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ABSTRACT. In this paper, we establish a new variant of q-Hermite-Hadamard inequality for convex

functions via left and right q-integrals. Moreover, we prove some new q-midpoint and q-trapezoid type
inequalities for left and right q-differentiable functions. To illustrate the newly established inequalities,

we give some particular examples of convex functions.
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1. Introduction

A function Υ: I → R, where I is an interval in R is called convex, if it satisfies the inequality

Υ(tx+ (1− t)y) ≤ tΥ(x) + (1− t)Υ(y),

where x, y ∈ I and t ∈ [0, 1].

It is also well known that Υ is convex if and only if it satisfies the Hermite-Hadamard inequality,
stated below (see [13]):

Υ
(λ1 + λ2

2

)
≤ 1

λ2 − λ1

λ2∫
λ1

Υ(x)dx ≤ Υ(λ1) + Υ(λ2)

2
, (1.1)

where Υ: I → R is a convex function and λ1, λ2 ∈ I with λ1 < λ2.

On the other hand, in [6], Alp et al. proved the following version of quantum Hermite-Hadamard
type inequality for convex functions using the left quantum integrals:

Υ
(qλ1 + λ2

[2]q

)
≤ 1

λ2 − λ1

λ2∫
λ1

Υ(x) λ1
dqx ≤

qΥ(λ1) + Υ(λ2)

[2]q
. (1.2)
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Recently, Bermudo et al. [8] used the right quantum integrals and proved the following variant of
Hermite-Hadamard type inequality for convex functions:

Υ
(λ1 + qλ2

[2]q

)
≤ 1

λ2 − λ1

λ2∫
λ1

Υ(x) λ2dqx ≤
Υ(λ1) + qΥ(λ2)

[2]q
. (1.3)

For the left and right estimates of inequalities (1.2) and (1.3), one can consult [3,4,7,9,12,16,20,21].
In [22], Noor et al. established a generalized version of (1.2). In [1, 5, 10, 18], the authors used
convexity and coordinated convexity to prove Simpson’s and Newton’s type inequalities via q-cal-
culus. For the study of Ostrowski’s inequalities, one can consult [2, 11].

Inspired by the ongoing studies, we prove a new version of q-Hermite-Hadamard inequalities
for convex functions and prove some new midpoint type inequalities for q-differentiable convex
functions. We also prove that the newly established inequalities are the generalization of existing
Hermite-Hadamard inequality and midpoint inequalities.

The structure of this paper is as follows: The fundamentals of q-calculus, as well as other rele-
vant topics in this field, are briefly discussed in Section 2. In Section 3, we provide a new variant
of the q-Hermite-Hadamard inequality for convex functions and use an example to demonstrate
the new inequality. In Sections 4 and 5, some q-midpoint and q-trapezoid type inequalities for q-
differentiable functions are studied using q-integrals. It is also taken into account the relationship
between the findings given here and similar findings in the literature. We provide some math-
ematical examples in Section 6 to demonstrate the validity of the newly developed inequalities.
Section 7 concludes with some research suggestions for the future.

2. Basics of q-calculus

In this section, we first present the definitions and some properties of quantum derivatives
and quantum integrals. We also mention some well known inequalities for quantum integrals.
Throughout this paper, let 0 < q < 1 be a constant.

The q-number or q-analogue of n ∈ N is given by

[n]q =
1− qn

1− q
= 1 + q + q2 + · · ·+ qn−1. (2.1)

The q-Jackson integral for the function Υ over [0, λ1] is defined as (see [15]):

λ2∫
0

Υ(x)dqx = (1− q)λ2

∞∑
n=0

qnΥ(λ2q
n) (2.2)

and q-Jackson integral for a function Υ over [λ1, λ2] is as follows (see [15]):

λ2∫
λ1

Υ(x)dqx =

λ2∫
0

Υ(x)dqx−
λ1∫
0

Υ(x)dqx. (2.3)

Definition 1 ([26]). Let Υ: [λ1, λ2]→ R be a continuous function. Then the left q-derivative of
function Υ at x ∈ [λ1, λ2] is defined by

λ1DqΥ(x) =


Υ(x)−Υ(qx+ (1− q)λ1)

(1− q)(x− λ1)
, if x 6= λ1;

lim
x→λ1

λ1
DqΥ(x), if x = λ1.

(2.4)
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The function Υ is said to be q-differentiable function on [λ1, λ2] if λ1
DqΥ(x) exists for all x ∈

[λ1, λ2].

Note that if λ1 = 0 and 0DqΥ(x) = DqΥ(x), then (2.4) reduces to

DqΥ(x) =


Υ(x)−Υ(qx)

(1−q)x , if x 6= 0;

lim
x→0

DqΥ(x), if x = 0,

which is the q-Jackson derivative (see [15,17,26] for more details).

Theorem 2.1 ([26]). If Υ, g : J → R are q-differentiable functions, then the following identities
hold:

(i) The product Υg : [λ1, λ2]→ R is q-differentiable on [λ1, λ2] with

λ1
Dq(Υg)(x) = Υ(x)λ1

Dqg(x) + g(qx+ (1− q)λ1)λ1
Dq(x)

= g(x)λ1
DqΥ(x) + Υ(qx+ (1− q)λ1)λ1

Dqg(x)

(ii) If g(x)g(qx+ (1− q)λ1) 6= 0, then Υ/g is q-differentiable on [λ1, λ2] with

λ1
Dq

(Υ

g

)
(x) =

g(x)λ1DqΥ(x)−Υ(x)λ1Dqg(x)

g(x)g(qx+ (1− q)λ1)

Definition 2 ([26]). Let Υ: [λ1, λ2] → R be a continuous function. Then the left q-integral of
function Υ at z ∈ [λ1, λ2] is defined by

z∫
λ1

Υ(x)λ1
dqx = (1− q)(z − λ1)

∞∑
n=0

qnΥ(qnz + (1− qn)λ1). (2.5)

The function Υ is said to be q-integrable function on [λ1, λ2] if
z∫
λ1

Υ(x)λ1dqx exists for all z ∈

[λ1, λ2].

Note that if λ1 = 0, then (2.5) reduces to
z∫

0

Υ(x)0dqx =

z∫
0

Υ(x)dqx = (1− q)z
∞∑
n=0

qnΥ(qnz),

which is the q-Jackson integral (see [15,17,26] for more details).

Theorem 2.2 ([26]). If Υ: [λ1, λ2] → R is a continuous function and z ∈ [λ1, λ2], then the
following identities hold:

(i) λ1
Dq

z∫
λ1

Υ(x)λ1
dqx = Υ(z);

(ii)
z∫
c
λ1
DqΥ(x)λ1

dqx = Υ(z)−Υ(c) for c ∈ (λ1, z).

On the other hand, Bermudo et al. defined the following new quantum derivative and quantum
integral which are called right q-derivative and right q-integral:

Definition 3 ([8]). The right q-derivative of mapping Υ: [λ1, λ2]→ R is defined as:

λ2DqΥ(x) =
Υ (qx+ (1− q)λ2)−Υ(x)

(1− q) (λ2 − x)
, x 6= λ2.

If x = λ2, we define λ2DqΥ (λ2) = lim
x→λ2

λ2DqΥ(x) if it exists and it is finite.
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Definition 4 ([8]). The right q-definite integral of mapping Υ: [λ1, λ2]→ R on [λ1, λ2] is defined
as:

λ2∫
λ1

Υ(x)λ2dqx = (1− q)(λ2 − λ1)

∞∑
k=0

qkΥ
(
qkλ1 + (1− qk)λ2

)
.

Theorem 2.3 ([8]). If Υ: [λ1, λ2]→ R is a continuous function and z ∈ [λ1, λ2], then the following
identities hold:

(i) λ1Dq

λ2∫
z

Υ(x)λ1dqx = −Υ(z);

(ii)
λ2∫
c
λ1DqΥ(x)λ1dqx = Υ(λ2)−Υ(z).

Lemma 2.1 ([24]). For continuous functions Υ, g : [λ1, λ2]→ R, the following equality holds:

c∫
0

g (t) λ2DqΥ (tλ1 + (1− t)λ2) dqt

=
1

λ2 − λ1

c∫
0

Dqg(t)Υ (qtλ1 + (1− qt)λ2) dqt−
g (t) Υ (tλ1 + (1− t)λ2)

λ2 − λ1

∣∣∣∣c
0

.

Lemma 2.2 ([25]). For continuous functions Υ, g : [λ1, λ2]→ R, the following equality holds:

c∫
0

g (t) λ1DqΥ (tλ2 + (1− t)λ1) dqt

=
g (t) Υ (tλ2 + (1− t)λ1)

λ2 − λ1

∣∣∣∣c
0

− 1

λ2 − λ1

c∫
0

Dqg(t)Υ (qtλ2 + (1− qt)λ1) dqt.

3. q-Hermite-Hadamard inequality

Theorem 3.1. Let Υ: [λ1, λ2]→ R be a convex mapping, then we have the following inequality:

Υ
(λ1 + λ2

2

)
≤ 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]
≤ Υ(λ1) + Υ(λ2)

2
. (3.1)

P r o o f. Since Υ is a convex function, therefore

2Υ
(x+ y

2

)
≤ Υ(x) + Υ(y).

By letting x = t
2λ1 + 2−t

2 λ2 and y = 2−t
2 λ1 + t

2λ2, we obtain

2Υ
(λ1 + λ2

2

)
≤ Υ

(2− t
2

λ1 +
t

2
λ2

)
+ Υ

( t
2
λ1 +

2− t
2

λ2

)
. (3.2)
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q-integrating the inequality (3.2) over [0, 1], we have

2Υ
(λ1 + λ2

2

)
≤

1∫
0

Υ
(
λ1 + t

(λ1 + λ2

2
− λ1

))
dqt+

1∫
0

Υ
(
λ2 + t

(λ1 + λ2

2
− λ2

))
dqt

=
2

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]
,

hence, the first inequality proved. We again use the convexity of Υ to prove the second inequality,
we have

Υ
(2− t

2
λ1 +

t

2
λ2

)
+ Υ

( t
2
λ1 +

2− t
2

λ2

)
≤ Υ(λ1) + Υ(λ2). (3.3)

q-integrating the inequality (3.3) over [0, 1], we have

2

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]
≤ Υ(λ1) + Υ(λ2).

Thus, we obtain the required inequality. �

Remark 1. In Theorem 3.1, if we set q → 1−, then we obtain the classical Hermite-Hadamard
inequality (1.1).

Example 1. For a convex function Υ(x) = x2. From Theorem 3.1 with λ1 = 0, λ2 = 1 and q = 1
2 ,

we have

Υ
(λ1 + λ2

2

)
=
(0 + 1

2

)2

= 0.25,

1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]

=
1

4

∞∑
n=0

(1

2

)n((1

2

)n(1

2

))2

+
1

4

∞∑
n=0

(1

2

)n((1

2

)n(1

2

)
+
(

1−
(1

2

)n)
1
)2

= 0.30

and
Υ(λ1) + Υ(λ2)

2
=

0 + 1

2
= 0.5.

Thus, it is clear that the obtained inequality in Theorem 3.1 is valid.

4. Midpoint inequalities

In this section, we prove some left-estimates of the newly proved Hermite-Hadamard inequality
(3.1) using the q-differentiability of the function.
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Lemma 4.1. Let Υ: [λ1, λ2] ⊂ R → R be a function. If the functions λ1
DqΥ and λ2DqΥ are

continuous and integrable over [λ1, λ2], then we have the following new equality:

1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]
−Υ

(
λ1 + λ2

2

)

=
(λ2 − λ1)

4

[ 1∫
0

qt λ2DqΥ

(
t

2
λ1 +

2− t
2

λ2

)
dqt−

1∫
0

qt λ1
DqΥ

(
2− t

2
λ1 +

t

2
λ2

)
dqt

]
.

(4.1)

P r o o f. Let

(λ2 − λ1)

4

[ 1∫
0

qt λ2DqΥ

(
t

2
λ1 +

2− t
2

λ2

)
dqt−

1∫
0

qt λ1
DqΥ

(
2− t

2
λ1 +

t

2
λ2

)
dqt

]

=
(λ2 − λ1)

4
[I1 − I2] .

(4.2)

From Lemma 2.1, we have

I1 =

1∫
0

qt λ2DqΥ

(
t

2
λ1 +

2− t
2

λ2

)
dqt

= − 2q

(λ2 − λ1)
Υ

(
λ1 + λ2

2

)
+

2q

(λ2 − λ1)

1∫
0

Υ

(
λ2 + qt

(
λ1 + λ2

2
− λ2

))
dqt

= − 2q

(λ2 − λ1)
Υ

(
λ1 + λ2

2

)
+

2q

(λ2 − λ1)
(1− q)

∞∑
n=0

qnΥ

(
λ2 + qn+1

(
λ1 + λ2

2
− λ2

))

= − 2q

(λ2 − λ1)
Υ

(
λ1 + λ2

2

)
+

2

(λ2 − λ1)
(1− q)

∞∑
n=0

qn+1Υ

(
λ2 + qn+1

(
λ1 + λ2

2
− λ2

))

= − 2q

(λ2 − λ1)
Υ

(
λ1 + λ2

2

)
+

2

(λ2 − λ1)
(1− q)

∞∑
n=1

qnΥ

(
λ2 + qn

(
λ1 + λ2

2
− λ2

))
= − 2q

(λ2 − λ1)
Υ

(
λ1 + λ2

2

)
+

2

(λ2 − λ1)

[
(1− q)

∞∑
n=0

qnΥ

(
λ2 + qn

(
λ1 + λ2

2
− λ2

))
− (1− q)Υ

(
λ1 + λ2

2

)]

= − 2

λ2 − λ1
Υ

(
λ1 + λ2

2

)
+

4

(λ2 − λ1)
2

λ2∫
λ1+λ2

2

Υ(x) λ2dqx. (4.3)

Similarly, from Lemma 2.2, we obtain the following equality:

I2 =

1∫
0

qt λ1
DqΥ

(2− t
2

λ1 +
t

2
λ2

)
dqt =

2

λ2 − λ1
Υ
(λ1 + λ2

2

)
− 4

(λ2 − λ1)2

λ1+λ2
2∫

λ1

Υ(x) λ1
dqx. (4.4)
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Thus, we obtain the resultant equality by putting (4.3) and (4.4) in (4.2). The proof is completed.
�

Remark 2. In Lemma 4.1, if we take the limit as q → 1−, then we obtain [23: Corollary 1].

Theorem 4.1. We assume that the conditions of Lemma 4.1 hold. If the functions |λ1DqΥ| and∣∣λ2DqΥ
∣∣ are convex, then the following inequality holds:

∣∣∣∣∣ 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]
−Υ

(λ1 + λ2

2

)∣∣∣∣∣
≤ (λ2 − λ1)

8[2]q [3]q

[
q[2]q

∣∣λ2DqΥ(λ1)
∣∣+ q

(
[3]q + q2

) ∣∣λ2DqΥ (λ2)
∣∣]

+
(λ2 − λ1)

8[2]q [3]q

[
q
(

[3]q + q2
)
|λ1
DqΥ(λ1)|+ q[2]q |λ1

DqΥ (λ2)|
]
.

(4.5)

P r o o f. On taking modulus in (4.1) and using convexity of |λ1
DqΥ| and

∣∣λ2DqΥ
∣∣, we have

∣∣∣∣∣ 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ (x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ (x) λ2dqx

]
−Υ

(
λ1 + λ2

2

) ∣∣∣∣∣
≤ (λ2 − λ1)

4

[ 1∫
0

qt

∣∣∣∣λ2DqΥ

(
t

2
λ1 +

2− t
2

λ2

)∣∣∣∣dqt
+

1∫
0

qt

∣∣∣∣λ1DqΥ

(
2− t

2
λ1 +

t

2
λ2

)∣∣∣∣dqt
]

≤ (λ2 − λ1)

4

[ 1∫
0

qt

(
t

2

∣∣λ2DqΥ (λ1)
∣∣+

2− t
2

∣∣λ2DqΥ (λ2)
∣∣)dqt

+

1∫
0

qt

(
2− t

2
|λ1DqΥ (λ1)|+ t

2
|λ1DqΥ (λ2)|

)
dqt

]

=
(λ2 − λ1)

4

[
q

2 [3]q

∣∣λ2DqΥ (λ1)
∣∣+

1

2
q

[3]q + q2

[2]q [3]q

∣∣λ2DqΥ (λ2)
∣∣ ]

+
(λ2 − λ1)

4

[
1

2
q

[3]q + q2

[2]q [3]q
|λ1
DqΥ (λ1)|+ q

2 [3]q
|λ1
DqΥ (λ2)|

]
.

Thus, the proof is completed. �

Remark 3. In Theorem 4.1, if we set the limit as q → 1−, then we obtain [19: Theorem 2.2].
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Theorem 4.2. We assume that the conditions of Lemma 4.1 hold. If the functions |λ1
DqΥ|s and

|λ2DqΥ|s, s ≥ 1 are convex, then the following inequality holds:

∣∣∣∣∣ 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]
−Υ

(
λ1 + λ2

2

) ∣∣∣∣∣
≤ q (λ2 − λ1)

4[2]q

[(
[2]q

∣∣λ2DqΥ(λ1)
∣∣s + ([3]q + q2)

∣∣λ2DqΥ (λ2)
∣∣s

2 [3]q

) 1
s

+

(
([3]q + q2) |λ1

DqΥ(λ1)|s + [2]q |λ1
DqΥ (λ2)|s

2 [3]q

) 1
s

]
.

(4.6)

P r o o f. By taking modulus in (4.1) and using the power mean inequality, we have∣∣∣∣∣ 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]
−Υ

(
λ1 + λ2

2

) ∣∣∣∣∣
≤ (λ2 − λ1)

4

[ 1∫
0

qt

∣∣∣∣λ2DqΥ

(
t

2
λ1 +

2− t
2

λ2

)∣∣∣∣dqt+

1∫
0

qt

∣∣∣∣λ1DqΥ

(
2− t

2
λ1 +

t

2
λ2

)∣∣∣∣dqt
]

≤ (λ2 − λ1)

4

( 1∫
0

qtdqt

)1− 1
s

[( 1∫
0

qt

∣∣∣∣λ2DqΥ

(
t

2
λ1 +

2− t
2

λ2

)∣∣∣∣s dqt

) 1
s

+

( 1∫
0

qt

∣∣∣∣λ1
DqΥ

(2− t
2

λ1 +
t

2
λ2

)∣∣∣∣s dqt

) 1
s

]
.

Applying convexity of |λ1
DqΥ|s and

∣∣λ2DqΥ
∣∣s, we have

∣∣∣∣∣ 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]
−Υ

(
λ1 + λ2

2

) ∣∣∣∣∣
≤ (λ2 − λ1)

4

( 1∫
0

qtdqt

)1− 1
s

[( 1∫
0

qt

(
t

2

∣∣λ2DqΥ (λ1)
∣∣s +

2− t
2

∣∣λ2DqΥ(λ2)
∣∣s)dqt

) 1
s

+

( 1∫
0

qt

(
2− t

2
|λ1
DqΥ(λ1)|s +

t

2
|λ1
DqΥ(λ2)|s

)
dqt

) 1
s

]

=
(λ2 − λ1)

4

(
q

[2]q

)1− 1
s
[(

q

2[3]q

∣∣λ2DqΥ(λ1)
∣∣s +

1

2
q

[3]q + q2

[2]q [3]q

∣∣λ2DqΥ(λ2)
∣∣s) 1

s

+

(
1

2
q

[3]q + q2

[2]q [3]q
|λ1DqΥ (λ1)|s +

q

2 [3]q
|λ1DqΥ(λ2)|s

) 1
s
]
.

Thus, the proof is completed. �
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Theorem 4.3. We assume that the conditions of Lemma 4.1 hold. If the functions |λ1
DqΥ|s and∣∣λ2DqΥ

∣∣s, s > 1 are convex, then the following inequality holds:∣∣∣∣∣ 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]
−Υ

(
λ1 + λ2

2

) ∣∣∣∣∣
≤ q (λ2 − λ1)

4 ([r + 1]q)
1
r

[(∣∣λ2DqΥ(λ1)
∣∣s + ([2]q + q)

∣∣λ2DqΥ (λ2)
∣∣s

2[2]q

) 1
s

+

(
([2]q + q) |λ1DqΥ(λ1)|s + |λ1DqΥ(λ2)|s

2[2]q

) 1
s
]
,

(4.7)

where s−1 + r−1 = 1.

P r o o f. On taking modulus in (4.1) and applying Hölder’s inequality, we have∣∣∣∣∣ 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]
−Υ

(
λ1 + λ2

2

) ∣∣∣∣∣
≤ (λ2 − λ1)

4

[ 1∫
0

qt

∣∣∣∣λ2DqΥ

(
t

2
λ1 +

2− t
2

λ2

)∣∣∣∣dqt+

1∫
0

qt

∣∣∣∣λ1DqΥ

(
2− t

2
λ1 +

t

2
λ2

)∣∣∣∣dqt
]

≤ (λ2 − λ1)

4

( 1∫
0

(qt)rdqt

) 1
r

[( 1∫
0

∣∣∣∣λ2DqΥ

(
t

2
λ1 +

2− t
2

λ2

)∣∣∣∣s dqt

) 1
s

+

( 1∫
0

∣∣∣∣λ1DqΥ
(2− t

2
λ1 +

t

2
λ2

)∣∣∣∣s dqt

) 1
s

]
.

Using convexity of |λ1
DqΥ|s and

∣∣λ2DqΥ
∣∣s, we have∣∣∣∣∣ 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]
−Υ

(
λ1 + λ2

2

) ∣∣∣∣∣
≤ (λ2 − λ1)

4

( 1∫
0

(qt)rdqt

) 1
r

[( 1∫
0

(
t

2

∣∣λ2DqΥ (λ1)
∣∣s +

2− t
2

∣∣λ2DqΥ(λ2)
∣∣s)dqt

) 1
s

+

( 1∫
0

(
2− t

2
|λ1
DqΥ(λ1)|s +

t

2
|λ1
DqΥ(λ2)|s

)
dqt

) 1
s

]

=
(λ2 − λ1)

4

(
qr

[r + 1]q

) 1
r

[(∣∣λ2DqΥ(λ1)
∣∣s + ([2]q + q)

∣∣λ2DqΥ(λ2)
∣∣s

2[2]q

) 1
s

+

(
([2]q + q) |λ1

DqΥ(λ1)|s + |λ1
DqΥ(λ2)|s

2[2]q

) 1
s

]
.

Hence, the proof is completed. �
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5. Trapezoid inequalities

In this section, we prove some right-estimates of the newly proved Hermite-Hadamard inequality
(3.1) using the q-differentiability of the function.

Lemma 5.1. Let Υ: [λ1, λ2] ⊂ R → R be a function. If the functions λ1
DqΥ and λ2DqΥ are

continuous and integrable over [λ1, λ2], then we have the following new equality:

Υ(λ1) + Υ (λ2)

2
− 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]

=
(λ2 − λ1)

4

[ 1∫
0

(1− qt) λ2DqΥ
( t

2
λ1 +

2− t
2

λ2

)
dqt

+

1∫
0

(qt− 1) λ1
DqΥ

(2− t
2

λ1 +
t

2
λ2

)
dqt

]
.

(5.1)

P r o o f. Let consider

1∫
0

(1− qt) λ2DqΥ

(
t

2
λ1 +

2− t
2

λ2

)
dqt =

1∫
0

λ2DqΥ

(
t

2
λ1 +

2− t
2

λ2

)
dqt

−
1∫

0

qt λ2DqΥ

(
t

2
λ1 +

2− t
2

λ2

)
dqt.

By the equality (4.3), we have

1∫
0

qt λ2DqΥ
( t

2
λ1 +

2− t
2

λ2

)
dqt = − 2

λ2 − λ1
Υ
(λ1 + λ2

2

)
+

4

(λ2 − λ1)
2

λ2∫
λ1+λ2

2

Υ(x) λ2dqx. (5.2)

On the other hand, by (2.2), Definition 4 and Theorem 2.3 we have

1∫
0

λ2DqΥ

(
t

2
λ1 +

2− t
2

λ2

)
dqt = (1− q)

∞∑
n=0

qn λ2DqΥ

(
qn

2
λ1 +

2− qn

2
λ2

)
dqt

= (1− q)
∞∑
n=0

qn λ2DqΥ

(
λ1 + λ2

2
qn + (1− qn)λ2

)
dqt

=
2

λ2 − λ1

λ2∫
λ1+λ2

2

λ2DqΥ(x) λ2dqx

=
2

λ2 − λ1

[
Υ (λ2)−Υ

(λ1 + λ2

2

)]
.

(5.3)
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By equalities (5.2) and (5.3), we have

1∫
0

(1− qt) λ2DqΥ

(
t

2
λ1 +

2− t
2

λ2

)
dqt =

2

λ2 − λ1
Υ(λ2)− 4

(λ2 − λ1)
2

λ2∫
λ1+λ2

2

Υ(x) λ2dqx. (5.4)

In similarly way, we can write

1∫
0

(qt− 1) λ1
DqΥ

(
2− t

2
λ1 +

t

2
λ2

)
dqt =

2

λ2 − λ1
Υ(λ1)− 4

(λ2 − λ1)
2

λ1+λ2
2∫

λ1

Υ(x) λ1
dqx.

This completes the proof. �

Theorem 5.1. We assume that the conditions of Lemma 5.1 hold. If the functions |λ1
DqΥ| and∣∣λ2DqΥ

∣∣ are convex, then the following inequality holds:∣∣∣∣∣Υ(λ1) + Υ (λ2)

2
− 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]∣∣∣∣∣
≤ (λ2 − λ1)

8[2]q[3]q

[∣∣λ2DqΥ (λ1)
∣∣+
(

[3]q + q + q2
) ∣∣λ2DqΥ(λ2)

∣∣]
+

(λ2 − λ1)

8[2]q[3]q

[(
[3]q + q + q2

)
|λ1DqΥ(λ1)|+ |λ1DqΥ(λ2)|

]
.

(5.5)

P r o o f. On taking modulus in (5.1) and using convexity of |λ1DqΥ| and
∣∣λ2DqΥ

∣∣, we have∣∣∣∣∣Υ(λ1) + Υ (λ2)

2
− 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ (x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]∣∣∣∣∣
≤ (λ2 − λ1)

4

[ 1∫
0

(1− qt)
∣∣∣∣λ2DqΥ

( t
2
λ1 +

2− t
2

λ2

)∣∣∣∣ dqt
+

1∫
0

(1− qt)
∣∣∣∣λ1DqΥ

(
2− t

2
λ1 +

t

2
λ2

)∣∣∣∣dqt]

≤ (λ2 − λ1)

4

[ 1∫
0

(1− qt)
(
t

2

∣∣λ2DqΥ(λ1)
∣∣+

2− t
2

∣∣λ2DqΥ(λ2)
∣∣)dqt

+

1∫
0

(1− qt)
(

2− t
2
|λ1DqΥ(λ1)|+ t

2
|λ1DqΥ(λ2)|

)
dqt

]

=
(λ2 − λ1)

4

[
1

2[2]q[3]q

∣∣λ2DqΥ (λ1)
∣∣+

[3]q + q + q2

2[2]q [3]q

∣∣λ2DqΥ(λ2)
∣∣ ]

+
(λ2 − λ1)

4

[
[3]q + q + q2

2[2]q [3]q
|λ1DqΥ(λ1)|+ 1

2[2]q [3]q
|λ1DqΥ(λ2)|

]
.

Thus, the proof is completed. �
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Remark 4. In Theorem 5.1, if we set the limit as q → 1−, then we obtain [14: Theorem 2.2].

Theorem 5.2. We assume that the conditions of Lemma 5.1 hold. If the functions |λ1DqΥ|s and
|λ2DqΥ|s, s ≥ 1 are convex, then the following inequality holds:

∣∣∣∣∣Υ(λ1) + Υ(λ2)

2
− 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]∣∣∣∣∣
≤ (λ2 − λ1)

4[2]q

[(∣∣λ2DqΥ(λ1)
∣∣s +

(
[3]q + q + q2

) ∣∣λ2DqΥ(λ2)
∣∣s

2 [3]q

) 1
s

+

(([3]q + q + q2
)
|λ1
DqΥ(λ1)|s + |λ1

DqΥ(λ2)|s

2 [3]q

) 1
s
]
.

(5.6)

P r o o f. By taking modulus in (5.1) and using the power mean inequality, we have

∣∣∣∣∣Υ(λ1) + Υ (λ2)

2
− 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]∣∣∣∣∣
≤ (λ2 − λ1)

4

[ 1∫
0

(1− qt)
∣∣∣∣λ2DqΥ

( t
2
λ1 +

2− t
2

λ2

)∣∣∣∣dqt
+

1∫
0

(1− qt)
∣∣∣∣λ1
DqΥ

(
2− t

2
λ1 +

t

2
λ2

)∣∣∣∣dqt]

≤ (λ2 − λ1)

4

( 1∫
0

(1− qt) dqt

)1− 1
s
[( 1∫

0

(1− qt)
∣∣∣∣λ2DqΥ

( t
2
λ1 +

2− t
2

λ2

)∣∣∣∣s dqt

) 1
s

+

( 1∫
0

(1− qt)
∣∣∣∣λ1
DqΥ

(
2− t

2
λ1 +

t

2
λ2

)∣∣∣∣s dqt

) 1
s
]
.

Applying convexity of |λ1
DqΥ|s and

∣∣λ2DqΥ
∣∣s, we have

∣∣∣∣∣Υ(λ1) + Υ (λ2)

2
− 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]∣∣∣∣∣
=

(λ2 − λ1)

4

( 1∫
0

(1− qt)dqt
)1− 1

s

×
[( 1∫

0

(1− qt)
(
t

2

∣∣λ2DqΥ(λ1)
∣∣s +

2− t
2

∣∣λ2DqΥ (λ2)
∣∣s)dqt

) 1
s

+

( 1∫
0

(1− qt)
(

2− t
2
|λ1
DqΥ(λ1)|s +

t

2
|λ1
DqΥ (λ2)|s

)
dqt

) 1
s
]
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=
(λ2 − λ1)

4

(
1

[2]q

)1− 1
s
[(

1

2[2]q[3]q

∣∣λ2DqΥ (λ1)
∣∣s +

[3]q + q + q2

2[2]q [3]q

∣∣λ2DqΥ(λ2)
∣∣s) 1

s

+

(
[3]q + q + q2

2[2]q [3]q
|λ1
DqΥ (λ1)|s +

1

2[2]q[3]q
|λ1
DqΥ(λ2)|s

) 1
s
]
.

Thus, the proof is completed. �

Theorem 5.3. We assume that the conditions of Lemma 5.1 hold. If the functions |λ1
DqΥ|s and

|λ2DqΥ|s, s > 1 are convex, then the following inequality holds:

∣∣∣∣∣Υ(λ1) + Υ (λ2)

2
− 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]∣∣∣∣∣
≤ (λ2 − λ1)

4

( 1∫
0

(1− qt)rdqt
) 1
r
[(∣∣λ2DqΥ(λ1)

∣∣s + ([2]q + q)
∣∣λ2DqΥ(λ2)

∣∣s
2[2]q

) 1
s

+

(
([2]q + q) |λ1

DqΥ(λ1)|s + |λ1
DqΥ(λ2)|s

2[2]q

) 1
s
]
,

(5.7)

where s−1 + r−1 = 1.

P r o o f. On taking modulus in (5.1) and applying Hölder’s inequality, we have

∣∣∣∣∣Υ(λ1) + Υ (λ2)

2
− 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]∣∣∣∣∣
≤ (λ2 − λ1)

4

[ 1∫
0

(1− qt)
∣∣∣∣λ2DqΥ

( t
2
λ1 +

2− t
2

λ2

)∣∣∣∣dqt+

1∫
0

(1− qt)
∣∣∣∣λ1
DqΥ

(
2− t

2
λ1 +

t

2
λ2

)∣∣∣∣dqt]

≤ (λ2 − λ1)

4

( 1∫
0

(1− qt)rdqt
) 1
r
[( 1∫

0

∣∣∣∣λ2DqΥ

(
t

2
λ1 +

2− t
2

λ2

)∣∣∣∣s dqt

) 1
s

+

( 1∫
0

∣∣∣∣λ1
DqΥ

(
2− t

2
λ1 +

t

2
λ2

)∣∣∣∣s dqt

) 1
s
]
.

Using convexity of |λ1
DqΥ|s and

∣∣λ2DqΥ
∣∣s, we have

∣∣∣∣∣Υ(λ1) + Υ (λ2)

2
− 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]∣∣∣∣∣
≤ (λ2 − λ1)

4

( 1∫
0

(1− qt)rdqt
) 1
r
[( 1∫

0

(
t

2

∣∣λ2DqΥ (λ1)
∣∣s +

2− t
2

∣∣λ2DqΥ(λ2)
∣∣s)dqt

) 1
s
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+

( 1∫
0

(
2− t

2
|λ1DqΥ(λ1)|s +

t

2
|λ1DqΥ(λ2)|s

)
dqt

) 1
s
]

=
(λ2 − λ1)

4

( 1∫
0

(1− qt)rdqt
) 1
r
[(∣∣λ2DqΥ(λ1)

∣∣s + ([2]q + q)
∣∣λ2DqΥ(λ2)

∣∣s
2[2]q

) 1
s

+

(
([2]q + q) |λ1

DqΥ(λ1)|s + |λ1
DqΥ(λ2)|s

2[2]q

) 1
s
]
.

Hence, the proof is completed. �

6. Examples

In this section, we give some examples to support newly established inequalities.

Example 2. For a convex functions Υ: [0, 2]→ R is defined by Υ(x) = x+ 4. From Theorem 4.1
with q = 3

4 , the left hand side of the inequality (4.5) becomes

∣∣∣∣∣ 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]
−Υ

(
λ1 + λ2

2

) ∣∣∣∣∣
=

∣∣∣∣12
[ 1∫

0

(x+ 4) 0d 3
4
x+

2∫
1

(x+ 4) 2d 3
4
x

]
− 5

∣∣∣∣ = 0

and the right side becomes

(λ2 − λ1)

8[2]q[3]q

[
q[2]q

∣∣λ2DqΥ(λ1)
∣∣+ q

(
[3]q + q2

) ∣∣λ2DqΥ (λ2)
∣∣]

+
(λ2 − λ1)

8[2]q[3]q

[
q
(

[3]q + q2
)
|λ1
DqΥ(λ1)|+ q[2]q |λ1

DqΥ (λ2)|
]

=
1

2

[
3

7
+

3

7

]
= 0.42.

It is clear that 0 < 0.42 which demonstrate the inequality (4.5).

Example 3. For a convex functions Υ: [0, 2]→ R is defined by Υ(x) = x+ 4. From Theorem 4.2
with q = 3

4 and s = 1
3 , the left hand side of the inequality (4.6) becomes

∣∣∣∣∣ 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]
−Υ

(
λ1 + λ2

2

) ∣∣∣∣∣
=

∣∣∣∣12
[ 1∫

0

(x+ 4) 0d 3
4
x+

2∫
1

(x+ 4) 2d 3
4
x

]
− 5

∣∣∣∣ = 0
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and the right side becomes

q (λ2 − λ1)

4[2]q

[(
[2]q

∣∣λ2DqΥ(λ1)
∣∣s +

(
[3]q + q2

) ∣∣λ2DqΥ (λ2)
∣∣s

2[3]q

) 1
s

+

((
[3]q + q2

)
|λ1DqΥ(λ1)|s + [2]q |λ1DqΥ (λ2)|s

2 [3]q

) 1
s
]

= 0.57

It is clear that 0 < 0.57 which demonstrate the inequality (4.6).

Example 4. For a convex functions Υ: [0, 2]→ R is defined by Υ(x) = x+ 4. From Theorem 4.3
with q = 3

4 , s = 3
2 and r = 3, the left hand side of the inequality (4.7) becomes

∣∣∣∣∣ 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]
−Υ

(
λ1 + λ2

2

) ∣∣∣∣∣
=

∣∣∣∣12
[ 1∫

0

(x+ 4) 0d 3
4
x+

2∫
1

(x+ 4) 2d 3
4
x

]
− 5

∣∣∣∣ = 0

and the right side becomes

q (λ2 − λ1)

4

(
1

[r + 1]q

) 1
r
[(∣∣λ2DqΥ(λ1)

∣∣s + ([2]q + q)
∣∣λ2DqΥ(λ2)

∣∣s
2[2]q

) 1
s

+

(
([2]q + q) |λ1

DqΥ(λ1)|s + |λ1
DqΥ(λ2)|s

2[2]q

) 1
s
]

= 0.53.

It is clear that 0 < 0.53 which demonstrate the inequality (4.7).

Example 5. For a convex functions Υ: [0, 2]→ R is defined by Υ(x) = x+ 4. From Theorem 5.1
with q = 3

4 , the left hand side of the inequality (5.5) becomes

∣∣∣∣∣Υ(λ1) + Υ (λ2)

2
− 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]∣∣∣∣∣
=

∣∣∣∣5− 1

2

[ 1∫
0

(x+ 4) 0d 3
4
x+

2∫
1

(x+ 4) 2d 3
4
x

]∣∣∣∣ = 0

and right side becomes

(λ2 − λ1)

8[2]q[3]q

[∣∣λ2DqΥ (λ1)
∣∣+
(

[3]q + q + q2
) ∣∣λ2DqΥ(λ2)

∣∣]
+

(λ2 − λ1)

8[2]q [3]q

[(
[3]q + q + q2

)
|λ1DqΥ(λ1)|+ |λ1DqΥ(λ2)|

]
= 0.57.

It is clear that 0 < 0.57 which demonstrate the inequality (5.5).

383
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Example 6. For a convex functions Υ: [0, 2]→ R is defined by Υ(x) = x+ 4. From Theorem 5.2
with q = 3

4 and s = 1
3 , the left hand side of the inequality (5.6) becomes

∣∣∣∣∣Υ(λ1) + Υ (λ2)

2
− 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]∣∣∣∣∣
=

∣∣∣∣5− 1

2

[ 1∫
0

(x+ 4) 0d 3
4
x+

2∫
1

(x+ 4) 2d 3
4
x

]∣∣∣∣ = 0

and the right side becomes

(λ2 − λ1)

4[2]q

[(∣∣λ2DqΥ (λ1)
∣∣s +

(
[3]q + q + q2

) ∣∣λ2DqΥ(λ2)
∣∣s

2 [3]q

) 1
s

+

(([3]q + q + q2
)
|λ1
DqΥ(λ1)|s + |λ1

DqΥ(λ2)|s

2 [3]q

) 1
s
]

= 0.57

It is clear that 0 < 0.57 which demonstrate the inequality (5.6).

Example 7. For a convex functions Υ: [0, 2]→ R is defined by Υ(x) = x+ 4. From Theorem 5.3
with q = 3

4 , s = 3
2 and r = 3, the left hand side of the inequality (5.7) becomes

∣∣∣∣∣Υ(λ1) + Υ (λ2)

2
− 1

λ2 − λ1

[ λ1+λ2
2∫

λ1

Υ(x) λ1
dqx+

λ2∫
λ1+λ2

2

Υ(x) λ2dqx

]∣∣∣∣∣
=

∣∣∣∣5− 1

2

[ 1∫
0

(x+ 4) 0d 3
4
x+

2∫
1

(x+ 4) 2d 3
4
x

]∣∣∣∣ = 0

and the right side becomes

(λ2 − λ1)

4

( 1∫
0

(1− qt)rdqt
) 1
r
[(∣∣λ2DqΥ(λ1)

∣∣s + ([2]q + q)
∣∣λ2DqΥ(λ2)

∣∣s
2[2]q

) 1
s

+

(
([2]q + q) |λ1

DqΥ(λ1)|s + |λ1
DqΥ(λ2)|s

2[2]q

) 1
s
]

= 0.66.

It is clear that 0 < 0.66 which demonstrate the inequality (5.7).

7. Conclusions

In this work, we proved a new version of q-Hermite-Hadamard inequality for convex functions
through left and right q-integrals. We also proved some new midpoint and trapezoid type inequal-
ities for left and right q-differentiable convex functions. It is new and interesting problem that the
upcoming researchers can obtain the similar inequalities for co-ordinated convex functions.
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Düzce 81620

TURKEY

E-mail : hsyn.budak@gmail.com

*** Department of Mathematical Analysis and Numerical Mathematics
Comenius University in Bratislava
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