

− Pε,ΩUε,xj
. Then ϕε,xj

satisfies

(2.2)

{
−ε2∆ϕε,xj

+ ϕε,xj
= 0, in Ω,

ϕε,xj
= Wε,xj

, on ∂Ω.

Since ϕε,xj
∈ H1

0 (Ω), by the maximum principle on bounded or unbounded do-
mains, we have

0 < ϕε,xj
≤ Ce−d(xj ,∂D)/ε.

Thus, we see

Wε,xj
− Ce−d(xj ,∂D)/ε < Pε,ΩWε,xj

< Wε,xj
.

In this section, we will estimate Iε

(∑k
j=1 Pε,ΩWε,xj

)
. For each fixed j, noting

that W̄ε,xj
is exponentially small if (|y, |, y′′) /∈ Bδ′′(x̄j), we deduce

Iε

(
Pε,ΩWε,xj

)
=

1
2

(∫
Ω

ξjW̄
p−1
ε,xj

Pε,ΩWε,xj
+

∫
Ω

f̃ε,xj
Pε,ΩWε,xj

)

− 1
p

∫
Ω

(Pε,ΩWε,xj
)p
+

=
1
2

∫
Ω

ξjW̄
p−1
ε,xj

Wε,xj
− 1

2

∫
Ω

ξjW̄
p−1
ε,xj

ϕε,xj
+ O

(
εN−m+2

)
− 1

p

∫
Ω

W p
ε,xj

+
∫

Ω

W p−1
ε,xj

ϕε,xj
+ O

(∫
Ω

W p−2
ε,xj

ϕ2
ε,xj

)

=
p − 2
2p

∫
Ω

W̄ p
ε,xj

+
1
2

∫
Ω

ξjW̄
p−1
ε,xj

ϕε,xj
+ O

(∫
Ω

W p−2
ε,xj

ϕ2
ε,xj

+ εN−m+2
)
.

(2.3)

So, we see that to estimate Iε

(
Pε,ΩWε,xj

)
, we need to estimate

τε,xj
=

∫
Ω

ξjW̄
p−1
ε,xj

ϕε,xj
,

and
∫
Ω

W p−2
ε,xj

ϕ2
ε,xj

.
First, we have the following estimate for τε,xj

.

Lemma 2.1. Suppose that xj ∈ Dj . Then for any small θ > 0, there are C2 >
C1 > 0, such that

C1ε
N−m+1e−(2+θ)dj/ε + εN−m+1O

(
εe−dj/ε

)
≤τε,xj

≤ C2ε
N−m+1e−(2−θ)dj/ε + εN−m+1O

(
εe−dj/ε

)
,

where dj = d(xj , ∂D).

Proof. Since

∣∣∣∫
Bj

f̃ε,xj
(y)ϕε,xj

∣∣∣ ≤ Ce−dj/εε

∫
Ω

U
( |ỹ − xj |

ε

)
≤ Ce−dj/εεN−m+2,
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we have

τε,xj
=

∫
Bj

ξjW̄
p−1
ε,xj

ϕε,xj

=
∫

Bj

(
−ε2∆Wε,xj

+ Wε,xj
− f̃ε,xj

(y)
)
ϕε,xj

=
∫

∂Bj

(
−ε2 ∂Wε,xj

∂n
ϕε,xj

+ ε2 ∂ϕε,xj

∂n
Wε,xj

)
+

∫
Bj

(
−ε2∆ϕε,xj

+ ϕε,xj

)
Wε,xj

+ O
(
e−dj/εεN−m+2

)
=

∫
∂Bj

(
−ε2 ∂Wε,xj

∂n
ϕε,xj

+ ε2 ∂ϕε,xj

∂n
Wε,xj

)
+ O

(
e−dj/εεN−m+2

)
,

(2.4)

where n is the outward unit normal of ∂Bj at y.
We are now ready to get an upper bound for τε,xj

.
We can deduce from (2.1) that

(2.5)
∣∣∣∫

∂Bj

ε2 ∂Wε,xj

∂n
ϕε,xj

∣∣∣ ≤ Ce−dj/ε

∫
∂Bj

εU
( |ỹ − xj |

ε

)
≤ Ce(2−θ)dj/εεN−m+1.

To estimate
∫

∂Bj
ε2 ∂ϕε,xj

∂n Wε,xj
, we need to estimate

∂ϕε,xj

∂n on ∂Bj .
Let z̄j = (xj,1, 0, · · · , 0, x′′

j ) ∈ Ω, and let Vε(y) = Pε,ΩWε,xj
(εy + z̄j). Then, Vε

satisfies

(2.6) −∆Vε + Vε = ηε(y), y ∈ Bε,j ,

where ηε(y) = η̃ε(εy + z̄j) and η̃ε(y) = ξjW̄
p−1
ε,xj

(y) + f̃ε,xj
(y). By the Lp estimate

for the elliptic equations, we obtain that for any θ > 0 small and x0 ∈ ∂Bε,j ,

‖Vε‖W 2,q(Bθ(x0)) ≤ C|ηε|Lq(B2θ(x0)) + C|Vε|Lq(B2θ(x0))

≤C ′|ηε|L∞(B2θ(x0)) + C ′|Vε|L∞(B2θ(x0)) ≤ Ce−(1−θ)dj/ε,
(2.7)

since |Pε,ΩWε,z| ≤ Wε,z + Ce−dj/ε, where C > 0 is a constant depending on θ. So,
for q > N , we obtain from (2.7) that

(2.8) ‖Vε‖C1(Bθ(x0)) ≤ Ce−(1−θ)dj/ε,

which implies

(2.9)
∣∣∣∂Pε,ΩWε,xj

∂n

∣∣∣ ≤ Cε−1e−(1−θ)dj/ε, on ∂Bj .

So we obtain

(2.10)
∣∣∣∂ϕε,xj

∂n

∣∣∣ ≤ ∣∣∣∂Pε,ΩWε,xj

∂n

∣∣∣ +
∣∣∣∂Wε,xj

∂n

∣∣∣ ≤ Cε−1e−(1−θ)dj/ε, on ∂Bj .

Using (2.10), we find

(2.11)
∣∣∣∫

∂Bj

ε2 ∂ϕε,xj

∂n
Wε,xj

∣∣∣ ≤ CεN−m+1e−2(1−θ)dj/ε.

Combining (2.4), (2.5) and (2.10), we obtain

τε,xj
≤ CεN−m+1e−2(1−θ)dj/ε + CεN−m+1O

(
εe−dj/ε

)
.

Next, we get a lower bound for τε,xj
.
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Since Wε,xj
= 0 on ∂Bj \ ∂Ω, using (2.10), we find

(2.12) τε,xj
=

∫
∂Bj∩∂Ω

(
−ε2 ∂Wε,xj

∂n
Wε,xj

+ ε2 ∂ϕε,xj

∂n
Wε,xj

)
+ εN−m+1O

(
εe−dj/ε

)
.

For xj = (xj,1, x
′′
j ) ∈ D, y = (y′, y′′) ∈ Ω, let ȳ =

(
|y′| − xj,1)|y′|−1y′, y′′ − x′′) ∈

RN . Then

−
∫

∂Bj∩∂Ω

ε2 ∂Wε,xj

∂n
Wε,xj

= −
∫

∂Bj∩∂Ω

εU
( |ỹ − xj |

ε

)
U ′( |ỹ − xj |

ε

)〈 1
|ỹ − xj |

ȳ, n
〉

= − cm−1

∫
∂Dj∩∂D

ε|y′|m−1U
( |ỹ − xj |

ε

)
U ′( |ỹ − xj |

ε

)〈 ỹ − xj

|ỹ − xj |
, nD

〉
,

(2.13)

where nD is the outward unit normal of ∂D at ỹ, and cm−1 > 0 is the area of the
unit sphere in Rm.

Let x∗
j ∈ ∂D be the point such that |x∗

j −xj | = dj . Let σ > 0 be a small number
such that, if ỹ ∈ B(1+σ)dj

(x∗) ∩ ∂D, then

〈 ỹ − xj

|ỹ − xj |
, nD

〉
≥ 1

2
.

As a result,

− cm−1

∫
∂D∩B(1+σ)dj

(x∗
j )

ε|y′|m−1U
( |ỹ − xj |

ε

)
U ′( |ỹ − xj |

ε

)〈 ỹ − xj

|ỹ − xj |
, nD

〉

≥− 1
2
cm−1

∫
∂D∩B(1+σ)dj

(x∗
j )

ε|y′|m−1U
( |ỹ − xj |

ε

)
U ′( |ỹ − xj |

ε

)

≥c′
∫

∂D∩B(1+σ)dj
(x∗

j )

ε|y′|m−1U2
( |ỹ − xj |

ε

)

≥c′
∫

∂D∩B(1+θ)dj
(x∗

j )

ε|y′|m−1U2
( |ỹ − xj |

ε

)

≥c′′e−(2+θ)dj/ε

∫
∂D∩B(1+θ)dj

(x∗
j )

εUθ
( |ỹ − xj |

ε

)
≥c1ε

N−m+1e−(2+θ)dj/ε,

(2.14)

where c′, c′′ and c1 are some positive constants.
On the other hand, we have∣∣∣∫

(∂Dj∩∂D)\B(1+σ)dj
(x∗

j )

ε|y′|m−1U
( |ỹ − xj |

ε

)
U ′( |ỹ − xj |

ε

)〈 ỹ − xj

|ỹ − xj |
, nD

〉∣∣∣
≤Ce−(1+σ)(2−θ)dj/ε

∫
(∂Dj∩∂D)\B(1+σ)dj

(x∗
j )

εUθ
( |ỹ − xj |

ε

)

≤Ce−(1+σ)(2−θ)dj/εε

∫
∂D

Uθ
( |ỹ − xj |

ε

)
≤Ce−(1+σ)(2−θ)dj/εεN−m+1.

(2.15)
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Combining (2.13), (2.14) and (2.15), we are led to

(2.16) −
∫

∂Bj∩∂Ω

ε2 ∂Wε,xj

∂n
Wε,xj

≥ c′εN−m+1e−(2+θ)dj/ε

for some c′ > 0. Multiplying (2.2) by ϕε,xj
and integrating by parts, noting that

Wε,xj
= 0 in ∂Ω \ ∂Bj , we find

(2.17)∫
∂Bj∩∂Ω

ε2 ∂ϕε,xj

∂n
Wε,xj

=
∫

∂Ω

ε2 ∂ϕε,xj

∂n
Wε,xj

=
∫

Ω

(
ε2|Dϕε,xj

|2 + ϕ2
ε,xj

)
> 0.

Let us emphasize that we can use the integration by parts to obtain (2.17) because
∂Ω is C1 at y if Wε,xj

(y) �= 0.
So, from (2.12), (2.16) and (2.17), we obtain

τε,xj
≥ c1ε

N−m+1e−(2+θ)dj/ε + εN−m+1O
(
εe−dj/ε

)
.

�

Lemma 2.2. Let q ∈ (1, p]. Suppose that xj ∈ Dj. There is a σ > 0, such that

(2.18)
∫

Ω

ϕq
ε,xj

W p−q
ε,xj

= O
(
e−(q−1)σdj/ετε,xj

)
.

Proof. Write

(2.19)
∫

Ω

ϕq
ε,xj

W p−q
ε,xj

=
∫

B̃j

ϕq
ε,xj

W p−q
ε,xj

+
∫

Ω\B̃j

ϕq
ε,xj

W p−q
ε,xj

,

where B̃j = {y : y ∈ Ω : (|y′|, y′′) ∈ B(1−2σ)dj
(xj)}, σ > 0 is a small constant.

It is easy to see that∫
Ω\B̃j

ϕq
ε,xj

W p−q
ε,xj

≤ Ce−qdj/ε

∫
Ω\B̃j

W p−q
ε,xj

≤Ce−(q+(1−2σ)(p−q−θ))dj/ε

∫
Ω\B̃j

W θ
ε,xj

≤ CεN−m+1e−(2+σ)dj/ε,

(2.20)

since p > 2.
On the other hand, if y ∈ B̃j , then

U
( |ỹ − xj |

ε

)
≥ c′e−(1+θ)|ỹ−xj |/ε ≥ c′e−(1+θ)(1−2σ)dj/ε.

Thus
ϕε,xj

(y)

U
( |ỹ−xj |

ε

) ≤ Ce−dj/ε

e−(1+θ)(1−2σ)dj/ε
≤ Ce−σdj/ε.

As a result, ∫
B̃j

ϕq
ε,xj

W p−q
ε,xj

=
∫

B̃j

ϕε,xj
W p−1

ε,xj

( ϕε,xj
(y)

U
( |ỹ−xj |

ε

))q−1

≤Ce−σ(q−1)dj/ε

∫
Ω

ϕε,xj
W p−1

ε,xj
≤ Ce−σ(q−1)dj/ετε,zj

.

(2.21)

Combining (2.19), (2.20) and (2.21), we obtain (2.18). �

We are ready to prove the main result of this section.
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Proposition 2.3. Suppose that xj ∈ Dj , j = 1, · · · , k. Then

Iε

( k∑
j=1

Pε,ΩWε,xj

)
= AεN−m+1

k∑
j=1

xm−1
j,1 +

1
2

k∑
j=1

τε,xj
+εN−m+1O

(
e−(2+σ)dj/ε+ε

)
,

where A = p−2
2p cm−1

∫
RN−m+1 Up, cm−1 is the area of the unit sphere in Rm and

σ > 0 is a small constant.

Proof. By (2.3) and Lemma 2.2, we have

Iε

(
Pε,ΩWε,xj

)
=

p − 2
2p

∫
Ω

W p
ε,xj

+
1
2
τε,xj

+ O
(∫

Ω

W p−2
ε,xj

ϕ2
ε,xj

+ εN−m+2
)

=AεN−m+1xm−1
j,1 +

1
2
τε,xj

+ εN−m+1O
(
e−(2+σ)dj/ε + ε

)
.

(2.22)

On the other hand,

Iε

( k∑
j=1

Pε,ΩWε,xj

)

=
k∑

j=1

Iε

(
Pε,ΩWε,xj

)
+

∑
i<j

〈
Pε,ΩWε,xi

, Pε,ΩWε,xj

〉
ε

+
1
p

∫
Ω

(( k∑
j=1

Pε,ΩWε,xj

)p

+
−

k∑
j=1

(Pε,ΩWε,xj
)p
+

)

=
k∑

j=1

Iε

(
Pε,ΩWε,xj

)

+
∑
i<j

(∫
Ω

ξjW̄
p−1
ε,xi

Pε,ΩWε,xj
+

∫
Ω

f̃ε,xi
(y)Pε,ΩWε,xj

)

+
1
p

∫
Ω

(( k∑
j=1

Pε,ΩWε,xj

)p

+
−

k∑
j=1

(Pε,ΩWε,xj
)p
+

)
.

By Lemma A.1, we have

|Pε,ΩWε,xi
||Pε,ΩWε,xj

| ≤ Ce−σ̃/ε,

for i �= j. As a result,

∣∣∣∫
Ω

(( k∑
j=1

Pε,ΩWε,xj

)p

+
−

k∑
j=1

(Pε,ΩWε,xj
)p
+

)∣∣∣
≤C

∑
j �=i

∫
Ω

|Pε,ΩWε,xi
|p−1|Pε,ΩWε,xj

|

≤Ce−σ′/ε
∑
j �=i

∫
Ω

|Pε,ΩWε,xi
|p−1−σ|Pε,ΩWε,xj

|1−σ ≤ Ce−σ′/ε,

(2.23)

for some σ′ > 0 small.
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Similarly, we can prove∣∣∣∑
i<j

(∫
Ω

W p−1
ε,xi

Pε,ΩWε,xj
+

∫
Ω

f̃ε,xi
Pε,ΩWε,xj

)∣∣∣ ≤ Ce−σ/ε.

So, we obtain

(2.24) Iε

( k∑
j=1

Pε,ΩWε,xj

)
=

k∑
j=1

Iε

(
Pε,ΩWε,xj

)
+ O

(
e−σ̃/ε

)
,

where σ̃ > 0 is a constant.
The result follows from (2.24) and (2.22). �

3. Proof of the main result

First we define

(3.1) Dε = {x = (x1, · · · , xk) : xj ∈ Dj , j = 1, · · · , k, e−2dj/ε ≤ ε1−θ̃},

where θ̃ > 0 is a fixed small constant, dj = d(xj , ∂D).
We also define

(3.2) J(x, ω) = I
( k∑

j=1

Pε,ΩWε,xj
+ ω

)
, ∀x ∈ Dε, ω ∈ Hs.

Let

Eε,x,k =
{
ω : ω ∈ Hs,

〈
ω,

∂Pε,ΩWε,xj

∂xj,l

〉
D,ε

= 0, j = 1, · · · , k, l = 1, · · · , N −m + 1
}
,

where 〈
u, v

〉
D,ε

=
∫

D

zm−1
1

(
ε2DuDv + uv

)
dz.

First, we will prove that for each x ∈ Dε, there is an ωε,x ∈ Eε,x,k such that

(3.3)
∂J(x, ωε,x)

∂ω
=

k∑
j=1

N−m+1∑
l=1

Gjl

∂Pε,ΩUε,xj

∂xjl
,

for some constants Gjl ∈ R, j = 1, · · · , k, l = 1, · · · , N − m + 1. Then, we will
choose x ∈ Dε such that Gjl = 0, for all j = 1, · · · , k, l = 1, · · · , N − m + 1.

We expand J(x, ω) near ω = 0 as follows:

J(x, ω) = J(x, 0) + lε,x(ω) +
1
2
Qε,x(ω) + Rε,x(ω),

where

lε,x(ω) =
k∑

j=1

∫
Ω

(
ε2DPε,ΩWε,xj

Dω + Pε,ΩWε,xj
ω
)
−

∫
Ω

( k∑
j=1

Pε,ΩWε,xj

)p−1

+
ω,

(3.4)

Qε,x(ω) =
∫

Ω

(
ε2|Dω|2 + ω2

)
− (p − 1)

∫
Ω

( k∑
j=1

Pε,ΩWε,xj

)p−2

+
ω2,(3.5)
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and

Rε,x(ω) = −
∫

Ω

F
(
y, Pε,ΩWε,xj

+ ω
)

+
∫

Ω

F
(
y,

k∑
j=1

Pε,ΩWε,xj

)

+
∫

Ω

( k∑
j=1

Pε,ΩWε,xj

)p−1

+
ω +

1
2
(p − 1)

∫
Ω

( k∑
j=1

Pε,ΩWε,xj

)p−2

+
ω2.

(3.6)

Lemma 3.1. There is a constant C > 0 and σ > 0 such that

|lε,x(ω)| ≤ Cε(N−m+1)/2
( k∑

j=1

e−(1+σ)dj/ε + ε
)
‖ω‖ε.

Proof. We have

(3.7) lε,x(ω) =
k∑

j=1

∫
Ω

(
ξjW̄

p−1
ε,xj

+ f̃ε,xj
(y)

)
ω −

∫
Ω

( k∑
j=1

Pε,ΩWε,xj

)p−1

+
ω.

We also have
k∑

j=1

∫
Ω

ξjW̄
p−1
ε,xj

ω −
∫

Ω

( k∑
j=1

Pε,ΩWε,xj

)p−1

+
ω

=
k∑

j=1

∫
Ω

(
ξjW̄

p−1
ε,xj

− W p−1
ε,xj

)
ω +

k∑
j=1

∫
Ω

(
W p−1

ε,xj
−

(
Pε,ΩWε,xj

)p−1

+

)
ω

+
∫

Ω

( k∑
j=1

(Pε,ΩWε,xj
)p−1
+ −

( k∑
j=1

Pε,ΩWε,xj

)p−1

+

)
ω

=O
( k∑

j=1

∫
Ω

W (p−1)/2
ε,xj

ϕ(p−1)/2
ε,xj

|ω|
)

+ O
(
e−δ′/ε

)
‖ω‖ε

+ O
(∑

j �=i

∫
Ω

|Pε,ΩWε,xi
|(p−1)/2|Pε,ΩWε,xj

|(p−1)/2|ω|
)
.

(3.8)

From Lemmas A.1 and 2.2, we obtain

∫
Ω

W (p−1)/2
ε,xj

ϕ(p−1)/2
ε,xj

|ω|

=
∫

Bj

W (p−1)/2
ε,xj

ϕ(p−1)/2
ε,xj

|ω| +
∫

Ω\Bj

W (p−1)/2
ε,xj

ϕ(p−1)/2
ε,xj

|ω|

≤
(∫

Ω

W p/2
ε,xj

ϕp/2
ε,xj

)(p−1)/p(∫
Bj

|ω|p
)1/p

+ Ce−σ′/ε

∫
Ω\Bj

W (p−1−σ)/2
ε,xj

|ω|

≤
(
CεN−m+1e−(2+σ)dj/ε

)(p−1)/p
(
CεN−m+1−p(N−m+1)/2

(∫
Bj

(
ε2|Dω|2+ω2

))p/2
)1/p

+ Ce−σ′/ε‖ω‖ε

≤Cε(N−m+1)/2e−(2+σ)(1−1/p)dj/ε‖ω‖ε.

(3.9)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1778 E. N. DANCER AND SHUSEN YAN

Similar to the proof of (2.23), we deduce that for i �= j,∫
Ω

|Pε,ΩWε,xi
|(p−1)/2|Pε,ΩWε,xj

|(p−1)/2|ω|

≤
(∫

Ω

|Pε,ΩWε,xi
|p−1|Pε,ΩWε,xj

|p−1
)1/2

‖ω‖ε

≤Ce−σ′/ε‖ω‖ε.

(3.10)

Combining (3.8), (3.9) and (3.10), we are led to
k∑

j=1

∫
Ω

W p−1
ε,xj

ω −
∫

Ω

( k∑
j=1

Pε,ΩWε,xj

)p−1

+
ω

=ε(N−m+1)/2O
( k∑

j=1

e−(1+σ)dj/ε + e−σ̃/ε
)
‖ω‖ε.

(3.11)

On the other hand, ∣∣∣∫
Ω

f̃ε,xj
(y)ω

∣∣∣ ≤ (∫
Ω

|f̃ε,xj
(y)|2

)1/2‖ω‖ε

≤Cε1+(N−m+1)/2‖ω‖ε.

(3.12)

Combining (3.7), (3.11) and (3.12), we obtain the result. �

Let Qε,x be the bounded linear map Eε,x,k to Eε,x,k such that〈
Qε,xω1, ω2

〉
ε

=
∫

Ω

(
ε2Dω1Dω2 + ω1ω2)

− (p − 1)
∫

Ω

( k∑
j=1

Pε,ΩWε,xj

)p−2

+
ω1ω2, ω1, ω2 ∈ Eε,x,k.

Then we have

Lemma 3.2. There are constants ε0 > 0 and ρ > 0 such that, for each ε ∈ (0, ε0]
and x ∈ Dε,

‖Qε,xω‖ε ≥ ρ‖ω‖ε, ω ∈ Eε,x,k.

Proof. We argue by contradiction. Suppose that there are εn → 0, xn ∈ Dεn
and

ωn ∈ Eεn,xn,k such that

(3.13) ‖Qεn,xn
ωn‖εn

= o(1)‖ωn‖εn
,

where o(1) → 0 as n → +∞.
From (3.13), we see∫

Ω

(
ε2
nDωnDξ + ωnξ) − (p − 1)

∫
Ω

( k∑
j=1

Pεn,ΩWεn,xn,j

)p−2

+
ωnξ

=o(1)‖ωn‖εn
‖ξ‖εn

, ξ ∈ Eεn,xn,k.

(3.14)

In (3.14), we assume that

(3.15) ‖ωn‖εn
= ε(N−m+1)/2

n .

For each fixed i, let
ω̃n,i(ỹ) = ωn(εnỹ + xn,i).
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Since xn,i,1 ≥ c′ > 0, from (3.15), we obtain

(3.16)
∫

BR(0)

(
|Dω̃n,i|2 + |ω̃n,i|2

)
≤ C,

for any R > 0 large, where C > 0 is a constant independent of R, BR(0) is the ball
in RN−m+1 with radius R, centred at the origin. So, we may assume that there is
an ω ∈ H1(RN−m+1) such that, for any R > 0,

(3.17) ω̃n,i ⇀ ω, weakly in H1(BR(0)),

and

(3.18) ω̃n,i → ω, strongly in L2(BR(0)).

Now, we prove ω = 0.
From (3.14), we see that ω̃n,i satisfies∫

Dn

|εnz1 + xn,i,1|m−1
(
Dω̃n,iDξ + ω̃n,iξ)

− (p − 1)
∫

Dn

|εnz1 + xn,i,1|m−1
( k∑

j=1

Vn,j

)p−2

+
ω̃n,iξ = o(1)‖ξ‖εn

, ξ ∈ Ẽn,

(3.19)

where

Dn = {z : z ∈ RN−m+1, εnz + xn,i ∈ D},
Vn,j(z) = (Pεn,ΩWεn,xn,j

)(εnz + xn,i),

and

Ẽn =
{
ξ : ξ

( ỹ − xn,i

εn

)
∈ Hs,

∫
Dn

|εnz1 + xn,i,1|m−1
(
DξD

∂Vn,j

∂xj,h
+ ξ

∂Vn,j

∂xj,h

)
dz = 0

}
,

for j = 1, · · · , k, h = 1, · · · , N − m + 1.
For any ξ ∈ C∞

0 (RN−m+1), we can choose an,j,h ∈ R1, such that

ξn = ξ −
k∑

j=1

N−m+1∑
h=1

an,j,h
∂Vn,j

∂xj,h
∈ Ẽn.

For j �= i, we have∫
Dn

|εnz1 + xn,i,1|m−1
(
DξD

∂Vn,j

∂xj,h
+ ξ

∂Vn,j

∂xj,h

)
dz = o(1),

for any ξ ∈ C∞
0 (RN−m+1), since the support of ∂Vn,j

∂xj,h
tends to infinity as n → +∞.

On the other hand, we have∫
Dn

|εnz1 + xn,i,1|m−1
(
DξD

∂Vn,j

∂xj,h
+ ξ

∂Vn,j

∂xj,h

)
dz = O(1).

So, it is easy to check that an,j,h → 0 as n → +∞ for j �= i, while an,i,h → ai,h (up
to a subsequence).

Putting ξn into (3.19) and letting n → +∞, noting that xn,i,1 ≥ c′ > 0, we find∫
RN−m+1

(
DωDξ + ωξ) − (p − 1)

∫
RN−m+1

Up−2ωξ

+
N−m+1∑

h=1

ai,h

(∫
RN−m+1

(
DωD

∂U

∂xh
+ ω

∂U

∂xh

)
− (p − 1)

∫
RN−m+1

Up−2ω
∂U

∂xh

)
= 0.
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But ∫
RN−m+1

(
DωD

∂U

∂xh
+ ω

∂U

∂xh

)
− (p − 1)

∫
RN−m+1

Up−2ω
∂U

∂xh
= 0.

So, we obtain

(3.20)
∫

RN−m+1

(
DωDξ+ωξ

)
−(p−1)

∫
RN−m+1

Up−2ωξ = 0, ξ ∈ C∞
0 (RN−m+1).

Since U is nondegenerate, we see from (3.20) that

(3.21) ω =
N−m+1∑

h=1

bh
∂U

∂zh
,

for some bh ∈ R1.
On the other hand, from ω̃n,j ∈ Ẽn, we can deduce

(3.22)
∫

RN−m+1

(
DωD

∂U

∂zh
+ ω

∂U

∂zh
) = 0,

for h = 1, · · · , N − m + 1.
Combining (3.21) and (3.22), we obtain ω = 0. As a result, we have

(3.23)
∫

Bi,R

ω2
n = o(εN−m+1

n ), i = 1, · · · , k,

where Bi,R = {y ∈ Ω : (|y′|, y′′) ∈ BεnR(xn,i)}. For y ∈ Ω \
⋃k

i=1 Bi,R, by
Lemma A.1, we have

k∑
j=1

|Pεn,ΩWεn,xx,j
(y)| = oR(1),

where oR(1) → 0 as R → +∞. From (3.14) and (3.23), we find

o(εN−m+1
n ) =‖ωn‖2

εn
− o(εN−m+1

n ) − oR(1)εN−m+1
n

=εN−m+1
n − o(εN−m+1

n ) − oR(1)εN−m+1
n .

This is a contradiction. �

Let

Sε =
{
ω : ω ∈ Hs(Ω), |ω| ≤

k∑
j=1

e−α|ỹ−xj |/ε
}
,

where α > 0 is a small constant.

Lemma 3.3. For any ω ∈ Sε with ‖ω‖ε ≤ ε(N−m+1)/2, we have

Rε,x(ω) = εN−m+1O
(
ε−p̃(N−m+1)/2‖ω‖p̃

ε

)
,(3.24) 〈

R′
ε,x(ω), ξ

〉
ε

= ε(N−m+1)/2O
(
ε−(p̃−1)(N−m+1)/2‖ω‖p̃−1

ε

)
‖ξ‖ε(3.25)

and

(3.26) R′′
ε,x(ω)(ξ1, ξ2) = O

(
ε−(p̃−2)(N−m+1)/2‖ω‖p̃−2

ε

)
‖ξ1‖ε‖ξ2‖ε,

where p̃ is a constant with p̃ > 2.
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Proof. Let p̃ ∈ (2, 2N/(N − 2)) be a constant with p̃ < min(3, p). For any ω ∈ Sε,
we have |ω(y)| ≤ 1

2 if y ∈ Ω \
⋃k

j=1 Bj . Since
∣∣∑k

j=1 Pε,ΩWε,xj

∣∣ ≤ 1
2 for any

y ∈ Ω \
⋃k

j=1 Bj , we deduce that

F
(
y,

k∑
j=1

Pε,ΩWε,xj
+ ω

)
− F

(
y,

k∑
j=1

Pε,ΩWε,xj

)

−
( k∑

j=1

Pε,ΩWε,xj

)p−1

+
ω − 1

2
(p − 1)

( k∑
j=1

Pε,ΩWε,xj

)p−2

+
ω2

=
1
p

( k∑
j=1

Pε,ΩWε,xj
+ ω

)p

+
− 1

p

( k∑
j=1

Pε,ΩWε,xj

)p

+

−
( k∑

j=1

Pε,ΩWε,xj

)p−1

+
ω − 1

2
(p − 1)

( k∑
j=1

Pε,ΩWε,xj

)p−2

+
ω2.

By the definition of Rε,x(ω), we see that for any ω ∈ Sε,

|Rε,x(ω)| ≤ C

∫
Ω

|ω|min(3,p) ≤ C

∫
⋃k

j=1 Bj

|ω|min(3,p) + C

∫
Ω\

⋃k
j=1 Bj

|ω|min(3,p)

≤C

∫
⋃k

j=1 Bj

|ω|min(3,p) + e−θ̄α/ε

∫
Ω

|ω|p̃

=C

∫
⋃k

j=1 Bj

|ω|min(3,p) + Ce−θ̄/εε−p̃‖ω‖p̃
ε ,

(3.27)

where θ̄ > 0 is a small constant.
For any j, let ω̃(y) = ω(εy + xj). Then∫

Bj

|ω|min(3,p) = c0

∫
D∩Bδ(x̄j)

|z1|m−1|ω|min(3,p) dz

≤C

∫
D∩Bδ(x̄j)

|ω|min(3,p) dz = CεN−m+1

∫
B̃j,ε

|ω̃|min(3,p)

≤CεN−m+1
(∫

B̃j,ε

(
|Dω̃|2 + |ω̃|2

))min(p,3)/2

=CεN−m+1
(
ε−(N−m+1)

∫
D∩Bδ(x̄j)

(
ε2|Dω|2 + ω2

))min(3,p)/2

≤CεN−m+1
(
ε−min(3,p)(N−m+1)/2‖ω‖min(3,p)

ε

)
,

(3.28)

where Bj,ε = {z : εz + xj ∈ D ∩ Bδ(x̄j)}. In the last relation, we use |y′| ≥ c > 0
for y ∈ Bj .

Combining (3.27) and (3.28), we obtain (3.24).
Now, we prove (3.25). We have∣∣∣〈R′

ε,x(ω), ξ
〉
ε

∣∣∣ ≤ C

∫
Ω

|ω|min(p−1,2)|ξ|

=C

∫
⋃k

j=1 Bj

|ω|min(p−1,2)|ξ| + C

∫
Ω\

⋃k
j=1 Bj

|ω|min(p−1,2)|ξ|,
(3.29)
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from which we can prove (3.25) by using the same techniques as in the proof of
(3.24).

We can prove (3.26) in a similar way. �

Let us point out that (3.24), (3.25) and (3.26) are not true in the whole space
Hs. So, we need to carry out the reduction procedure in a closed subset of Eε,x,k.

Proposition 3.4. There is an ε0 > 0 such that for each ε ∈ (0, ε0], there exists
a C1-map ωε,x : Dε → Hs such that ωε,x ∈ Eε,x,k, (3.3) holds for some constants
Gjl. Moreover, we have

(3.30) ‖ωε,x‖ε ≤ Cεσ+(N−m+2)/2,

where σ > 0 is a constant.

Proof. By Lemma 3.1, we know that there is a lε,x ∈ Eε,x,k, such that〈
lε,x, ω

〉
ε

= lε,x(ω), ∀ ω ∈ Eε,x,k.

Thus, solving (3.30) is equivalent to solving

(3.31) lε,x + Qε,xω + R′
ε,x(ω) = 0, in Eε,x,k.

By Lemma 3.2, Qε,x is invertible. So we can write (3.31) as

(3.32) ω = Gε,xω =: −Q−1
ε,xlε,x − Q−1

ε,xR′
ε,x(ω).

Let

S̃ε =
{
ω : ω ∈ Hs(Ω), |ω| ≤ εα

k∑
j=1

e−α|ỹ−xj |/ε, ‖ω‖ε ≤ ε(N−m+2)/2
}
,

where α > 0 is a small constant.
Now, we prove that Gε,x is a contraction map from S̃s to S̃ε.
By (3.26), we see that for any ω1, ω2 ∈ S̃ε,

(3.33) ‖Gε,xω1 − Gε,xω2‖ε ≤ C‖R′
ε,x(ω1) − R′

ε,x(ω2)‖ε ≤ Cε(p̃−2)/2‖ω1 − ω2‖ε.

Thus, Gε,x is a contraction map.
For any ω ∈ S̃ε, we have

‖Gε,xω‖ε ≤ C‖lε,x‖ε + C‖R′
ε,x(ω)‖ε

≤C‖lε,x‖ε + Cε(N−m+1)/2ε(p̃−1)/2.
(3.34)

For any x ∈ Dε, by Lemma 3.1, we have

‖lε,x‖ε ≤ CεN−m+1)/2
( k∑

j=1

e−(1+σ)dj/ε + ε
)
≤ Cε(N−m+1)/2

(
ε(1−θ̃)(1+σ) + ε

)
,

which, together with (3.34), gives

‖Gε,xω‖ε

≤Cε(N−m+1)/2
(
ε(1−θ̃)(1+σ) + ε + ε(p̃−1)/2

)
≤Cεσ1+(N−m+2)/2 ≤ ε(N−m+2)/2,

(3.35)

since p̃ > 2.
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To finish the proof of Gε,xω ∈ S̃ε, we need to prove

|Gε,xω| ≤ εα
k∑

j=1

e−α|ỹ−xj |/ε.

Let ω1 = Gε,xω. Then, we have

Qε,xω1 = −lε,x − R′(ω), in Eε,x,k,

which is equivalent to 〈
Qε,xω1, ξ

〉
ε
+

〈
lε,x, ξ

〉
ε
+

〈
R′(ω), ξ

〉
ε

=
k∑

j=1

N−m+1∑
h=1

Gjh

〈∂Pε,ΩWε,xj

∂xj,h
, ξ

〉
ε
,

(3.36)

for some Gjh ∈ R1.
We claim that there is a σ > 0 such that

(3.37) |Gjh| ≤ Cεσ+3/2, j = 1, · · · , k, h = 1, · · · , N − m + 1.

In fact, letting ξ = ∂Pε,ΩWε,xi

∂xi,h̄
in (3.36), using Lemma A.3, we can solve the

linear system to obtain

|Gjh| ≤ Cε1−(N−m+1)/2
(
‖ω1‖ε + ‖lε,x‖ε + ‖R′(ω)‖ε

)
≤Cε1−(N−m+1)/2ε

1
2+σ+(N−m+1)/2 ≤ Cεσ+3/2.

Rewrite (3.36) as

− ε2∆ω1 + ω1 − (p − 1)
( k∑

j=1

Pε,ΩWε,xj

)p−2

+
ω1

= −
k∑

j=1

(
ξjW̄

p−1
ε,xj

+ f̃ε,xj
(y)

)
+

( k∑
j=1

Pε,ΩWε,xj

)p−1

+

+
(
f
(
y,

k∑
j=1

Pε,ΩWε,xj
+ ω

)
− f

(
y,

k∑
j=1

Pε,ΩWε,xj

)
− f ′

(
y,

k∑
j=1

Pε,ΩWε,xj

)
ω
)

+
k∑

j=1

N−m+1∑
h=1

Gjh

∂gε,xj
(y)

∂xj,h

=:Gε,x(y)

(3.38)

where f(y, t) is the function defined in (1.7), and

gε,xj
(y) = W p−1

ε,xj
+ f̃ε,xj

(y).

Since ω ∈ S̃ε, we see |ω| ≤ 1
2 in Ω \

⋃k
j=1 Bj . Thus

(3.39)∣∣∣f(
y,

k∑
j=1

Pε,ΩWε,xj
+ω

)
− f

(
y,

k∑
j=1

Pε,ΩWε,xj

)
− f ′

(
y,

k∑
j=1

Pε,ΩWε,xj

)∣∣∣ ≤ C|ω|p̃−1,

where p̃ > 2 is a constant.
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On the other hand, we have

−
k∑

j=1

ξjW̄
p−1
ε,xj

+
( k∑

j=1

Pε,ΩWε,xj

)p−1

+

= −
k∑

j=1

(
W p−1

ε,xj
−

(
Pε,ΩWε,xj

)p−1

+

)
+ O

(
e−δ′/ε

k∑
j=1

Up−2
( |ỹ − xj |

ε

))

+
( k∑

j=1

Pε,ΩWε,xj

)p−1

+
−

k∑
j=1

(
Pε,ΩWε,xj

)p−1

+

=O
( k∑

j=1

e−dj/εUp−2
( |ỹ − xj |

ε

))
.

(3.40)

Direct calculations show that

(3.41)
∣∣∣∂gε,xj

(y)
∂xj,h

∣∣∣ ≤ Cε−1Up−1
( |ỹ − xj |

ε

)
+ CU

( |ỹ − xj |
ε

)
.

Combining (3.39), (3.40) and (3.41), we find that

|Gε,x(y)| ≤C

k∑
j=1

(
e−dj/εUp−2

( |ỹ − xj |
ε

)
+ |ω|p̃−1 + εσ+1/2U

( |ỹ − xj |
ε

))

≤C

k∑
j=1

ε(p̃−1)αe−(p̃−1)α|ỹ−xj |/ε,

(3.42)

if α > 0 is small enough.
Since |y′| ≥ c > 0 if y ∈ Bj , we can prove that

(3.43) |ω1| ≤ Cε(p̃−1)α, in
k⋃

j=1

Bj .

In fact, let

g̃ε,x(y, t) = −t + (p − 1)
( k∑

j=1

Pε,ΩWε,xj

)p−2
t.

Then |g̃ε,x(y, t)| ≤ C|t| and

−ε2∆ω1 = Gε,x(y) + g̃ε,x(y, ω1), in Bj .

Since ω1 ∈ Hs, we can rewrite the above equation as

−ε2
N−m+1∑

j=1

∂

∂zj

(
zm−1
1

∂ω1

∂zj

)
= zm−1

1

(
Gε,x(z) + g̃ε,x(z, ω1)

)
, in B̃j ,

where B̃j = D ∩ Bδ(x̄j).
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Let ω̃1(z) = ω(εz + xj). Then

−
N−m+1∑

j=1

∂

∂zj

(
(εz1 + xj,1)m−1 ∂ω̃1

∂zj

)
=(εz1 + xj,1)m−1

(
Gε,x(εz + xj,1) + g̃ε,x(εz + xj,1, ω̃1)

)
, in Bj,ε,

where Bj,ε = {z : εz + xj ∈ B̃j}.
For any x0 ∈ Bj,ε, by (3.35), we have∫

B1(x0)

|ω̃1|2 = ε−(N−m+1)

∫
Bj

|ω1|2 ≤ Cε−(N−m+1)‖ω1‖2
ε ≤ Cε1+2σ.

So, by (3.42), we have

|ω̃1|L∞(B1(x0)) ≤ C|ω̃1|L2(B2(x0)) + C|G̃ε,x|L∞(B2(x0)) ≤ Cε(p̃−1)α.

Thus, (3.43) follows.
Let

aε(y) =
( k∑

j=1

Pε,ΩWε,xj

)p−2

η,

where η is a C1 function, such that η = 0 if y ∈
⋃k

j=1 Bj . It is easy to see that
aε(y) → 0 uniformly in Ω as ε → 0. From (3.43), we have

(3.44) −ε2∆ω1 + (1 − (p − 1)aε)ω1 = Gε,x(y) + O(ε(p̃−1)α)
( k∑

j=1

Wε,xj

)p−2

.

Similar to the proof of Lemma A.1, we can prove that

v = εα
k∑

j=1

e−α|ỹ−xj |/ε

satisfies
− ε2∆v + (1 − (p − 1)aε)v

=
(
1 − (p − 2)aε(y) − α2

)
εα

k∑
j=1

e−α|ỹ−xj |/ε

≥1
2
εα

k∑
j=1

e−α|ỹ−xj |/ε ≥ |Gε,x(y)| + O(ε(p̃−1)α)
( k∑

j=1

Wε,xj

)p−2

.

Since ω1 ∈ Hs, by the maximum principle, we obtain

|ω1| ≤ v = εα
k∑

j=1

e−α|ỹ−xj |/ε.

Thus, ω1 ∈ S̃ε.
We have proved that Gε,x is a contraction map from S̃ε into itself. By the

contraction mapping theorem, we know that there is a ωε,x ∈ S̃ε,x, such that

ωε,x = Gε,xωε,x.

Moreover, by (3.35),
‖ωε,x‖ε ≤ Cεσ+(N−m+2)/2. �
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We will choose xε ∈ Dε, such that the corresponding Gjl in (3.3) are all zero.

Proof of Theorem 1.1. Let

K(x) = J(x, ωε,x), x ∈ Dε.

Consider the following problem:

(3.45) min
x∈Dε

K(x).

Let xε ∈ Dε be a minimum point of (3.45). We will prove that xε is an interior
point of Dε. Thus, xε is a critical point of K(x).

It follows from Propositions 3.4 and 2.3 that for any x ∈ Dε,

K(x) = J(x, 0) + O(εN−m+2+σ)

=AεN−m+1
k∑

j=1

xm−1
j,1 +

1
2

k∑
j=1

τε,xj
+ εN−m+1O

( k∑
j=1

e−(2+σ)dj/ε + ε
)
,

(3.46)

Let

x̄ε,j = (x̄ε,j,1, x
′′
ε,j), x̄ε,j,1 = x̄j,1 + Lε| ln ε|ψj(x̄′′

j ),

x̄′′
ε,j = x̄′′

j , x̄ε = (x̄ε,1, · · · , x̄ε,k),

where L > 0 is a large constant. Then x̄ε ∈ Dε. By Lemma 2.1, we see that

τε,x̄j
= O(εN−m+3),

if L > 0 is large. So, from (3.46), we obtain

(3.47) K(x̄ε) = AεN−m+1
k∑

j=1

x̄m−1
j,1 + εN−m+1O

(
ε| ln ε|

)
.

Suppose that xε ∈ ∂Dε. If e−2d(xε,j ,∂D)/ε = ε1−θ̃ for some j, then, by (3.46),

K(xε) ≥ AεN−m+1
k∑

j=1

x̄m−1
j,1 +

1
2
εN−m+1+(1+θ)(1−θ̃) + O(εN−m+2) > K(x̄ε),

since (1 − θ̃)(1 + θ) < 1 if θ > 0 is small enough. This is a contradiction.
Suppose that xε ∈ ∂Dε \ {x : e−2d(xj ,∂D)/ε = ε1−θ, for some j}. Then xε,j,1 ≥

x̄j,1 + β for some j, where β > 0 is a small constant. So, by (3.46),

K(xε) ≥ εN−m+1
k∑

j=1

x̄m−1
j,1 + c′εN−m+1 + εN−m+1O

(
ε
)

> K(x̄ε),

where c′ > 0 is a small constant. This is a contradiction. So xε is an interior point
of Dε. As a result,

DK(xε) = 0.

We claim that for this xε, the corresponding Gjh = 0, j = 1, · · · , k, h =
1, . . . , N−m+1. So

∑k
j=1 Pε,ΩWε,xε,j

+ωε,xε
is a solution of (1.8). Since f(y, t) = 0

if t ≤ 0, we see that
∑k

j=1 Pε,ΩWε,xε,j
+ ωε,xε

is positive. But ωε,xε
∈ Sε. Thus

|ωε,xε
| ≤ 1

2 in Ω \
⋃k

j=1 Bj , which gives

f
(
y,

k∑
j=1

Pε,ΩWε,xε,j
+ ωε,xε

)
=

( k∑
j=1

Pε,ΩWε,xε,j
+ ωε,xε

)p−1

+
.
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As a result,
∑k

j=1 Pε,ΩWε,xε,j
+ ωε,xε

is a solution of (1.1).
Now, we prove Gjh = 0.
Since

∂K(xε)
∂xih

=
〈
I ′

( k∑
j=1

Pε,ΩWε,xε,j
+ ωε,xε

)
,
∂Pε,ΩWε,xε,i

∂xih
+

∂ωε,xε

∂xih

〉
ε

=
k∑

j=1

N−m+1∑
l=1

Gjl

〈∂Pε,ΩWε,xε,j

∂xjl
,
∂Pε,ΩWε,xε,i

∂xih
+

∂ωε,xε

∂xih

〉
ε

=
k∑

j=1

N−m+1∑
l=1

Gjl

〈∂Pε,ΩWε,xε,j

∂xjl
,
∂Pε,ΩWε,xε,i

∂xih

〉
ε

−
N−m+1∑

l=1

Gil

〈∂2Pε,ΩWε,xε,i

∂xil∂xih
, ωε,xε

〉
ε

(3.48)

we obtain

k∑
j=1

N−m+1∑
l=1

Gjl

〈∂Pε,ΩWε,xε,j

∂xjl
,
∂Pε,ΩWε,xε,i

∂xih

〉
ε

−
N−m+1∑

l=1

Gil

〈∂2Pε,ΩWε,xε,i

∂xil∂xih
, ωε,xε

〉
ε

= 0.

(3.49)

We claim

(3.50) ‖
∂2Pε,ΩWε,xε,i

∂xil∂xih
‖ε = O

(
ε−2+(N−m+1)/2

)
.

Assume this at the moment. Then

〈∂2Pε,ΩWε,xε,i

∂xil∂xih
, ωε,xε

〉
ε

= O
(
ε−2+(N−m+1)/2

)
‖ωε,xε

‖ε = o(εN−m−1),

which, together with Lemma A.3 and (3.49), implies Gjl = 0, j = 1, · · · , k, j =
1, · · · , N − m + 1.

Now we prove (3.50). We have

− ε2∆
∂Pε,ΩWε,xi

∂xil∂xih
+

∂Pε,ΩWε,xi

∂xil∂xih

=
∂2

∂xil∂xih

(
ξjW̄

p−1
ε,xi

+ f̃ε,xj
(y)

)
, in Ω,

(3.51)

and

(3.52)
∂2Pε,ΩWε,xi

∂xil∂xih
= 0 on ∂Ω.
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Multiplying (3.51) by ∂Pε,ΩWε,xi

∂xil∂xih
and integrating by parts, we obtain

‖
∂2Pε,ΩWε,xε,i

∂xil∂xih
‖2

ε ≤ Cε−2

∫
Ω

(
ξjW̄

p−1
ε,xi

+ Wε,xj
)
∣∣∂2Pε,ΩWε,xε,i

∂xil∂xih

∣∣
≤Cε−2

(∫
Ω

(
ξjW̄

p−1
ε,xi

+ Wε,xj
)2

)1/2

‖
∂2Pε,ΩWε,xε,i

∂xil∂xih
‖ε

≤Cε−2+(N−m+1)/2‖
∂2Pε,ΩWε,xε,i

∂xil∂xih
‖ε.

Thus, (3.50) follows. �

Appendix A.

From the choice of xj , the term e−d(xj ,∂D)/ε is only algebraically small. To obtain
a solution concentrating near several manifolds, we need to prove that Pε,ΩWε,xj

is
exponentially small outside a small neighbourhood of the set {y : |y′| = xj,1, y

′′ =
x′′

j }.

Lemma A.1. Let θ > 0 be any small constant. There is a constant C > 0 such
that

|Pε,ΩWε,xj
| ≤ Ce−

√
1−θ|ỹ−xj |/ε.

Proof. Let v = Ce−
√

1−θ|ỹ−xj |/ε, where C > 0 is a large constant. Then

(A.1) −ε2∆v + v ≥ 1
2
Cθe−

√
1−θ|ỹ−xj |/ε.

On the other hand, we have

− ε2∆Pε,ΩWε,xj
+ Pε,ΩWε,xj

=ξjW̄
p−1
ε,xj

+ f̃ε,xj
(y) = ξjW̄

p−1
ε,xj

+ O
(
ξjεe

−|ỹ−xj |/ε
)
.

(A.2)

But if C > 0 is large enough, then

(A.3)
1
2
Cθe−

√
1−θ|ỹ−xj |/ε ≥

∣∣∣ξjW̄
p−1
ε,xj

+ O
(
ξjεe

−|ỹ−xj |/ε
)∣∣∣.

By the maximum principle, we obtain from (A.1), (A.2) and (A.3) that

|Pε,ΩWε,xj
| ≤ v = Ce−

√
1−θ|ỹ−xj |/ε.

�

Lemma A.2. Let θ > 0 be any small constant. There is a constant C > 0 such
that

|
∂Pε,ΩWε,xj

∂xjh
| ≤ Cε−1e−

√
1−θ|ỹ−xj |/ε.

Proof. We know that
∂Pε,ΩWε,xj

∂xjh
satisfies

(A.4) −ε2∆
∂Pε,ΩWε,xj

∂xjh
+

∂Pε,ΩWε,xj

∂xjh
=

∂

∂xjh

(
ξjW̄

p−1
ε,xj

+ f̃ε,xj
(y)

)
, in Ω,

and

(A.5)
∂Pε,ΩWε,xj

∂xjh
= 0, on ∂Ω.
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On the other hand, it is easy to check that

(A.6)
∣∣∣ ∂

∂xjh

(
W p−1

ε,xj
+ f̃ε,xj

(y)
)∣∣∣ ≤ Cε−1

(
W p−1

ε,xj
+ f̃ε,xj

(y)
)
.

Thus we can prove this lemma in a similar way as in Lemma A.1. �

Lemma A.3. We have

〈∂Pε,ΩWε,xε,j

∂xjl
,
∂Pε,ΩWε,xε,i

∂xih

〉
ε

=

{
c̃εN−m−1, i = j, l = h,

o(εN−m−1), otherwise,

where c̃ > 0 is a constant.

Proof. We have

〈∂Pε,ΩWε,xε,j

∂xjl
,
∂Pε,ΩWε,xε,i

∂xih

〉
ε

=(p − 1)
∫

Ω

ξjW̄
p−2
ε,xj

∂Wε,xε,j

∂xjl
,
∂Pε,ΩWε,xε,i

∂xih

+
∫

Ω

∂

∂xjl

(
f̃ε,xj

(y)
)∂Pε,ΩWε,xε,i

∂xih

=(p − 1)
∫

Ω

ξjW̄
p−2
ε,xj

∂Wε,xε,j

∂xjl

∂Pε,ΩWε,xε,i

∂xih
+ O

(∫
Ω

U
( |ỹ − xj |

ε

)∣∣∣∂Pε,ΩWε,xε,i

∂xih

∣∣∣).

(A.7)

It follows from Lemma A.2 that∫
Ω

U
( |ỹ − xj |

ε

)∣∣∣∂Pε,ΩWε,xε,i

∂xih

∣∣∣
≤Cε−1

∫
Ω

U
( |ỹ − xj |

ε

)
e−

√
1−θ|ỹ−xj |/ε ≤ CεN−m.

(A.8)

Using Lemma A.2, (A.7) and (A.8), we conclude that if i �= j, then

〈∂Pε,ΩWε,xε,j

∂xjl
,
∂Pε,ΩWε,xε,i

∂xih

〉
ε

= o(εN−m−1).

It remains to study the case i = j.
Using (2.2), we deduce ∣∣∣∂ϕε,xi

∂xih

∣∣∣ ≤ Cε−1e−di/ε.

Thus, ∫
Ω

ξiW̄
p−2
ε,xi

∂W̄ε,xε,i

∂xil

∂Pε,ΩWε,xε,i

∂xih

=
∫

Ω

W̄ p−2
ε,xi

∂W̄ε,xε,i

∂xil

∂W̄ε,xε,i

∂xih
+ O

(
εN−m−1e−di/ε

)

=

{
c̃εN−m−1 + O

(
εN−m−1e−di/ε

)
, l = h,

O
(
εN−m−1e−di/ε

)
, l �= h.

(A.9)

�

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1790 E. N. DANCER AND SHUSEN YAN

References

[1] A. Ambrosetti, A. Malchiodi and W. M. Ni, Singularly perturbed elliptic equations with
symmetry: Existence of solutions concentrating on sphere. I, Comm. Math. Phys., 235(2003),
427–466. MR1974510 (2004c:35014)

[2] A. Ambrosetti, A. Malchiodi and W. M. Ni, Singularly perturbed elliptic equations with
symmetry: Existence of solutions concentrating on sphere. II, Indiana University Math. J.,
53(2004), 297–329. MR2056434 (2005c:35015)

[3] D. Cao, E. N. Dancer, E. Noussair and S. Yan, On the existence and profile of multi-peaked
solutions to singularly perturbed semilinear Dirichlet problems, Discrete and Continuous Dy-
namical Systems, 2(1996), 221–236. MR1382508 (96m:35095)

[4] E. N. Dancer, Some singularly perturbed problems on annuli and a counterexample to a prob-
lem of Gidas, Ni and Nirenberg, Bull. London Math. Soc., 29(1997), 322–326. MR1435567
(97m:35016)

[5] E. N. Dancer and J. Wei, On the effect of domain topology in a singular perturbation problem.
Topological Methods in Nonlinear Anal., 11(1998), 227–248. MR1659466 (2000a:35012)

[6] E. N. Dancer and S. Yan, A singularly perturbed elliptic problem in bounded domains with

nontrivial topology, Adv. Diff. Equations, 4(1999), 347–368. MR1671254 (2000d:35009)
[7] E. N. Dancer and S. Yan, Interior and boundary peak solutions for a mixed boundary value

problem, Indiana Univ. Math. J., 48(1999), 1177–1212. MR1757072 (2001f:35146)
[8] E. N. Dancer and S. Yan, Singularly perturbed elliptic problem in exterior domains, J. Diff.

Int. Equations, 13(2000), 747–777. MR1750049 (2001c:35022)
[9] E. N. Dancer and S. Yan, Effect of the domain geometry on the existence of multipeak

solutions for an elliptic problem, Top. Meth. Nonlinear Anal., 14(1999), 1–38. MR1758878
(2001b:35106)

[10] M. Del Pino and P. Felmer, Spike-layered solutions of singularly perturbed elliptic problems in
a degenerate setting, Indiana Univ. Math. J., 48(1999), 883–898. MR1736974 (2001b:35027)

[11] M. K. Kwong, Uniqueness of positive solutions of −∆u + u = up in Rn, Arch. Rat. Mech.
Anal. 105(1989), 243-266. MR0969899 (90d:35015)

[12] Y. Y. Li and L. Nirenberg, The Dirichlet problem for singularly perturbed elliptic equations,
Comm. Pure Appl. Math. 51(1998), 1445–1490. MR1639159 (99g:35014)

[13] A. Malchiodi and M. Montenegro, Boundary concentration phenomena for a singularly
perturbed elliptic problem, Comm. Pure Appl. Math., 55 (2002), 1507–1568. MR1923818
(2003g:35005)

[14] E. S. Noussair and S. Yan, The effect of the domain geometry in singular perturbation prob-
lems, Proc. London Math. Soc., 76(1998), 427–452. MR1490244 (98m:35013)

[15] W. M. Ni and I. Takagi, Locating the peaks of least energy solutions to a semilinear Neumann
problem, Duke Math. J. 70(1993), 247–281. MR1219814 (94h:35072)

[16] W. M. Ni and J. Wei, On the location and profile of spike-layer solutions to singularly

perturbed semilinear Dirichlet problems, Comm. Pure Appl. Math. 48(1995), 731–768.
MR1342381 (96g:35077)

[17] J. Wei, On the construction of single-peaked solutions to a singularly perturbed semilinear
Dirichlet problem, J. Diff. Eqns., 129(1996), 315–333. MR1404386 (97f:35015)

[18] J. Wei, On the effect of domain geometry in singular perturbation problems, Differential
Integral Equations, 13(2000), 15–45. MR1811947 (2002c:35032)

[19] S. Yan, On the number of interior multipeak solutions for singularly perturbed Neumann prob-
lems, Topological Methods in Nonlinear Anal., 12(1999), 61–78. MR1677747 (2001c:35024)

School of Mathematics and Statistics, University of Sydney, NSW 2006, Australia

E-mail address: normd@maths.usyd.edu.au

School of Mathematics, Statistics and Computer Science, The University of New

England, Armidale, NSW 2351, Australia

E-mail address: syan@turing.une.edu.au

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

http://www.ams.org/mathscinet-getitem?mr=1974510
http://www.ams.org/mathscinet-getitem?mr=1974510
http://www.ams.org/mathscinet-getitem?mr=2056434
http://www.ams.org/mathscinet-getitem?mr=2056434
http://www.ams.org/mathscinet-getitem?mr=1382508
http://www.ams.org/mathscinet-getitem?mr=1382508
http://www.ams.org/mathscinet-getitem?mr=1435567
http://www.ams.org/mathscinet-getitem?mr=1435567
http://www.ams.org/mathscinet-getitem?mr=1659466
http://www.ams.org/mathscinet-getitem?mr=1659466
http://www.ams.org/mathscinet-getitem?mr=1671254
http://www.ams.org/mathscinet-getitem?mr=1671254
http://www.ams.org/mathscinet-getitem?mr=1757072
http://www.ams.org/mathscinet-getitem?mr=1757072
http://www.ams.org/mathscinet-getitem?mr=1750049
http://www.ams.org/mathscinet-getitem?mr=1750049
http://www.ams.org/mathscinet-getitem?mr=1758878
http://www.ams.org/mathscinet-getitem?mr=1758878
http://www.ams.org/mathscinet-getitem?mr=1736974
http://www.ams.org/mathscinet-getitem?mr=1736974
http://www.ams.org/mathscinet-getitem?mr=0969899
http://www.ams.org/mathscinet-getitem?mr=0969899
http://www.ams.org/mathscinet-getitem?mr=1639159
http://www.ams.org/mathscinet-getitem?mr=1639159
http://www.ams.org/mathscinet-getitem?mr=1923818
http://www.ams.org/mathscinet-getitem?mr=1923818
http://www.ams.org/mathscinet-getitem?mr=1490244
http://www.ams.org/mathscinet-getitem?mr=1490244
http://www.ams.org/mathscinet-getitem?mr=1219814
http://www.ams.org/mathscinet-getitem?mr=1219814
http://www.ams.org/mathscinet-getitem?mr=1342381
http://www.ams.org/mathscinet-getitem?mr=1342381
http://www.ams.org/mathscinet-getitem?mr=1404386
http://www.ams.org/mathscinet-getitem?mr=1404386
http://www.ams.org/mathscinet-getitem?mr=1811947
http://www.ams.org/mathscinet-getitem?mr=1811947
http://www.ams.org/mathscinet-getitem?mr=1677747
http://www.ams.org/mathscinet-getitem?mr=1677747

	1. Introduction
	2. Basic estimates
	3. Proof of the main result
	Appendix A. 
	References

