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ABSTRACT. In this paper, we establish a new variant of ¢g-Hermite-Hadamard inequality for convex
functions via left and right g-integrals. Moreover, we prove some new g-midpoint and g-trapezoid type
inequalities for left and right g-differentiable functions. To illustrate the newly established inequalities,
we give some particular examples of convex functions.
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1. Introduction

A function T: I — R, where [ is an interval in R is called convex, if it satisfies the inequality
T(te + (1 —t)y) <tT(z) + (1 -1)Y(y),

where z,y € [ and t € [0,1].

It is also well known that T is convex if and only if it satisfies the Hermite-Hadamard inequality,
stated below (see [13]):

A2
AL+ Ao 1 T (A1) + T(A2)
< < AT A2 .
T( . )_AFAI/T(I)dx_ . , (1.1)
A1

where T: I — R is a convex function and A1, Ay € I with A\; < As.

On the other hand, in [6], Alp et al. proved the following version of quantum Hermite-Hadamard
type inequality for convex functions using the left quantum integrals:

A2
T(Q/\lpi /\2) < ~ i " /T(x) ydgr < qT()\IEZ—]:T()\Q). (1.2)
A1
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Recently, Bermudo et al. 8] used the right quantum integrals and proved the following variant of
Hermite-Hadamard type inequality for convex functions:

A2
T()\l +q)\2> < " 1 5 /T((E) )\qux < w (1.3)
2 — A1
A1

2lq 2l

For the left and right estimates of inequalities and ([1.3)), one can consult [31/417,9.12//16}/20/21].
In [22], Noor et al. established a generalized version . In [1/5,/10L[18], the authors used
convexity and coordinated convexity to prove Simpson’s and Newton’s type inequalities via g-cal-
culus. For the study of Ostrowski’s inequalities, one can consult [2}[11].

Inspired by the ongoing studies, we prove a new version of ¢-Hermite-Hadamard inequalities
for convex functions and prove some new midpoint type inequalities for g¢-differentiable convex
functions. We also prove that the newly established inequalities are the generalization of existing
Hermite-Hadamard inequality and midpoint inequalities.

The structure of this paper is as follows: The fundamentals of g-calculus, as well as other rele-
vant topics in this field, are briefly discussed in Section 2. In Section 3, we provide a new variant
of the g-Hermite-Hadamard inequality for convex functions and use an example to demonstrate
the new inequality. In Sections 4 and 5, some g-midpoint and g¢-trapezoid type inequalities for g-
differentiable functions are studied using g-integrals. It is also taken into account the relationship
between the findings given here and similar findings in the literature. We provide some math-
ematical examples in Section 6 to demonstrate the validity of the newly developed inequalities.
Section 7 concludes with some research suggestions for the future.

2. Basics of g-calculus

In this section, we first present the definitions and some properties of quantum derivatives
and quantum integrals. We also mention some well known inequalities for quantum integrals.
Throughout this paper, let 0 < ¢ < 1 be a constant.

The g-number or g-analogue of n € N is given by

1—q"

e = T, =l4+q+q+--+q" " (2.1)
The ¢-Jackson integral for the function T over [0, \1] is defined as (see [15]):
A2 -
[ Y@= 1= 02 Y 0" T0w) 22)
0 n=0

and ¢-Jackson integral for a function T over [A1, Az] is as follows (see [15]):

pys Az A
/T(w)dqx = /T(m)dqm—/’r(as)dqx. (2.3)
A 0 0

DEFINITION 1 (]26]). Let T: [A1, A2] — R be a continuous function. Then the left g-derivative of
function T at x € [A1, A2] is defined by
YT(x)—-7T 1—g)A
(2) = Tlgz+ (A=QM) oy

DY (z) = (1-g)@—-M\) (2.4)
liH/\l amDgY(2), if = Ag.
T—rA1
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The function T is said to be ¢-differentiable function on [Aq1, Ae] if », D,Y(z) exists for all = €
[A1, Aa].
Note that if \; =0 and (D, Y(z) = DY (z), then (2.4) reduces to
7T(?1):;r)gfw), if  # 0;
lim D, Y(x), ifx=0,

x—0

DY (z) =

which is the g-Jackson derivative (see [15,/17},/26] for more details).

THEOREM 2.1 ([26]). If T,g: J — R are g-differentiable functions, then the following identities
hold:

(i) The product Yg: [A1, A2] — R is g-differentiable on [A1, Aa] with
2 Dg(Tg) () = T(2)x, Dag (@) + g(gr + (1 = g)A1)x, Dy(2)
= g(x)x, Dy Y () + T(gz + (1 — q)A1)r, Dyg()
(ii) If g(x)g(qz + (1 — @)A1) # 0, then Y /g is g-differentiable on [A1, A2] with
T)(x) _ g(x)x, DY (x) — Y(x)r,Dyg(x)
9(@)g(gr + (1 = g)A1)

DEFINITION 2 (]26]). Let T: [A1, A2] — R be a continuous function. Then the left g-integral of
function T at z € [\, Ao] is defined by

z

[ X@hdie = 0= 6= 20 > T + (1= ")), (2:5)
Y n=0

The function Y is said to be g-integrable function on [A1, Xo] if [ Y(z)y,d,x exists for all z €

A1
[A1, As).
Note that if Ay =0, then (2.5 reduces to
[ @dir = [ Y@idr =1 02 Y 0" v(a2),
0 0 n=0

which is the g-Jackson integral (see [15/17,26] for more details).

THEOREM 2.2 ([26]). If T: [A1,A2] — R is a continuous function and z € [A1, 2], then the
following identities hold:

(i) D, Af T(2)x, dgz = T(2);

(i) [ Dy Y(@)rdgr = T(2) — T(e) for ¢ € (M, 2).

On the other hand, Bermudo et al. defined the following new quantum derivative and quantum
integral which are called right g-derivative and right g-integral:
DEFINITION 3 ([8]). The right g-derivative of mapping Y: [A1, A2] — R is defined as:
T 1—q)A) =T

(go+ (A -qho) = T@)

(1—q) (A2 — =)
If x = Ao, we define 2D, T (\2) = lin/\1 A2 D, Y () if it exists and it is finite.
T—>A2

DY (x) =
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DEFINITION 4 ([8]). The right ¢-definite integral of mapping Y: [A1, A2] = R on [A1, A2] is defined
as:

/T 2d,x = (1—q)(Aa — A1) qu ("M + (1 —d")N0).
k=0

THEOREM 2.3 ([8]). If T: [A1, A2] = R is a continuous function and z € [A1, \a], then the following
identities hold:

A2
(i) 3 Dq [ T(@)xdgz = =T (2);
A2
(i) [ 2 Dy Y (@) gz = T0) — T(2).
c
LeEMMA 2.1 ([24]). For continuous functions Y, g: [A1, Ao] = R, the following equality holds:

/g ) 22Dy (tA1 + (1 —t) Ag) dgt

gt YT (A + (1 —t)A) ]
A2 — A1 o

1
_ /Dqg(t)T (gt + (1= gt) Ag) dyt —
Ao — Ap
0
LEMMA 2.2 (]25]). For continuous functions YT, g: [A1, 2] = R, the following equality holds:
/g WDyT (P + (1— DA d,
0

g T (A + (1 —1H)A)|°
B A2 — A1

/Dqg (gtha + (1 — gt) A1) dgt
NSV

3. ¢-Hermite-Hadamard inequality

THEOREM 3.1. Let T: [A1, A2] = R be a convex mapping, then we have the following inequality:

A1 +Ag
ESE2Y) s
A1+ A 1 A T(A1)+T(>\2)
< 2 < — — ~7 .
T( . )Az—All / T(z) a,dgr + / T(z) *2dgz| < . (3.1)
A1 >\1;>\2
Proof. Since T is a convex function, therefore
r+y
< .
2T< . ) < T(z) + T (y)
By letting z = %)\1 + %)\2 and y = %)\1 + %)\2, we obtain
A1+ A 2—1 t t 2—1
< — — . .
2T< 2 )-T( 2 )‘1+2A2)+T(2A1+ 2 AQ) (3:2)
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g-integrating the inequality (3.2)) over [0, 1], we have

1

() < fr(an e (2 aas [e0ur (2 o))
0 0

)\12)\2
2
= )\2 — )\1 T(:L') }\ldqx +
A1

hence, the first inequality proved. We again use the convexity of T to prove the second inequality,
we have

A2

T(x) A2 dqxl ,

A1+Ao
2

2 - Faa) € T + T (h). (3.3)

2—1 t t
T(Z=h+ 5x) + (A
5 M + 572 + oM +
g-integrating the inequality (3.3]) over [0, 1], we have

A1+
1 2 Ao

Ao E Y [ / T(z) xdgz + / T(z) 2d,>

A1 A1tAg
2

< T()\l) + T()\Q).

Thus, we obtain the required inequality. O

Remark 1. In Theorem [3.1] if we set ¢ — 17, then we obtain the classical Hermite-Hadamard

inequality (L.1)).

Ezample 1. For a convex function T(x) = 2. From Theoremwith M =0, =1landgqg= %,

we have T(}\1+/\2):<0+1)2:025
2 2 o
21122 Ao
)\2i)\1 [ )[ T(x) rdgz —&—w T(x) A"’dqxl
R RO RO RO RO R}
=0.30
and

= =0.5.

Thus, it is clear that the obtained inequality in Theorem is valid.

4. Midpoint inequalities

In this section, we prove some left-estimates of the newly proved Hermite-Hadamard inequality
(3.1) using the g-differentiability of the function.
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LEMMA 4.1. Let T: [A;,A\2] C R — R be a function. If the functions y, D, and *2D,Y are
continuous and integrable over [A1, A2], then we have the following new equality:
1 7
/ T(x) a,dgz + / T(x) *2d,x
Ao — A1

v <>\1 —+ )\2)
2
A1 A1tAg
2

1 1
(A2 — A1) t 2—t 2—t t
== |« 2D, M T Jdgt = [ gt DY (T4 A | gt
0

0

A14+Ao

(4.1)

Proof. Let

1 1
Ay — A too2—t 2t ¢
Q2= h) /qt DT Sh o+ e dqt*/qt y Dy Y At g A2 | dgt
4 2 2 2 2 (4.2)

0 0

_ M) ; M) [ — Io).

From Lemma [2.1] we have

1
t 2t
I = /qt 2D, <2)\1 + = )\2> dgt
0

1
2q AL+ Ao 2q AL+ A2
— T T —
(A2 — A1) ( 2 ) " (A2 — A1) 0/ ()\2 a ( 2 /\2>> dot
2q <)\1 +/\2> 2q > ( 41 (/\1 + A2 >)
- _ T + 1-— Y Ay + ¢" — =
Oz — A1) 2 o) Q);q 2 2 i
2q )\1—1—)\2) 2 = 1 < 1()\1+>\2 ))
= - Y + 1— Y (g gt (ZLT22
i ( ) e (LRI 244 T,
2 )\1+)\2> 2 = < (A1+A2 ))
= T + 1- nr (A g (22222 )
i ( )t e 00T (e (M5
2q <>\1+/\2>
- T
(A2 — A1) 2
2 . A+ Ao )) (A1+A2)
+ 1 " A2+ q" A )| =(1=q)7T
o) | q);q (2 ! ( 2 2)) T
AL+ A 4 7
2 1+ 2) / A
= — T + T(x) “2d,z. 4.3
A2 — M ( 2 (A2 —Ap)? () g )

A1+Ao
2

Similarly, from Lemma we obtain the following equality:

A1+Ao
2

2 ()\1+)\2

1
2t ¢ 4
— T e = — . (44
I /qt w Dy ( . >\1+2)\2)dqt e, . ) (ATMQ/T(:C) adgz. (4.4)
0 A1
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Thus, we obtain the resultant equality by putting (4.3) and (4.4]) in (4.2]). The proof is completed.
(Il

Remark 2. In Lemma if we take the limit as ¢ — 17, then we obtain [23; Corollary 1].

THEOREM 4.1. We assume that the conditions of Lemma hold. If the functions |x, Dy Y| and
‘)‘2 DqT| are convex, then the following inequality holds:

A1+

Az

! [/QT(I) andgr + / T(z) *2d,x

A2 — At
el AEA

2

T(>\1+/\2>‘

[al2lq [ D)+ g ([3], +¢%) DT (o) (4.5)

(A2 — A1)

321, 3] [0 (13, + a%) 1n DX O]+ al2ly 1 Do T (2)]]

q

Proof. On taking modulus in 1) and using convexity of |y, DyY| and |>‘2 DqT|, we have

A1+Ao

A2

1 2 )\1+>\2
1 T A2 -7
)\2—)\1[/ () Aldqﬂ/ () o ( 2 )‘
A A1t
Do) [/ 2
2 — A1 2 ¢ —t
0 f (250 o
0
1 P
—t t
oo (5 e
0
Na=) [ ] 2
_ t —t
§<2L”{/¢<ﬂ&mr@m+2!”%TQM)%t
0

2—1 t
+ [ (B DX 00+ DT 0o d

2
(AQ—Al) |: q A 1 [3]q+q2 A :|
=——|— "D, YT (M)|+ ¢g——— |"2D,/T (A
4 9 [3]q | q ( 1)| 2 [2]q [3](] } q ( 2)|
e — i) [1 B8], +¢° q
- D,Y —— |\, D,Y .
Thus, the proof is completed. O

Remark 3. In Theorem if we set the limit as ¢ — 17, then we obtain [19; Theorem 2.2].
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THEOREM 4.2. We assume that the conditions of Lemma hold. If the functions |x,D,Y|® and
| A2 D,Y|*, s > 1 are convez, then the following inequality holds:
v <>\1 + /\2> |
2

+¢%) 2D, Y (m\“’)i (4.6)

A1+
1 2 A

! [jr(x) andgz + / Y(x) *2d,x

A2 — A1

A1 A1tAo
2

=g, 23]

(8] + 4°) 3 D YOI + [2g 15, Dy T Qo) *
+( A 25 A ) ]

q

g2 — A1) Kmq Y2 D, T(A)|" + (3],

q

Proof. By taking modulus in (4.1) and using the power mean inequality, we have

)\1-;—)\2 /\2
1 AL+ A2
il [ e ] anad(242)
A1 %1?\2

dqt]

n Dy T( SV )\2>

s 1
dqt>

1 1
Ay — A t.o 22—t
SW[/qt A‘A‘Dq7f<2 5 2)‘dqt+/qt
0 0
1

1-1 L _
< et T M) (/qtd t) l(/qt 2D, T <;A1 ;2 5 t>\2)
0
1 1
(/qt dqt) ]
0

Applying convexity of [y, D,Y|* and |*2 DqT|S, we have

w D, T 2o+ AQ)

A1t+Ag N
1 A1+ A2
T Y(z) *2 -7
)‘2_)‘1[A/ (xnldqxil (@) e | -1 (25 )‘

o |=

e (thd t) K/lqt (;VQDQT(W”Q;’”qu”w dqt)
0 0

4 (th %hlpqr(ww 0 DT () )d t>£]
0

(
:()\2—>\1)<q>11{<]k2DT)\1| +; [fQ]]qJ[F] %2 D, T ()| )

q
1 [38l,+¢° s :
+ *q[]qithDqT()\lﬂ DT
q 2[3](1

Thus, the proof is completed.
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THEOREM 4.3. We assume that the conditions of Lemma hold. If the functions |y, DyY|” and
|>‘2DqT|S, s > 1 are convex, then the following inequality holds:
A1+ A2
-7
()]

q(X2— M) K 22D, Y M) + ([2)g + @) [*2 D, Y <A2>|S)i (4.7)
T A([r+ 1,7 2[2],

(121 + @) [0 DY) + |3, Dy T N2)]*\ *
(PP RO ),

A1+Ao

A2

[/ZT(m) adgx + / T(z) *2d,x
A1

A1+Ag
2

A2 — A1

where s~ 4+~ = 1.

Proof. On taking modulus in (4.1) and applying Holder’s inequality, we have

Algxz s

1 AL+ A

l e [ norad o(252)

A1 A1‘;4\2

(A )\ i 2 i 2

- t —t —t t
(A2 — A1) [/qt /\2DqT (2>\1 + )\2) ‘ dqt + /qt )\quT ( A+ 2)\2) dqt]
0 0

1

B2 fuaras)[(] o (255
0
+(01 )]

Using convexity of |5, D, Y| and [*2D,Y|*, we have

dqt> !

(/b

D T( SV Ag)

A1+
1 2 Ao

A;Al[ / T(z) rdgz + / T(x) *2dgz

A1 A1+A2
2

AL+ Ag
(M)
1 1

o <°/ ) l<o/ (;|A2DqT(A1)|S+2;tVZDqT(Az)V) dqt>s
i (/1 (2;t DT+ % AquT()\z)|s) dqt)i]
0

Co=A) (@ N[ (2D O] + (120, + @) 2 DY) *
-4 ([r H( 2[2], )

(1214 + @) 0 Dy YOOI + [0, DY)\ 7
*( TR, H

Hence, the proof is completed. O
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5. Trapezoid inequalities

In this section, we prove some right-estimates of the newly proved Hermite-Hadamard inequality
(3.1) using the g-differentiability of the function.

LEMMA 5.1. Let T: [A;,A2] C R — R be a function. If the functions y, D,X and *2D,Y are
continuous and integrable over [A1, A2, then we have the following new equality:

A14+Ao
2

Ao
T T 1
()\1) + ()\2) i / T({)S) )\ldqiﬂ-f- T(LL') Agdqx
2 A2 — Ap A
1
[/ 1—qt) D T( A+ ?)\g)dqt (5.1)
0

+

O\H

(qt — 1) D, T( "y + )\g)d }

Proof. Let consider

1 1
t 2—1 t 2—t
/ /\ZDT<2)\1—|— 3 >\2>dqt:/xzpqr<2)\1+ 5 )\2>dqt
0 0
/ 2
t —t
—/qt *p,T <2A1+ 5 )\2> dgt.
0

By the equality (4.3), we have

1

to2
/qt A2Dq1f(§A1 +

0

Az

—t 2 A+ Ao 4 A
= — T T 2 . (5.2
2 Ag)dqt Az — A1 ( 2 ) + (A2 — A\)? / (z) "dyz. (52)

A1tAg
2

On the other hand, by (2.2), Definition 4| and Theorem we have

1
, t 2—1t > n A q" 2—q"
/ A D,Y (2)\1 + 2)\2> det=(1—gq) Zq A D,T (2)\1 + /\2> dgt

2
0 n=0

> A+ A
:(1—q)Zq” A2quf( 1; 2q”+(1—q”)/\2>dqt

n=0
N (5.3)
2

oo / 22D Y (x) M2dgx

A1+Ao
2

_ AngI {T()\Q)—T(/\l_g)@)} .
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By equalities ([5.2]) and (5.3]), we have

1 A2
t 2t 2 4
(1—qt) 22D, ( =\ Ao ) dyt= —"—TNg) — ———— Y(z) *2d,z. (5.4
0/ at) Dy <2 1T 2) = o 1) (AQ—Al)“'AK () gz (54)

In similarly way, we can write

1 #
2—t t 2 4
-1 DY | —— = = T - T .
O/(qt ) Mg ( 2 )\1 + 2)\2> dqt )\2 _ )\1 ()\1) ()\2 B A1)2 / (l‘) Aldqx
1
This completes the proof. (Il

THEOREM 5.1. We assume that the conditions of Lemman 5.1| hold. If the functions |x,D,Y| and
‘)‘QD T| are convex, then the following inequality holds:

A1+
1 2 Ao

/T(x) adgr + / T(z) /\quxl

A1+Ao
2

TO)+T )
2 X2 — M1

(A2 — A1) T1a, 2\ 1,
< LB, P20, )] + (18], +a+ ) [ DT ()]

A — A

L Qe = Ay
8[2]4[3]4

Proof. On taking modulus in (5.1)) and using convexity of |, Dy Y|

A1+
1 2 Ao

T()\l)‘gT()Q) _ )\21/\1[ / T (z) xdgz + / Y(z) *2dga

1
Oef fiu
0

1

+/1—qt

0

(13, + 4+ ) D TOW] + [, DY) -

A1 >\1;>\2

" 2_¢
A21)(,16(5/\14r . AQ)

a1

<520 s (St 35 o)
0

dgt

DT( )\1+ )\2)

i 2 -
+0/ 1—qt) ( DT (M) + = lquT(Az)l) dqt}

_ (A= M) [
4 2[2]4[3]4
(A2 — A1) [[3]q +q+q°

3], +a+¢
2[2]q [3]

1?2 DY (A1)] + ‘)‘QDQT()\Q)‘]

q

o], ], PO S L

Thus, the proof is completed. |

5 D0 .
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Remark 4. In Theorem 5.1} if we set the limit as ¢ — 17, then we obtain [14; Theorem 2.2].

THEOREM 5.2. We assume that the conditions of Lemma hold. If the functions |, D,Y|® and
|*2D, Y%, s > 1 are convex, then the following inequality holds:

A1+Ao

2 A2
’HM);TMﬁA2iM[ / ) a1+ / T@)M%{
A1 A1tAg
o = A0) [/ PP + (18], + 0+ ) P2DTOR)| " 2 (5.6)
= Tap, [( 23], )

+

((Wq+q+f)hJ%T@03+AJ%T@ﬂP)wl

2[3],

Proof. By taking modulus in (5.1)) and using the power mean inequality, we have

A1+Ao

TA)+TR) 1 [/T(I) A\ dgr +

A2

2 A2 — M\

.
+!“1¢ | |
2 fo-ou (oo

e )]

Applying convexity of [y, D, Y|* and [*>D,Y|", we have

T (z) M2 dqx]

A1 A1tAg
2

’\2DQT<%)\1 42 . Da) | dgt

A1qu( Pa o+ )\2>’dqt}

s L
%Q

AquT<§>\1 + 2

7)

/\1D T ( /\1 + )\2)

A1+Ao
2

Az
T +T0) 1 / T(x) z,dgz + / Y(z) *2d,z
2 Ao — Aq
A1 >\142r>\2

1 1 1

:“Q;“%:u—wmgf“x[(ﬁyﬁw(;WDﬂOnF+%fPHMN&W)%QS
|

1
s

+(ja—w>G;HMmNMW+ WD) ) dt)
0
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Qe 1NTE 1 s Blata+a® N
- 241(m) Km%mJA%T“M'*2MAm PDﬂ“M)

3 2 g
(et DT 0l + gt D) |

q

Thus, the proof is completed. O

THEOREM 5.3. We assume that the conditions of Lemma hold. If the functions |x,D,Y|® and
| A2 D,Y|*, s > 1 are convex, then the following inequality holds:

ESEEYS A
TA)+TR) 1 / T(x) x,dgz + T(a) 2dga
2 A2 — A1
2 YESVY

1

(A2 — M) NI/ PED YO + (2 + ) 2D, T (BT
< B (‘“““)[(‘ 202] o)

q
0

1
+ (([2],, +9) [\ DY) + AquT()\z)IS) ]

2[2], ’
where s~ +r~1 = 1.

Proof. On taking modulus in (5.1) and applying Holder’s inequality, we have

A1+Ao
2

=TT d+/ 0o ]
g“”;Mﬂja—m> )

1 1
o fueara [ P e 50
#(f b (Bt ) ) ]

Using convexity of |y, D,T|” and |>‘2DqT|S, we have

1
dgt —&—/(1 — qt)

0

AQDJ( o+ 2 )\2)

>\1D T( )\1+ )\2)

dqt> !

i

o =

ESESYY Ay
T(A1) + 7T (A2) _ 1 / Y(z) »,dgz + / T(x) )\2dq$
2 A2 — A1
A #

1 1

(/ll—qt ) [(/1 <P2DT ) +2;t|A2DqT(A2)|5)dqt)s
0 0
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1

1
2 s
+<0/ ( DTN + & DT )dqt> }

i F/PeD, YO0 + (20 + @) 2D YO
(0/1‘“ ) [ 202, )

(([ Jo+ @) by DY) + [, DY (o) )]
22], '

Hence, the proof is completed.

6. Examples

In this section, we give some examples to support newly established inequalities.
Exzample 2. For a convex functions T: [0,2] — R is defined by T(z) =  + 4. From Theorem
with ¢ = 3, the left hand side of the inequality (4.5) becomes
AL+ A
v ( 1+ 2) |
2
A1 /\142r>\2

2 A2
L [ / T(x) a,dgz + / T(z) *2d,z
1 2
’ [/ (x+4) od%a:+/ (x+4) 2d2$] —5':0
0 1
and the right side becomes

Ao — M
2 = 20) 1o, 12D, ()| + 4 (18l + 62) [ DY ()]

8[24[3]q

(A2 — A1) , s
*SELBl, [q ([3]q +q ) Ix DY (M)] + al2] \MDqT(AQ)@ -5 [7 n 7}
— 0.42.

It is clear that 0 < 0.42 which demonstrate the inequality (4.5)).

Exzample 3. For a convex functions Y: [0,2] — R is defined by Y(z) = z + 4. From Theorem

with ¢ = % and s = %, the left hand side of the inequality 1' becomes

AITAQ )\2
1 AL+ A
Ty [ / T(z) »,dgz + / T(z) *2dgx —T(122)‘
’ ' A1 ESE2E )

1 2
[/(:v+4 Odgx—&-/ 2dim]—5’:0
1

4

DN =

|

0
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and the right side becomes

q (A2 — A1) [([ﬂq ‘AquT(Al)‘S + ([38]g +¢°) |2 DT ()‘2)|S)é
4[2}(1 2[3](1

(Bla + ¢) I DT OO + 2]y 1y Dy T Q)" ¥
iy 2[3} )] <0t

It is clear that 0 < 0.57 which demonstrate the inequality (4.6)).

Example 4. For a convex functions T: [0,2] — R is defined by Y(x) = z 4+ 4. From Theorem [4.3
i

with ¢ = %, s = % and r = 3, the left hand side of the inequality (4.7]) becomes
A1+A9o Az
1 A1+ Ao
N R R}
1 >\142r>\2

[O/(z+4) 0d3z+1/(z+4) 2diz] 5’0

DN | =

1

and the right side becomes
g (A2 — A1) < 1 ) {(|A2DqT(>\1)|S+([2}q+Q)|A2DqT(/\2)|S)
4 r+1], 2]

+ ((m +9) |A1qu<2x[21]>: + Mquz)ls)‘ ] — 0.53.

1
s

DO

It is clear that 0 < 0.53 which demonstrate the inequality (4.7).

Exzample 5. For a convex functions T: [0,2] — R is defined by T(z) =  + 4. From Theorem
with ¢ = %, the left hand side of the inequality 1| becomes

A1+Ao
2

A2
/ T(x) a,dgz + / T(x) ’\quxl
A A1+Ag

T(A) 4T (Xo) 1
2 X — N\

=0

1 2
:‘5—;[/(334—4) od%x—l—/(a:—i—él) Qde]
0 1

and right side becomes

(g[z]:[;]lq) (1204 )|+ (18, + 0+ ) 2Dy X0
(2 — A1)

Bl (Bl + 0+ @) DY O]+, DY Ou)l]| = 057,

q

It is clear that 0 < 0.57 which demonstrate the inequality (5.5)).
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Exzample 6. For a convex functions T: [0,2] — R is defined by T(z) = 2 + 4. From Theorem
with ¢ = % and s = %, the left hand side of the inequality 1} becomes

/\1;/\2 As
T(A1) + T (A2) _ 1 / Y (z) A, dgz + / T (x) Aqux
2 A2 — M
A\ A1tAo

=0

1 2
‘5[/ (x4 4) Od%x+/ (x4 4) 2d.2x]
0 1

and the right side becomes

(A2 — A1)
4[2],

2[3]

q

+

Bl, +q+ %) 5 DgYAD)[* + [5, Dy T (A2) "\
(( ) 213 ) ]_057

q

It is clear that 0 < 0.57 which demonstrate the inequality (5.6]).
Exzample 7. For a convex functions T: [0,2] — R is defined by T(z) = 2 + 4. From Theorem
i-

with ¢ = % = % and r = 3, the left hand side of the inequality (5.7]) becomes
A1 +Ag
Y1)+ T (M) 1 / b
1 - [ t@adet [ 1@ a0
2 Ao — A1

A1 A1tA2
pl

1 2
‘5[/ (x4 4) Od%aﬁL/ (2 +4) Qdix]
0 1

and the right side becomes

M(/l(l - qt)’”dqt)i [(‘MDQT(’\l)\S + (2l +9) ”\QDqT(/\Q)|s>§
0

=0

4 2(2),

(1214 + @) I D YOI + 15, Dy T\ * ]
+< ) o A > ]0.66.

It is clear that 0 < 0.66 which demonstrate the inequality (5.7)).

7. Conclusions

In this work, we proved a new version of g-Hermite-Hadamard inequality for convex functions
through left and right g-integrals. We also proved some new midpoint and trapezoid type inequal-
ities for left and right g-differentiable convex functions. It is new and interesting problem that the
upcoming researchers can obtain the similar inequalities for co-ordinated convex functions.
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