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This article analyzes the vast material of works devoted to the use of nanofluids in heat 

exchange equipment. It is proved that the use of the classical theories and equations for 

calculating the viscosities and thermal conductivities of nanofluids is not correct, since it 

does not coincide with the experimental results of most independent authors. A model of 

the chaotic motion of a nanoparticle is presented taking into account surface tension forces 

in a liquid coolant. The experimental results of the work of Malaysian and Iran authors on 

the effect of TiO2 nanoparticles with a concentration of 0.5%; 1.0% and 1.5% in the main 

liquid solution of ethylene glycol (EG) in water in a volume ratio of 40:60% in terms of 

heat transfer coefficient are compared with our theoretical studies. The results of the 

experiments presented in: an increase in heat transfer coefficients by 9.72%, 22.75%, 

28.92% for 1.5% volume concentration of TiO2 nanoparticles at a coolant temperature of 

30℃, 50℃, 70℃, respectively. Our theoretical result: increase in the obtained heat transfer 

coefficients by 9.79%, 22.22%, 29.09% according to our formulas (9, 10, 15) for 

calculating turbulent viscosities and thermal conductivities, which takes into account the 

effect of surface tension forces on the total flow of nanofluids in the channels of heat 

exchange equipment. A new method for calculating heat exchange equipment using 

nanofluids is presented, taking into account the action of surface tension forces, as well as 

predetermining the calculation of turbulent viscosities and thermal conductivity of 

nanofluids. A theoretical calculations a plate heat exchangers for a technological task 

performed by classical and new method is presented. Similar results were obtained, which 

differ by about 0.5 of a percent. The plate heat exchanger was calculated using a new 

method using TiO2 nanoparticles in water and in a mixture of EG in water in a ratio of 

40:60%, as well as when pumpkin vegetable oil was added to milk with the optimal 

concentration. 
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1. INTRODUCTION

Today, the lion's share of energy losses in the food, 

processing, pharmaceutical industry occurs when using heat 

exchange equipment. The relatively low energy efficiency of 

heat exchange processes allows scientists to propose various 

methods for reducing heat losses in heat transfer systems. 

So, to improve the heat transfer coefficients of pipe heat 

exchangers, the authors propose to use spiral-shaped inserts, 

contributing to the intensification of the turbulization of the 

liquid flow of heat transfer media [1-3]. However, this method 

has several drawbacks:  

- an increase in the overall hydraulic resistance of the

system, which may to level the increase in thermal efficiency; 

- the complexity of cleaning pipes with spiral inserts from

contamination; 

- a significant increase in metal intensity and cost of such

heat exchangers, especially with the use of copper inserts. 

It should be noted that the choice and the theoretical 

calculation of heat exchangers with spiral inserts is 

significantly complicated as the structure of the criterion 

equations using Nusselt numbers varies depending on the 

material and geometry of the inserts, as well as other regime 

heat transfer parameters.  

In order to increase the heat transfer of various heat 

exchange systems, spiral corrugated pipes are also proposed 

[4, 5]. However, this method also has a number of drawbacks: 

- a similar increase in the total hydraulic resistance;

- the complexity of cleaning the pipes from contamination;

- a significant complication and an increase in the

technology of manufacturing such spiral corrugated pipes. 

To eliminate the above disadvantages, as well as to improve 

the efficiency of heat exchangers in the liquid-liquid system, 

various additives to heat transfer fluids are used today. These 

additives are aimed at improving their heat-exchange 

properties and frost resistance, as well as increasing the boiling 

point of fluid in automotive radiators. These include ethylene, 

– propylene and di-propylene glycols of various

concentrations in water. Also, nanofluids are widely used to

increase the efficiency of heat exchange apparatuses as

additives to heat carriers [6, 7]. Some scientific works are

devoted to mating combinations of various methods of
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enhancing heat transfer in heat exchangers, for example, using 

nanofluids simultaneously with spiral twists [8, 9], using 

nanopowders with ethylene or propylene glycol additives to 

water [10].  

Improving the heat transfer properties of liquids using these 

methods is not in any doubt. These are very promising areas 

of research. However, works on enhancing the heat transfer 

properties of liquids using nanoparticles is very controversial 

[11]. 

Thus, in the works [12-15], it was shown that the increase 

in heat transfer when using nanofluids is anomalously high and 

is not described by known equations. 

Thus, it was stated in the work [12] that the improvement in 

heat transfer properties containing 0.5 wt.%. Nanoparticles 

reaches more than 350% at Re = 800, which cannot be 

explained only by the high thermal conductivity of nanofluids. 

In the work [13], the maximum heat transfer coefficient 

enhancement is 104%. 

In the work [14], anomalously high thermal conductivity 

coefficient was observed when using nanotubes in an oil 

medium, indicating the impossibility of using traditional 

thermal conductivity models for solid - liquid suspensions. 

In the works [16-20], on the contrary, it was shown that the 

experimental results correlate well with the theoretical ones. 

In the work [16], it was shown that the heat transfer 

coefficient and the friction coefficient of TiO2-water 

nanofluids (21 nm in diameter, dispersed in water with a 

volume concentration of 0.2 – 2%) in a horizontal two-pipe 

countercurrent the heat exchanger under turbulent flow 

conditions was about 26% larger than that of pure water. 

In the work [17], nanofluids with an average particle size of 

50 nm and 22 nm, respectively, are used. Increasing the 

viscosity and thermal conductivity of TiO2 gives the maximum 

increase in heat transfer by 26%. 

The effect of temperature on heat transfer using TiO2 

nanofluid with a Reynolds number Re =25000 and TiO2 

concentrations of 0.5%, 1.0% and 1.5% was studied in [19]. 
The base fluid used was a mixture of distilled water and 

ethylene glycol (EG) in a volume ratio of 60:40. At 30℃ and 

at a volume concentration of 1.5%, the increase in the heat 

transfer coefficient was 9.72%. An increase of 22.75% and 

28.92% was at 50℃ and 70℃, respectively. 

In work [20], four volume concentrations of nanofluids 

(1%, 2%, 3% and 4%) were used; It has been established that 

TiO2 nanofluid increases the efficiency of heat transfer by up 

to 20% compared to pure water. 

For works [16-20], it is analogous that TiO2 with 

concentrations of about 1.5% was used as nanoparticles and 

maximum increase in the heat transfer coefficient was 

observed at about (20-30) %. 

However, the theoretical calculation, selection and 

optimization of heat exchangers when using nanofluids 

encounters serious difficulties in terms of classical approaches 

using numerical equations and Nusselt numbers. This is due to 

the fact that when using nanofluids in heat exchangers, 

classical equations do not work, because they are not sensitive 

to additives to liquids at the nano level within no more than 

5%. As a result, experimenters record a significant 

improvement in the heat transfer properties of liquids with 

nanoparticles, the theoretical calculation of such heat 

exchangers using nanofluids is difficult. Dispersity, material, 

concentration and other parameters of nanoparticles affect the 

shape and structure of numerical equations, and when using 

specific nanofluids, it is necessary to derive the corresponding 

empirical numerical equation, which requires many time-

consuming experiments. 

Quite a lot of work has been devoted to studying the effect 

of changes in the thermal characteristics of coolants when 

exposed to nanoparticles of various concentrations [21-24]. 

Such characteristics, first of all, include viscosity, density, 

thermal conductivity and specific heat capacity when using 

nanofluids. All the mentioned characteristics of nanofluids are 

included in the numbers of Nusselt, Prandl and others, who 

take part in the, numerical, and exponential equations in the 

calculation and selection of optimal heat exchangers. 

Due to the fact that many researchers are talking about more 

complex heat transfer mechanisms in nanofluids than in 

Newtonian ones, we are confident that the problems of heat 

transfer in such nanosystems should be considered taking into 

account surface forces. However, some authors propose to use 

surface tension coefficients and wetting angles when studying 

the behavior of nanofluids under heat transfer conditions [25-

27]. However, these surface characteristics are not included in 

the numerical equations and do not take part in the classical 

calculations of heat exchangers using nanofluids, and 

therefore, in our opinion, these studies are purely 

experimental, empirical, but not systemic.  

In the paper [28], which, in our opinion, carries a global 

approach to the study of the behavior of nanofluids in various 

heat exchange systems, important general conclusions were 

made: 

- nanofluids should be considered as homogeneous, 

homogeneous Newtonian fluids; 

- an increase in heat transfer coefficients when using 

nanofluids is equal to an increase in their thermal 

conductivities compared to the base fluid. 

- heat-efficient nanofluid should have the highest possible 

thermal conductivity and the lowest possible viscosity. 

However, this very thorough and necessary study, which 

was conducted by five independent groups of authors from 

various European countries and the USA, also used the 

classical approach to determining the overall heat transfer 

coefficients of heat exchangers using the Nusselt, Reynolds, 

Prandtl and other numbers. This approach is correct, but it is 

empirical and is based on the use of experimental numerical 

equations, in which the Nusselt number depends on many 

factors of the heat exchange system and is calculated by 

empirical exponential equations. The very important second 

and third conclusions of work [28] suggest the need for 

maximum thermal conductivity of nanofluids with minimal 

viscosity. However, the thermal conductivity and viscosity of 

nanofluids in this work is considered and determined under 

static conditions, and in heat exchange equipment turbulent 

flow of heat transfer media always prevail, where the turbulent 

viscosity and thermal conductivity of liquids are tens and 

hundreds of times higher than their tabular (classical), 

molecular values. 

These features do not diminish the results of research by 

individual authors, however, we offer a slightly different 

approach to the systemic study of the behavior of nanofluids 

in heat exchange equipment, which is based on taking into 

account the influence of surface forces arising between 

nanoparticles and the base fluid, as well as at the interface 

between the metal wall and the liquid coolant.
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2. PROBLEM FORMULATION 

 

The overwhelming majority of authors state a fairly 

significant increase in the overall heat transfer coefficients in 

heat exchange equipment using nanoparticles of various 

concentrations and dispersions. However, they speak of a 

significant difference between the calculated and experimental 

data on this issue and a possible more complex mechanism of 

heat exchange in nanofluids. 

Based on our works [29-34], we concluded that our 

proposed model of contacting metal surfaces with regard to 

their the binding energy and surface energy [29-31], as well as 

consideration of the movement of heat-transfer fluids near the 

metal walls of the heat exchange equipment with taking into 

account surface forces [32-34], has the right to exist. Based on 

this, we set ourselves the following tasks in this work: 

- choose from literature sources and analyze the numerical 

equations by which convection coefficients can be calculated, 

that is, by which the optimal heat exchange equipment can be 

calculated and selected when using nanofluids, for example, 

with TiO2 nanoparticles; 

- show the consistency of the experimental data of a number 

of authors on increasing heat transfer coefficients when using 

nanofluids in heat exchangers with calculated data based on 

the use of classical numerical equations using the Nusselt 

Reynolds and Prandtl numbers; 

- show the possibility of calculating shell-and-tube, plate 

and other types of heat exchangers taking into account the 

turbulent viscosity and thermal conductivity, as well as the 

specific heat capacity and the surface tension coefficient of the 

heat-transfer fluid with nanoparticles; 

- show the full compliance of the new method of calculating 

heat exchange equipment, based on the use of the values of 

turbulent viscosities and thermal conductivities, as well as the 

usual and turbulent numbers Bl using nanofluids with 

experimental data from a number of independent authors. 

 

 

3.RESULTS 

 
3.1 Analysis of the forces acting on the nanoparticle, based 

on hydrodynamic similarity 

 

In the work [35] it is indicated that the force acting on a 

nanoparticle that moves in a liquid is non-stationary, and 

therefore the application of the laws of hydromechanics to 

nanoparticles is not possible. The average diameter of small 

nanoparticles is actually commensurate with the size of the 

molecules of the base fluid, and therefore this statement is 

quite acceptable and justified. However, in this work we 

attempted to circumvent these warnings, using the concept of 

turbulent viscosity and thermal conductivity of liquid coolants, 

which we followed in the calculation and selection of heat 

exchangers in the works [33, 34]. 

When analyzing the forces acting on the nanoparticle itself, 

based on the similarity theory, we neglected the  forces of 

gravity, Archimedes and inertia, since the average diameter of 

the nanoparticles is very small, and we took into account the 

force of surface tension and friction. In the Stokes formula, we 

enter the value of the turbulent viscosity. We also take into 

account the hydrophilicity of the wetting surface, which varies 

with the wetting angle at a certain point in time when the 

nanoparticle interacts with the base fluid at the molecular level. 

Since the action of surface tension forces is of a molecular 

nature [36], we consider such an approach quite acceptable. 

Based on the above analysis, we write the equation, taking 

into account the surface tension force and friction force acting 

on the nanoparticle in the flow of a liquid heat carrier moving 

turbulently (1): 

 

turbdVd  3cos =  (1) 

 

Based on our works [32-34], having written the value of 

turbulent viscosity in the central part of the coolant flow, we 

obtain (2): 
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At the same time, the value  
0

1
P

C K  reflects the speed of 

thermal movement at the molecular level, having the 

dimension m/s, and the value V is the linear speed of 

movement of the coolant with the nanoparticles at T mode. We 

also remind that the transitional viscosity of a fluid, the value 

of which we derived in previous works [33, 34], is the 

viscosity at the interface of LBL and turbulent flow, having 

dimension (Pa.s) and calculated by formula (3), and 

dimensionless turbulent number is the ratio of turbulent to 

transition viscosity (4) In addition, the dimensionless number 

Bl is (5) [33, 34]. 
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In particular, in the work [34], we presented the final 

formula for calculating the turbulent number Blturb. which has  

the form (6): 
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In the Blturb. number we have derived, we compare 

turbulent viscosity and transitional viscosity (3). The 

transitional viscosity of the coolant is substantially higher than 

the molecular viscosity [33, 34]. If we want to compare the 

turbulent and molecular viscosity, then it must be borne in 

mind that, in the LBL itself, the viscosity of the fluid decreases 

from the transitive viscosity to the molecular viscosity. We 

introduce one more parameter – the transitional number Bltrans, 

which is the ratio of the transitional viscosity in the transitional 

zone LBL to the molecular viscosity of the heat-transfer fluid 

(7): 
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When comparing the turbulent viscosity of a liquid coolant 

with a molecular viscosity, we obtain the relation (8):  
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Or the final formula for calculating the turbulent viscosity 

of the coolant, taking into account the formula (6), is written 

in the form (9): 
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As a result, we obtained Eq. (9) for calculating turbulent 

viscosity, in which the dimensionless complex (turbulent 

number Blturb. is responsible for the turbulent, convective 

component of the coolant flow, and Bl for the molecular, static 

component. In this case, the turbulent thermal conductivity of 

the coolant will be calculated by the formula (10), and the heat 

transfer coefficient - by the formula (11). (where dЕ is the 

equivalent diameter of the coolant flow).  
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As a comparison, we also present formula (12) for 

calculating the turbulent viscosity of air flows [33, 34, 37]. 
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From the formula (8) it is seen that the ratio of turbulent and 

molecular viscosity is the ratio .Blturb
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. Comparing Eqns. (8), 

(6) and (2), we obtain Eq. (13): 
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The terms of relation (13) do not have stationary exponents 

and lie in the ranges indicated in (13), which can constantly 

change in these ranges at certain points in time due to the 

instability of the surface tension force acting on the 

nanoparticle.  

Based on the foregoing, we propose to equate formulas (9 

and 12) with each other in order to be able to obtain the value 

of degree X in a more convenient way and to obtain the relation 

(14): 
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Performing simple mathematical transformations and 

taking the logarithm, we obtain a new averaged, universal, 

empirical-analytical formula for calculating the degree of 

turbulization of the coolant flow X (15): 
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The formula (9) that we derived are actually universal 

numerical dimensionless equations for calculating heat 

exchange equipment, where the usual Reynolds and Prandtl 

numbers in fractional powers found empirically are not present.  

In formula (9), the only turbulent number Blturb. is in the 

fractional degree X, whose value can be found analytically 

using the logarithmic relation (15). The degree of X depends 

on many factors, mainly related to the temperature of the 

coolant and the percentage ratio of nanoparticles in the liquid.  

The optimization of the parameters of the functions, which 

is described by formulas (9-15), was carried out by us on a 

personal computer using the Mathcad software package.  

The results of these numerical calculations of computer 

simulation are listed in Table 2 (A, B, C) (Appendix). 

 

3.2 Comparison of experimental and calculated data of on 

the increase of heat transfer coefficients when using 

nanofluids TiO2 

 

To test the efficiency of formulas (9, 10, 15) and compare 

ites with other numerical equations аs an example, we chose 

EG with the addition of TiO2 nanoparticles with an average 

diameter d = 50 nm. The most commonly used classical 

numerical equations for determining convection coefficients, 

including when using nanofluids with TiO2, in a turbulent flow 

regime look like this (Table 1). 

In the work [19], an experimental material is presented on 

the values of thermophysical quantities for mixture of distilled 

water and EG in a volume ratio of 60:40 (Table 2(A), 

appendix). 

The Table 2 is divided into three parts horizontally 

depending on the temperature of experiments 30; 50; 70℃ and 

into three parts vertically (A, B, C), where in (A) the 

experimental data from work [19] are presented, in (B) – our 

theoretical calculations of heat transfer coefficients according 

to the well-known Eqns. (15-20) [38-43] and in (C) – our 

theoretical calculations of turbulent viscosities and thermal 

conductivities according to our formulas (9, 10, 15).  

Using the experimental results of the work [19], we 

calculated for all temperatures and thermo-physical quantities 

the values of turbulent viscosities and thermal conductivities 

using the formula (9) we derived. The hydrophilicity of the 

surfaces were chosen taking into account the work [25]. The 

surface tension coefficients of EG of the corresponding 

concentrations in water at appropriate temperatures were 

selected from the reference book [44]. 

In the calculations, within each temperature, for the 

possibility of fixing the percentage increase in the heat transfer 

coefficients, the Reynolds number was constant and equal to 

Re30 = 11.000, Re50 = 17.000 and Re70 = 22.000, respectively. 

These values of Reynolds numbers can be clearly seen in 

graphs (a), (b), (c) (Figure 3), [19]. 

As a result of a computer experiment using the program 

package Mathcad, the exponent X (degree of turbulization of 

the coolant flow) were obtained for temperatures of 30, 50 and 
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70℃, respectively: X30= 0.253; X50= 0.547; X70= 0.708 (Table 

2 (C), appendix). 

Table 2 (Appendix, columns 7–12) shows that a very 

positive experimental result obtained by the authors of [19] 

cannot be theoretically calculated using Eqns. (15–20, Table 

1). At a temperature of 30℃, experiments and theoretical 

calculations differ little by 2–3%, with the exception of 

equation (20). However, at a temperature of 50℃ and 

especially 70℃, the difference in results is very noticeable. 

This is about 10% or more. 

 

Table 1. Convective heat transfer correlations of TiO2 nanofluids 

 
Numerical equation Relevant information 

0.8 0.5
0.021 Re PrNu  =  (15) 

[38] 

 

Experimental study 

Turbulent flow Al2O3/water nanofluids; TiO2/water nanofluids: 

4 5

(0.0 3.0);

(10 Re 10 );

(6.5 Pr 12.3);

 

 

 

 

0.71 0.35
0.067 Re P 0.00 e5r R0 0Nu  = +  (16) 

[39] 

Experimental study 

Turbulent flow TiO2/water nanofluids: 

3 4

(0.2 0.25 );

(5 10 Re 3 10 );

 

   

 

0.707 0.385 0.074
0.074 Re PrNu =    (17) 

[40] 

Experimental study Turbulent flow TiO2/water nanofluids  

3 4

(0.2 2.0);

(3 10 Re 1.8 10 );

 

   
 

( )0.5 2/3

(0.125 )(Re 1000)Pr

1 12.7(0.125 ) Pr 1

f
Nu

f

−
=

+ −
 (18) 

( ) 2
0.79ln Re 1.64f

−
−=  

[41] 

Numerical study 

Fully developed turbulent flow: 
3 6

(3 10 Re 5 10 );

(0.5 Pr 2000);

   

 
 

( )0.5 2/3

(0.125 )Re Pr

1.07 12.7(0.125 ) Pr 1

f
Nu

f


=

+ −
 (19) 

( ) 2
0.79ln Re 1.64f

−
−=  

[42] 

Numerical study 

Fully developed turbulent flow: 
5 6

(5 10 Re 5 10 );

(0.5 Pr 2000);

   

 
 

0.6886 0.001 0.9238 0.4
0.0059(1 7.6286 ) Re Prd nf nfNu Pe

nf
= +

   

(20)
 

[43]  

 – volume concentration (%) 

 – volume fraction, 
100


 = ; 

Сomparison with the experimental results of the base liquid 
without nanoparticles and with them at the indicated 

concentrations (indicated in bold in the Table 2, appendix) 

does not confirm a positive result for a 1.5% concentrations of 

9.72% (30℃) and 22.75% (50℃) and 28.92% (70℃). In 

addition, the classical formulas and models for calculating the 

viscosities and thermal conductivities of nanosuspensions are 

also not suitable for calculating the viscosities and thermal 

conductivities of nanofluids. The paradox of this approach is 

that the classical equations for calculating heat exchange 

equipment (15–20, Table 1) contain the values of viscosity and 

thermal conductivity under conditions of a static coolant. The 

main inaccuracy of this approach, in our opinion, is that the 

amount of heat that is additionally transferred by chaotic 

moving nanoparticles in the turbulent heat carrier flow is not 

displayed or is barely displayed in the, molecular values of 

thermal conductivity and viscosity in static.  

To eliminate such shortcomings, this article proposes an 

approach to studying the behavior of nanoparticles in turbulent 

coolant flows, taking into account surface forces. 

As can be seen from the table 2(C) (columns 20 and 21), the 

increase in turbulent viscosity and thermal conductivity under 

the influence of TiO2 nanoparticles, calculated theoretically by 

us using the formulas (9, 10, 15), fully correlates with the 

experimental results of the work [19]. The discrepancy is 

observed at the level of up to 1%, which lies within the 

statistical errors of the experimental data and the operability of 

the formulas (9, 10, 15).  

The turbulent viscosity and thermal conductivity, which we 

calculated using formulas (12 and 10), correlate with the 

experiments of work [19] much worse, but better than 

equations (15–20, Table 2(B), columns 13 and 14). 

In the graphs, we presented the dependence of numbers Bl 

and Blturb. from temperature and the concentration of 

nanoparticles TiO2 in the base fluid. (Figure 1 a, b).  

From Figure 1 (a) and (b) and Table 2 it can be seen that at 

a temperature of 30℃ the molecular Bl number is almost 1.5 

times higher than turbulent number Blturb. This suggests that at 

relatively low temperatures, liquids with high molecular 

viscosity (type EG) cannot achieve high turbulent viscosity. 

With increasing temperature, the molecular viscosity 

decreases sharply and this makes it possible to sharply increase 

the degree X of turbulization of the flow. At 50℃, the number 

Bl of is already about 3 times less than the Blturb.  number, and 

at 70℃ it is about 6-9 times less. (Table 2, C), columns 18, 19 

are grayed out). 

The dependence of the numbers Bl (a) and Blturb.(b) from 

the concentration of TiO2 in the nanofluid is shown in Figure 

2. It can be seen from Figure 2 that the Blturb. number depends 

very little on concentration, since 1.5% of the maximum 

concentration weakly affects the degree of turbulization of the 

coolant flow. The concentration of particles in the base fluid 

affects the molecular Bl number is much more noticeable. And 

as a result: the turbulent thermal conductivity of the nanofluid 

increases from in temperature and in the concentration of the 

nanofluid (Figure 3). This explains the fact that nanoparticles 

transfer an additional part of thermal energy, and classical 

numerical equations, for example (15-20), do not record this. 
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The formulas (9, 10, 15) that we derived are actually universal 

numerical dimensionless equations for calculating heat 

exchange equipment, where the usual Reynolds and Prandtl 

numbers in fractional powers found empirically are not present. 
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Figure 1. Dependences of numbers Bl (a) and Blturb. (b) on 

the temperature of the coolant 
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Figure 2. The dependence of the numbers Bl (a) and Blturb. 

(b) the concentration of nanofluid TiO2 
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Figure 3. Dependence of turbulent thermal conductivity on 

temperature (a) and concentration TiO2 (b) of the coolant 

 

In formulas (9, 10), the only turbulent number Bl turb. is in 

the fractional degree X, whose value can be found analytically 

using the logarithmic relation (15). The degree of X depends 
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on many factors, mainly related to the temperature of the 

coolant and the percentage ratio of nanoparticles in the liquid.   

Our theoretical calculations, taking into account surface 

forces, were used in the work [45] to optimize openings in 

seeders while stabilizing seed planting. 

It should be emphasized that the classical approach to the 

calculation of heat exchange equipment is based on the that the 

Nusselt number is calculated using numerical equations that 

depend mainly on the Reynolds and Prandtl numbers, where 

the Reynolds number has the maximum degree, i.e. the of the 

turbulent component is maximal (for example, Eqns. 15-20, 

Table 1). When nanoparticles are added to the base fluid, they 

always contribute to an increase in molecular viscosity (Table 

2, A column 5), i.e. a decrease in the Reynolds number, since 

the molecular viscosity is in the denominator. In this case, the 

Prandtl number is almost unchanged, since the molecular 

viscosity and thermal conductivity, which are in the numerator 

and denominator, are mutually compensated. As a result, the 

heat transfer coefficient, using the classical equations, does not 

increase as much as in reality in the experiment. Therefore, a 

group of authors led by Rudyak in his works, for example, in 

the study [46], repeatedly indicates the impossibility of using 

classical equations for calculating heat transfer in nanofluids. 

The classical approach works as long as the molecular 

thermal conductivity increases faster than the molecular 

viscosity. Consequently, the classical equations more or less 

correctly fix the increase in convection coefficients only at low 

temperatures. At high temperatures, the contribution of the 

turbulent component increases, and the classical equations do 

not work completely. The main inaccuracy of the classical 

approach, in our opinion, is that in the classical equations there 

are only molecular characteristics of the coolant flow 

(viscosity and thermal conductivity), and all heat transfer 

equipment is calculated on the basis of operation in turbulent 

conditions. In addition, surface forces are not taken into 

account. 

Our approach to the calculation of heat exchange equipment 

is based on the account of the action of surface tension forces 

and turbulent viscosities as well as turbulent thermal 

conductivities of heat flows and is described by Eqns. (9, 10 

or 12, 10). Looking at Eq. (9), we can see that the turbulent 

viscosity of the coolant is proportional to molecular viscosity, 

numbers Bl and Blturb. The Bl number is responsible for the 

molecular component, and the Blturb. number is responsible for 

the convective (turbulent) component.  

Adding nanoparticles to the coolant has a positive effect if 

the product of the numbers Bl, Blturb. increasing. Under certain 

conditions, when the percentage of nanoparticles in the liquid 

becomes higher than a certain optimal value, the molecular 

component begins to prevail over the convective and the 

product of the numbers Bl, Blturb. may decrease. In this case, 

the indicator X, which is responsible for the degree of 

turbulization of the coolant flow at a certain maximum value 

of the number, can decrease. This clearly fixes in the formula 

(15). This explains the fact that most researchers say that the 

maximum concentration of nanoparticles in the base fluid 

should not exceed about 5% when the molecular component 

of the flow begins to slow its turbulence. 

Our theoretical studies also correlate well with the results of 

work [47], where experimental material is presented on the 

effect of ТiО2 nanoparticles at concentrations of 0.24; 0.60; 

1.18% vol. % on the base coolant – water. The behavior of L-

and T-flow regimes of the coolant is investigated. Experiments 

have shown an increase in heat transfer coefficients of 4.63; 

11.47 and 20.20% with coolant supply mode L and 4.04; 10.33 

and 21.87% for flow regime T, respectively.  

The product of the turbulent viscosity and heat capacity of 

the coolant gives turbulent thermal conductivity, and the heat 

transfer coefficient also includes a linear factor - the equivalent 

flow diameter or radius.  

 

3.3 An example of the calculation of the plate heat 

exchanger according to the classical method 

 

For a technological task, namely, heating cold milk with hot 

water, which was described in our previous works [33, 34], we 

calculated a shell-and-tube heat exchanger using a classical 

and new method. In this paper, we give an example of 

calculating the plate heat exchanger by the classical and new 

method for a similar technological problem. 

1. Thermal and physical properties of milk and water for 

average temperatures [33, 34]:

 - average temperature of cold milk Tc = 42.5℃;  

- average temperature of hot water Th = 72.5℃;  

- cold milk: ρc = 1020 kg.m-3; µc = 0.96·10-3 kg.m-1. s-1; 

kc = 56.98·10-2 W.m-1. K-1; σc = 47.75·10-3 N.m-1; 

cpc = 3.914·103 J.kg-1.K-1. 

- hot water: ρh = 970 kg.m-3; µh = 0.41·10-3 kg.m-1. s-1;  

kh = 67.7·10-2 W.m-1. K-1; σh = 62.25·10-3 N.m-1; 

Сh = 4.198·103 J.kg-1.K-1; 

2. The approximate surface area of heat transfer and the 

approximate overall heat transfer

 

coefficient [33, 34]: 

 

-2 -1 22113560
800 . .     94  

28 800app app

LMTD app

Q
U W m K A m

T U
 = = =

 
 

 

From Table 2.13 [48], we choose a set of plates of a plate 

heat exchanger with an approximate heat transfer surface area 

calculated in paragraph 6 for a shell-and-tube heat exchanger 

[33, 34], that is, about 94 m2. Plate type – A= 0.6 m2; Number 

of plates – N = 170; Total area of the plates – 

А = 100 m2; (this is the closest value to the approximate area 

Аapp =  94 m2 ).  

3. The layout of the plates is the simplest C: 85/85 (N/2);  

4. Cross section between the plates [48, p. 63] – 

Across. = 0.00245 m2;  

5. The rate Across of movement of cold milk between the 

plates  

 

1
;  0.0565 .

1020 85 0.00245

12

cro

c

c s

c

s

m
V

N
m s

A
−=


= =

 
 

 

6. The equivalent diameter of the channels between the 

plates A = 0.6 m2 [48, p. 63]) dE = 0.0083 m; 

7. The Reynolds number for cold milk is: 

 

3
0

0.0565 0.0083 1020
498 5

0.96 10
Re c E c

c

c

V d 
 −

 
= 


= =  – T regime; 

 

8. The Prandtl number for cold milk: 

 
3 3

2

,
 

0.96 10 3.914 10
6.59     

56.98 10

c

c

p c

c

c
Pr k

 −

−

  = = =


 

 

9. The Prandtl number for hot water: 

 

157



 

3 3
,

2
;

0.41 10 4.198 10
2.54

67.7 10
h P h

h

h

C

k
Pr

 −

−

  = = =


 
 

10. The Nusselt number for cold milk to calculate the plate 

heat exchanger [48, p. 63]: 

 
0.73 0.33 0.73 0.33

0.135 0.135 498 6.59 23.4;
c c c

RN eu Pr    == =
 

 

11. Coefficient of convection for cold milk: 

 

-2 1
. 23.4 0.57

1608 . ;
0.0083

c c

E

с

Nu k
W m К

d
h

−
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12. Hot water speed: 

 

133.5
 0.166 m.s ;

970 85 0.00245 
cross

h

h

h

m
V

NA
−==


=


 

 

13. Reynolds number for hot water: 

 

3

0.166 0.0083 970
 3934.6 50

0.
Re

34 10

h E h

h

h

V d 
 −

 
= 


= =  

–T regime; 

 

14. The Nusselt number for hot water to calculate the plate 

heat exchanger [48, p. 63]:
 
 

 
0 73 0 33 0 73 0 330 135 Re Pr 0 135 3934 6 2 54 72.72. . . .

h h h
Nu . . . .=  =   =

 
 

15. Coefficient of convection for hot water: 

 

-2 172.72 0.677
5931 .

0.0083

h h

E

h

Nu .k
W m К

d
h

−
= = = 

 
 

16. Thickness of the plate – bpl. = 1∙10-3 m 

17. The coefficient thermal conductivity of stainless steel: 

kw = 17.5 W.m-1.К-1; 

18. The overall heat transfer coefficient with taking into the 

resistance of fouling (water average quality is [48, p. 63]: 

 
11 -3

2 11 1 1 110 1 1
2 2 = 660 .

1608 17.5 5931 3000

pl

c w h

b
U r W m К

h k h

−−

− −
= + + + = + + + 
   

     
 

 

19. The heat exchange surface area: 

 

287.103
66028

2113560
m

UT

Q

LMTD

=


=


 

 

The lack of surface area of heat transfer is 103.87 m2. 

20. The shortage of heat transfer area: 

 
100 103.87

100 % 3.73 %
103.87

−
 = = −

 
 

21. We change the layout of the plates for the cold milk, 

thereby increasing the speed of movement in the space 

between the plates: Layout of plates C: 85/(42+43). The speed 

of milk will increase by 2 times, that is, the Reynolds number 

will increase by 2 times, and the convection coefficient 

according to the number equation will increase by 20.73 = 1.66 

times. In paragraphs 9, 10 of this calculation for cold milk, the 

convection coefficient hс will increase by 1.66 times: hс = 

1608·1.66 = 2669 W.m-2·K-1; 

22.
 
With this layout of plates C:85/(42+43) the overall heat 

transfer coefficient with taking into the resistance of fouling 

(water average quality is [48]: 

 
1 1

-3
-2 -11 1 1 1 10 1 1

2 2 789 . .
2669 17.5 5931 3000

pl

c w h

b
U r W m К

h k h

− −
   

= + + + = + + + =   
  

 

 

23. With this arrangement of the plates, it is necessary to 

make an amendment to the mixed (cross-flow) in the interplate 

space. Then the required heat exchange surface area is: 

 

287.86
78997.083.30

2113560
m

UT

Q

LMTD

=


=
  

24.

 

Heat exchange surface area reserve: 

 
100 86.87

100 %
86.8

15.1 %.
7

 
−

 = =  

 

3.4 The calculation of the plate heat exchanger by the new 

method (An example of calculating a plate heat exchanger 

using formulas (9, 10, 15) of this work 
 

1. Bl number for cold milk by the formula (5): 

 

7968.1
70.01075.47

39141096.0

cos

1

3

30

=



=




= −

−



 KC
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2. The average speed of cold milk: 

 
3

1

3
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8.3 10 1020
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−
−
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3. The exponent X of cold milk by the formula (15): 

 

0

2Re 0.07 2 996
ln ln
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4. The Number Bl turb. for cold milk by the formula (6): 

 
0.1290

. ;
1 3914

2.26
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X

p
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C K
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V

−
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5. The turbulent viscosity of cold milk according to the 

formula (9): 

 
-3 3

.
0.96 10 2.26 1.7968 3.90 10.turb turb

Bl Bl Pa s  −=   =    =  
 

 

6. Turbulent thermal conductivity of cold milk by the 

formula (10): 

 
3 -1 -1

. .
3.90 10 3914 15.26 .

turb turb p
k C W m K −= =   = 

 
 

7. Bl number for hot water by the formula (5): 
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8. The average speed of hot water: 
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9. The exponent X of hot water by the formula (15): 

 

0
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ln ln
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10. The Number Bl turb. for hot water by the formula (6): 
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;
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11. The turbulent viscosity of hot water according to the 

formulas (9): 

 
-3 3

.
0.41 10 18.31 0.502 3.769 10.turb turb

Bl Bl Pa s  −=   =    =  

  

12. Turbulent thermal conductivity of hot water by the 

formula (10): 

 
3 -1 -1
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13. The overall heat transfer coefficient, with taking into the 

resistance of fouling (water average quality, account is: 

(see [33, formula 5] and [34, formula 8]): 
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Equivalent radius of the channels between the plates: 

 

3
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14. The difference in heat transfer coefficients calculated by 

the classical and new method: 

 
789 794.8

100 % 0.73 %
794.8

−
 = = −

 

 

For a similar technological problem in this work, using the 

classical method, we got the result Up = 789 Wm-2K-1. When 

using formulas (9, 10, 15 – 794.8 W.m-2K-1. The LBL 

resistance for two heat carriers (milk and water) was not taken 

into account. The mismatch is only 0.73%.  

From these comparisons, we can conclude that the new 

method is perfectly suitable not only for calculations of heat 

exchange equipment when using nanofluids, but also when 

using conventional liquid and gas coolants. 

The difference in calculation in the new and classic method 

– 0.8%, which lies within the statistical error and is very 

acceptable. If we take into account the thermal resistance LBL, 

which is about 1.5% for two heat carriers, the total calculation 

error will not exceed 0.5%. 

 

 

4. CONCLUSIONS 

 

1. The extensive material of works devoted to the use of 

nanofluids in heat exchange equipment has been analyzed. It 

was found that, based on experimental studies of most authors, 

the results are very contradictory, and nanofluids give a 

positive result in terms of increasing heat transfer coefficients 

by about (10–30)%. In this case, the concentration of 

nanoparticles in the nanofluid should not exceed about 5%. It 

is shown that classical calculations of heat exchange 

equipment based on the use of Nusselt and Prandl numbers in 

a number of empirical equations, for example (15–20, Table 

1), and the use of classical equations for calculating the 

viscosities and thermal conductivities of nanofluids, do not 

give a positive result in increasing heat transfer coefficients, 

although all experimental studies report such an increase. 

2. Using the method of hydrodynamic similarity, taking into 

account surface forces, and also taking into account our 

previous work [34], we obtained universal numerical 

equations (9, 10, 15) for the possibility of calculating heat 

transfer equipment when finding turbulent viscosities and 

thermal conductivities of liquid coolants. 

3. By us the universal logarithmic equation (15) is derived 

for calculating the exponent X of the turbulent number Blturb., 

which shows the degree of turbulization of the coolant flow 

and depends on the molecular Bl number and temperature.  

4. The dependences of turbulent and molecular Blturb, Bl 

numbers, on the temperature and concentration of 

nanoparticles shown in Figures 1, 2. The mutual influence of 

numbers Blturb, Bl on the turbulization of coolants flows and 

on their heat transfer properties is shown. 

5. The optimization of the parameters of the functions, 

which is described by formulas (9, 10, 15), was carried out by 

us on a personal computer using the Mathcad software 

package.  The results of these numerical calculations of 

computer simulation of the experiments of the work [19] are 

listed in Table 2 (A, B, C) (Appendix). 

6. The experimental results of the work of Malaysian and 

Iran authors [19] on the effect of TiO2 nanoparticles with a 

concentration of 0.5%; 1.0% and 1.5% in a basic liquid 

solution of EG in water in a volume ratio of 40:60% by heat 

transfer coefficient is compared with our theoretical studies. 

Satisfactory similarity of the experimental results of [19] with 

our studies is shown. The result of the experiment [19]: an 

increase in heat transfer coefficients by 9.72%, 22.75%, 

28.92% for 1.5% volume concentration of TiO2 nanoparticles 

at a coolant temperature of 30℃, 50℃, 70℃, respectively. 

Our theoretical result: an increase in heat transfer coefficients 

by 9.79%, 22.22%, 29.09% using the formulas (9, 10, 15) we 

obtained that takes into account the effect of surface tension 

forces on nanoparticles and on the total nanofluids flow in the 

channels of heat exchange equipment.  

7. A new method for calculating heat-exchange equipment 
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using nanofluids is presented, taking into account the action of 

surface tension forces, as well as predetermining the 

calculation of turbulent viscosities and thermal conductivity of 

nanofluids. 

8. A new method for calculating heat exchange equipment 

does not contradict the classical one. In addition, the values of 

the total heat transfer coefficients calculated by the two 

methods practically coincide and differ by tenths of a percent.  

9. Compared with the classical, in our opinion, the new 

method has several advantages:  

- Nusselt, Prandtl numbers and convection coefficients are 

not determined, but turbulent thermal conductivities of heat 

carriers are calculated in the central part of heat carrier flows; 

- the calculation of turbulent thermal conductivities of heat 

carriers is much simpler than the calculation of Nusselt 

numbers and convection coefficients, which can be rather 

cumbersome and complex when using liquid heat carriers with 

nanoparticles.   

10. The theoretical calculation of the plate heat exchanger 

for the technological task of work, which is performed by 

classical and new methods, is presented. Similar results were 

obtained, which differ by 1-2 of a percent. The plate heat 

exchanger was calculated using the new method using TiO2 

nanoparticles in water and in a mixture of EG in water at a 

ratio of 40:60%, as well as when pumpkin vegetable oil was 

added to milk with the optimal concentration [49].  
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NOMENCLATURE 

 

A heat transfer area, m2  

Aapp approximate surface area, m2 

Acros cross-sectional area, m2  

a experimental coefficient  

Bl dimensionless number 

Blturb. turbulent dimensionless number  

bpl thickness of the plate, m  

Сp specific heat capacity, J.kg-1. K-1
  

Сp.c specific heat capacity of milk, J.kg-1. K-1 

Сp.h specific heat capacity of water, J.kg-1. K-1 
cos  cosine of the contact angle, dimensionless  

d diameter, m  

din inner diameter of pipes, m  

dE equivalent diameter, m 

f hydraulic frictiocn coefficient 

h convective heat transfer coefficient, W. m−2 .K−1   

k thermal conductivity, W. m-1. K-1 

kturb.c coefficient of average turbulent thermal 

conductivity of cold milk, W.m-1.K-1;  

kturb.h coefficient of average turbulent thermal 

conductivity of hot water, W.m-1.K-1  

kw thermal conductivity of stainless steel,W.m-1.K-1 

L length of the pipeline, m  
 mass flow rate, kg.s-1  

n number of the tubes  

N Number of plates   

Pr Prandtl number 

ΔP pressure drop along the pipe or unit, Pa  

Q
 

heat transfer rate, W 

r pipeline radius, m 

re equivalent radius of the channels between the 

plates, m  

Re Reynolds number  

T temperature, °C 

TLMTD log mean temperature difference, °C 
U  overall heat transfer coefficient, W. m−2. K−1

  

Uapp approximate overall heat transfer coefficient,  

W. m−2. K−1 

V velocity, m.s-1 

Vc velocity of the milk, m.s-1  

Vh velocity of the water, m.s-1  

W volume flow rate of liquid (coolant), m3.s-1 

X unknown  exponent  

  

Greek symbols 

 

δ average thickness of the LBL, m  

μ dynamic viscosity coefficient, kg.m−1 s−1  

μtrans coefficient of transitional viscosity of coolant, 

kg.m−1 s−1  

μturb coefficient of turbulent viscosity of coolant, 

kg.m−1 s−1  

ρ fluid density, kg.m−3  

σ surface tension coefficient of coolant, N.m-1
  

  volume concentration, % 

φ 
volume fraction,  

100


 =  

 

Subscripts 

 

app approximate 

cros cross 

c cold (milk) 

E equivalen 

f fluid 

h hot (water) 

in input  

LBL laminar boundary layer  
LMTD log mean temperature difference 
nf nanofluid 

out output  

pl plate 

prop proposed 

trans transitional  

turb turbulent 

w wall 

  

Abbreviations 

 

EG ethylene glycol 

LBL laminar boundary layer 

 

 

APPENDIX 

 

Table 2(A). Thermo-physical properties of TiO2 nanofluid. The base fluid used was a mixture of distilled water and EG in a 

volume ratio of 60:40 

 
Тhermo-physical properties of TiO2 nanofluid. The base fluid used was a mixture of distilled water and EG in a volume ratio of 

60:40 from experiment [19] 

Volume Concentration, (%) Density, (k. m-3)  Specific Heat, 

Cp (J.kg-1.K-1) 

Thermal Conductivity, 

k (W.m-1.K-1) 

Viscosity,  

μ  (kg.m-1.s-1) 

Prandtl number, Pr 

m
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1 2 3 4 5 6 

Temperature: 30oC Increase from experiment, 9.72 % [19] 

0.0 1055 3502.0 0.413 0.00240 20.3 

0.5 1071 3446.5 0.418 0.00251 20.7 

1.0 1087 3392.7 0.433 0.00265 20.8 

1.5 1103 3340.4 0.441 0.00279 21.1 

Temperature: 50oC Increase from experiment, 22.75 % [19] 

0.0 1045 3569.0 0.428 0.00157 13.1 

0.5 1061 3511.7 0.432 0.00164 13.3 

1.0 1077 3456.0 0.448 0.00177 13.6 

1.5 1093 3402.0 0.488 0.00182 12.6 

Temperature: 70oC Increase from experiment, 28.92 % [19] 

0.0 1033 3636.0 0.438 0.00111 9.21 

0.5 1049 3576.7 0.443 0.00125 10.1 

1.0 1065 3519.1 0.462 0.00143 10.9 

1.5 1081 3463.3 0.501 0.00148 10.2 

 

Table 2(B). Thermo-physical properties of TiO2 nanofluid.  

The base fluid used was a mixture of distilled water and EG in a volume ratio of 60:40 

 
Volume 

Concentration, 

(%) 

 

Theoretical heat transfer coefficient, derived by us (W.m-2.K-1) (В) Turbulent 

viscosiy, 

μturb .103 

(kg.m-1.s-1) 

derived by us 

from the Eq. 

(12) 

Turbulent 

conductivity 

kturb,  

(W.m.-1K-1), 

derived by us 

from the  

Eq. (10) 

h15 

From the 

equation 

(15, Table 

1) 

h16 

From the 

equation 

(16, Table 

1) 

h17   

From the 

equation 

(17, 

Table 1) 

 

h18   

From the 

equation  

(18, 

Table 1) 

 

h19  

From the 

equation 

(19, Table 

1) 

 

h20 

From the 

equation 

(20, Table 

1) 

1 7 8 9 10 11 12 13 14 

Temperature: 

30oC 

Theoretical increase, %   

8.8

 

8.1

 

11.6

 

8.3

 

8.3

 

29.3

 

a=0,05

 

10.9% 

 

0.0 4182.6 3817.3 4386.4 3272.5 3599.0 7009.4 23.14 81.05 

0.5 4268.5 3885.1 4244.5 3335.6 3668.6 7120.8 24.21 83.43 

1.0 4429.1 4029.1 4634.3 3461.6 3806.8 8183.6 25.56 86.71 

1.5 4550.7 4128.1 4894.7 3543.4 3898.1 9060.8 26.91 89.88 

Temperature: 

50oC 

Theoretical increase, % 

12.3

 

12.8

 

16.0

 

12.3

 

12.3

 

38.9

 

a=0,065

 

10.5% 

0.0 4924.6 4673.1 3835.5 4284,8 4552.6 5885.0 24.47 87.33 

0.5 5016.0 4745.4 3703.6 4350.8 4621.8 6214.3 25.55 89.74 

1.0 5263.8 4960.2 4080.1 4549.9 4834.0 7168.7 27.59 95.34 

1.5 5528.5 5273.4 4450.9 4813.7 5114.7 8173.9 28.37 96.51 

Temperature: 

70oC 

Theoretical increase, % 

20.5 

 

17.1 

 

22.7 

 

19.0 

 

19.1 

 

41.5

 

a=0.08

 

27.1% 

0.0 5195.6 5190.7 4821.9 4918.2 5049.4 5440.5 24.21 88.04 

0.5 5500.3 5349.3 5199.6 5154.3 5298.4 5701.8 27.28 97.57 

1.0 5959.3 5721.1 5582.3 5535.8 5693.9 6753.9 31.20 109.8 

1.5 6263.4 6077.3 6108.3 5851.3 6014.8 7700.7 32.30 111.9 

 

Table 2(C). Thermo-physical properties of TiO2 nanofluid.  

The base fluid used was a mixture of distilled water and EG in a volume ratio of 60:40 

 
Volume 

Concentration, 

(%) 

Hydrodynamic characteristics of the coolant flow using the equations, derived by us. 

(X is calculated according to the logarithmic empirical-analytical relation (15) (С) 
Surfase 

tension 

coefficient 

103 

(N.m-1); In the 

works [44, 

25] 

Fluid linear 

velocity, 

(m.s-1); 

Hydrophilicity; In 

view of the works 

[44, 25] 

Bl 

Number 

from the 

Eq. (5) 

Blturb 

Number 

from the 

Eq. (6) 

Viscosity 

turbulent, 

μturb .103 (kg.m-1.s-

1) from the Eq. (9) 

Thermal 

Conductivity 

turbulent, kturb,  

(W.m.-1K-1) 

from the Eq. (10) 

1 15 16 17 18 19 20 21 

Temperature: 

30oC Re =11.000 (X = 0.253) 

Theoretic. 

increase 

9.79 % 

0.0 58.00 1.563 0.636 3.850 2.508 23.17 81.15 

0.5 57.99 1.611 0.730 3.481 2.484 21.70 74.79 

1.0 57.22 1.676  0.735 3.670 2.454 23.87 80.97 
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1,5 55.30 1.739 0.740 3.940 2.426 26.67 89.10 

Temperature: 

50oC Re =17.000 (X = 0.547) 

Theoretic. 

increase 

22.22 % 

0.0 55.36 1.596 0.788 2.150 7.254 24.48 87.39 

0.5 55. 15 1.642 0.790 2.230 7.110 26,00 91.32 

1.0 54.49 1.746 0.800 2.387 6.845 28.92 99.95 

1,5 51.59 1.769 0.807 2.549 6.767 31.40 106.81 

Temperature: 

70oC Re =22.000 (X = 0.708) 

Theoretic. 

increase 

29.09 % 

0.0 51.19 1.477 0.795 1.581  13.82 24.25 88.19 

0.5 51.08 1.638 0.800 1.707 12.77 27.25 97.46 

1.0 51.03 1.845 0.810 1.807 11.67 30.16 106.13 

1,5 51.00 1.882 0.880 1.941 11.44 32.87 113.85 
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